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Abstract

This course surveys the theory of co-topoi. After introducing the basic notions (descent, univalence,
modalities, ...), we discuss general constructions (limits and colimits, congruences, parametrization,
Grothendieck topologies) and a range of examples, including Goodwillie calculus, finitary functors,
geometric structures and schemes in Lurie’s framework, and analytic stacks in the sense of Clausen—
Scholze.

Preface

These are lecture notes based on the course Higher Topos Theory taught by Marc Hoyois at the
University of Regensburg in the winter term 2025/2026, written by Bastiaan Cnossen. The pre-
sentation is at times different from the original lectures. The notations and terminology follow the
preferred conventions of the note-taker, which usually match those of the lecturer. The following are
exceptions:

* We say ‘animae’ for the plural of ‘anima’.
*» The presheaf category of a category C is denoted PSh(C) rather than P(C).

* Given topoi S and T, we refer to a left exact colimit-preserving functor f*: S — T as a
morphism of logoi rather than a geometric morphism. We refer to the right adjoint f.: 7 — §
as a morphism of topoi. We write Logos and Topos for the resulting (non-full) subcategories
of Cat, so that Logos ~ Topos®. This terminology is due to Anel and Joyal [AJ21].

Some added material not treated during the course:

¢ Grothendieck sites (Section 6.1);

* Groupoid actions, classifying stacks and principal bundles (Section 6.2);

* Shape theory (Section 6.3);

« Univalent families and Uemura’s proof of closure of Topos® under colimits (Section 4.5.1);

* Hypercovers (Section 6.4).
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1 Introduction

Topos theory originated in Grothendieck’s pursuit of the Weil conjectures, where he introduced
topoi to define étale cohomology. Since cohomological constructions are inherently derived, this
means that higher-categorical phenomena already appear at the origin of the subject.

Higher topos theory provides a richer framework than classical topos theory. The perspective of
these notes is that higher topos theory is the primary object of study, with classical topos theory
appearing as its O-truncated fragment. We therefore use “topos” to mean higher topos and “classical
topos” for the classical notion.

As a first approximation, we have the following analogy:
Topos theory ~  Classical topos theory + animae.

This is only a loose analogy, since topos theory exhibits various phenomena absent in the classical
theory. Two fundamental examples are Postnikov towers and Goodwillie towers. Given a topos T,
these form sequences of subcategories:

TegCTei €Ty €+  CTeeo =TTV cT® c...cT7™ T

These towers are invisible from the perspective of the classical topos T<p.

Descent

The organizing idea in topos theory is descent: reconstructing global objects from local data together
with gluing information.

Consider first the familiar setting of vector bundles on a manifold M. Given an open cover {U;} of
M, a vector bundle on M is completely determined by its restrictions to each open set U;, together
with transition functions on the overlaps U; N U; satisfying the usual cocycle condition on triple
overlaps. In categorical terms, the category Vect(M) of vector bundles on M satisfies descent for
open covers.

This same pattern appears in algebraic geometry. A scheme is built by gluing affine pieces Spec(R)
along Zariski open subschemes. For an affine scheme Spec(R), a quasi-coherent sheaf is simply
an R-module. For a general scheme X obtained by gluing affines, the category QCoh(X) of
quasi-coherent sheaves on X can be defined via descent: we specify compatible R-modules for all
affine maps Spec(R) — X, where these modules must satisfy gluing conditions on overlaps. The
assignment X — QCoh(X) thus satisfies descent for affine covers, by construction.

These examples motivate the classical notion of a Grothendieck topos. One starts with a small
category C of “local models” (such as open subsets of a topological space, or affine schemes), equips
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it with a notion of “coverings” generalizing open covers, and forms the category of sheaves on C
with respect to these coverings. This sheaf category, which is defined as a left exact localization of
the presheaf category of C, may be thought of as obtained from C by universally adding all colimits
while demanding that colimits along coverings must be preserved. Via descent, every contravariant
assignment C°? — Cat of categories compatible with coverings universally extends to the entire
sheaf category.

But the presentation in terms of a category C with coverings is not intrinsic to the resulting topos:
different choices of (C, coverings) can give rise to equivalent sheaf categories. The invariant content
is the descent property itself, and this can be recognized directly on the category. Informally, it says
that for any covering {X;} of an object X, a map into X is determined by its base changes to the
objects X;, together with coherent gluing data on overlaps. This leads to the definition of a topos as
a presentable category satisfying descent for all colimits.

Topoi as spaces

Even though a topos is defined as a category satisfying descent, we often think of it as a geometric
object in its own right, or simply as a kind of generalized space. This viewpoint is justified already
by the basic example coming from topology.

Indeed, every topological space X gives rise to a topos Shv(X), its category of sheaves of animae.
This assignment determines a functor Top — Topos, which is fully faithful when restricted to sober
spaces (in particular, all spaces typically considered in topology and geometry). Thus we may “do
topology” by studying topoi rather than topological spaces. In fact, the terminology “topos” itself
was chosen by the Grothendieck school to reflect the view that topology is fundamentally the study
of topoi [McL90].

Classical geometric structures generalize naturally to this setting. For instance, the notion of a
locally ringed space, a topological space equipped with a structure sheaf of rings, extends to that
of a locally ringed topos. One can develop a theory of schemes as certain locally ringed topoi,
recovering classical algebraic geometry while allowing for higher categorical phenomena.

Taking the geometric viewpoint seriously leads to a natural convention regarding morphisms. Every
continuous map f: X — Y of topological spaces induces a pullback functor f*: Shv(Y) — Shv(X).
This functor is left exact and preserves all colimits; in other words, it preserves the descent structure
on the sheaf categories. Given topoi S and 7', a natural class of functors f*: S — T between them
is the class of left exact colimit-preserving functors. Following the geometric viewpoint, we treat
such a functor as a morphism of topoi from 7 to S, rather than the other way around.

Content

In the remainder of these notes, we develop the general theory of topoi systematically. The organi-
zation is as follows.

Chapter 2: Foundations. We make precise the concept of descent in a presentable category and
analyze the resulting definition of a topos. We study effective epimorphisms, including their relation
to groupoid objects and the epi—-mono factorization. We also give alternative characterizations of
topoi, showing in particular that any topos can be written as a left exact localization of a presheaf
category; this lets us reduce many general statements to claims about the category An of animae.



Chapter 3: Truncation and connectivity. We develop the theory of n-truncated and n-connected
morphisms in a topos, showing that they form orthogonal factorization systems. This leads to the
definition of homotopy group objects 7,,(X) and the study of Postnikov towers. We also discuss
hypercompletion and gerbes.

Chapter 4: The categories of topoi and logoi. We study the category of topoi from both the
geometric perspective (Topos) and the algebraic perspective (Logos). We introduce presentations of
topoi in terms of generators and relations and use them to compute limits and colimits. We also study
étale morphisms, which play an analogous role to local homeomorphisms of topological spaces.

Chapter 5: Modalities. We study modalities and their relation to epimorphisms, acyclic maps, and
congruences, and we prove the Blakers—Massey theorem. We analyze open and closed immersions
and develop structure theory for topoi via triple factorizations. We also study products of modalities
and the corresponding topos-theoretic interpretation of Goodwillie calculus.

Chapter 6: Topics in topos theory. We discuss several further foundational topics: sheaf topoi
arising from Grothendieck sites, groupoid actions and principal bundles, essential morphisms and
shape theory, univalent families and colimits of topoi along étale morphisms, hypercovers, Postnikov-
completeness and boundedness, dimension theory, coherence, pretopoi, compactly assembled cate-
gories and exponentiability, and parametrized objects.

Chapter 7: Geometry. The final chapter is an outlook on geometric applications of the general
theory developed earlier in the course. We show how classical scheme theory fits into the topos
framework and how this perspective extends to Lurie’s framework of geometries and fractured topoi.
We then indicate how six-functor formalisms give rise to fractured topoi. We conclude with two
examples: analytic stacks in the sense of Clausen—Scholze, and Scholze—Stefanich’s framework of
Gestalten. Treatments are brief and most proofs are omitted.

Appendices. Appendix A collects background on factorization systems and saturated classes used
throughout the text. Appendix B records basic facts about limits and colimits in categories of
sections of cartesian and cocartesian fibrations.



2 Foundations

In this chapter, we define topoi as presentable categories satisfying descent (Section 2.1) and study
effective epimorphisms, including their relation to groupoid objects and the epi—mono factorization
(Section 2.2). We then give alternative characterizations of topoi in Section 2.3; in particular, every
topos is a left exact localization of a presheaf category, which reduces many arguments to the case
of An.

2.1 Topoi and descent

The definition of topoi relies on the concept of descent.

Definition 2.1. Let / be a small category, and let T be a category with pullbacks and /-indexed
colimits. We say that T satisfies descent for I-indexed colimits, or that I-indexed colimits are van
Kampen, if the functor

T°° — Cat, X - Tx
preserves /-indexed limits.

Definition 2.2. A topos is a presentable category satisfying descent for all colimits. We will
alternatively refer to a topos as a logos.

Let us unwind this definition. Given a small category / and an /-indexed diagram X,: I — T,
set X := colim; X;. The descent condition demands that the canonical functor 7)x — lim; T)x,,
obtained from the base change functors along the maps X; — X, is an equivalence.

To understand this condition better, we provide an alternative description of this limit in terms of
cartesian natural transformations.

Definition 2.3. Given two functors F,G: I — T, a natural transformation «: F — G is called
cartesian if for every morphism i — j in / the naturality square

F(i) =5 G(0)

o
a(j)

F(j) — G())

is a pullback square. We denote by Fun®'(1,T) C Fun(/,T) the wide subcategory spanned by the
cartesian natural transformations.



Given a diagram X, : [ — T, evaluation at i € [ determines a functor ev;: Fun®"(1,T)/x, — T)x,.
Furthermore, by definition of cartesianness these evaluation functors are compatible with base
change, resulting in a comparison functor Fun*(1,T),x, — lim;eor T)x, .

Lemma 2.4. Let C be a category with pullbacks and let Xo: I — C be a functor. Then the functor
Fun®'(1, C),x, — lim;esor C)x, is an equivalence.

More informally, objects of the limit are given by I-indexed diagrams Y, in C equipped with a
cartesian natural transformation Yo — X,.

Proof. Recall that a limit of a diagram /°° — Cat of categories may be computed as the category
of cartesian sections of the cartesian unstraightening of the diagram. By definition, the functor
C/-: C°° — Cat,, is the cartesian straightening of the target map ¢: Ar(C) — C, so the unstraight-
ening of C,_ is ¢. It follows that the unstraightening of the functor i — Cx, is the base change of ¢
along X,:
C/Xe — Ar(C)

Lol

1—* 5 c
The category of sections I — C/X, of this map is equivalent to the category of maps I — Ar(C)
whose target projection is X, : / — C, which in turn is equivalent to the slice-category Fun(/, C)/x,.
It thus remains to show that a section o: I — C/X, is cartesian precisely if the corresponding
natural transformation ¥, — X, is a cartesian natural transformation. But this is an immediate
consequence of the fact that the z-cartesian morphisms in Ar(C) are precisely the pullback squares
in C. O

With this alternative description of lim; T)x, at hand, we can immediately deduce that the functor
T/x — lim; T)x, admits a left adjoint:

Lemma 2.5. Let T be a category with pullbacks and I-indexed colimits, and let X = colim; X; be a
colimitin T. Then the functor T)x — lim; T)x, admits a left adjoint

colim: lim; T)x, — T)x
sending a cartesian transformation Yo — X, to its colimit colim; Y; — colim; X;.

Proof. The colimit functor colim: Fun(/,T) — T admits a right adjoint const: T — Fun(/,T)
sending an object Y to the constant functor on Y. By slicing this adjunction over an arbitrary
diagram X, € Fun(/,T), with colimit denoted X, we obtain another adjunction

colim: Fun(Z,T),x, 2 T)x,

see [Lur09, Proposition 5.2.5.1]. The right adjoint in this adjunction is given by the composite

T/x cons, Fun(Z,T)constx — Fun(/,T),x,, with the second map given by base change along the

colimit cocone X, — consty. We now make the following two observations:

* The category Fun(1,T),x, contains the limit lim;ezor T)x, ~ Fun®'(1,T)x, as a full subcat-
egory: given transformations Yo — Z, — X, if both Z, — X, and Y, — X, are cartesian
transformations, then so is Yo — Z, by the pasting law for pullback squares.
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» Since any transformation constY — const X between constant diagrams is cartesian, and
cartesian transformations are closed under base change, the right adjoint 7,x — Fun(/,T),x,
lands in this full subcategory.

It follows that the adjunction restricts to an adjunction lim; 7y, 2 T)x, as desired. O

We can now characterize when the functor T)x — lim; T)x, is an equivalence. By Lemma 2.5, this
happens precisely when the unit and counit of the adjunction are natural isomorphisms. Explicitly,
this means:

(1) Counit: For any map ¥ — X = colim; X; in 7, the canonical map colim; (X; Xx ¥Y) — Y is
an isomorphism.

(2) Unit: Given a cartesian transformation ¥, — X, of functors I — T, each of the maps
Y; — (colim; Y;) Xcolim; x; X; is an isomorphism.

Since these conditions will frequently show up in the remainder of these notes, it is useful to give
them names:

Definition 2.6 (Effective colimits). Let 7 be a category with pullbacks and /-indexed colimits. We
say that I-indexed colimits in T are effective if, for every cartesian transformation Y, — X, of
functors I — T, the extended natural transformation Y, — X, of colimit cocones I — T is again
cartesian, i.e. for every j € I the commutative square

Yj e COlimi Y,

[

Xj — colimi Xl'
is a pullback square.

Definition 2.7 (Universal colimits). Let T be a category with pullbacks and /-indexed colimits. We
say that [-indexed colimits in T are universal if, for every morphism f: A — B, the pullback functor
f*:Typ — T, 4 preserves I-indexed colimits.

Lemma 2.8. For a category T with pullbacks and I-indexed colimits, the following conditions are
equivalent:

(1) I-indexed colimits are universal in T;
(2) Foreverydiagram X, : I — T, the counit of the adjunctionT;x < lim; T)x, is an isomorphism;

(3) For every diagram X,: 1 — T, the functor Tyx — lim; T)x, is fully faithful.

Proof. The equivalence between (2) and (3) is standard. It is clear that (1) implies (2) by taking
A =Y and B = X = colim; X;. The implication (2) = (1) follows from the observation that for
a diagram X, in ;g the composition map T}colim; x;, — T/ preserves and creates colimits. O

With this terminology, we may summarize the above discussion as follows:



Corollary 2.9. Let T be a category with pullbacks and I-indexed colimits. Then T satisfies descent
for I-indexed colimits if and only if I-indexed colimits are both effective and universal. O

In particular, we get:

Corollary 2.10. A category T is a topos if and only if it is presentable and I-indexed colimits are
both effective and universal for every small category I. O

2.1.1 Examples of descent

Let us illustrate the descent condition by giving some examples.

Example 2.11 (Initial object). Let T be a category with an initial object. Then the initial object @ is
van Kampen if and only if it is strictly initial, meaning that any morphism X — () is an isomorphism.

Indeed, by definition () is van Kampen if and only if the functor 7/ — * is an equivalence. This
functor admits a fully faithful left adjoint * — T/ hitting the identity idg. For the functor to be an
equivalence, the counit () — X must be an isomorphism for every X € Ty, which is precisely the
universality condition.

Example 2.12 (Coproducts). For a category T with arbitrary coproducts, we say that coproducts
are disjoint if for all X,Y € T the diagram

M s

:

is a pullback square. We claim that arbitrary coproducts in 7" are van Kampen if and only if they are
universal and T has disjoint coproducts.

—
— XuY

By definition, coproducts are van Kampen if and only if they are universal and for every collection
of maps {¥; — X;};cs the commutative square

Yi —> Y=l Y

| |

Xj — X =1l Xi

is a pullback square for every j € I. To see that this reduces to disjointness, consider X’ :=
Lliengy Xi and Y" := | Jicp ;3 Yi. We may write X = X; U X" and ¥ = Y; UY’. Invoking
universality of coproducts once more shows that the condition reduces to disjointness of binary
coproducts.

Example 2.13 (Group actions). Let T be a topos, and let G be a group object in T (i.e. a groupoid
object Go: A’ — T satisfying Gy = *). Let BG := colim[n] <A® Gp. Then there is an equivalence

T/BG = lim[n] cA T/Gn = MOdG (T)



In other words, a module over G is a simplicial object X, with a cartesian transformation X, — G,
which we can depict (suppressing degeneracies) as a simplicial diagram of face maps:

d; d
- —di 2 X % Xo

| 2"
.l.%(;;ogé

with each square cartesian. In particular, this implies X; ~ G X Xp. The two maps G XXy ~ X; — Xj
can then be interpreted as the projection map and an action map. The rest of the simplicial diagram
X, records the higher coherences of this G-action on Xj.

Example 2.14. Let T be a topos. Given an anima A € An, we obtain an equivalence
Fun(A, T) = limA T/* =~ T/ colimg -
We refer to this equivalence as the Grothendieck construction.

Exercise 2.15. Figure out which colimits are van Kampen in the following categories:

* The category Set of sets, the category An., of n-truncated animae;
* A stable cocomplete categorys;

* The opposite category An°P.

2.1.2 Descent via pullback squares

The descent condition can be reformulated in terms of colimits in the category ArP°(T') of pullback
squares in 7. This is defined as the wide subcategory of Ar(7") whose morphisms are the pullback
squares in 7.

Proposition 2.16 (Rezk). A presentable category T is a topos if and only if Ar*®(T) admits colimits
and the inclusion Ar*®(T) < Ar(T) preserves colimits.

Proof. First assume that T is a topos. We claim that the subcategory ArP®(T) < Ar(T) is closed
under colimits. To see this, note that a functor I — ArP®(T) corresponds under currying to a cartesian
natural transformation ¥, — X,. Passing to colimits in 7" extends this to a natural transformation
of colimit cocones Y, — X,. By effectivity of /-indexed colimits, this remains a cartesian natural
transformation, hence corresponds to a cocone I” — ArP°(T).

We must show this is a colimit cocone. In other words, we must show that a commutative square in
T of the form
colim; Yy —— A

Ll

colim; X;, —— B



is a pullback square if and only if each of the composite squares

Y, ——> colim;Y; —— A
[ l
Xl' — colimi X,' — B
is a pullback square. This is an immediate consequence of universality of colimits.

For the converse, assume that ArP®(7") admits colimits and the inclusion preserves them. The fact
that colimit cocones in ArP® (7)) agree with colimit cocones in Ar(7’) immediately implies effectivity
of colimits. Universality of colimits follows from observing that the commutative square

colim; X; Xx Y —— Y

l l

colim; X, ——— X
is a pullback square. o

Corollary 2.17. Let T be a topos and let L: T — T’ be a left exact functor localization. Then also
T’ is a topos.

Proof. Let R: T’ — T denote the fully faithful right adjoint to L. Then this adjunction induces an
adjunction
L.: Ar(T) 2 Ar(T'): R,

on arrow categories. Moreover, since both L and R preserve pullback squares, this adjunction
restricts to an adjunction
APY(T) 2 AP (T).

The claim now follows from Proposition 2.16, as ArP®(T”) inherits its colimits from ArP?(7’) and
these are compatible with the once in Ar(7”). O

2.2 Effective epimorphisms

We will now introduce an important class of morphisms X — Y in a topos, known as the effective
epimorphisms. There are various ways of thinking about such morphisms:

(1) They are higher categorical analogues of the effective epimorphisms from 1-category theory,
i.e. those morphisms that exhibit Y as the quotient of X at the equivalence relation X Xy X C
X X X;

(2) They are those morphisms for which the pullback functor 7y — T)x is conservative, allowing
us to check various conditions of maps in T/x after pulling back to Y’

(3) They are the topos-theoretic analogues of the covers in a Grothendieck site.

Following Lurie, we take perspective (1) as our definition. To make this precise, we first recall the
notion of groupoid objects.



2.2.1 Groupoid objects

Recall that a (classical) groupoid is a classical category G in which all morphisms are invertible.
Concretely, it consists of a set Gy of objects, a set G; of morphisms, source/target maps s, t: Gi — Go,
unit and inverse maps e: Go — G andi: G; — Gi, and acompositionmap m: G Xs,g,.: G1 — G1,
satisfying the expected relations.

The higher categorical analogue is the following:

Definition 2.18. Let C be a category. A simplicial object G: A°®® — C is called a groupoid object
if for every [n] € A and every (not necessarily order-preserving) partition

[n] = {i(), .. ,ik} U{ik} {ik, ... ,in},

the induced diagram

is a pullback square in C. We let Grpd(C) € Fun(A°P, C) denote the full subcategory spanned by
the groupoid objects in C.

Exercise 2.19. Show that a groupoid object in Set is nothing but a classical groupoid.

For the purposes of topos theory, we may think of groupoid objects as higher categorical analogues
of equivalence relations. Given a groupoid G in the category of sets, the image of the map
(s,t): G1 — Go X Go is an equivalence relation on Gy. Indeed, reflexivity follows from the identity
maps, transitivity follows from composition of morphisms, and symmetry follows by inverting
morphisms. Conversely, equivalence relations R € X X X on a set X correspond bijectively to
groupoids in sets G such that Gy = X and the map (s,1): G| — Go X Gp is injective. Under this
correspondence, the colimit |G| of the groupoid corresponds to the quotient X /R.

Given a groupoid object G, in C with X = G, we similarly think of the colimit |G.| as a “quotient
of X by the relations contained in G”. The main difference from the classical situation is that G may
now contain various non-equivalent relations between two points in X that contribute non-trivially
to the quotient object.

Lemma 2.20 ([Lur09, Proposition 6.1.2.11]). Let C be a category and consider an augmented
simplicial object U : A — C. The following conditions are equivalent:

(1) The diagram U} is right Kan extended from (A$°)P C A,
(2) The simplicial object U, := U] | is a groupoid object and the square

Uy —— Uo

Lol

Uy — U4

is a pullback square.
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Proof. This is left to the reader. O

The definitions of universal/effective colimits specialize to groupoids as follows:

Definition 2.21. Let C be a category with pullbacks and geometric realizations.

(1) A geometric realization X = |X,| := colim, X, is called a groupoid colimit if the simplicial
object X,: A°? — C is a groupoid.

(2) We say groupoid colimits are effective in C if for every cartesian transformation Y, — X, of
groupoid objects, the commutative square

Yo _.—> |Yel
[
Xo — |X.|

is a pullback square.

(3) We say that groupoid colimits are universal if for every morphism f: A — B in C, the
pullback functor f*: C/p — C,4 preserves groupoid colimits.

Lemma 2.22. Let C be a category with pullbacks and geometric realizations. Then C satisfies
descent for groupoid colimits if and only if groupoid colimits are universal and effective.

Proof. This follows as in Corollary 2.9. O

Corollary 2.23. Groupoid colimits are effective in a topos. O

2.2.2 Effective epimorphisms and Cech nerves

In I-category theory, a morphism f: U — X is called an effective epimorphism if it exhibits its
target as the quotient of its source at the equivalence relation U xXx U determined by f. Equivalently,
X is the coequalizer of the two projection maps U xx U =3 U.

The definition in the higher categorical setting is similar. We replace the equivalence relation U xx U
by a certain groupoid object C, ( f) called the Cech nerve of f. In degrees < 1, this groupoid is given
by the two projection maps U xx U =3 U.

Construction 2.24 (Cech nerve). Let C be a category with pullbacks. For a morphism f: U — X
in C, we define its Cech nerve Co(f) € Fun(A%, C) as the image of f € Ar(C) under the following
functor: ‘

Fun([1], C) = Fun((AZ%)°, ) X5 Fun(A%, C) = Fun(A”, C).

Here A, is the augmented simplex category, i: A < A, is the canonical inclusion, j: AZ0 < A, is
the inclusion of the objects [—1] and [0], and [1] = (AfO)OP is the canonical isomorphism sending
0to [0] and 1 to [—-1]. The pointwise formula for the right Kan extension j, shows that the Cech
nerve is given by

Co(f) = UK = UxxUxx - xxU.

n+1 times

This computation also shows that the right Kan extension functor j, exists.
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Notation 2.25. Given a morphism f: U — X, we will write C{(f) for the augmented simplicial
diagram j,(f): A,°°? — C, and refer to this as the augmented Cech nerve of f. Under the canonical
equivalence between A, °P and (A°)”, we may think of C7 () as encoding a cocone on C, ( f) with
cone point X.

Lemma 2.26. Let C be a category with pullbacks. Then the Cech nerve Co(f) of any morphism f
is a groupoid object.

Proof. This is immediate from Lemma 2.20, since the augmented Cech nerve Ci(f) of fis by
definition right Kan extended from (A$)%P c AP, i

Definition 2.27. Let C be a category with pullbacks. A morphism f: U — X is called an effective
epimorphism if the cocone CF(f) is a colimit diagram, exhibiting X as the geometric realization
|Co(f)] of its Cech nerve. We denote by

EffEpi(C) < Ar(C)
the full subcategory spanned by the effective epimorphisms.

Warning 2.28. This terminology is standard but rather unfortunate: not every effective epimorphism
is an epimorphism in the categorical sense, see Example 5.7 below for a counterexample. The termi-
nology is a historical accident. In a 1-category, effective epimorphisms are always epimorphisms,
but this fails in higher categories.

Lemma 2.29. Let C be a category with pullbacks such that groupoid colimits are universal in C
(e.g. C is a topos).

(1) Amorphism f: U — X in C is an effective epimorphism if and only if the functor f*: C/x —
C,u is conservative.

(2) Effective epimorphisms are closed under base change.

Proof. (1) Assume first that f is an effective epimorphism. By Lemma 2.26, X = colim, C,,(f) is a
groupoid colimit. By our assumption on C, the functor C/x < lim, C 160 (F) is fully faithful, hence
conservative. In particular, the functors C/x — C ) for [n] € AP are jointly conservative.
Since each of these functors factors through Cy;, we conclude that £ itself must be conservative.

Conversely, assume that f* is conservative. We must show that the map colim,, C,(f) — X is an
isomorphism in C. Since f* is conservative and preserves groupoid colimits, it suffices to show that

colim,, C,,(f) Xx U — U is an isomorphism. This follows from the fact that the simplicial diagram
n+l (n+2)

(n+1)

[n] > UX  xx U= U X admits an extra degeneracy.
(2) Consider a pullback square

U —U

T

x <5 x
such that f is an effective epimorphism. Since the functor g*: C;x — C,x- preserves pullbacks, it
sends C,(f) to C.(f’). By assumption on C, it also preserves groupoid colimits, hence we see that
the map colim,, C,(f’) =~ (colim, C,(f)) xx X’ — X xx X’ = X’ is an equivalence, implying that
also f’ is an effective epimorphism. O

12



Corollary 2.30. Let C be a category with pullbacks such that groupoid colimits are universal in C
(e.g. C is a topos). Consider a commutative diagram in C as follows:

X// > X/ > X

1 \Lf ’ \Lf

Y” » Y’ > Y.

Assume that the map Y — Y’ is an effective epimorphism. If both the left-hand square and the
outher square are pullback squares, then so is the right-hand square.

Proof. We need to show that the map X’ — X Xy Y’ is an isomorphism. By the previous lemma,
this may be tested after pullback along the effective epimorphism Y/ - Y’. The claim now follows
by applying the 2-out-of-3 property to the following commutative diagram:

X// = ) X/ Xy’ Y//

zl l O

Xxy Y —3 (XxyY)xy Y.

We now show that the category of effective epimorphisms in a topos is equivalent to the category of
groupoids, via passage to the Cech nerve. We start with the following simple observation:

Lemma 2.31. Let C be a category with pullbacks and geometric realizations. Then the functor
C.: Ar(C) — Fun(A, C) admits a left adjoint

Fun(A®, C) % Fun(A%, €) L5 Fun((AZ)*, C) = Fun([1], O),

sending a simplicial object X, to the map Xy — colim[njerp X,

Proof. We have Co(—) = i*j,. The functor i* has a left adjoint given by left Kan extension along
i: A% — A, and the functor j, has a left adjoint given by the restriction functor j*. m]

We may use this adjunction to reformulate the condition of effectivity of groupoids from Defini-
tion 2.21:

Lemma 2.32. Let C be a category with pullbacks and geometric realizations, and assume that
groupoid colimits are universal. Then the following three conditions are equivalent:

(1) The category C satisfies descent for groupoid colimits;
(2) Groupoid colimits are effective in C;

(3) For every groupoid object G the unit G — C.(Go — |G|) of the adjunction from Lemma 2.31
is an isomorphism.

Proof. The equivalence between (1) and (2) is Lemma 2.22.

To show that (2) implies (3), consider a groupoid object G. By setting G*, := |G| = colirn[n] A” Gn>
we may extend G to an augmented simplicial object GF. (More precisely, this is the left Kan extension
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of G along A%’ < A%".) We will show that G7 is right Kan extended from (Afo)"p. Observe that
the first face maps define a transformation QL | G of functors A?Lp — T. The fact that G is a
groupoid object implies that the restriction of this transformation to A°® is cartesian. By effectivity

of groupoid colimits, this implies that the square

Gn+1 — colimp,] Gusi

| l

Gn —— gjl = COlirn[n] Gn

is a pullback square. The top right corner colim,] G,+1 is equivalent to Gy because the simplicial
object G, | admits extra degeneracies. Taking n = 0, we see that the square
G1 — Go
[
gO — gjl

is a pullback square. It then follows from Lemma 2.20 that G} is right Kan extended from (Afo)"p
and thus agrees with the augmented Cech nerve of the morphism Gy — |G|.

To show that (3) implies (2), we first observe that assumption (3) immediately implies that the map
f: Go — |G| is an effective epimorphism for every groupoid object G. Indeed, the isomorphism
G = C.(f) of groupoid objects induces the desired isomorphism |G| = |C.(f)|.

Now consider a cartesian transformation X, — Y, of groupoid objects in C. We need to show that
the right square in the following commutative diagram is a pullback square:

Y| > Yo > Xo
[ !

The left-hand square is a pullback square by assumption (3), and since we just argued that Yy - |Y,|
is an effective epimorphism, it suffices by Corollary 2.30 to show that the outer rectangle is a pullback
square. This outer rectangle may be decomposed in terms of the following two squares:

Y > X1 > Xo
!l
Yo > Xo > | Xl

Here the left square is a pullback square by the cartesianness assumption, while the right square is
cartesian by assumption (3). This finishes the proof. O

Lemma 2.33. Let C be a category satisfying descent for groupoid colimits (e.g. a topos). Then the
Cech nerve functor restricts to an equivalence

C,: EffEpi(C) => Grpd(C)
The inverse sends G to the map Gy — |G|.
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Proof. Consider the adjunction Fun(A°, C) 2 Ar(C) from Lemma 2.31. The unit transformation
is an isomorphism by Lemma 2.32. In particular, the colimit functor Fun(A°?, C) — Ar(C) is fully
faithful.

Its essential image consists precisely of those morphisms f: U — X for which the counit of the
adjunction is an isomorphism. This counit takes the form of a commutative square

U:U

l b
colimy,\ Aw Ca(f) — X,

and by definition this is an isomorphism if and only if f is an effective epimorphism in C. O

Definition 2.34. Let 7 be a topos. A pointed connected object is an object X equipped with an
effective epimorphism * - X. We denote by 72! C T, the subcategory of pointed connected
objects.

Proposition 2.35 (Delooping principle). Let T be a topos. Then there is an equivalence of categories
B:Grp(T) =2 T7':Q.
Proof. The equivalence Grpd(T') ~ EffEpi(T) from Lemma 2.33 sits in a commutative triangle

Grpd(T) —————— EffEpi(7)

Taking fibers over = € T gives the claim. O

2.2.3 The epi-mono factorization system

In a topos, every morphism can be factored into an effective epimorphism followed by a monomor-
phism. This factorization is in fact unique. We formulate this precisely using factorization systems,
which are recalled in Chapter A.

Proposition 2.36. Let C be a category, and assume that groupoids are effective and universal. Then
C admits a factorization system (E, M) with E given by the effective epimorphisms and M given by
the monomorphisms in C.

Proof. Existence of factorizations: Consider an arbitrary morphism f: U — X. Define V :=
colim[n JeA® C,(f). This gives a factorization of f as

vsSvLx.

The map e: U — V is an effective epimorphism by Lemma 2.33, since effectivity of groupoids
implies C(e) = C(f).

Toseethatm: V — X isamonomorphism, it suffices to show that the first projection p;: VxxV — V
is an isomorphism (since the diagonal V — V Xx V is a section of p, each being an iso implies the
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other). Since e: U — V is an effective epimorphism, it suffices by Lemma 2.29(1) to show that the
pullback V xx U — U of p; along e is an isomorphism. By universality of groupoid colimits,

VxxU =~ colim[n]erp C‘n+1(f).

The augmented simplicial object [n] Crai ( f) over U admits extra degeneracies via the diagonal
U—->UxxU-= C’l(f), hence V xx U — U is an isomorphism.

Orthogonality: Given any solid diagram in C of the form

U—— A

A
1

X —— B

where f is an effective epimorphism andi: A < B is a monomorphism, the anima of dashed fillers
is contractible.

Since A < B is a monomorphism, it suffices to show that there exists a map X — A making the
bottom triangle commute. The top triangle will then automatically commute as well. Working in
the slice C, g, the object X is a colimit of the Cech nerve C,(f). Since each object C,(f) = U x5!
lies in the subcategory C,;4 C C;p, so must this colimit. O

2.2.4 Properties of effective epimorphisms

We now prove some basic properties of effective epimorphisms. Throughout this subsection, we fix
a category C in which groupoids are effective and universal.

Lemma 2.37. Effective epimorphisms are closed under composition.

Proof. The effective epimorphisms are the left class of a factorization system, which is closed under
composition by Proposition A.3. O

Lemma 2.38. Any morphism which has a section is an effective epimorphism.

Proof. Assume f: X — Y admits a section s: ¥ — X. Then the augmented Cech nerve
CHf): A — C admits an extra degeneracy, hence is a colimit diagram. O

Corollary 2.39. Any morphism which is both a monomorphism and an effective epimorphism is an
isomorphism. In particular, every monomorphism with a section is an isomorphism.

Proof. For the first claim, recall that if a category C is equipped with a factorization system (L, R),
then any morphism f: X — Y in both L and R is an isomorphism (see Lemma A.4). The second
claim follows immediately from the first combined with Lemma 2.38. O

Lemma 2.40. Given a commutative triangle

Y
f g
7N

if g f is an effective epimorphism then so is g.
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Proof. We may factor the map g as

. ,.d
Y <5y Ly z 897 7

where the first map is the inclusion of the Y-component and the second map is induced by the
maps g: Y — Z and idz: Z — Z. The first map is an effective epimorphism, since it is a cobase
change of the effective epimorphism gf: X — Z. The second map is an effective epimorphism by
Lemma 2.38 since the canonical map Z — Y Lix Z is a section. O

2.3 Characterizations of topoi

We now provide various alternative characterizations of topoi. Throughout this section, we fix a
presentable category 7.

Definition 2.41. An object classifier is an object U € T := Fun'™ (7P, 1’\?1) such that Hom(X, U) =~
(T)x)=. Note that T admits an object classifier if and only if the assignment X ~— (7)x)~ preserves
limits.

Theorem 2.42. Let T be a presentable category. Then the following are equivalent:
(1) The category T is a topos.
(2) Colimits are universal and there exists an object classifier.
(3) The Giraud axioms are satisfied:

e Colimits are universal (Definition 2.7);
e Coproducts are disjoint (Example 2.12);
e Groupoids are effective (Definition 2.21, Lemma 2.32);

(4) There exists a small category C and a left exact localization PSh(C) — T.

Proof. (1) = (2): Clear, since (—)~: Cat — An preserves limits.

(2) = (1): Assume (2) holds. We must show that the functor 7)x — lim; T}, is an equivalence for
any diagram. Full faithfulness holds by universality of colimits (Lemma 2.8). Essential surjectivity
follows from the existence of an object classifier.

(1) = (3): We verify the three conditions:

* Universality of colimits holds by definition of a topos.
* Coproducts are disjoint by Example 2.12.

* All groupoids are effective by Corollary 2.23.

(4) = (1): Since An is a topos, it follows that PSh(C) = Fun(C°P, T) is a topos, and hence so is
any left exact localization of PSh(C) by Corollary 2.17.

(3) = (4): We use the proposition below. By the theory of presentable categories, we can
write T = Ind,(C) for some small category C with finite limits and some regular cardinal «.
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Since the inclusion C — Ind,(C) = T is left exact, the proposition guarantees that the extension
PSh(C) — Ind,(C) is a left exact localization, giving (4). O

Proposition 2.43. Let C be a category which has finite limits, and let T be a presentable category
satisfying the Giraud axioms. Let f: C — T be a left exact functor. Then the unique colimit-
preserving extension F: PSh(C) — T of f is left exact.

Proof. We say that a presheaf X € PSh(C) is good if the functor F preserves every pullback square
of the form

YxxZ — 7Y
L
Z — X
By universality of colimits, X is good if and only if F preserves all such pullback squares where

Y and Z are representable. In particular, since f preserves pullbacks, every X € C is good. Since
coproducts are van Kampen, coproducts of good objects are good.

It now suffices to show that if Xy - X is an effective epimorphism with Xy good, then X is also
good. To see this, we first reduce to a pullback square where Y and Z are representables. Since
effective epimorphisms in a presheaf topos are precisely the maps pointwise surjective on g, the
maps ¥ — X and Z — X factor through Xj. The pullback square thus factors as follows:

YXxZ ——> XoXxZ ——— Z
) ) )
Y xx Xo —— Xo Xx Xo —— Xo
| ! |

Y > Xo > X

Since Xy is good, F preserves the three pullback squares on the top and left. It remains to show that
F preserves the bottom right pullback square, which is now independent of ¥ and Z.

Let X, — X be the Cech nerve of the map Xy — X. We must show that F preserves this Cech
nerve. Since F preserves colimits, F(X.) — F(X) is a colimit diagram. Since Xj is good, F(X.)
is a groupoid. By effectivity of groupoids, F(X,) is the Cech nerve of the map F(Xy) — F(X), as
desired. O

Remark 2.44. Marc mentioned he did not yet manage to find a direct proof that (3) implies (1) that
does not go through the presentation of a topos as a left exact localization of a presheaf topos.

2.3.1 Exactness in topoi
Characterization (4) immediately implies the following exactness properties in topoi:

Proposition 2.45. The following statements hold true in a topos:

(1) Filtered colimits commute with finite limits.

(2) Sifted colimits commute with finite products.
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(3) Anima-indexed colimits commute with weakly contractible limits. For example,

(X Xz Y)/G = X/G Xz|G Y/G

(4) Given a diagram of simplicial objects

o~

N

X.H

such that T1gZ. is constant, we get an isomorphism
colim, (X, Xz, Y») — (colim, X,) Xcolim,, z, (colim, ;).

Proof. (1) Writing T as a left exact localization of a presheaf topos, this follows from the analogous
statement in An, where it is a classical fact. (A model-independent argument for this may be found
in [SW25].)

(2) Given two diagrams X,, Y,: I — T, with [ sifted, we need to show that the canonical map
colim;cy(X; X Y;) — (colim;cy X;) X (colim;cy ¥;)
induced by the projections is an isomorphism. We may factor this map as a composite
colim;e7(X; X ¥;) — colim;es colimjef(X; X Y;) — (colim;es X;) X (colimjer Y;),

where the first map is induced by the diagonal functor / — [ X I. Since [ is sifted, this map is final
by definition, so the first map is an isomorphism. Moreover, it follows from descent that the functor
— X —: T xXT — T preserves colimits in both variables separately, so that also the second map is an
isomorphism.

(3) Given A € An, we get an equivalence Fun(A,T) = T)ojim, « by descent. The colimit functor
Fun(A,T) — T then corresponds to the forgetful functor 7} colim, « — T, which preserves weakly
contractible limits.

(4) Since Zy — 719Zy is an effective epimorphism, the pullback functor 7) -,z — T,z is conservative
by Lemma 2.29. So without loss of generality, we may assume that Z,: A’ — TZ!. Using the
delooping result 7! ~ Grp(T), we see that Z = BG, for some simplicial group object G,. We may
then write X = X’/G andY =Y’/G, so that X Xgg ¥ = (X’ XY’)/G. This now involves only finite
products and simplicial colimits, both of which commute with simplicial colimits. O

2.3.2 The subobject classifier

Characterization (2) implies the existence of classifying objects for every sufficiently small local
class of morphisms.

Definition 2.46. Let X be a class of morphisms in a topos 7. We say that X is a local class if the
following conditions are satisfied:

(1) Itis closed under base change;
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(2) Itis closed under small coproducts;

(3) Given a pullback square in 7" of the form

y S5y
_I
T
x £y x
in which f’ € X and g is an effective epimorphism, we also have f € X.

Proposition 2.47. Let X be a class of morphisms in a topos T which is stable under base change.
The following conditions are equivalent:

(1) The class X is a local class;

(2) The functor T’ — Cat given by sending X € T to the full subcategory of T/x spanned by the
morphisms in X preserves limits;

(3) The functor T°? — An given by sending X € T to the full subanima of (T)x)~ spanned by the
morphisms in X preserves limits;

(4) The full subcategory of ArP®(T) spanned by the morphisms in T is closed under colimits.

(5) The class X is closed under coproducts, and for every commutative cube in T of the form

A > B
\ b \
a (& > D
c
A’ S B’ d
C’ > D',

if the top and bottom squares are pushout squares, the left and back squares are pullback
squares, and a,b,c € X, then also d € X.

Proof. Since fully faithful functors and monomorphisms of animae are closed under limits, condi-
tions (2) and (3) are both equivalent to the following: for every diagram X, in 7" with colimit X, a
morphism f: Y — X lies in X whenever its base changes f;: ¥; ;==Y Xx X; — X; liein X.

(1) = (2+3): Assume f; € X foralli € I. Then | |; f;: ||; Y; — LI; X; also lies in . Since this
map is a base change of f along the effective epimorphism | |; X; - X, we have f € X.

(243) = (1): Closure under small coproducts follows by taking X = | |; X;. Detection after base
n+l
change along an effective epimorphism follows by writing X = colim[n] AP X X

Thus (1), (2) and (3) are equivalent.

The equivalence between (2+3) and (4) follows from a close inspection of the proof of Proposi-
tion 2.16: both conditions are saying that for a cartesian natural transformation Y, — X, such that
each map ¥; — X; is in X, also the map colim; ¥; — colim; X; is in X.
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Finally, (4) is equivalent to asking that this subcategory of Ar’*(T') is closed under small coproducts
and pushouts, which amounts to condition (5). O

Definition 2.48. Let X be a local class in 7. We say that a morphism fx: Yy — Xy classifies X if
for every object X € T the map

Homr (X, Xs) = (Tix)~, g g (f)

is a monomorphism of animae whose image is given by the full subanima spanned by the morphisms
in X. In this situation, we also say that the object Xx classifies X.

By the Yoneda lemma, a classifying object is unique if it exists.

Corollary 2.49. Let X be a local class in T. Then there exists a classifying object for X if and only
if for every object X € T the subcategory of T /x spanned by the morphisms in X is small.

Proof. 1f a classifying object exists, then for every object X € T the subanima of (7)x)~ spanned by
the morphisms in X is equivalent to the small anima Hom7 (X, X5), hence is itself small.

Conversely, if for every object X € T the subanima of (7)x)~ spanned by the morphisms in X is
small, then these subanimae determine a functor 7°° — An. By Proposition 2.47, this functor
preserves limits. The adjoint functor theorem then implies it is represented by some object X5 of
T. m|

In a topos 7', the subcategory (7)x)<—-1 of monomorphisms ¥ < X is small, giving us the following
definition:

Definition 2.50. For atopos T, we denote by €2 the classifying object for the class of monomorphisms,
and call it the subobject classifier.

Lemma 2.51. The subobject classifier is O-truncated. That is, for every object X € T, the anima
Homy (X, Q) is O-truncated.

Proof. By definition, Homr (X, ) is the subanima of (7,x)~ spanned by the monomorphisms
U — X. For a monomorphism, any automorphism U — U in T/x must be the identity map. It
follows that (7x)~ has no non-trivial self-identifications, i.e. it is O-truncated. O

Lemma 2.52. Let Y — Q be the universal monomorphism. ThenY is the terminal object.

Proof. Write p: Y — Q for the universal monomorphism, and let ¢: * — € be the map classifying
the identity id, : * — =, exhibited by a pullback square of the form

We claim s is an inverse to the canonical map ¢: Y — =, showing Y is terminal. Since clearly
q o s = id,, it remains to show that s o g = idy.
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To this end, observe that we have two pullback diagrams of the following form:

y —9y S yy y &y
i | ]

idyl lid* \Lp and idy \Lp

Y Ty v0 Yy 25 Q.

In particular, both bottom maps ¥ — Q are classifying maps for idy, and it follows that p = ¢ o g.
We then get the chain of identifications

po(scqg)=(pos)og=toqg=p=poidy,

so s o g defines an endomorphism of p in the slice category T)q. Since p is a monomorphism,
the anima of endomorphisms of p in T)q is (—1)-truncated and nonempty (it contains idy), hence
contractible. Therefore s o g = idy, as desired. O
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3 Truncation and connectivity

The epi-mono factorization system from Proposition 2.36 can be generalized. For every n > -2, we
obtain notions of n-truncated and n-connected morphisms, which also form a factorization system.

We recall truncated morphisms in Section 3.1, where we also establish the key fact that effective
epimorphisms can be checked on O-truncations. We introduce connectivity in Section 3.2 and
establish the claimed factorization system. In Section 3.3, we introduce the homotopy group objects
7, (X) € Tyx for an object X € T, and use these to prove the important result that a morphism in T
is n-connected if and only if it is an effective epimorphism and its diagonal is (n — 1)-connected. In
Section 3.4, we define the hypercompletion of a topos via a notion of co-connected morphisms. We
end in Section 3.5 with a discussion of gerbes: objects that are both n-truncated and (n—1)-connected
for some n.

3.1 Truncation

We start with a recollection of truncated objects in a category.

Definition 3.1. Let C be a category with pullbacks. A morphism f: X — Y in C is called (-2)-
truncated if it is an isomorphism. For n > -1, we say f is n-truncated if Ay: X — X Xy X is

(n — 1)-truncated. We denote by C<,, C C the full subcategory of n-truncated objects.

If the inclusion C<, < C admits a left adjoint, we denote this adjoint by
Th: C — Cgqp,

and call it the n-truncation functor.

Remark 3.2. Being (—1)-truncated is the same as being a monomorphism.

Remark 3.3. The truncation functor 7,,: C — C<, always exists when C is presentable, hence in
particular when T is a topos.

To see this, recall that C admits a tensoring and a cotensoring by the category An. There are unique
functors
- ®—:AnxC—>C and (=) An®? x C > C

satisfying * ® X = X = X* for all X € C and preserving colimits (resp. limits) in the first variable.
By an easy induction argument, an object X € C is n-truncated if and only if the map X — X s
induced by S"*! — x is an isomorphism.
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Since C is presentable, there is a small collection of objects {Y'} that detect equivalences. Since
Hom¢ (Y, X st ) ~ Home (Y ® $"*!, X), the n-truncated objects are precisely the local objects with
respect to the small collection of morphisms {S"*! ® Y — *®Y = Y}. In particular, the n-truncated
objects form a reflective subcategory of C, admitting a reflector 7,,: C — C,,.

Exercise 3.4. Show that a stable category does not admit any non-zero n-truncated objects.

We now prove some basic properties of truncated objects.

Lemma 3.5. The n-truncated morphisms in C are closed under base change.

Proof. Immediate from the definitions, details left to the reader. O

Lemma 3.6. A morphism f: X — Y is n-truncated if and only if the induced map of animae
fi: Hom¢e(Z,X) - Home(Z,Y) is n-truncated for all Z € C.

Proof. Immediate from Yoneda lemma and the fact that Hom¢ (Z, —) preserves pullbacks. O

Lemma 3.7. Consider morphisms f: X - Y andg: Y — Z.

(1) If g is n-truncated, then f is n-truncated if and only if g f is n-truncated.

(2) If gf is n-truncated and g is (n + 1)-truncated, then f is n-truncated.

Proof. (1) We prove the claim by induction on n. The case n = -2 is clear by 2-out-of-3.

For n > —1, consider the following commutative triangle:

X Xy X

X : > X Xz X.

The right diagonal map is a base change of A;: Y — Y Xz Y, hence is (n — 1)-truncated. By the
induction hypothesis, A ¢ is (n — 1)-truncated if and only if Ag ¢ is (n — 1)-truncated. This completes
the proof.

(2) VVC may faCtOI‘ f as the COmpOSite
idy, f

The first map is a base change of the n-truncated map A, : ¥ — Y Xz Y. The second map is a base
change of the n-truncated map gf: X — Z. By (1) and Lemma 3.5, f is also n-truncated. O

Lemma 3.8. Consider a functor F: C — D.

(1) If F preserves pullbacks, then it preserves n-truncated objects for all n > —2.

(2) If F furthermore admits a right adjoint, and C and D admit n-truncation functors, then F
commutes with n-truncation: for any X € C the canonical map

T (F (X)) = F(1,X)

is an isomorphism.
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Proof. Part (1) is clear, since n-truncatedness is formulated in terms of pullbacks.
For part (2), the claim is equivalent to the claim that the right adjoint G: D — C of F preserves

n-truncated objects. This is an instance of (1). O

Corollary 3.9. For a morphism f: X — Y in a topos T, the pullback functor f*: Tyy — T)x
preserves n-truncated objects and commutes with n-truncation: for a map Z — Y we have

T (f*Z/X) = frru(Z]Y).

Proof. Lemma 3.8 applies: the functor f* preserves limits (as it has a left adjoint) and preserves
colimits (by universality of colimits), so that it admits a right adjoint f.: 7)x — Ty by the adjoint
functor theorem. o

Proposition 3.10 (JABFJ20, Proposition 2.2.6]). Consider a pushout square

A~——B

-

¢ —D

in which the map A — B is a monomorphism. Then also C — D is a monomorphism and the
square is a pullback square.

Proof. Consider the cube

A:A

\c—‘—\c
|

— B

~\ N

C —— > D.

The top and bottom faces are pushouts, and the left and back faces are pullbacks. By descent
(Mather’s first cube lemma), the front and right faces are also pullback squares. This says precisely
that the starting square is a pullback square and that the map C — D is a monomorphism. O

A

Lemma 3.11. Let U — X be a monomorphism. Then also toU — 19X is a monomorphism, and
the square

U—»T()U
X —» 10X

is a pullback square.

Proof. This statement immediately reduces to the case T = An. In this case, the monomorphism
takes the form of an inclusion U < U LIV, for which the claim is clear. ]

We now prove a crucial fact: effective epimorphisms in a topos can be tested on O-truncations.
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Lemma 3.12 (Key lemma). Let T be a topos.

(1) The map X — 19X is an effective epimorphism for every X € T.

(2) A morphism f:Y — X is an effective epimorphism if and only if the map 1Y — 10X is an
effective epimorphism.

Remark 3.13. There is a circularity in the proof of this lemma in HTT: the proof appearing in
Chapter 6 uses results from Chapter 7, which in turn rely on this result from Chapter 6.

While this circularity can be fixed, Lurie also forgets to prove that if X is O-connected then X — XXX
is an effective epimorphism.

Proof. (1) Factor the map X — 79X into an effective epimorphism followed by a monomorphism:
X » U — 19X.

We must show that the second map is an isomorphism. Since it is a monomorphism ((—1)-truncated)
and 79X is O-truncated, Lemma 3.7 implies that U is also O-truncated. By definition, 179X is the
initial O-truncated object equipped with a map from X. Therefore the map U — 71X admits a
section 19X — U. In particular, it is an isomorphism by Corollary 2.39.

(2) The “only if” direction is clear from the commutative diagram:

y — v x

Lol

T()Y Lf) T()X.

Indeed, by part (1) the map X — 79X is an effective epimorphism. If f is also an effective
epimorphism, then so is the composite ¥ — 19X by Lemma 2.37. Then 7Y — 70X is also an
effective epimorphism by Lemma 2.40.

Conversely, assume that 7( f is an effective epimorphism. Consider the epi—-mono factorization
Y » U — X of f and the induced diagram

Y » U > X
Lol
T()Y ) T()U ) T()X

By Lemma 3.11, the map 10U — 79X is again a monomorphism, and the right-hand square is
a pullback square. Since 79Y — 79X is an effective epimorphism by assumption, Corollary 2.39
implies that 70U — 10X is even an isomorphism. It then follows that U — X is also an isomorphism,
as desired. O

Corollary 3.14. A map = — X in a topos T is an effective epimorphism if and only if 10X is the
terminal object of T. O
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3.2 Connectivity

There is a dual notion to truncatedness, called connectivity:

Definition 3.15. Let T be a topos, and let n > —2.

* We say that X € T is n-connected if t,X = *.

e Wesay f: X — Y is n-connected if it is n-connected in T}y

We denote by 72"*! the full subcategory of T spanned by the n-connected objects.

Warning 3.16. In the classical algebraic topology literature, there is an unfortunate shift in termi-
nology, where n-connected morphisms are referred to as (n — 1)-connected for historical reasons.
The ‘correct’ definition from a topos-theoretic perspective is the one given in Definition 3.15. We
should treat slice topoi just as topoi themselves, and constructions done in slice topoi should simply
be special cases of the constructions for general topoi.

Note that every object is (—2)-connected. Observe that f is n-connected if and only if for every
solid commutative diagram of the form

X —U

A
|7 e
Y

Y/

where g is n-truncated, the anima of diagonal fillers is contractible.

Proposition 3.17. Let T be a topos.

(1) The pair (n-connected, n-truncated) forms a factorization system on T.
(2) The n-connected maps are stable under base change.

(3) Amap f: X — Y is n-connected if and only if the functor f*: (Tyy)<n — (Tyx)<n is fully
Jaithful.

Proof. (1) We first show that any map f: X — Y factors as an n-connected map followed by an n-
truncated map. Let X, := 7,(X/Y) be the n-truncation of X € T)y. The map X,, — Y is n-truncated
by definition.

To show that X — X, is n-connected, consider any n-truncated morphism U — X,,. We must show
that the map
Hom/x, (X,,U) — Hom/x, (X,U)

is an equivalence. Since T)x, = (T)y)/x,,, this map is induced on vertical fibers in the following
diagram of Hom animae in 7y :

Homy (X,,U) ——> Homy (X, U)

l !

Hom/Y(Xn’ Xn) H Hom/Y(X’ Xn)
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Since U and X,, are n-truncated objects in T}y, the universal property of X,, = 7,(X/Y) € Tyy
guarantees that both horizontal maps are equivalences. Thus the induced map on fibers is also an
equivalence.

Next, we show that any n-connected map f: X — Y is left orthogonal to any n-truncated map
g: W — Z. We must show that the anima of diagonal fillers in any commutative square

X — W
A1
s
Y 3 7
is contractible. Since n-truncated maps are closed under base change, we may replace g by the

projection W Xz Y — Y. This reduces the problem to finding diagonal fillers in the commutative
square:

X —> WxzY — W
fl ///\( lpr B \Lg
Y /: Y — Z.
The anima of such diagonal fillers is contractible by n-connectedness of f.

(2) Consider a pullback square
X — X
il lf
vy 5.
By Corollary 3.9, we have 7,,(X’/Y’) = g*1,(X/Y). If f is n-connected, then 7,,(X/Y) =Y, so
7,(X’/Y") =Y’. Hence f’ is also n-connected.

(3) We need to show that f is n-connected if and only if for each two n-truncated maps Z — Y and
7' — Y, the induced map

f*: Homyy(Z,Z') — Homx(X Xy Z,X Xy Z")

is an equivalence. By the universal property of X Xy Z’, the latter is equivalent to the condition that
composition with the projection X Xy Z — Z induces an equivalence

Homy(Z,Z’") = Homy(X xy Z,Z').

In other words, we have to show that f is n-connected if and only if the map X Xy Z — Z is left
orthogonal to any n-truncated map Z’ — Y. This is immediate from parts (1) and (2). O

Corollary 3.18. A morphism is (—1)-connected if and only if it is an effective epimorphism.

Proof. Both the (—1)-connected maps as well as the effective epimorphisms are characterized as
the morphisms that are left orthogonal to the monomorphisms/(-1)-truncated maps. O

Corollary 3.19. Every pointed object X € T, is (—1)-connected.

Proof. A basepoint x: *+ — X determines a section of the map X — *, which by Lemma 2.38
implies that X — = is an effective epimorphism, hence (—1)-connected. O
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3.3 Homotopy group objects

Our goal in this section is to prove the following inductive characterization of n-connected mor-
phisms, which resembles the definition of n-truncated morphisms:

Theorem 3.20. Let n > 0. Then a morphism f: X — Y is n-connected if and only if it is an effective
epimorphism and Ay: X — X Xy X is (n — 1)-connected.

This theorem is rather non-trivial, and its proof will require us to introduce the notion of homotopy
group objects.

Definition 3.21. Let X € T and let n > 0. Define the n-th homotopy object n,(X) as the following
static (O-truncated) object of 7)x:

m(X)=1(XS" - X) e (Tix)<o < Tix.

Here X" denotes the cotensoring of X by ", cf. Remark 3.3. Since S" is an E,-cogroup in An and
the map * — S” is a map of E,,-cogroups, 7, (X) is an E,,-group. In particular:

* mp(X) is a pointed object,
* m1(X) is a group,

* 1,(X) is an abelian group for n > 2.

For this reason, we will often somewhat abusively speak of homotopy group objects, even though
7o(X) is only a pointed object.

Example 3.22. Since X5" = X x X, we see that mo(X) = 19X X X € T;x. It becomes a pointed

. . . . A
object via the canonical section X — X X X — 10X X X.

Lemma 3.23. Let F: T — T’ be a functor preserving colimits and finite limits. Then F preserves
homotopy groups: for all X € T we have a natural isomorphism

F(mu (X)) = m(F(X)) € Tirx-

IR

Proof. Since F: Tjx — T/’ F(x) Preserves finite limits and X" is a finite limit, we see that F(X5")

F(X)S". Furthermore, F commutes with 7y by Lemma 3.8.

Lemma 3.24. The functor n,: T — T preserves finite products.

Proof. Reduce to An. O

Notation 3.25. Given n > 0 and a morphism f: X — Y, write

ma(f) € (Tyy)r = T)x

for the n-th homotopy object of f regarded as an object of 7y. (Note: We do not mean the induced
map 7, (X) = 7 (Y).)
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Remark 3.26. Note that we have
ﬂn(f) = ﬂn—l(Af)

forn>1.
Exercise 3.27. Show that every subgroup of 7; (X) is normal.

Proposition 3.28. Given a morphism f: X — Y, there is a long exact sequence in (T)x)<o of the
form
c = 1 (f) = mp(X) = ffa(Y) = mpa(f) -

Proof. When T = An, this is a standard fact from classical homotopy theory. The claim then
immediately follows for any presheaf topos PSh(C) = Fun(C°P, An), where everything is computed
pointwise. By Theorem 2.42, any topos 7' may be written as a left exact localization of a presheaf
topos PSh(C), and the relevant homotopy groups are computed by first forming them in PSh(C) and
then applying the localization functor. O

Proposition 3.29. Letn > —1.

(1) Assume that f is n-truncated. Then np(f) = 0 for k > n. The converse holds if f is
m-truncated for some m.

(2) A morphism f is n-connected if and only if it is an effective epimorphism and nty(f) = * for
all k < n.

Proof. We prove both statements by induction on 7.

(1) If fis (=1)-truncated, then A ¢ is an isomorphism. In particular, the homotopy groups of A s are
trivial. Since 7,,(Ay) = m,41(f), all higher homotopy groups are trivial.

It remains to show that mo(f) = 0. Without loss of generality, take f: X — . Since X is (-1)-
truncated, it is in particular O-truncated, so mp(X) = (X X X — X). The map Ax: X —» X X X is
an isomorphism, so X X X — X is also an isomorphism. Thus 7o (X) is trivial.

For the induction step, assume f is n-truncated. Then Ay is (n — 1)-truncated, giving m(f) =
nx-1(Ay) = 0forall k > n.

For the converse, assume f is m-truncated for some m and 7, (f) = *. Then m,,_1(As) = *. By the
induction hypothesis, A ¢ is (n — 2)-truncated, meaning that f is (n — 1)-truncated. For the base case
n = 0, if X is O-truncated and 7p(X) = * = (X X X — X), then Ax: X — X X X is an isomorphism.

(2) Assume that X is n-connected, i.e. 7,X = *. Then X is in particular k-connected for all k < n.

We have already seen that X is an effective epimorphism. It remains to show the homotopy groups

vanish. This reduces to An as follows. We may write T as a reflective localization L: PSh(C) —» T
pre

of a presheaf topos. Then L(7,; X) = =. This gives a functor PSh(C) J7ex — T, and the source is
still a presheaf category.

For the converse, the case n = —1 was treated before. For n > 0, consider the map ¢t: X — 7,X.
This is n-connected. By the long exact sequence,

5= me(X) = 1 7(1aX)

for all k& < n. Since ¢ is an effective epimorphism, 7x (7, X) = = for all k < n. By part (1), we also
have 79X = *, since X — * is an effective epimorphism (Corollary 3.14). O
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We are now ready to prove our characterization of n-connected maps:

Proof of Theorem 3.20. We must show that f is n-connected if and only if it is an effective epimor-
phism and Ay is (n — 1)-connected.

By the proposition, f is n-connected if and only if it is an effective epimorphism and 74 (f) = *
for k < n. Similarly, A¢ is (n — 1)-connected if and only if Af is an effective epimorphism and
n(f) ==fork <n.

It remains to show that if fis O-connected, then A is an effective epimorphism. By the Key Lemma

(Lemma 3.12), it suffices to show that the map 79X — 19X X 19X is an effective epimorphism. But
70X = * by Corollary 3.14. O

This theorem has various useful consequences.

Corollary 3.30. Let f: X — Y and g: Y — Z be maps. If gf is n-connected and g is (n + 1)-
connected, then f is n-connected.

idx.
Proof. Dual to the proof of Lemma 3.7(2), we may factor f as X M) XxzY Py, Y, where the
first map is a base change of A4, hence n-connected by the theorem, and the second map is a base
change of g f. O

Corollary 3.31. Consider a 0-connected pointed object X € T=°. Then X is n-connected if and
only if QX is (n — 1)-connected. Similarly, X is n-truncated if and only if QX is (n — 1)-truncated.

Proof. By the theorem, X is n-connected if and only if A: X — X X X is (n — 1)-connected.
Given a base point x: * — X, it follows from 0-connectedness and the previous lemma that x is
(—=1)-connected. Hence (x,x): * — X X X is an effective epimorphism. This implies that A is
(n — 1)-connected if and only if its base change QX — = is (n — 1)-connected.

The proof for truncatedness is analogous. O

Corollary 3.32. Let f: X — Y be n-connected. Then the functor f*: (Tjy)<p-1 — (Tyx)<n-1is
an equivalence.

Proof. Full faithfulness of f* was proved in Proposition 3.17.

For essential surjectivity, we may replace T by T)y and assume Y = . Given an (n — 1)-truncated
morphism U — X, we must show that it is in the image of the functor (=) X X: T<,,-1 — (T/x)<n-1-
We claim that the map U — 1,-1U X X is an isomorphism. By the factorization system from
Proposition 3.17, it suffices to show it is both (n — 1)-truncated and (n — 1)-connected.

* The map is (n — 1)-truncated since it lives over X, and both maps to X are (n — 1)-truncated.
The claim follows by left cancellation.

e To see itis (n — 1)-connected, note that it factors as
U—UxX—>T1,,UxX.

The first map is (n — 1)-connected, as it is a base change of the diagonal X — X X X, which
is (n — 1)-connected by the theorem. The second map is (n — 1)-connected since it is a base
change of the map U — 7,1 U. O
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3.4 Hypercompletion

The notion of n-connectedness has an analogue for n = co.

Definition 3.33. A morphism f: X — Y in T is called co-connected if it is n-connected for every
n. It is called oco-truncated (or hypercomplete) if it is right orthogonal to the class of co-connected
maps.

Definition 3.34. Let T<., denote the full subcategory of co-truncated objects in 7. An alternative
notation for this subcategory is T™P. We say that T is hypercomplete if every object is co-truncated.

Remark 3.35. The term “hypercomplete” is historical but slightly misleading: hypercompleteness
is a separation condition rather than a completeness condition. “Postnikov separated” might have
been a better term. In [ABFJ25], the authors use the term “hyperreduced” instead.

Proposition 3.36. Let T be a topos.

(1) The oco-connected maps form a strongly saturated class stable under base change and diago-
nals.

(2) The inclusion T<w “— T admits a left adjoint Teo: T — T<co.

(3) The pair (co-connected, co-truncated) is a factorization system on T.

Proof. (1) The n-connected maps form a saturated class (i.e. closed under pushouts and closed under
colimits in Ar(7)), by the factorization system from Proposition 3.17. In particular, the co-connected
maps form a saturated class.

For the 2-out-of-3 property, it remains to check left cancellation, which follows from Corollary 3.30.
This also implies closure under diagonals. Closure under base change follows from part (2) of
Proposition 3.17.

(2) The oco-truncated objects are precisely the local objects with respect to this class. The general
theory of local objects in presentable categories then tells us that the left adjoint 7., exists. We refer
to [Lur09, Proposition 5.5.4.15] for details.

For (3), it remains to show that any morphism f: X — Y can be factored into an co-connected
morphism followed by an co-truncated one. The same argument as in part (1) of Proposition 3.17
shows that the map X — 7.,(X/Y) provides such a factorization. O

Corollary 3.37. The left adjoint 7o: T — T<« is left exact. In particular, T< is again a topos.

Proof. For a finite diagram {X;};c; in T, consider the map lim; X; — lim; 7,X;. Since oco-
connected maps are closed under base change, they are closed under finite limits. Hence this map is
co-connected. Since co-truncated objects in T are closed under limits, the target is co-truncated. It
follows that the map induces an equivalence 7, (lim; X;) = lim; 7., X;. O
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3.5 Gerbes

Consider an object X € T. We have the Postnikov tower
X—> 5 X->150X—> - 210X 511X > 102X ==

The object 7,X € T/, _,x is n-truncated by Lemma 3.7 and (n — 1)-connected by Proposition 3.17.
Maps with this property are known as gerbes:

Definition 3.38. Given n > 0, we say an object X € T is an n-gerbe if it is n-truncated and (n — 1)-
connected. We define an Eilenberg—MacLane object of degree n to be a pointed n-gerbe. We denote
by

Gerb,(T) C T and EM,(T) c T.
the resulting full subcategories. More generally, we refer to a morphism X — Y as an n-gerbe if it
is an n-gerbe in the slice topos 7)y.

Example 3.39. Let K be an (n + 1)-gerbe in T, and consider two maps a, b: * — K. Define P as
the following pullback:

P — x
L=k
x —4 % K.
Then P is an n-gerbe. Indeed, the map b: + — K is an n-gerbe by the cancellation properties of

truncated and connected maps from Lemma 3.7 and Corollary 3.30, hence the base change P — *
is also an n-gerbe.

The Eilenberg—MacLane objects can in fact be completely classified in terms of abelian group objects
in T, just as for the Eilenberg—MacLane spaces in classical algebraic topology. To do this, we need
an ‘iterated’ version of the Delooping principle from Proposition 2.35.

Definition 3.40. Given a category C with finite products, we inductively define for every n > O the
category E,,Grp(C) of E,-groups in C by setting

EyGrp(C) := C. and E+1Grp(C) := Grp(E, Grp(C)).
Proposition 3.41 (Iterated delooping principle). For every n > 0, there is an equivalence
B": E,Grp(T) 2 T>" :Q".
Proof. First observe that there is an equivalence 72° ~ T,. That is, every pointed object in T is

automatically (—1)-connected. Indeed, any map x: * — X is a section of X — =, so the latter is an
effective epimorphism by Lemma 2.38.

Consider now the ‘delooping equivalence’
B: Grp(T) 2 T2 :Q

from Proposition 2.35. By passing to E,_;-groups, this results in an equivalence E,Grp(T) =
E,_1Grp(TZ"). Since the equivalence is implemented by taking loops, Corollary 3.31 implies that
it restricts to an equivalence

B: E,Grp(T>*"Y) 2 E,_Grp(TZ5) :Q
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for every k > 1. Since Grp(C,) =~ Grp(C) for any C, we may now paste together all these
equivalences to obtain the result:

B": E,Grp(T) = E,,_Grp(T>') =~ -+ =~ E;Grp(TZ"" 1) = EoGrp(T2") = TZ" :Q". |
Corollary 3.42. For n > 0 there are equivalences

EMo(T) = (T<o).,  EM(T) = Grp(T<o), and EM,(T) =~ Ab(T<y) forn > 2.

Proof. By Corollary 3.31, the equivalence Q" : T>" = E,Grp(T) from Proposition 3.41 restricts
to an equivalence

Q": EM,(T) — E,Grp(T<o)
for all n, with inverse given by B”. But since T« is a 1-category, we have E,,Grp(T<g) = Ab(T<)

forall n > 2. O

The n-gerbes play an important role in obstruction theory. Given objects Y, X € T and a map
Y — 19X, we could ask whether we can lift this map to X. Often, we can proceed inductively along
the Postnikov tower of X. Assuming we have already found a lift ¥ — 7,,_; X, we may ask whether
this further lifts to X — 7, X:

T X

W/Z\L
R

7

-

Yy 5 1,,X.

In the remainder of this section we will explain how to reformulate this question in terms of the
vanishing of a certain class in the cohomology of Y.

Lemma 3.43. Let n > 2, and let X be an n-gerbe. Then there exists a unique A € Ab(T<g) such
that 7, X = X X A.

Proof. Since X is (n—1)-connected, the functor X X —: T — Tx induces an equivalence T<,,_» —
(T/x)<n-2 on (n — 2)-truncated objects, by Corollary 3.32. In particular, the abelian group object
mn(X) € Ab((T)x)<0) corresponds to an object A € Ab(T<¢) under this equivalence. O

Remark 3.44. If n = 1, then A € Grp(T<o) is unique if it exists, but it might not exist.

Definition 3.45. Let X be an n-gerbe and consider A € Ab(T<g). We say that X is banded by A if
it comes equipped with an isomorphism 7, X = X x A in Ab(T/x). We denote by

Gerbﬁ(T)
the category of pairs consisting of an n-gerbe X together with an isomorphism 7, X = X X A.

Lemma 3.46. The trivial n-gerbe B" A is bounded by A. Moreover, if X is any Eilenberg—MacLane
object bounded by A, then X ~ B"A.

Proof. For the first claim, consider the two canonical maps B"A — (B"A)S" and Q"B"A —
(B"A)S". Using that B"A € CGrp(T), this induces a map

B'"Ax A ~B"AxQ"'B"A — (B"A)Y"
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in T/gns. We need to show that this induces an isomorphism on O-truncations. Since the map
* —» B A is an effective epimorphism, this can be checked after pullback along this map. But there
it is clear as the map becomes the identity on Q"B"A.

For the second claim, let X be an Eilenberg-MacLane object of degree n, so that X ~ B" A’ for some
A’ € Ab(T<p). By the first part, we have 7,,(X) = X X A" in Ab(Tx). If X were also banded by A,
this would imply A = A’, hence X = B"A’ =~ B"A. O

Theorem 3.47. Let A € Ab(T<p) and n > 1. Then for any object X € T there is an equivalence
Homz(X,B""'A) =~ Gerb(T)x), f - fibo(f).

Proof. First, note that the functor is well-defined. By Example 3.39, the map 0: * — B"*!'A is an
n-gerbe. The claim is that this map is in fact the universal n-gerbe.

To see this, consider an n-gerbe X — X banded by A. There is a unique cartesian square of the form

X -————- > *®
Lm0
X ---3 B™A,

More formally, we claim that Hom Arpb(T)()Af - X, x> B”“A) is contractible. We proceed in two
steps.

Step 1: We first prove the claim in the case where X — X admits a section s: X — X. By regarding
X as an n-gerbe in T)x, this section makes it into an Eilenberg-MacLane object, hence it is of the
form X X B"A by Lemma 3.46. Let us now rewrite the data contained in such a pullback square:

« It consists of a map X — B! A together with an identification of X = X x B"A with the
pullback P := X Xgn+i4 *.

* An identification X X B"A = P is the same as providing a section of P — *, which in turn is
equivalent to providing a lift X — # of the map X — B"*!A.

* But the anima of pairs of a map X — B"A together with a lift to a map X — = is just the
same as the anima of maps X — =, which is clearly contractible.

This yields the claim.

Step 2: We now prove the claim in general. Consider an effective epimorphism f: U - X such
that the pullback map X xx U — U admits a section; for example, we may take U = X and take
the section to the the diagonal X > Xxx X. Let C (f) denote the Cech nerve of f, and write
U, = C‘(f)n and fjn =X Xx é(f)n for short. Then each map ﬁn — U, is an n-gerbe banded by
A admitting a section, hence by Step 1 we know that

Hom, 0 (7(Un = U, * — B"™A) = «
for all n. The claim now follows, since by descent the map X — X is a colimit in ArP®(T) of the

maps l7n - U,. m|
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Remark 3.48. Under the equivalence T/gg ~ Modg(T), passing to fibers over T' (with respect to
the forgetful functor 7/ — T and the quotient functor Modg (T') — T) yields

Hom, (%, BG) = {G-torsors}.

Let us now return to the question of obstruction theory. Given an object X, the map 7, X — 7,1 X
is an n-gerbe, banded by some A € Ab(7},,_,x). We may thus write it as a pullback

T, X — =
|
T,-.1X — B"1A.

In particular, finding a lift Y — 7,X of amap Y — 7,1 X is equivalent to lifting the composite
Y — B"™!A toY — . We wish to think of this as the question of whether a certain cohomology
class vanishes:

Definition 3.49. Let A be an abelian group object in T<g, and let ¥ € T. We define the n-th
cohomology of Y with coefficients in A as

H"(Y,A) := mg Homp(Y,B"A) € Ab.
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4 The categories of topoi and logoi

In this chapter, we investigate the category of topoi. There are two natural choices for a ‘category
of topoi’, each with its own merits: one could either work with the left-exact colimit-preserving
functors f*: S — T, or one could work with their right adjoints f,: 7" — S. We denote the resulting
categories by Logos and Topos, respectively; this terminology is explained in Section 4.1.

In Section 4.2, we introduce the notion of a presentation of a topos (or logos) in terms of generators
and relations. We use this in Section 4.3 to compute limits and colimits of topoi. In Section 4.4, we
introduce the notion of an étale morphism of topoi, which plays an analogous role to that of a local
homeomorphism of topological spaces. The resulting wide subcategory Topos® C Topos turns out
to be closed under colimits; we prove this later in Section 4.5, after developing univalent families.

4.1 Topoi and logoi

As mentioned before, there are two natural perspectives on the direction of morphisms between
topoi: the algebraic and the geometric perspective. While the data in such a morphism is the same
in both cases, the fact that the maps point in opposite directions can lead to confusing terminology,
especially when discussing constructions with universal properties like limits and colimits of topoi.

In [AJ21], Anel and Joyal proposed to emphasize the duality between these perspectives by strictly
reserving the term ‘topos’ for the geometric perspective and introducing the new word ‘logos’ for the
algebraic perspective. Just as affine schemes are dual to commutative rings and compact Hausdorff
spaces are dual to commutative C*-algebras, they argue that topoi should be dual to logoi.

As we will see, certain constructions (like presentations of topoi) are more naturally explained using
the algebraic perspective than the geometric one. It is convenient to have language available that
directly reflects this perspective.

Definition 4.1. Given two topoi S and T, a morphism of topoi (or geometric morphism) from S to
T is a functor ¢.: S — T which admits a left exact colimit-preserving left adjoint ¢*: T — S. We
denote by

Topos < Cat

the subcategory spanned by the topoi and the morphisms of topoi.

Definition 4.2. A category 7 is called a logos if it is a topos, i.e. if it is presentable and satisfies
descent for all colimits. Given two logoi S and T', a morphism of logoi (sometimes called algebraic
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morphism"') from S to T is a left exact colimit-preserving functor ¢*: § — T. We denote by
Logos <€ Cat

the subcategory spanned by the logoi and the morphisms of logoi.

Remark 4.3. By Lemma 3.8, every morphism of logoi preserves n-truncated objects and commutes
with n-truncations for all n.

Remark 4.4. By the adjoint functor theorem, every morphism of logoi ¢*: § — T admits a right
adjoint ¢, : T — S, which is then a morphism of topoi. This assignment can be made functorial:
there is an equivalence of categories

Topos —> Logos®, Tw—T, 0 "

More precisely, this equivalence arises as a restriction of the equivalence PrR = (Pr™)°P from
[Lur09, Corollary 5.5.3.4].

The ‘logos’-terminology is not yet very common. Marc did not use this terminology in his lectures,
instead defining a ‘geometric morphism’ from S to 7 to be a left exact colimit-preserving functor
¢*: T — S. However, I have found it clarifying to use two separate phrases for the two different
perspectives on topoi.

As we will see repeatedly throughout this course, there are certain aspects of topos theory in which
topoi behave like ‘geometric’ objects, taking the role of generalized spaces. In other aspects, they
have a more ‘algebraic’ flavor, where they behave analogously to commutative rings. For example,
the following notions are most usefully seen through the geometric viewpoint:

* In Definition 4.31, we will define the notion of an ‘étale map’ of topoi, which mimics the
notion of a local homeomorphism between topological spaces;

* In Definition 5.40, we define ‘open immersions’ of topoi, mimicking an open embedding of
topological spaces.

On the other hand, the following definitions are best seen through an algebraic lens:

* In Section 4.2, we will construct presentations of logoi in terms of ‘generators and relations’,
like for ring theory;

* In Chapter 5, we will study congruences: those classes of morphisms in a logos that arise as
‘kernels’ of morphisms of logoi. For any congruence K in a logos 7', we obtain the quotient
logos T/K :=T[K™'].

We now upgrade Logos and Topos to 2-categories.

'We warn the reader that this terminology clashes with the notion of ‘algebraic morphism’ used by Lurie [Lur09,
Definition 6.3.6.1].
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Construction 4.5. The category Cat is cartesian closed (the functor C X —: Cat — Cat admits a
right adjoint Fun(C, —) : Cat — Cat for all C) and thus enriched over itself. This gives rise to a 2-
category Cat, whose objects are categories, whose morphisms are functors, and whose 2-morphisms
are natural transformations between functors: Homey (C, D) = Fun(C, D).

This in particular allows us to upgrade the category Logos to a 2-category, by regarding it as a locally
full subcategory of Cat:
Logos < Cat.

The Hom-categories Logos are given by the full subcategories
Fungoeos(S,7) < Fun(S,T)
spanned by the morphisms of logoi. We may similarly upgrade Topos to a 2-category, by setting
Topos := Logos® C Cat®.

In other words, we define the Hom-categories of Topos to be Funtopes (T, S) := Fungogos (S, 7).

Remark 4.6. The subcategory Funyogos(S, T) of Fun(S, T) is denoted by Fun*(S, T') by Lurie. Marc
in his lectures denoted Funtopos (7', S) by Geom(T', S).

A point in a topological space X is the same as a continuous map * — X from the one-point space,
i.e. the terminal object in the category of topological spaces. Given that the terminal object of Topos
is An (see Example 4.12 below), we get the following analogous notion for topoi:

Definition 4.7. A point of a topos T is a geometric morphism An — 7. We write
Pt(T) := Funrepes(An,T)
for the category of points.

Example 4.8. Let 7 = PSh(C)[Z~'] be a left exact localization of a presheaf category. Then the
inclusion

Pt(T) = Funpoes(7T,An) <  Funpges(PSh(C),An) =~ Pro(C)*®

identifies Pt(7) with the X-local pro-objects in C, i.e. those formal systems (X;);cy for which the
functor
PSh(C) — An, F +— colim; F(X;)

inverts all morphisms in X.

4.2 Presentations of logoi

Algebraic objects can often be presented in terms of ‘generators and relations’; think of presentations
of groups or rings. In the case of commutative rings, one first forms the free commutative ring Z[S]
on a given set of generators S (the polynomial ring), and then forms the quotient of Z[S] by an ideal
generated by a given set of relations. There is an analogous notion of presentations for logoi:

* In Section 4.2.1 we construct the free logos An[C] on a given category of generators C;
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* In Section 4.2.2, we define the quotient logos T /K of alogos T by a congruence K.

* In Section 4.2.3, we introduce logos presentations (C,X), consisting of a small category C
and a small collection of morphisms X in An[C], and define the logos presented by (C, X) as
(C | Z) := An[C]/Z€, where Z€ is the congruence generated by X.

4.2.1 Free logoi

We start by constructing the free logos on a small category.
Construction 4.9. Let C be a small category. We define the free logos on C as
An[C] := PSh(C'®),

where C!®* C PSh(CP)P is defined as the smallest subcategory containing C which is closed under
finite limits. The category An[C] comes equipped with a canonical inclusion

C — C'™ < PSh(C'™) = An[C].

Proposition 4.10. For any small category C, the inclusion C — An[C] exhibits An[C] as the free
logos generated by C: for any other logos T, restriction along the inclusion induces an equivalence
of categories

Funpoees(An[C],T) —  Fun(C,T).

Proof. Recall from [Lur09, Proposition 5.3.6.2] that for a small category C, the subcategory C™* C
PSh(C) generated by the representables under finite colimits is the free finite cocompletion of C. It
follows that C'®* = ((C°P)™*)°P is the free finite limit completion: for any other category D with
finite limits, restriction along C < C'* induces an equivalence

Fun™(C'**, D) =5 Fun(C,D).

By the universal property of the presheaf category, we also see that restriction along C'** s
PSh(C'®) induces an equivalence

Fun®™(PSh(C'®),T) = Fun(C'™,T).
By Proposition 2.43, this functor restricts to the desired equivalence
Funyoeos(An[C],T) = Fun®i™(pSh(C!™),T) =  Fun'™*(C'*™, 7). O

Remark 4.11. We may think of this result as a categorification of the isomorphism Homcging (Z[S], R) =
Homge (S, R) for every set S and every commutative ring R.

Example 4.12. For C = 0, we get 0™ = % and so An[0] = PSh(*) = An. In particular, An is the
initial logos:
Funy gos (An,T7) = Fun(0,7) = =

By dualizing, it follows that An € Topos is the terminal topos.

Example 4.13. When C = * = {X} is the terminal category, we get C'** = (Anf")°P, the opposite
of the category of finite animae. In particular, the free logos on one generator is the logos

An[X] := An[{X}] = PSh((An"M*) = Fun(An™, An).
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4.2.2 Congruences and quotients of logoi

In classical algebra, we can form the quotient of a ring R by an ideal /. As we discuss in this section,
we may analogously form the quotient of a logos T by a class of morphisms K. This produces a
new logos T'/K in which the morphisms of K have been inverted. We begin by defining the precise
conditions on K that ensure such a quotient behaves well.

Definition 4.14. Let T be a logos. A collection of morphisms K in T is called a congruence of small
generation if it satisfies the following conditions:

(1) K is strongly saturated of small generation (see Section A.3).

(2) K is closed under base change.

Recall from Proposition A.15 that condition (1) ensures that the localization T — T[K ~17 exists
and is an accessible Bousfield localization (i.e., the target is presentable and the localization functor
admits a fully faithful right adjoint). Condition (2) ensures that the localization is compatible with
the logos structure, i.e., that it is left exact:

Lemma 4.15 (cf. [Lur09, Proposition 6.2.1.1]). Let L: C — D be a Bousfield localization, with
fully faithful right adjoint R: D — C. Assume that C admits finite limits. Then the following
conditions are equivalent:

(1) The localization functor L is left exact.
(2) The class of morphisms inverted by L is closed under finite limits in Ar(C).

(3) The class of morphisms inverted by L is closed under base change.

Proof. The implications (1) = (2) = (3) are clear. For (3) = (1), let K be the class of
morphisms inverted by L, and assume K is closed under base change. Observe that an object of C
lies in the essential image of R if and only if it is local with respect to K. Since the terminal object 1
of C is clearly K-local, it follows that L(1) = 1, and so L preserves the terminal object. It remains
to show that L also preserves pullbacks, so consider two morphisms X — Y « Z. Since K-local
objects are closed under limits in C, it follows that RLX Xgry RLZ is K-local; in particular, it defines
the pullback in D. It now remains to show that the canonical map X Xy Z — RLX Xgrry RLZ lies
in K. We may factor this map as a composite

XXy Z > XXgry Z — RLX Xgrry Z — RLX Xgry RLZ.

The second and third maps are base changes of morphisms in K, hence lie in K again by assumption.
The first map is a base change of the diagonal of ¥ — RLY, which is therefore a section of the
projection pr;: ¥ Xgry ¥ — Y. Since K is closed under 2-out-of-3, it suffices to show that pr; is in
K, which is true as it is a base change of Y — RLY. O

We now combine these results with the properties of saturated classes discussed in the appendix to
obtain the following characterization. Recall from Definition A.13 that the kernel of a cocontinuous
functor ¢ between presentable categories is defined as the class of morphisms inverted by .
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Corollary 4.16. Let T be a logos and K a class of morphisms in T. The following are equivalent:

(1) K is a congruence of small generation;
(2) K is strongly saturated of small generation and is closed under finite limits in Ar(T);

(3) The localization functor L: T — T[K~'] is left exact and admits a fully faithful right adjoint
(i.e., it is a Bousfield localization);

(4) K is the kernel of some morphism of logoi ¢: T — S.

Proof. The equivalence (1) <= (3) follows immediately from Definition 4.14 and Lemma 4.15,
combined with Proposition A.15.

The implication (3) = (4) follows since K is thekernel of L: T — T[K~'], see Proposition A.15.
For (4) = (2), if K is the kernel of a morphism of logoi ¢, then K is closed under finite
limits because ¢ is left exact. Furthermore, since ¢ is a morphism of logoi, it preserves colimits,
and thus its kernel is strongly saturated of small generation by [Lur(09, Proposition 5.5.4.16] (see
Proposition A.14).

Finally, for (2) = (1), it suffices to note that a class closed under finite limits is in particular
closed under base change. O

We can now define the quotient of a logos.

Definition 4.17. Let K be a congruence of small generation in a logos 7. We define the guotient of
T by K as the localization
T/K = T[K"].

By Corollary 4.16, T /K is a logos and the localization map T — T'/K is a morphism of logoi.

This construction satisfies the expected universal property:

Proposition 4.18. For every logos S, restriction along T — T /K induces a fully faithful functor
Funpogos(T/K,S) = Funpeges(7,S).

Its essential image consists of those morphisms of logoi ¢: T — S that invert K (i.e., K C ker(¢)).

Proof. By definition of localization, restriction along T — T'/K induces a fully faithful functor
Fun(T /K, S) — Fun(T, S),
with essential image those functors 7 — S that invert K. It remains to show that a functor 7/K — S

preserves colimits and finite limits if and only if the composite T — T/K — S does.

The ‘only if” direction is clear. For the ‘if’ direction, note that every diagram in 7/ K may be regarded
as a diagram in T via the inclusion. Since T — T/K preserves colimits and finite limits, colimits
and finite limits in 7/K may be computed by forming them first in 7' and then localizing. Thus if
T — S is alogos morphism, then sois T/K — S. O

Definition 4.19. A morphism of logoi ¢: T — S is called a quotient map if it is a Bousfield
localization, i.e., if its right adjoint is fully faithful.
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Note that any quotient map ¢: T — S induces an isomorphism of logoi T /ker(¢) — S.

Lemma 4.20. Any quotient map of logoi is an epimorphism in the category of logoi.

Proof. Let ¢*: T — S be a quotient map. Then its right adjoint ¢, is fully faithful, hence the counit
map ¢* ¢, — id is an isomorphism. Note that for every third logos 7”, precomposition by ¢* and ¢
induces another adjunction

Fun(S,7T") 2 Fun(T,T’).

whose unit and counit are induced by the unit and counit of the adjunction ¢* 4 ¢,. It follows that
the restriction functor Fun(S,7”) — Fun(T,T’) is fully faithful as well, and hence so is

(¢*)*: Hompogos(S, T’) = Fun'®lim (g 77)> < Fun'®-im (7 77)> = Hompogos(T, T").
This shows that ¢* is an epimorphism. O

Remark 4.21. The previous lemma implies that any quotient map of logoi is a monomorphism when
regarded as a morphism in Topos. This is analogous to the fact that an epimorphism R — S of
commutative rings induces a monomorphism Spec(S) < Spec(R) of affine schemes. Recall that
there are two common constructions for commutative rings that give rise to epimorphisms:

(1) Given a commutative ring R and an ideal /, we may form the quotient ring R — R/I by killing
off all elements in /;

(2) Given a commutative ring R and a set S of elements of R, we may form the localization
R — R[S™!] by formally inverting all elements in S.

The quotient map R — R/I corresponds to a closed immersion of affine schemes, while the
localization map R — R[S~!] corresponds to an open immersion of affine schemes. We will discuss
the analogous notions of open/closed immersions of topoi in Section 5.4 below.

We conclude with two fundamental examples of congruences.

Example 4.22. Let X be a small set of morphisms in a logos T. The congruence generated by Z,
denoted X, is defined as the intersection of all strongly saturated classes containing X that are closed
under base change. It is a non-trivial fact that X¢ is of small generation (and thus a congruence in
the sense of Definition 4.14). This is proved by Lurie [Lur09, Proposition 6.2.1.2]. We will give an
independent proof below, see Remark 5.38.

Example 4.23. Let ¢: S — T be a morphism of logoi. Given a congruence of small generation K
in T, we define its preimage as

¢ l(K) = {geAr(S)|p(g) €K}
This is again a congruence of small generation. Indeed, consider the composite morphism of logoi
s&HrLrk.

As the kernel of L is K, the kernel of this composite is precisely ¢! (K). By Corollary 4.16, the
kernel of any morphism of logoi is a congruence of small generation, which proves the claim.
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4.2.3 Presentations of logoi

We now combine free logoi with quotients of logoi to arrive at the following definition:

Definition 4.24. A logos presentation is a pair (C, X) consisting of a small category C together with
a small class of morphisms X in An[C]. We define the logos presented by (C,X) as the quotient

(ClZ)y := An[C]/Z°

of the free logos on C by congruence X¢ from Example 4.22. In particular, (C | X) is a logos and
the quotient map An[C] — (C | X) is a logos morphism.

We wish to think of C as the ‘generators’ of (C | ), and of X as the ‘relations’.

More explicitly, (C | ) may be identified with the full subcategory of PSh(C!®™) spanned by the
2 ¢-local presheaves.

Lemma 4.25. Let (C,X) be a logos presentation. Then the quotient functor An[C] — (C | Z) is
universal among logos morphisms An[C| — T that invert X.

Proof. By Proposition4.18, An[C] — (C | ) is universal among logos morphisms ¢: An[C] — T
satisfying ¢ C ker(¢). But since ker(¢) is a congruence, this is equivalent to the condition that
> C ker(gp), i.e. that ¢ inverts 2. O

We now show that every logos admits a presentation.

Proposition 4.26. Let T be alogos. Then there exists a logos presentation (C, X) and an equivalence
of logoi
(C|Zy =T.

Proof. We saw in (the proof of) Theorem 2.42 that we may write 7" as an accessible left exact
localization of some presheaf category PSh(C), where C is a small category with finite limits.
By accessibility, the class of morphisms inverted by the localization functor PSh(C) — T is the
saturation of some small class of morphisms X" in PSh(C).

Let F: C'® — C be the unique left exact functor extending the identity on C. Using the universal
property of C'** we get an isomorphism Homc (X, FY) = Homeiex (X, Y) forall X € CandY € C'*,
showing that F is right adjoint to the inclusion C < C'®*. In particular, the left Kan extension
functor Fy: PSh(C'®) — PSh(C) admits a fully faithful left adjoint, given by left Kan extension
along the inclusion. It follows that also the restriction functor F* is fully faithful, and in particular
F) is a left exact localization. We now consider the composite

An[C] = PSh(C'™*) & PSh(C) — T,

which is again a left exact localization. Using the inclusion PSh(C) < PSh(C'®*) = An[C], we
may regard X’ as a collection of morphisms in An[C]. Define the class X as the union of " with the
counit morphisms FX — X for all X € C. One may then check that T is precisely the localization
of An[C] at the closure X¢, giving the desired presentation of 7. O

Example 4.27. The following are some examples of presentations of logoi:
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(1) As discussed, the initial logos (no generators and no relations) is An:

010) = An.

(2) The free logos on a single generator X is An[X]:
{X}|0) = An[X] = Fun(An™, An).

(3) More generally, the logos presented by (C, @) is simply the free logos generated by C:
(C|0) = An[C] = PSh(C"™).

(4) The free logos generated by some initial object X is simply An:
{X} |0 > X) =~ An

Indeed, logos morphisms F: ({X} | ® — X) — T correspond to logos morphisms An[X] =
({X} | 0) — T sending the generator X to the initial object of T, but by definition of An[X]
there is a unique such morphism.

(5) The free logos in which the initial object is terminal is the one-object logos:
(X} 0% =~ =

Indeed, any logos in which the initial and terminal objects agree is trivial: for all Y we have
D=0XY ~xXxY~Y.

(6) The free logos generated by an n-truncated object is
(X} X - X5y = Fun((Ang,)™, An),

where (Anc,)™ C An., is the subcategory generated under finite colimits by the point.
Note that the left-hand side is the logos classifying the assignment 7' +— T<,, of n-truncated
objects. To see that the right-hand side has the same universal property, observe that a left
exact functor (An"")°P — T factors through T<,, if and only if it factors through the truncation
functor 7<,, : An™™ — (Anc,)i".

(7) The free logos generated by an n-connected object X is
{X} [ 1 (X) — ).
It arises as a localization of An[X] = (x| 0).
(8) The pointed object classifier is the logos
([1] | source = ) =~  PSh((Anf")).

Note that a logos morphism ([1] | source = *) — T is just a morphism in T whose source is
terminal, i.e. a pointed object. But the right-hand side also classifies pointed objects: we have

Funy ogos (PSh((An™)°P), T) = Fun'**((An™)°P,7) ~ Fun'*((An )P, T,) = T..
(9) Given a Lawvere theory L, there is the L-algebra classifier (L | finite products): for every
logos T we have
Fungogoes ((L | finite products),T) =~  Alg; (T) := Fun™(L,T).
This logos may be explicitly described as
(L | finite products) =~ PSh((PShg(L)1™)°P).

45



4.3 Limits and colimits of topoi

We now compute limits and colimits of topoi.

Theorem 4.28. The categories Topos and Logos admit small limits and colimits. Furthermore, the
following properties are satisfied:

(1) The inclusion Logos — Cat, ¢ — ¢*, preserves limits.
(2) The inclusion Topos — Cat, ¢ +— @,, preserves filtered limits.
(3) The inclusion Logos < CAlg(Cat'™) preserves finite coproducts. In particular:

e An is the terminal topos.

® The product T XS of two topoi is computed as the Lurie tensor product TQ®S of cocomplete
categories.

Remark 4.29. This theorem does not give an explicit general description of all limits in Topos (e.g.
pullbacks or cosimplicial limits); these are in general more subtle to describe.

Proof. Colimits: We start by computing colimits in Topos, or equivalently limits in Logos. Given
a diagram I — Logos,i — T; of logoi, define T := lim; 7;, which is again a presentable category.
Given an indexing diagram K, a functor K — T is a colimit diagram if and only if it becomes a
colimit diagram in each 7;. The analogous statement holds for finite limit diagrams. In particular,
colimits and finite limits in 7 are computed pointwise in the categories 7;. Note that we have

Ar(T) = lim; Ar(T}) and ArP*(T) = lim; ArP°(T}).

It then follows immediately from the characterization of logoi given in Proposition 2.16 that T is
again a logos. Furthermore, we see that a functor S — 7 is a logos morphism if and only if each
composite S — T; is a logos morphism. It follows that the limit in Cat is in fact a limit in Logos, as
desired.

Limits Next, we construct limits in Topos, or equivalently colimits in Logos. Given a diagram
I — Logos, i — T;, choose a regular cardinal x such that each 7; is k-accessible and each transition
functor is k-accessible. Let C; := (7;)“ be the full subcategory of x-compact objects, so that
T; ~ Ind, (C;). Let X; be the collection of morphisms inverted by the composite functor

PSh(C}™) — PSh(C;) — Ind,(C;) = T;.

Then, as shown in Proposition 4.26, this induces an equivalence (C; | ¥;) — T; for alli € [. In
other words: we have found a functorial presentation for the logoi 7;.

Consider now the small category C := colim; C;, and let X be the union of the images of the
morphisms ¥; inside An[C] = PSh(C'®*). We now consider the logos

T:=(C|%).

The functors C; — C induce functorial maps 7; = (C; | £;) — (C | £) = T, producing a cocone
I" — Logos. First note that for any topos S we have

FunLogos (AH[C] s S) = Fun(c, S) = hmiel"l’ Fun(ci’ S) = limiel"l’ FunLogos(An[Ci] s S),
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showing that the free logos on C is the colimit in Logos of the free logoi on the C;. In light of
Lemma 4.25, it thus remains to show that a logos morphism An[C] — S inverts the morphisms in
¥ if and only if each restriction An[C;] — An[C] — S inverts the morphisms in ¥;. But this holds
by construction of X.

Filtered limits: We now sketch how to compute filtered limits in Topos. Given a functor I — Topos,
consider the associated cartesian fibration p: E — I°P. One can show that the category of sections
I'(p) admits colimits and finite limits, which are computed fiberwise: see Chapter B for details. In
particular, I'(p) is a topos, and each of the evaluation functors ev;: I'(p) — E; is a morphism of
topoi, see [Lur09, Lemma 6.3.3.2]. Assuming that / is filtered, we now claim that the subcategory
Tcart(p) of cartesian sections is a left exact localization of I'(p). To see this, consider an arbitrary
section s € ['(p). We need to turn s into a cartesian section. Fixingi € I, we get for every morphism
J — iafunctor (fj;).: E; — E;, and hence anobject (f};)«(s(j)) € E;. These objects are functorial
in j € Ij;: given morphisms k — j — i in I, the map s(j) — s(k) in E corresponds to a map
$(j) = (ficj)=s(k). which thus induces a map (f)-(s(j)) = () (fi)=(s(K) = (fir):(s(k)).
With more care, this defines a diagram I7ip — E;, and we define

s (i) := colim i (fji)«(s()).

The canonical maps s(i) — (fji)«(s(j)) produce a map s — s and one can show that for any
cartesian section ¢ € ey (p), restriction along this map induces an equivalence Hom(s!),r) =
Hom(s, ). For an ordinal e, we define s(@) the a-iteration of this construction. This still comes
equipped with a map s — 5@ and we still have Hom(s(®), r) = Hom(s, 7) for all # € Tear(p).
Now let « be a cardinal such that each ( f};). preserves k-filtered colimits for all j — i. Then one can
show that s(¥) is a cartesian section, and it follows that the assignment s — s(¥) determines a left
adjoint to the inclusion 't (p) < I'(p). It follows in particular that the category I'care(p) = lim; T;
is a topos.

To finish the proof, it remains to show that a functor f.: S — Ta¢(p) is a morphism of topoi
if and only if each of the maps S — T'ca(p) = T; is a morphism of topoi. This is [Lur(9,
Proposition 6.3.3.7].

Terminal object: We argued in Example 4.12 that An is the terminal topos.

Products: To compute the product of T and S in Topos, write T = PSh(C)[Z7!] and § =
PSh(D)[I'"'] with C,D € Cat™*. We claim that a coproduct of C and D in Cat'®* is given

by the product category C X D. We have left exact inclusions C =~ C X {#} — C x D and
D = {x} x D — C x D, and restriction along them produces a functor

Fun'*(C x D,E) — Fun'™(C,E) x Fun'*(D, E).

We claim that this functor is an equivalence, with inverse sending a pair (f, g) to the functor
h: C x D — E defined by

h(x,y) = f(x) X g(y).

Indeed it is easy to see that h(x,*) = f(x) and h(x,y) = g(y), and conversely we always have
h(x,y) = h(x,*) X h(x,y) for any & since we have the relation (x,y) = (x,*) X (*,y) in C X D.
Using Proposition 2.43, we conclude that for every topos 77 we have an equivalence

Fungogos (PSh(C X D), T’) = Funggges (PSh(C), T”) X Fungoges (PSh(D), T7),
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and hence the logos PSh(C x D) ~ PSh(C) ® PSh(D) is a coproduct of PSh(C) and PSh(D) in
Logos, i.e. it is a product of topoi.

Now consider the following commutative diagram of tensor products in Pr":

PSh(C) ® PSh(D) —————— PSh(C) ® PSh(D)[A™']

! !

PSh(C)[Z~'] ® PSh(D) —— PSh(C)[Z"!']® PSh(D)[A™ '] =T ® S

Using the universal properties of localizations and tensor products, we observe that this is a pushout
square in Pr". Passing to right adjoints then produces a pullback square in PrX, and we see that we
may identify 7 ® S with the intersection

(T ® PSh(D)) N (PSh(C) ® S)

as a full subcategory of PSh(C) ® PSh(D) = PSh(C x D).

To conclude, we use that for every small category E and presentable category U there is a natural
equivalence
PSh(E) ® U =~ Fun(E?, U).

Hence if L: U’ — U is a left exact localization with fully faithful right adjoint R, then the induced
functor
PSh(E) @ U" — PSh(E) ® U

identifies with postcomposition by L on Fun(E°P, —). Note that this is again a left exact localization:
it is left exact since finite limits in functor categories are computed pointwise, and its right adjoint is
pointwise postcomposition by R, hence fully faithful. Applying this to PSh(D) — § (with E = C)
shows that PSh(C) ® S € PSh(C) ® PSh(D) is a left exact localization; by symmetry, the same
holds for T ® PSh(D) € PSh(C) ® PSh(D). Intersections of left exact localizations remain left
exact localizations (via transfinite iteration of the localization functors).

Thus the intersection
(T ® PSh(D)) N (PSh(C) ® S)

is the left exact localization of PSh(C x D) at the union of the two induced localizing classes
(equivalently, at the strongly saturated class they generate). In particular, 7 ® S is a topos. By
comparing universal properties, we now conclude that 7 ® § is the coproduct of 7" and S in Logos,
i.e. the product of T and S in Topos. O

Exercise 4.30. The category Topos is tensored and cotensored over Cat: for a topoi S,7 and a
category C, there exist topoi S¢ and C ® T such that

Geom(T, S€) =~ Fun(C, Geom(T, S)) ~ Geom(C ® T, S).

Show that C ® T ~ Fun(C, T), and describe S€ using a presentation of S.

4.4 Etale morphisms

Recall that a continuous map f: X — Y of topological spaces is called érale if it is a local
homeomorphism, in the sense that around every point x € X there exists an open neighborhood U
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. foo. . . .
of X such that the composite U — X — Y is an open embedding. We now investigate an analogous
notion of étale morphisms in the setting of topos theory.

Definition 4.31. A morphism of logoi ¢*: T"— § is called érale if there exists an object X € T and
an isomorphism of logoi § — T,x such that the composite

T4 5T

is the functor U — U X X. A morphism ¢, : § — T of topoi is étale if the corresponding morphism
¢*: T — S is étale. We denote by

Logosét € Logos and Toposét € Topos
the wide subcategories spanned by étale morphisms.

Remark 4.32. As we will see below in Example 6.21, every continuous map of topological spaces
f: X — Y gives rise to a morphism of topoi f.: Shv(X) — Shv(Y) between their sheaf categories.
One can show that f is an étale morphism of topological spaces (that is, a local homeomorphism)
if and only if f is an étale morphism of topoi, justifying the terminology.

Proposition 4.33. A morphism of logoi ¢*: T — T’ is étale if and only if:
(1) The functor ¢* admits a left adjoint ¢\;
(2) The functor ¢ is conservative;
(3) The functor ¢, satisfies the projection formula:
P (¢"X Xgry Z) = X Xy ¢1(2)

forall X,Y eTand Z € T".

Proof. 1f ¢* is étale, choose X € T and an identification 77 ~ T,x under which ¢* is the functor
U — U x X. Then ¢, exists, is conservative, and satisfies the projection formula by standard
properties of slice topoi. Conversely, given such a left adjoint ¢, consider the induced functor

o1: T — Ty, () X = (pi(X) = @i(%)).
This functor admits a right adjoint
(Y — ‘10'(*)) L— ‘10*(Y) X(p*(pg(*) *.

One checks that the unit and counit are isomorphisms (using conservativity and the projection
formula), so ¢ identifies 7" with the slice topos 7/, (x)- m|

Proposition 4.34. Let T be a topos.

(1) There is an equivalence of 2-categories

In particular, ToposftT is a 1-category.
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(2) For every morphism of topoi ¢: S — T and every X € T, the square
Sieex — I)x
[
s —2 T
is a pullback in Topos. In particular, the category Toposét admits pullbacks, and the inclusion
Topos® < Topos preserves pullbacks.

Proof. Given a morphism of topoi ¢: § — T and an object X € T, we claim there is a natural
equivalence
Geom,7(S,T)x) =~ Homg(x, p"X).
This immediately gives (2), and it gives (1) by taking S = 7}y and noticing that Homz, (¥, X XY) =
Homy (Y, X).
To prove the claim, we will start by producing a natural equivalence
Fun;?’;(T/X,S) ~ Homg (%, ¢*X).

lex

e Given F: T)x — Sin FunT/,

consider the morphism
fri=F(A): F(X) — F(XxX)

induced by the diagonal A: X — X X X, viewed as a morphism in 7;x. Since (X,idx) is
terminal in 7)x, we have F(X) ~ . Moreover, because F' is a functor under 7', we identify
F(X x X) with ¢*X. So fr is a point in Homg (*, ¢* X).

* Conversely, given a morphism f: *+ — ¢*X, we define F': T)x — S by sending U — X to
the pullback
Fr(U) — ¢*(U)
L
f *
* ¢*(X).
Itis clear that F'y preserves the terminal object and pullbacks, and so it is left exact. Moreover,

when U = X x Y for some Y € T, we get ¢*(U) = ¢*(X) X ¢*(Y) and thus Fr(U) = ¢*(Y),
showing that Fy is a functor under T'.

Now, applying F's to the diagonal map A: X — X X X reproduces the original map f. Conversely,
given any left exact functor F': T/x — S under T and any U € T)x, we may always write U as the
pullback in 7;x of the diagram

UJ—)UXX
1
X — XXX,

and thus we get a pullback square

F(U) — F(Ux X) = ¢*(U)
F(X) 28 F(X x X) = ¢*(X),
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showing that F is naturally isomorphic to Fy.. This finishes the construction of the equivalence

Funl}”/‘(T/ x,8) = Homg (*, ¢*X). It also follows that every left exact functor 7)x — S under T is of

the form F'y for some f, and using descent in S it follows that F preserves colimits. In other words,
the forgetful functor
Geom,7(S,T)x) — Funl;’/‘(T/X, S)

is an equivalence. This finishes the proof. O

By part (2) of the proposition, étale morphisms are closed under base change in Topos. In particular,
given a morphism of topoi ¢: S — T, pullback along ¢ defines a functor ¢™*: Topos‘;:tT — Topos%.

Corollary 4.35. The functor Topos®® — Cat, T — Toposj’tT is equivalent to the composite Topos®P =~

Logos — Cat — Cat.

Proof sketch. The functor ToposftT — T sending (¢: T’ — T) to ¢ (*) € T is compatible with base
change: it follows from (2) of Proposition 4.34 that for a pullback square

S/ ; Tl
L]
S L Ty
we have ¥ ¢\ (*) = @](x). O

Corollary 4.36. Consider morphisms of topoi T L L S. If Yy and Yy are étale morphisms,
then so is .

Proof. Without loss of generality, T = §;x and 7’ = §)y. By the proposition, the map ¢ is
then induced by some morphism f: X — Y in §. We may identify this morphism as an object

f €S8,y =T, and one may deduce that T" ~ T/’ - O

4.5 Colimits of topoi along étale morphisms
Recall from Definition 4.31 the wide subcategory Topos®* C Topos spanned by the étale morphisms

of topoi. The goal in this section is the following somewhat surprising theorem:

Theorem 4.37. The category Topos® admits colimits, and these colimits are preserved by the
inclusion Topos® < Topos.

This is an interesting statement: it tells us that Topos® behaves very much like a topos itself. Indeed,
recall from Theorem 4.28 that colimits in Topos are computed as limits in Cat”. Thus the previous
statement is equivalent to the claim that the composite (Topos®")°P < Topos® s Cat preserves
limits. By Corollary 4.35, this is equivalent to the condition that the functor

(Topos®)® — Cat, T + (Topos®) T

preserves limits, which is precisely descent for limits in Topos®! Of course Topos®' is not actually a
topos, since it is too large to be presentable. But we may think of it as a “topos up to size issues”.
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To understand what is going on, it is useful to make a comparison to the formalism of geometric
structures on topoi introduced by [Lur18, Part VI], which we will discuss in more detail in Sections 7.2
and 7.3 below. In various geometric situations, every geometric object X naturally comes with two
topoi, a “small topos” and a “large topos”. For example:

* For every topological space X, the “small topos” associated to X is the category Shv(X) of
sheaves on X. The “large topos” is obtained by equipping the category Top of topological
spaces with the structure of a site, forming the sheaf category Shv(Top) and passing to the
slice Shv(Top), x.

 Similarly, for a scheme X there is the “small topos” Shv(Xg), given by sheaves on the étale
site of X. The “large topos” in this case could for example be defined as the slice topos
Shv(Aff),x where we equip the category Aff := CRing®® of affine schemes with the Zariski
topology, and take the “functor of points” perspective in which the scheme X is regarded as
an object in Shv(Aff).

What these examples have in common is that the small topos arises from the large topos by restricting
to a suitable notion of “étale maps” over X. For topological spaces, an étale map is defined as a local
homeomorphism, while for schemes it is the usual notion of étale morphism. These maps give rise
to wide subcategories Shv(Top)® and Shv(AfF)* consisting of the ‘representable étale maps’, and
there are equivalences

ShV(TOp)%( =~ Shv(X)

and
Shv(Aﬂ?)%( ~ Shv(Xg).

The situation for topoi looks surprisingly similar. If we think of the topos T as a “geometric object”,
then we may think of the category Topos as a “category of geometric objects”. While Topos is not
itself a topos, we may embed it into a bigger category Shv(Topos) which is a topos (“up to size
issues”). The category Shv(Topos) inherits a notion of ‘étale morphism’ from Topos, giving rise to
a wide subcategory Shv(Topos)¢* C Shv(Topos). The slice over a topos 7T is given by

Shv(Topos)‘;’tT ~ Topos‘;tT ~T,

and in particular each such slice is a topos. We think of Shv(Topos),r as the “big topos” associated
to 7', while 7 itself is the “small topos™ associated to 7.

Lurie’s proof of Theorem 4.37 is quite long and technical. We will instead give a conceptual proof
due to Uemura [Uem?25]; we thank David Wirn for brining Uemara’s article to our attention.

4.5.1 Univalent families

In this section, we discuss a construction of Uemura [Uem?25] that will be used in the proof of
Theorem 4.37. The key point is that every family in a topos admits a universal approximation by a
univalent family. This provides a convenient replacement for the object-classifier technology that
one might otherwise use. All material in this section is from [Uem25].
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Definition 4.38. Let T be a topos. We write
Fam(T) := Ar*®(T)

for the wide subcategory of Ar(7) whose morphisms are pullback squares. We call an object
u: E — Bof Fam(T) a family in T, and we call its codomain B the base of the family.

A family u € Fam(T) is univalent if it is a (—1)-truncated object of the category Fam(7'). We write
Fam"""(T) C Fam(T)
for the full subcategory spanned by the univalent families.

Informally, a morphism u«: E — B is univalent if it is a property for an arbitrary morphism v in T to
be a pullback of u, i.e. if the anima Homgym(7) (v, #) is (—1)-truncated. Once we know that Fam(T")
admits binary products, this is equivalently the condition that the diagonal

u— uxu
is an isomorphism in Fam(7T').
Lemma 4.39. Let u: E — B be a family in a topos T. The functor
Fam(T),, — T;p
sending a pullback square v — u to the induced morphism from the base of v to B is an equivalence.

Proof. The inverse sends a morphism f: X — B to the pullback family f*u. Since morphisms in
Fam(T) are by definition pullback squares, these two constructions are inverse to each other. O

Lemma 4.40. The wide subcategory Fam(T) C Ar(T) is closed under small colimits and pullbacks.

Proof. The assertion about colimits is precisely the topos direction of Proposition 2.16, after iden-
tifying Fam(7') with Ar*®(T).

For pullbacks, note that Fam(7") admits pullbacks if and only if for each u € Fam(T) the slice
category Fam(7'), admits binary products, which is immediate from Lemma 4.39. O

Proposition 4.41. The category Fam(T) has binary products, and these products preserve small
colimits in each variable.

Proof. Let uy: Ey — Bj and uy: Ey — By be families. For an object X — Bj X Bj, write
fi: X — B, for the two projections. Consider the presheaf on T p, x g, Which sends X to

ISOT/X (fl*uh fz*u2) )

the anima of isomorphisms in 7)x between the pullbacks of «; and u; to X. This presheaf preserves
limits: if X =~ colim; X; in T)p,«p,, then descent identifies 7;x with lim; 7x,, and under this
identification the two pulled-back families are the compatible systems of their pullbacks to the X;.
Thus isomorphisms between them are computed as the limit of the isomorphism animae over the X;.
By the adjoint functor theorem, the presheaf is therefore representable by some object P — B X B».
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Pulling back either u| or u, along the universal isomorphism gives a family over P, and this family
is the product u#| X uy in Fam(T).

It remains to prove preservation of colimits in each variable. Fix a family u#;: E; — B;. To show
that u; X —: Fam(T) — Fam(T) preserves colimits, we may equivalently show that for any family
v: E’ — B’ the functor

Fam(T)/,, — Fam(T) /u;, xv

induced by u; X — preserves colimits, since slices detect colimits. Let P’ denote the base of the
product u; X v. We claim that under the equivalences Fam(7T'),, ~ T;p and Fam(T),,xv = T/ps
from Lemma 4.39, the functor identifies with pullback along the projection map P’ — B’. Since
this functor preserves colimits by descent in 7', this will finish the proof. To show the claim, we must
show that for every f: up — v in Fam(7T') with base fp: B, — B’, the square of bases

p— P

| |

id
B x B, 8 p B

is a pullback square in 7. We compare the presheaves represented by the two objects over By X B>.
Let X — B; X B, be an object, and write g;: X — Bj and g>: X — B, for the two projections.
The object P represents the presheaf

X +— Isor, (g]u1, gyuz) .
On the other hand, the pullback (B; X B,) Xp,xp’ P’ represents the presheaf

X — Isor,, (gflu, (fBgz)*V) ’

because P’ represents the analogous equivalence presheaf for # and v over By X B’. Since f: uy — v
is a morphism in Fam(T'), the family u; is the pullback fzv, and hence gius =~ (fpg2)*v. These two
presheaves are therefore naturally equivalent, proving that the square is a pullback. O

Corollary 4.42. Let u,: [w] — Fam(T) be a sequence of univalent families. Then colim,, u,, is
univalent.

Proof. By Proposition 4.41, we have
(colim,, uy,) X (colim,y, ;) = cOliM( m)e[w]x[w] (Un X Um). 4.1)

The diagonal functor [w] — [w] X [w] is final, so this is further equivalent to colim,, (¢, X u,,). The
diagonal of colim,, u, is therefore the colimit of the diagonals u,, — u,, Xu,,, which are isomorphisms
by univalence. O

Proposition 4.43. The inclusion
Fam"™(T) — Fam(7T)

admits a left adjoint. We call it the univalent completion functor.
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Proof. Let u be a family. We construct a sequence ug — u; — up — --- in Fam(7) by setting
uo = u and defining u,,+; by the pushout square

pry
Uy XUy ——> Uy

U

Uy ——> Upyl.

Let ue := colim,, u,,. We claim that u., is univalent. Indeed, the pushout square gives a canonical
map g, : Un XU, — Unyy for which both composites u,, = u,, X u,, — u,41 agree with the structure
map u,, — u,4+1. In other words, g, is a diagonal filler for

Mn % un+1

! !

Up XUy — Upsl X Upt].
Moreover, the composites
qn qn
Up — Up X Up — Up+] and Up XUy —> Upy] — Up+] X Uptl

are the structure maps of the shifted sequence (u,+1), and of the sequence (u;, X u,,),, respectively.
Since the shift [w]s>; < [w] is final, and since (4.1) holds without assuming the u,, are univalent,
passing to colimits identifies the resulting map with the diagonal

Uoo = Uoo X Uo

and the maps ¢, induce an inverse. Hence this diagonal is an isomorphism.

Now let v be a univalent family. We show that restriction along u — u., induces an equivalence
HomFam(T) (oo, V) — HomFam(T) (u,v).

Given a map u, — v, the two induced maps u,, X u, =3 v agree because v is (—1)-truncated in
Fam(T). Hence the map u,, — v extends uniquely across the pushout defining u,;. Iterating and
passing to the limit gives the desired isomorphism. This proves the adjunction. O

Remark 4.44. This construction is the join construction for propositional truncation, transplanted
from homotopy type theory to the category Fam(7T'); compare [Uem?25].

From this point on, we formulate the proof in the logos direction. Thus an étale morphism of logoi
is, after choosing an object X, the canonical functor 7 — T/x sending U to U X X, dual to the
corresponding geometric morphism of topoi.
4.5.2 Dependent products
If T isalogos and p: X — Y is a morphism in 7', then the pullback functor

p*Z T/Y —_— T/X
preserves colimits by descent, hence admits a right adjoint I, called dependent product along p.
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Definition 4.45. Let ¢*: T — S be a morphism of logoi. We say that ¢* preserves dependent
products if, for every morphism p: X — Y in T, the canonical comparison

‘10*(sz) B H‘p*(p)QD*(Z)
is an isomorphism for every Z € T)x.

Definition 4.46. Let ¢*: T — S be a morphism of logoi and suppose that ¢* admits a left adjoint
¢y: S — T. We say that ¢y is T-indexed if, for every morphism p: X" — X in T and every pullback
square in S of the form

Y — " (X')
L0 ew
Y — ¢"(X),

the transposed square
ep(Y) — X

%(q)l lp

oY) —— X
is a pullback in 7.

Lemma 4.47. Let ¢*: T — S be a morphism of logoi. Then ¢* preserves dependent products if and
only if it admits a T-indexed left adjoint.

Proof. First suppose that ¢* admits a left adjoint ¢y4: S — T. For every object X € T, the induced
functor

¢x: Tjx = Sjp(x)
has a left adjoint
erx Sier0 — Tix,
which sends amap ¥ — ¢*(X) to its transpose ¢y4(¥) — X.

Now let p: X’ — X be a morphism in 7. Since ¢™ is left exact, we have a commutative square of
pullback functors

(p*
Tix —— S)p (%)
I’*\L \Lw*(p)*
Pyer
Tix: —— S x)-

The assertion that ¢* preserves dependent products along p is precisely that the corresponding right
Beck—Chevalley comparison

oxIlp — Mg (p)

is an isomorphism. Taking mates under the adjunctions ¢y x 4 ¢y, ¢y x» 4 ¢y, p* 4 I, and
©*(p)* 4+ (p), this is equivalent to the left Beck—-Chevalley comparison

e x @ (P) — plogx
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being an isomorphism. Evaluating this comparison on a map ¥ — ¢*(X) gives the canonical map
from the transpose of the pullback square

Y Xprx) ¢ (X)) — ¢"(X)

-
l lsO*(p)

Y ——— ¢*(X)

to the pullback of ¢4(¥) — X along p. Thus the left Beck-Chevalley comparison is an isomorphism
exactly when every such transposed square is a pullback. This is precisely the condition that ¢y is
T-indexed.

It remains to note that preservation of dependent products implies that ¢* has a left adjoint. Let
{X;}ier be a small family of objects in 7. The product []; X; can be constructed as the dependent

product of the object

[[x— ]

iel iel
along the fold map [[;.; * — *. Since ¢* preserves colimits, the coproducts in this construction are
carried to the corresponding coproducts in S, and by assumption ¢* preserves the dependent product.
Hence ¢* preserves small products. Together with left exactness, this implies that ¢* preserves all
small limits. Since ¢* is an accessible functor between presentable categories, the adjoint functor
theorem gives a left adjoint to ¢*. The first part of the proof then shows that this left adjoint is
T-indexed. m]

Lemma 4.48. Let ¢*: T — S be a morphism of logoi which preserves dependent products. Then
@™ sends univalent families in T to univalent families in S.

Proof. Let ¢y be the T-indexed left adjoint of ¢* from Lemma 4.47. The adjunction gives a natural
isomorphism on arrow categories

Homg,(s) (v, ¢" (1)) = Homar(7) (@y(v), u).

Under this isomorphism, the T-indexed condition says that any morphism v — ¢*(u) whose square
in § is a pullback is sent to a morphism ¢y(v) — u whose square in 7 is a pullback. Thus we get a
map

HomFam(S) (v, <P* (u)) — HomFam(T) (‘Pﬁ (v),u).

This map is a monomorphism of animae: both sides are subanimae of the corresponding arrow-
category mapping animae, and the ambient map is an isomorphism. If u is univalent, then
Homgam () (¢4(v), u) is (=1)-truncated; hence its subanima Hompym(s) (v, ¢* (1)) is also (—1)-
truncated. Thus ¢*(u) is univalent. O

4.5.3 Characterization of étale morphisms

We now use the notions of univalent families and dependent products to provide alternative charac-
terizations of étale morphisms.

Definition 4.49. Let ¢*: T — S be a morphism of logoi.
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(1) We say that ¢* provides enough families if, for every family v in S, there exists a family « in
T and a morphism v — ¢*(u) in Fam(S).

(2) If ¢* preserves dependent products, we say that ¢* provides enough univalent families if the
same condition holds after restricting to univalent families.

(3) We say that ¢* is object-generating if the closure of the image of ¢* under colimits and finite
limits is all of S.

Lemma 4.50. Let ¢*: T — § be a morphism of logoi with a T-indexed left adjoint . Then ¢*

factors as
(=) Xy (x) u*
T ——— T/tpg(*) —> S,

where ¥* is fully faithful.
Proof. Letn: ids — ¢"py be the unit of the adjunction ¢y 4 ¢*. Define
U Tgy) — S
as the composite
¢ n:
Tygy(+) = S/grgy(s) — S,

where 77.: * — @"@y(*) is the unit at the terminal object of S and the second functor is pullback
along n7.. For X € T, the object " (X X @y(x)) is the pullback of ¢*(X) X ¢"py(*) — @ py(*)
along 1., hence is equivalent to ¢*(X).

The left adjoint of ¢* is ¢4 followed by the evident map to ¢y (*). The counit is identified, by
the 7-indexed condition, with the transpose of a pullback square, and is therefore an isomorphism.
Hence ¢ is fully faithful. O

Proposition 4.51 (Uemura). Let ¢*: T — S be a morphism of logoi which preserves dependent
products. Then the following conditions are equivalent:

(1) " is an étale morphism.

(2) The unitids — ¢"py of the indexed adjunction is cartesian.
(3) " provides enough families.

(4) ¢* provides enough univalent families.

(5) " is object-generating.

Ifthese conditions hold, then ¢* is equivalent, under T, to the canonical étale morphism T — T, o4(+)»

Proof. Assume first that ¢* is an étale morphism. Choose X € T and identify S with 7)x so that
¢" is the functor Y — Y x X. Then the left adjoint is the forgetful functor 7)x — T, and the unit
is cartesian because a morphism in a slice is recovered by pulling back its total space along the
corresponding map to X. This gives (1) = (2).
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If the unit is cartesian and v: Y’ — Y is a family in S, then the naturality square

Y’ J—> ¢ oy(Y)

Vl \L‘P*#’n(")

Y —— " gy(Y)

exhibits v as a pullback of the family ¢y (v) after applying ¢*. Thus (2) implies (3).

Condition (3) implies (5): applying (3) to the family Y — * gives a family u: £ — Bin T and a
pullback square

Y — ¢"(E)

l \Lw*(u)

x* — ©"(B).
Since * =~ ¢*(x), the object Y is a finite limit of objects in the image of ¢*. Hence ¢* is object-
generating.

Now assume (5). By Lemma 4.50, the morphism ¢* factors as an étale morphism followed by a fully
faithful morphism ¢*. Since ¢ is object-generating, so is ¢*. A fully faithful morphism of logoi
which is object-generating is an equivalence, because its essential image is already closed under
colimits and finite limits. Hence ¢* is an étale morphism. This proves (5) = (1).

It remains to compare (3) and (4). The implication (4) = (3) follows by applying univalent
completion from Proposition 4.43 to the target family. Conversely, if (3) holds and v is univalent in
S, choose a family u in 7 and a map v — ¢*(u). Let u"™" be the univalent completion of u. By
Lemma 4.48, ¢*(1"™") is univalent, and the composite

v — ¢"(u) — ¢ (u"™)
shows that (4) holds. O
Proposition 4.52. For every logos C, the functor

c®? — Logoséct/, X+ (C - Cx)

is an equivalence. Under this equivalence, the inclusion Logosécf ;= Logosc, preserves limits.

Proof. Essential surjectivity and full faithfulness are the slice classification of étale morphisms from
Proposition 4.34, translated to logoi. Explicitly, an étale morphism ¢*: C — S is equivalent to
C — Cg,(+) by Proposition 4.51.

For preservation of limits, let X,: I — C be a diagram with colimit X. Descent gives
C/X = limi C/Xi

in Logos,. Passing to C°P, this says exactly that X — C;x preserves the relevant limits. O
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4.5.4 Proof of the main theorem

We are now in a position to prove Theorem 4.37, i.e. the fact that Topos® C Topos is closed under
colimits, or equivalently that Logos® C Logos is closed under limits.

Lemma 4.53. Let {C;}icr be a small family of logoi. Then every projection
[[ei—a
jel

is an étale morphism.

Proof. Let D = []¢; C;. Define an object x € D by taking x; = x and x; = 0 for j # i. Then
D/x = l—l(cj)/Xj ~ (G,
JeI
since the slice over the initial object is terminal. Under this equivalence, the canonical étale functor
D — D, is the projection to C;. O
Lemma 4.54. Let C,: I — Logos® be a small diagram, and let
C_ = limiel Ci

be its limit in Logos. Then every projection n;: C_o, — C; is an étale morphism.

Proof. Let D := [];¢; C;. By Lemma 4.53, it suffices to prove that the forgetful morphism
7:C_co — D
is an étale morphism. By Proposition 4.51, it is enough to show that  preserves dependent products

and provides enough univalent families.

Dependent products in C_., are computed pointwise, and each transition functor in the diagram
preserves dependent products because it is an étale morphism. Thus 7 preserves dependent products.

Let u = (uj)ics be a univalent family in D, i.e. a tuple of univalent families u; € Fam"™(C;)
without imposing the transition equivalences. Since limits of logoi are computed in Cat, we have
Fam(C_o) =~ lim; Fam(C;). Hence Fam"™" (C_,) is the full subposet of Fam"™" (D) spanned by the
tuples equipped with equivalences s*(u;) =~ u; for all arrows s: i — j in I; the higher coherences
are automatic because univalent families form a poset. We will enlarge u to such a compatible tuple.

For a morphism s: i — j in I, write s*: C; — C; for the corresponding étale morphism of logoi,
and write s,: C; — C; for its left adjoint. Since s* is an étale morphism, both s* and s, send families
to families, and they preserve colimits in the categories of families.

Define an endofunctor ® of Fam(D) by
O(u); ;= u; U U s (uj)u U si(uj).

(s: j—i) (s:i—>j)

Let G be the endofunctor of Fam"™" (D) obtained by applying univalent completion componentwise
to ®@. There is a natural map u — G (u). Moreover, for every s: i — j there are natural maps

s*(u;j) — G(u); and uj — s°G(u);,
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the second obtained by adjunction from s,(u;) — G (u);.

Now form the chain
u— Gu) — G*(u) — -

and set u® := colim,, G"(u). The functor G preserves sequential colimits: this follows from the
construction of @, the fact that the functors s* and s, preserve colimits of families, and the fact that
univalent completion is a left adjoint by Proposition 4.43. Hence, by the usual Addmek fixed-point
argument [Ada74], the map G (#*) — u* is an equivalence.

For every arrow s: i — j, the displayed maps for G pass to the colimit and give morphisms

s (u”) — uf and ui — 5" ()
between univalent families. Since univalent families form a poset inside Fam(C}), these two maps
exhibit s*(«;°) and u;" as equivalent. By the observation above, u* is therefore a univalent family

in the limit logos C_, and the map u — u™ shows that & provides enough univalent families. O

Proposition 4.55. Let C be a category with small colimits, and let D C C be a wide subcategory.
Suppose that:

(1) For every object X € C, the wide subcategory D x C Cx is closed under small colimits.

(2) For every small diagram X,: 1 — D, if X = colim; X; is computed in C, then all structure
maps X; — X lie in D.

Then D is closed under small colimits in C.

Proof. Let X,: I — D be a diagram and let X = colim; X; in C. We need to show that X has the
universal property of a colimit in D. For any object Y, a morphism f: X — Y belongs to D if and
only if all composites X; — X — Y belong to D: the forward direction follows from (2), and the
reverse direction follows from (1), since f is the colimit in Cy of the diagram of the composites
X; — Y. This identifies the mapping anima from X to Y in D with the limit of the mapping animae
from the X; to Y in D, as desired. O

We finally get to the main result.

Proof of Theorem 4.37. We apply Proposition 4.55 to the wide subcategory Topos® C Topos.

First fix a topos S. We claim that (Topos®) /s € Topos g is closed under colimits. Under the
equivalence
S = Toposjs, X+ S/x

from Proposition 4.34, a diagram of étale morphisms over S corresponds to a diagram X, in S. If
X = colim; X;, descent in S gives

S/X = hm, S/X[’
which says that the corresponding colimit in Topos g is again étale over S.

It remains to verify the structure-map condition. Let 7,: I — Topos® be a diagram, and let
T = colim; T; be its colimit in Topos. Passing to logoi, this is the limit of the opposite diagram
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in Logos®. By Lemma 4.54, each projection T — T; on the logos side is an étale morphism.
Equivalently, each structure morphism 7; — T on the topos side is étale.

The criterion therefore shows that Topos®' is closed under colimits in Topos, and that the colimit
computed in Topos has the universal property in Topos®. Hence the inclusion preserves these
colimits. O
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5 Modalities

In the previous chapters, we have seen that for every —2 < n < oo there exists a factorization system
on a topos T consisting of the n-connected and n-truncated morphisms. Since each slice T)x is again
a topos, each of the slices also obtain such factorization systems. Moreover, they behave well with
respect to base change: given a morphism f: X — Y in T, the pullback functor f*: T)y — T)x
preserves finite limits and colimits, hence preserves the unique decompositions into n-connected
and n-truncated morphisms for all n.

In a series of articles [ABFJ18; ABFJ20; ABFJ22; ABFJ24; ABFJ25], Anel, Biedermann, Finster
and Joyal investigated classes of factorization systems on topoi that have analogous compatibilities
with respect to slice categories, called modalities:

Definition 5.1. A modality in T is a factorization system (L, R) in T such that L is stable under base
change.

Terminology 5.2. Recall from Proposition A.3 that the morphisms in R are precisely those that are
right orthogonal to the morphisms in L. In particular, a modality is completely determined by the
class L. In what follows, we may sometimes refer to a class of morphisms L as a modality if the pair
(L, L*) is a modality.

Lemma 5.3. In a modality (L, R) on T, the classes L and R are both local classes, in the sense of
Definition 2.46.

Proof. Let f: X — Z be a morphism in T, let Z’ — Z be an effective epimorphism, and assume
that the base change f': X Xz Z’ — Z’ is in L. We wish to show that f lies in L. To this end,
consider the (L, R)-factorization X 4 Y5 Zof f. Since L and R are closed under base change,
the maps X Xz Z' — Y Xz Z' — Z Xz Z' = Z’' provide the unique factorization of f’. Since f’ lies
in L we get that the map Y Xz Z" — Z’ is an isomorphism. Since the pullback functor 7;7z — Tz
is conservative, this implies that already ¥ — Z is an isomorphism, hence f € L.

If f' € R, we instead deduce that X Xz Z" — Y Xz Z’ and hence X — Y is an isomorphism, so that
f €ER. O

This chapter discusses several aspects of the theory of modalities, following Anel, Biedermann,
Finster and Joyal. The main topics are:

(1) The fact that the epimorphisms in a topos form a modality, and an identification of the
epimorphisms in An in terms of acyclic maps, see Section 5.1;
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(2) A generalization of the classical Blakers—Massey theorem from algebraic topology which can
be formulated for an arbitrary modality; see Section 5.2;

(3) The relationship between saturated classes, modalities and congruences. Importantly, we
will discuss the fact that the congruence X¢ generated by a small class of maps may be
identified with the modality (Z2)™ generated by the collection =2 of all iterated diagonals
of morphisms in X, see Section 5.3. These results provide a simple proof of the fact that the
inclusion Shv;(C) < PSh(C) of sheaves on a Grothendieck site into all presheaves admits a
left exact left adjoint, see Section 6.1 for details;

(4) A simple construction of the closed complement of an open immersion U — X of topoi, see
Section 5.4,

(5) A ‘structure theorem’ for topoi, where any morphism of logoi admits a unique triple factoriza-
tion into a ‘monogenic quotient’ followed by an ‘epigenic quotient’, followed by a conservative
morphism, see Section 5.5;

(6) Products of modalities and congruences, see Section 5.6;

(7) The resulting topos-theoretic interpretation of Goodwillie calculus, see Section 5.7.

5.1 Epimorphisms and acyclic maps

In this section, we discuss in detail the example of a modality given by the epimorphisms in a topos.
For An, this recovers the acyclic maps: those that induce isomorphisms on homology with local
coeflicients.

Definition 5.4 (Cotruncation). We say that a map f: X — Y is n-cotruncated if it is n-truncated
in T°°. Inductively, this equivalently means that the (—2)-cotruncated maps are precisely the
isomorphisms, and that a map f is (n+ 1)-cotruncated if and only if its codiagonal V¢: Y LixY — Y
is n-cotruncated.

Lemma 5.5. Ler L be the collection of n-cotruncated morphisms in T. Then the pair (L, L*) forms
a modality on T.

Proof. We start by showing that (L, L") is a factorization system on 7. In light of Proposition A.11,
it suffices to show that the n-cotruncated morphisms form a saturated class of small generation.
The fact that they form a saturated class is clear, since colimits commute with pushouts. For
small generation, first observe that for a fixed object X € T, the n-cotruncated morphisms form an
accessible subcategory of 7)x: it is given by the following pullback

P— T

-
\L \L_®Sn+l

idy
* T)x,

and since both the bottom functor and right vertical functor are accessible, the pullback is too by
[Lur09, Proposition 5.4.7.3]. As a consequence, there exists a small collection of n-cotruncated
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morphisms to X that generate everything under sufficiently filtered colimits. Now, if we let X range
over a small collection of generators of 7', the resulting small collection of n-cotruncated maps forms
a generating set for L.

To show that the n-cotruncated maps are stable under base change, consider a pullback square

X — X
f’l i lf
Y — Y,

and assume that f is n-cotruncated. We will show that also f’ is n-cotruncated. By induction, it
will suffice to show that the following square is a pullback square:

YuxY —> YuxY

v f,l lv ;

Y — > 7.
But this is clear from universality of colimits. O

Definition 5.6. A morphism f: X — Y in T is called an epimorphism if it is (—1)-cotruncated, i.e.
if the square

x sy
o
Y:Y

is a pushout square. We denote by (—=)": T — T the left adjoint to the inclusion of the (—1)-
cotruncated objects, so that we obtain a factorization

X—> X" > =
into an epimorphism followed by a map which is right orthogonal to the epimorphisms.

As already mentioned in Warning 2.28, the terminology regarding ‘epimorphism’ and ‘effective
epimorphism’ is a rather unfortunate historical accident: effective epimorphisms are not generally
epimorphisms:

Example 5.7. For T = An, the map S” — * is an effective epimorphism (as it is a surjection on
path components), but it is not an epimorphism: the pushout of S — = along itself is S', which is
not isomorphic to .

The situation is made even more confusing by the fact that the converse does hold:

Proposition 5.8. Every epimorphism in T is O-connected, hence in particular an effective epimor-
phism.

Proof. We may assume that ¥ = = by passing to the slice topos: the forgetful functor Ty — T
preserves all colimits, hence preserves and detects epimorphisms. So we need to show: if X — = is
an epimorphism, then 19X is terminal.
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Since the suspension functor X*°: T — Sp(T) preserves colimits, it follows that the commutative
square

Z2(X) — Z%(%)

| |

E(x) == E¥(%)

is a pushout square, hence a pullback square by stability. It follows that the map X®°(X) — X% (x)
is an isomorphism. The suspension functor factors as

FCGrp B®
T —— CGrp(T) — Sp(T),

where the first functor is the free commutative group functor and the second functor is the classifying
spectrum functor which identifies commutative groups with connective spectra. By conservativity
of B* we conclude that FEOP(X) =5 FCO™P(x). Now, since the truncation functor 79: T — T«
commutes with finite products, it induces a functor 79: CGrp(T) — CGrp(T<p). Since also
the inclusion T<g < T preserves finite products, it follows that 7y also commutes with the free
commutative group construction, giving a commutative diagram as follows:

FCGrp
T — CGrp(T)

o |

FCGrp
T<o — CGrp(T<o)-

In particular, we conclude that FEO™P (7o X) = FCO™(x). To deduce that 79X = *, note that for any
O-truncated object X’ the unit map X’ — F®OP(X’) is a monomorphism. Indeed, this is clear for
T = An (where FEOP(X’) = Z[X'] is the free abelian group generated by the set X”), thus also for
any presheaf topos, and then finally for any left exact localization f*: PSh(C) — T of a presheaf
topos as f* preserves monomorphisms and commutes with the adjunction T 2 CGrp(T). From the
commutative diagram

10X —— FCOP(1X)
* — FCGrP(*),

it follows that 79X — = is a monomorphism in 7T<g. Since 1o(—) preserves colimits, it is also an
epimorphism. But then we are done, as in a classical topos, every monomorphism which is also an
epimorphism is an isomorphism, see Lemma 5.9. O

Lemma5.9. LetT be atopos, andlet f: X — Y be a morphism in T<g which is both an epimorphism
and a monomorphism. Then f is an isomorphism.

Proof. Since f is a monomorphism, it is contained in (7)y)<_1. The fact that it is an epimorphism
in Ty means that the map 79(Y Ux ¥Y) — Y induced by the codiagonal is an isomorphism. This
0O-truncation is a priori computed in 7', but since Y is O-truncated it may as well be computed in 7}y,
so that the map f: X — Y is also an epimorphism in (7}y)<o. This reduces the claim to ¥ = *.
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In this case, the map f: X — = to the terminal object is a monomorphism. By definition of the
subobject classifier Q from Definition 2.50, this means that there is a pullback square in 7 of the
following form:

X L} *

7

* L} Q.
Recall from Lemma 2.51 that Q is O-truncated, hence this is a pullback square in T<g. Since f is
assumed to be an epimorphism in 7<, it follows that the bottom map g must agree with the universal

monomorphism * < . But then X is the pullback of the map * — Q along itself, which implies
that X — =. This finishes the proof. O

We now identify the epimorphisms in the topos of animae.

Proposition 5.10. Consider the topos T = An.

(1) A map of animae f: X — Y is an epimorphism if and only if f is acyclic, meaning that for
any local system A of abelian groups on 'Y, the induced map

H*(Y,A) — H*(X, f*A)
is an isomorphism.

(2) A map of animae f: X — Y is in the right orthogonal class to the epimorphisms if and only
if the group m1(f) € Grp((T)y)<o) is hypoabelian.
(3) For any anima X, the unique factorization X — * as

epi 71 hypoabelian
X X+ *

is Quillen’s +-construction.

In (2), we say that a group G is perfect if it is left orthogonal to abelian groups (i.e. any map G — A
into an abelian group is trivial, or equivalently the abelianization G of G is trivial), and we say
that a group A is hypoabelian if it is right orthogonal to perfect groups (i.e. any map G — A from a
perfect group is trivial, or equivalently A does not admit any perfect subgroups.)

Proof sketch. (1) The ‘only if” direction follows from the Mayer-Vietoris sequence associated to the
pushout square

XL)Y

A
r

Y Y.

For the ‘if’-direction, consider C := Y Lix Y. It follows from the Mayer-Vietoris sequence that the
map i;: ¥ — C is acyclic. It follows from the Seifert-van-Kampen theorem that the square

11X, x) —L— 1 (¥, £(x))

b l

(Y, f(x)) — m(C.i(f(x)))
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is a pushout square in the category of groups for all x € X. But since 71(X,x) — m1(Y, f(x))
is surjective, it is an epimorphism in the category of groups, hence the map (iy).: 71 (Y,y) —
m1(C,i1(y)) is an isomorphism. It then follows from Hurewicz that i;: ¥ — C is an isomorphism
in An, hence sois Vy: C — Y.

(2) See [Hoy19a, Corollary 10].

(3) By definition, Quillen’s +-construction is the reflection of X into the subcategory of animae with
hypoabelian fundamental group. By (2), this subcategory precisely consists of the objects ¥ for
which ¥ — = is right orthogonal to the epimorphisms, and the claim follows. O

5.2 The Blakers—Massey theorem

Recall from classical algebraic topology the important Blakers—Massey theorem:

Theorem 5.11 (Classical Blakers—Massey theorem). Let X be a topological space and let A, B C X
be two subspaces whose interiors cover X. Assume that A and B are connected and that their
intersection C := AN B is (connected and) simply connected. If the pair (A, C) is (m —1)-connected
and the pair (B, C) is (n—1)-connected, m,n > 3, then the triple (X; A, B) is (m +n—2)-connected.

In homotopy-theoretic language, we may think of X, A, B and C as animae, where X = A Lic B is
the (homotopy) pushout of two maps f: C — A and g: C — B. The assumptions then require f
to be n-connected and g to be m-connected (recall from Warning 3.16 the shift in terminology) and
the conclusion translates to the condition that the map C — A Xx B is (m + n)-connected.

It turns out that this statement holds in an arbitrary topos, and in fact admits a purely topos-theoretic
proof. It will be a special case of a more general version of the Blakers—Massey theorem, due to
Anel, Biedermann, Finster, and Joyal [ABFJ20], which can be formulated for an arbitrary modality
L.

Notation 5.12 (Day convolution on slices). Let Ox denote Day convolutionin Ar(7)x) = Fun([1],T)x),
with respect to the minimum operation on [1]. Given mapsu: A — Band v: C — D in T)x, the
map uOxV is the dashed arrow in the pushout square:

AXv

AXxC —> AXxx D

e |

BxxC —— P _

Bxv

B xx D.
This operation is also known as the pushout product of u and v over X.

Theorem 5.13 (Generalized Blakers—Massey, Anel, Biedermann, Finster, and Joyal [ABFJ20]). Let
(L, R) be a modality in T, and consider a pushout square

—

V4

1
-

b'¢

T~

g
_> i
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If ArOzAg lies in L, then also the gap map Z — X Xw Y lies in L.

In the statement we regard Ay and A, as maps in 7,7 via the projections p: Z Xy Z — Z and
pP1:ZXyZ — Z.

We prove this theorem below. We first deduce the ordinary Blakers—Massey theorem.

Exercise 5.14. Let u and v be maps in 7,z. If u is m-connected and v is n-connected, show that
udzv is (m + n + 2)-connected.

Corollary 5.15 (Blakers—Massey). Assume f is m-connected and g is n-connected. Then the map
Z — X Xw Y is (m + n)-connected.

Proof. The map Ay is (m — 1)-connected while Ag is (n — 1)-connected. By the exercise this means
that AyOzAg is (m — 1 + (n — 1) + 2)-connected, and thus the theorem applies. O

Remark 5.16. While the proof of the Blakers—Massey theorem is quite involved, the dual Blakers—
Massey theorem is easy to prove. It states that for a pullback square

W ——Y

Lok

Xézy

if fOzg € L, then the cogap map (X Uw Y — Z) lies in L. To see this, we note that the cogap
map X Uy Y — Z may be written as the base change along Az: Z — Z X Z of fOzg, so the claim
follows from stability of L under base change.

5.2.1 Modal descent

We first give a proof of Theorem 5.13 using modal descent, which is the proof given by Anel,
Biedermann, Finster, and Joyal [ABFJ20]. We start by introducing some terminology.

Definition 5.17. A commutative square in 7 is called L-cartesian if its gap map lies in L.

Proposition 5.18 (Properties of L-cartesian squares). Consider two composable squares

4

e

XN

\
4

\

4
A B

?

~— =

’

h<

Y.

s
f
(1) If A and B are L-cartesian, then their composite A + B is L-cartesian.
(2) If A and A + B are L-cartesian and f is an effective epimorphism, then B is L-cartesian.
(3) If B is cartesian and A + B is L-cartesian, then A is L-cartesian.
Proof. The gap map X — Y Xy~ X"’ of A + B may be factored as

X > Y Xy X =Y Xy X”,
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where the first map is the gap map of A and the second map is the base change along Y — Y’ of the
gap map of B. This immediately implies (1). For (2), it follows from right cancellation that the base
change along Y — Y’ of the gap map of B lies in L, hence so does the gap map itself by Lemma 5.3.

Part (3) is clear: if B is cartesian, then the gap map of A agrees with that of A + B. O

Lemma 5.19. Consider a commutative diagram of the form

X — X

o e

7z —— 7'

o e

Y —> Y,

where the four maps lie in L and R as indicated. If the outer square is L-cartesian, then the bottom
square is cartesian.

Proof. By left cancellation, the gap map Z — Y Xy- Z’ of the bottom square lies in R. Consider the
commutative diagram

X —<Ey yxy X

o e

Z ——> Yxy Z.

Then the three maps lie in L as indicated, hence by right cancellation so does the map Z — Y Xy Z’.
Since (L, R) is a factorization system, it follows that this map is an isomorphism, as desired. O

Proposition 5.20 (Modal descent). Let Xo, Y. € Fun(l,T) be two diagrams with colimits X and Y.
If we are given an L-cartesian transformation X — Y., then the square

Xo — X

I

Yo — Y
is L-cartesian. Equivalently: the subcategory ArY” (T C Ar(T) is closed under colimits.

Proof. Let P, be the pullback of the square. Since the map X, — P, is again L-cartesian, while
P, — Y, is even cartesian, we may replace Y, by P, and assume that X — Y.

. .. €L €R . . . .
Consider now the factorization X, — Y, — Z,, and consider the resulting commutative diagram:

Xe — X
4]
Ze — Z
o |
Yo — Y



By Lemma 5.19, the transformation Z, — Y, is cartesian, hence by descent the bottom square is a
pullback square. Since morphisms in L are closed under colimits in Ar(T), the map X — Z lies in
L. Since X = Y is an isomorphism, also Z — Y lies in L, hence so do all maps Z; — Y;. It follows
that Z, — Y, is an isomorphism, hence so is Z — Y, and consequently also X — Z. But then the
gap maps X; — Y; Xy X are precisely the maps X; — Z;, which lie in L by construction. O

Proof of the Generalized Blakers—Massey theorem. Consider a pushout square

ZL)Y

A—

X — W,

where AyO7A, € L. We must show thatalso Z — X Xw Y € L.
We first reduce to the case where f is an effective epimorphism. Indeed, letting X’ be the image of
f, we get a commutative diagram
z Ly
] 1]
-

X — W

Lo

X — W,

where the two displayed squares are still pushouts. By Proposition 3.10, the lower square is a
pullback square. We then observe that the diagonal A is isomorphic to the diagonal A/, and that
the gap map Z — X Xw Y agrees with the gap map Z — X’ Xy~ Y of the top square. It thus
suffices to prove the statement for the top square, or equivalently in the case where f is an effective
epimorphism.

Unwinding definitions, we see that the map
Afl:legl (Z Xx Z) Lz (Z Xy Z) — (Z Xx Z) Xz (Z Xy Z)

is given on the first component by (p1, p2, p1, p1) and on the second by (p1, p1, p1, p2). Inparticular,
this map is the gap map of the top face of the following commutative cube:

(p1,p2)+(p1,p1)

(Z xx Z) Uz (Z Xy Z) »ZXxZ
~— Pi1
(p1,p1)+(p1,p2) gp2
> P1
pitp2 ZXy Z

fp l
Y

> Z

>

\ \
X > W.

We now make the following series of claims:
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* The top face is a pushout. More generally, for objects A, B in some pointed category C (here
C =Tz/,7) the lower-right corner of

* > A > %

Lol

* > A >
is a pushout, by the pasting property of pushout squares.

* The left and back faces are L-cartesian. By symmetry it suffices to do this for the left face.
Writing o: Z Xy Z — Z Xy Z for the swap map, this face decomposes as

(AfDZAg)O(idLl()') (pl,p4)
(ZxxZ)Uz (ZxyZ) ————— (ZXx )Xz (ZXy Z) ——— ZXy Z

lpﬁpz lpl lfpz
> X.

Z z /

The left square is L-cartesian by hypothesis. The right square is a pullback square. It follows
that the outer rectangle is L-cartesian.

* By modal descent applied when [ is the span diagram ™, the front and right faces are L-
cartesian.

* Finally, we may decompose the right face of the diagram as the composite of two squares:

ZxxZ 2y 7 8

Y

.

SN
f

Z » X > W.

Here the left square is cartesian, f was assumed to be an effective epimorphism, and the outer
rectangle is L-cartesian by the previous point. It follows from Proposition 5.18 that the right
square is L-cartesian.

This gives the claim. O

5.2.2 Wirn’s alternative proof

We now explain a second proof of Theorem 5.13, following the description of path spaces of pushouts
due to Wirn [War25]. The main point of this approach is that the pullback B xp C of a pushout

A—2scC
A
B—D

can be built as a sequential colimit of objects of zigzags. The first non-trivial step in this filtration
is the relative pushout product A sO04A,. So if we can show that all later maps in the filtration lie in
the modality L, then so does the gap map A — B xp C.
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Construction 5.21 (Making one leg cartesian). Fix a span B «<— A — C. A span over this span is a
diagram of the form

Q<—P——R

L

B<<—A—C.

Given such a span, we define two new spans over B «— A — C as follows.

(1) The span obtained by making the left leg cartesian is

0f:=0, P':=0QxgA, R :=P'UpR

(2) The span obtained by making the right leg cartesian is
R" :=R, P":=RXc A, Q" =P upQ.

Lemma 5.22. In both cases, the evident map from the original span to the new span induces an
equivalence on pushouts.

Proof. For the left construction, the new pushout is
14 o 4 ~
Q" Upe R  ~Q Upe (P"Up R)~Q LUpR,
by pasting of pushout squares. The right construction is symmetric. O

Construction 5.23 (Zigzag construction, Wirn [Wir25]). Starting with a span Qg «— Py — Ry
over B < A — C, define a sequence of spans

by alternately making the left and right legs cartesian: for odd n we apply the left construction to
the previous span, and for even n > 2 we apply the right construction. Let

O := colim, Q,, P := colim, P,, R := colim, R,,.

The zigzag construction computes pullbacks of pushouts in the following precise sense.

Theorem 5.24 (Wirn [Wir25, Theorem 3.6]). Let

A——C

-

B—— D
be a pushout square inT. Let Q¢ < Py — Ro be a span over B «— A — C, and write
S:=0p Lp, Ro.

Then the colimit span Qo — Po — Ro from Construction 5.23 has pushout S, and the canonical
maps
Ow — S Xp B, P — SXp A, R — SxpC

are isomorphisms.
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Proof. By Construction 5.21, each step in the zigzag construction preserves the pushout of the span.
Since colimits commute with colimits, the pushout of Qo < Po, — R is again S.

For odd n, the map P,, — @, is cartesian over A — B by construction. Since the odd natural
numbers are cofinal in N, and since sequential colimits in a topos are universal, it follows that
P — Qo is cartesian over A — B. Similarly, using the even stages, P — R iS cartesian over
A—C.

Now compare the pushout square QO Lip,, Re =~ S with the original pushout square B Lig C =~ D:

S
D
The left and back faces of the cube are cartesian by the previous paragraph, while the top and bottom

faces are pushouts. Descent for pushouts therefore implies that the front and right faces are cartesian.
This gives Qoo — S Xp B and R, — S Xp C, and then also P, — S Xp A. O

P

[’\

/

\
4

> ROO
Qoo \L
> C

B >

/

We wish to apply this result to the Blakers—Massey problem, where we start with B «— @ — (. The
following is the starting observation:

Lemma 5.25. For the zigzag construction associated to the initial span B «<— 0 — 0 over B <i
A% C, the map P, — P3 is a pushout of A O Ag.

Proof. The first step gives
Q1 =B, Py~ A, Ry =~ A.

The second step makes the right leg cartesian, hence gives
Ry~ A, Py~ AXcA, 02~ (AXc A)Ua B,
where the map A — A Xc Ais Ag and A — Bis f. The third step makes the left leg cartesian, so
P3~0rXpA=((AXcA)XpA)Uaxza A,

where we used universality of pushouts. Observe that we may rewrite (A Xc A) Xg A as (A X¢
A) X4 (A Xp A). Consider now the following commutative diagram:

A > (AXc A)

l l

(Axp A) — (Axc A)Ua (A xg A) =22 (A xc A) x4 (Axp A)

l ! |

A > (AXc A) > P3
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We just argued that the bottom rectangle is a pushout square. Since the left upper square and left
rectangle are also pushout squares, it follows from the pasting law of pushout squares that also the
right bottom square is a pushout square. This shows that the map P, = A X¢ A — P3 is a pushout
of ArOaAg, as desired. O

The next observation is that passing to the next stage of the zigzag construction preserves any existing
connectivity estimates of the current stage.

Lemma 5.26. Let L be a modality, and consider the zigzag construction associated to a span
Qo <« Py — Ryover B— A — C. If P,_1 — P, liesin L for some n > 2, then also P, — P,
lies in L.

Proof. Suppose first that P,, is obtained from P,,_; by making the left leg cartesian, so that the next
step makes the right leg cartesian. Since n > 2, the preceding step made the right leg cartesian, so

P,_1 = R,_1 Xc A.
Unwinding the definitions of these two consecutive steps gives
R, — P,Up, , Ry and P,.1 — R, Xc A.
Since pushouts are universal, it follows that
Puii = (PpXc A)Up, xcA (Rn—1 Xc A) = (P Xc A) Up,_xcA Pn-1.

Under this identification, the composite P,_; — P,, — P, is the canonical map from the second
summand. It is therefore the pushout of

P, i XcA— P, Xc A

along P,_1 Xc A — P,_1. The displayed map is a base change of P,,_; — P, hence liesin L. It
follows that the composite P,,_; — P, liesin L. Since P,_; — P, lies in L by assumption, right
cancellation for the class L now implies that P,, — P, liesin L.

The case where P, is obtained by making the right leg cartesian is symmetric, with B in place of
C. O

Combining the previous two lemmas, we obtain a neat simple proof of the generalized Blakers—
Massey theorem.

Wirn’s zigzag proof of Theorem 5.13. Consider a pushout square

A5

1]

B—— D

and let L be a modality such that AyOA, lies in L. We must show that the gap map A — B xp C
lies in L.
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Apply the zigzag construction to the span B « () — (). The first step produces the span
Be—A> A,

so that Ry ~ A. Note that S = B Llp @ = B, so by Theorem 5.24 have R, — B Xp C. The gap map
A — B Xp C identifies with
Rl — Roo.

Since morphisms in L are closed under transfinite composites, it thus remains to show that each map
Ry — Ry isin L for m > 1. For m odd, these maps are isomorphisms. For m even, these maps
are pushouts of P,,, — P41, so it remains to show that all these maps are in L. By Lemma 5.26, it
suffices to check this for m = 2. But by Lemma 5.25, the map P, — Pj3 is a pushout of ArO4A,
hence lies in L by assumption. O

5.3 Congruences, modalities, and saturated classes

In previous sections, we have introduced the following four types of classes of morphisms X in a
topos T':

* Saturated classes: Those classes that contain all isomorphisms, are closed under composition,
and are closed under colimits in Ar(7") (see Definition A.8). Recall that a saturated class of
small generation is the left class of a factorization system on 7 (Proposition A.11).

* Modalities: Factorization systems (L, R) such that L is closed under base change. Every
saturated class of small generation closed under base change defines a modality.

*» Strongly saturated classes: Saturated classes satisfying the 2-out-of-3 property. Recall that
strongly saturated classes of small generation are precisely the kernels of accessible localiza-
tions (Proposition A.15).

* Congruences: Strongly saturated classes that are additionally closed under base change. By
Corollary 4.16, the congruences of small generation are precisely the kernels of morphisms
of logoi.

In this section, we will study some elementary relations between these types of classes, due to
[ABFJ25]. The following are the main takeaways:

* We show in Proposition 5.29 that the modality ™ generated by a set of morphisms X agrees
with the saturated class (£°¢)* generated by the class ¢ of base changes of morphisms in
%

* We show in Theorem 5.36 that the congruence X¢ generated by X agrees with the modality
(=)™ generated by the set 2 of iterated diagonals of morphisms in X;

* We show in Proposition 5.32 that a class of morphisms K is a congruence precisely when it is
a modality and is closed under diagonals.
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These results will be our main tool for checking that localizations of topoi are again topoi. As an
application, they give a short proof that the category of sheaves on a Grothendieck site is a topos;
we spell this out in Section 6.1. This application seems to be a new observation by Marc Hoyois
which, to the note-taker’s knowledge, does not appear in the literature.

The rest of the section is devoted to proving these results.

Notation 5.27. We denote by
Sat(T), SSat(T), MdI(T), and Cong(T)

the partially ordered sets of saturated classes, strongly saturated classes, modalities, and congruences
in T, with partial order given by inclusion. There are obvious inclusions Cong(7) C SSat(T) C
Sat(T) and Cong(T) € MdI(T) < Sat(T).

Notation 5.28. Given a class of morphisms £ C Ar(7T'), we define the following closures:

» ¥%: the saturation (closure under composition, identities, and colimits).
» X% the strong saturation (closure under composition, colimits, and 2-out-of-3).
* ™ the smallest saturated class closed under base change containing X.

» ¥¢: the smallest strongly saturated class closed under base change containing X.

Recall from Example 4.22 the non-obvious fact that X€ is in fact of small generation, hence a
congruence, whenever X is small. It directly follows that X¢ is in fact the smallest congruence
containing X.
We now show that also the modality X" is of small generation, so that it is the smallest modality
containing X.

Proposition 5.29 ([ABFJ22, Lemma 3.2.13, Proposition 3.2.18, Corollary 3.2.19]). Let T be a
topos, let T be a small class of morphisms, and let G be a set of generators of T. Let ~°¢ denote the
set base changes of morphisms in X to an object in G. Then we have

sm — (ZbC)s.
In particular, ™ is a modality of small generation.

Proof. Write X’ := (2€)%, the saturation of X2¢. It is clear that X’ C ¥™, so it remains to show
that also ™ C ¥’. To this end, consider the following class of morphisms

" :={u € ¥’ | every base change of u lies in X’ }.

We have £” C ¥/, so it remains to show that in fact £ € X”’. We will do this by showing that X"
is a saturated class closed under base change which contains X.

It is clear that X" is closed under base change. We claim that it is also saturated. It is clear that X"
is closed under composition and contains all isomorphisms, so it remains to show that it is closed
under colimits. Consider a diagram of maps X, — Y, in £, and let Z — colim; ¥; be a map.
We need to show that the base change Z Xcolim, v, colim; X; — Z lies in X’. By descent, we may

i
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write Z as colim; Z;, and hence this base change map may be written as the colimit of the maps
Z; Xy, X; — Z;. Since each of these base changes lies in 2’ by definition of X", the claim follows
from the fact that ¥’ is closed under colimits.

It remains to show that X’ contains Z. In other words, given a morphism u: A — B in X and an
arbitrary map Z — B, we need to show that the base change Z xg A — Z lies in ¥’. To this end,
let & C T)p be the full subcategory spanned by those Z — B for which this condition holds. By
definition of ¥, we have ¢ C ¥, and in particular & contains all maps Z — B with Z € G. Since
%/ is closed under colimits, it follows from descent that & C T p is closed under colimits. But since
G is a set of generators, it follows that & = T, showing the claim. O

Remark 5.30. It follows that the assignments ¥ — X™ and ¥ +— X¢ define left adjoints to the
inclusions
MdI(T) < Sat(T) and Cong(T) < Sat(T).

The previous proposition gives a simple description of the modality generated by X. We would like
to have a similarly simple description of the congruence X°. Since congruences are defined via
the 2-out-of-3 property, the definition of X a priori requires the closure under 2-out-of-3, which
is an operation over which we have little explicit control. To deal with this, we will now show
that congruences admit several useful characterizations involving limits and diagonals that avoid
mentioning the 2-out-of-3 property.

Lemma 5.31. Let & be a category with finite limits and let K be a class of morphisms in & closed
under finite limits. Then K satisfies the left cancellation property. Dually, a class closed under finite
colimits satisfies the right cancellation property.

Proof. It suffices to prove the first claim, as the second one is dual. Given morphisms f: X — Y
and g: Y — Z, the following commutative square in Ar(7) exhibits f as a limit in Ar(T) of the

morphisms idy, g f and g:
X
f‘/
Y

Since K contains identities and is closed under finite limits, if g, gf € K, then f € K. O

_ X
P gf
Y Y
idy
8

:
N

—
Y 2 Z

7
/-

—

/

8

Proposition 5.32. The following conditions are equivalent for a class of morphisms K :
(1) K is a congruence;
(2) K is a modality and satisfies 2-out-of-3;
(3) K is strongly saturated and closed under finite limits;

(4) K is saturated and closed under finite limits;
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(5) K is a modality and is closed under diagonals: if f: X — Y isin K, then so is Ay: X —
X Xy X.

Proof. The equivalence between (1) and (2) holds by unwinding definitions. The equivalence
between (1) and (3) follows just as in the proof of Lemma 4.15. Clearly (3) implies (4). Conversely,
if (4) is satisfied, then it follows from Lemma 5.31 that K satisfies left cancellation. Since it is
saturated, it always satisfies closure under composition and right cancellation, so that it in fact
satisfies 2-out-of-3, showing (3).

It is clear that (2) implies (5), since A is a section of the projection pr, which is a base change of
f. Conversely, assume (5). Since K is a modality, it is the left class of a factorization system, so
it is closed under composition and has right cancellation. For 2-out-of-3, it remains to check left

cancellation. Given X i) Y £ 7 with g,8f € K, we factor f as

.
x 8D v v My,

The second map is a base change of g f € K, hence in K. The first is a base change of A, which is
in K by assumption. Thus f € K. O

In the remainder of this section, we will show that for a class of morphisms X, the class ¢ may be
obtained by first closing up X under diagonals and then taking the modality generated by the resulting
class. The main technical tool for this is the following décalage construction, which provides a means
to extract the largest congruence contained in a modality.

Definition 5.33 ([ABFJ24, Section 2.2.7]). Let L be a modality in 7. We define the décalage of L

by
D(L)y={uelL|A,eL}CL.

We inductively define D" (L) by D°(L) := L and D"*'(L) := D(D"(L)). Finally, we set D®(L) :=
N,D"(L).

Proposition 5.34. If L is a modality of small generation, then D(L) is again a modality of small
generation.

Proof. Stability under base change is clear. Next, we show that D (L) is saturated. It is clear that it

contains all isomorphisms. For composition, let A i) B Chein D(L). Then Ag s factors as

A
AL Axg A — Axc A,

where the second map is a base change of Ag. Since Ar, A, € L and L is a modality, Ag s € L.

For colimits, let f,: Yo — X, be a diagram in Ar(T) where each map lies in D(L). We know the
colimit map f: ¥ — X lies in L, and we must show that also its diagonal A¢: Y — ¥ Xx Y liesin L.
By universality of colimits, we may write Y Xx Y as the colimit of the base changes Y; Xx Y, and the
diagonal A is the colimit of the maps ¥; — ¥; Xx Y. Since L is a modality, it will suffice to show that
this map is contained in L for every i € I. Note that this map factors as¥; — V; Xx, ¥; = Y; Xx, Y.
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The first is in L by assumption, as f; € D(L). The second map is a base change of X; — X; Xx Y,
and so it remains to show that this map lies in L, or equivalently that the commutative square

~

<_

i —
—

S

2

is L-cartesian. By modal descent, Proposition 5.20, it suffices to show that Y, — X, is L-cartesian,
i.e. that for a morphism i — j in I the commutative square

Yi — Y;

4 b

X — X;

is L-cartesian. In other words, we must show that the gap map ¥; — X; Xx; ¥; lies in L. We may
factor this map as
Y; —)YiXXij —)XiXXj Yj.

The first map is a base change of Ay, : Y; — Y; Xx; ¥; and the second map is a base change of
fi - Yi = X;, so the claim follows from the assumptions on f; and f;. O

Corollary 5.35. For a modality L in T, the class D* (L) is a congruence. Moreover, it is the largest
congruence contained in L: the assignment L — D* (L) defines a right adjoint Mdl(T') — Cong(T)
to the inclusion Cong(T) — MdAI(T).

Proof. By definition, D*(L) = (),,so D" (L). Using Proposition 5.34 inductively, each D" (L) is
a modality, and intersections of modalities are modalities, so D*°(L) is a modality. Moreover, it is
closed under diagonals, so is a congruence by Proposition 5.32. O

We now state and prove the main result of this section. Given a class of morphisms X, write 2 for
the closure of X under diagonals f +— Ay. In other words, >A consists of all morphisms in X and
their iterated diagonals.

Theorem 5.36 (Anel-Biedermann—Finster—Joyal, [ABFJ22, Proposition 4.2.12]). Let T be a topos
and let ¥ C Ar(T) be a class of maps. Then the congruence X€ is given by

¢ — (ZA)m,
the modality generated by the iterated diagonals of X.

Proof of Theorem 5.36. Set K := D> ((Z*)™), which by the previous corollary is the largest con-
gruence contained in (X*)™. Note that it contains X: any iterated diagonal of a morphism in £ by
definition lies in 2 and thus also in (£2)™. So K is a congruence containing X, which implies
¥¢ C K. Since we also have the inclusions K C (X4)™ C X, this finishes the proof. m|

Warning 5.37. The formula 2™ = (£7¢)* for the modality generated by X does not generalize: we
generally have =€ # (XP¢)%%. Indeed, the right-hand side generally has no reason to be closed under
base change.
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Remark 5.38. If T is just a ser of morphisms, then X* is still just a set, and it follows from
Proposition 5.29 that the congruence =€ = (X*)™ is of small generation.

Corollary 5.39. IfZ C Ar(T) consists of monomorphisms, then X¢ = ™.

Proof. If f is a monomorphism, Ay is an isomorphism, hence automatically contained in X", It
follows that ¢ = (Z4)™ = ™, O

5.4 Open and closed immersions

The notion of an open embedding U — X of topological spaces admits an analogue in the setting
of topoi:

Definition 5.40. A morphism U — X is an open immersion if it is both étale and a monomorphism.
A morphism in Logos is an open localization if its corresponding morphism in Topos is an open
immersion.

Lemma 5.41. Let j.: X;y — X be an étale morphism of topoi, U € X. Then j,. is an open
immersion if and only if U is (—1)-truncated.

Proof. We saw in Proposition 4.34 that the base change of j, along itself is given by the functor
(X)u)uxu — Xju. This is an equivalence if and only if the object (U x U) € Xy is terminal, i.e.
if the projection map pr;: U X U — U is an isomorphism. This in turn is equivalent to the diagonal
A: U — U x U being an isomorphism, which by definition means that U is (—1)-truncated. O

If U — X is an open embedding of topological spaces, then by definition its complement Z := X \U
is a closed subspace. Its toposic analogue is as follows:

Definition 5.42. Let j.: U — X be an open immersion of topoi, and let j*: X — U be its left
adjoint. We define the closed subtopos complementary to U as

XU = {XeX|[j(X)=+} < X

More generally, we say that a morphism of topoi i: Z — X is a closed immersion if there exists a
(—1)-truncated object U € X such that i, : Z — X induces an equivalence Z — X/U.

Lemma 5.43. Given an open immersion j: U — X, the closed complement Z = X /U is a topos,
and the inclusion i: Z — X is a morphism of topoi.

Proof. By Lemma 5.41, we may identify U with the slice Xy for some (—1)-truncated object U
of X. Given X € X, we then have X € Z if and only if the projection map X x U — U is an
isomorphism. Equivalently, given an object ¥ € X, every morphism ¥ — U admits a unique lift
Y — U x X. We conclude that the subcategory Z = X /U consists precisely of those objects that
are local with respect to the following class of morphisms:

Sy :={0 - V| thereexistsamapV — U }.

It in fact suffices to let the V range over a small set of generators of X, so by Proposition A.15 the
inclusion Z < X admits a left adjoint X — Z. It remains to show that this left adjoint preserves
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finite limits, or equivalently that the saturation (Sg7)* is a congruence. Since Sy is closed under base
change, we have (Sy7)* = (Sy)™ by Theorem 5.36. Moreover, since Sy consists of monomorphisms,
we see that (Sy)™ = (Sy)¢ by Corollary 5.39. We deduce that (Syy)* is a congruence, hence the
localization X — ZZ is left exact, exhibiting Z as a topos and the inclusion Z < X as a morphism
of topoi. O

If j: U — X is an open immersion with closed complement i: Z — X, we may recover the topos
X from the topoi U and Z together with the composite i*j.: U — Z.

Construction 5.44. Let U and Z be categories with finite limits. Given a functor F: U — Z, we
define the category X as the comma category of F:

X = WXZ AI'(Z)

In other words, the objects of X are triples (U, Z, ¢) where U € U, Z € Z and ¢: Z — F(U).
Note that the two forgetful functors j*: X — U and i*: X — Z admit canonical right adjoints

Jo: U —> X, U (U, F(U),idr ), and i Z > X, Z (%,2Z,%).

Lemma 5.45. Consider topoi U and Z and an accessible left exact functor F: U — Z.

(1) The associated recollement X is a topos,
(2) The functor j.: U — X is an open immersion of topoi,

(3) The functori.: Z — X is a closed immersion of topoi.

Proof. (1) The fact that X admits colimits and finite limits is a consequence of the results of
Chapter B. (Note though that this uses the version stated in Remark B.4.) The forgetful functor
(j*,i*): X — U x Z is cocontinuous, left exact, and conservative, and it follows that X is a topos.

Parts (2) and (3) are left to the reader. O

5.5 Structure theory for topoi

In this section, we discuss the ‘quotient triple factorization’ of any morphism of logoi ¢: T — S
into a ‘monogenic quotient’, an ‘epigenic quotient’ and a conservative morphism:

mono epi cons
T2 /K™ Lk L s

The morphism ¢ in fact factors further as T/K — {¢(T)) — S, where the second morphism is

fully faithful.

5.5.1 Monogenic and epigenic modalities

Definition 5.46. For a modality L, we define
L% := L N EffEpi, and L™ := (L N Mono)™ = (L N Mono)¢,

where the last equality holds by Corollary 5.39. We say L is monogenic if L = L™°™ (i.e. generated
by its monomorphisms), and epigenic if L = L (i.e. it is contained in the effective epimorphisms).
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Remark 5.47. Monogenic/epigenic congruences are also called fopological/cotopological in the
literature. We will avoid that terminology, as it is less descriptive.

While it is clear that L°P! and L™ are saturated classes closed under base change, it is not
immediately clear they are actually modalities. For this, we consider the following lemma:

Lemma 5.48. Let L be a modality, and let f: A — B be a morphism with epi—mono factorization

A cmm_»(f) Im(f) im(f) B.

Then f is contained in L if and only if both im(f) and coim( f) are contained in L.

Proof. The ‘only if’-direction is clear. For the other direction, assume f € L. We first show that
coim(f) € L. Since the class L is local and coim(f) is an effective epimorphism, we may check
this after base change along itself, i.e. it suffices to show that the projection A Xjy () A — A lies in
L. As Im(f) < B is a monomorphism, the map A Xjy(r) A — A Xp A is an isomorphism, so we
may equivalently show that the projection A Xg A — A lies in L. This holds, since this projection
is a base change of f. It then follows from right cancellation that also im(f) € L, finishing the
proof. O

Corollary 5.49. Given a modality L, also L°P" is a modality.

Proof. Let R := L* and define R := (L°P)L. We need to show that the pair (L', R°P!) is a
factorization system. Orthogonality holds by construction, so it remains to check that any morphism
f: A — B admits an (L, R°")-factorization. Since L' c L, we get R C R°!. Similarly, from

L C EffEpi it follows that Mono C R°Pi. Consider the (L, R)-factorization A —» C — B of f,

im(! l
and consider the epi-mono factorization A Cmin»( ) Im(/) A C of [. By Lemma 5.48 we have that
coim(/) € L N EffEpi = L°, while r o im(/) € R o Mono C R°P!, O

The question of whether L™°" is also a modality in general seems more subtle. We will show that
this is at least the case when L is of small generation. We introduce some notation.

. . . . coim(f) im(f) .
Notation 5.50. Given a morphism f: A — Bin T, we denote by A —»" Im(f) —— B its
epi-mono factorization. If X is a class of morphisms in 7', we define

im(X) := {im(f) | f € £} and coim(X) := {coim(f) | f € Z}.

Remark 5.51. If L is a modality, it follows from Lemma 5.48 that im(L) = L N Mono and
coim(L) = L N EffEpi.

Lemma 5.52 ([ABFJ24, Proposition 4.1.14]). For a class of morphisms X in T, we have
(B = (im(2)” and (2™ = (im(2)" = (im(2))°.

In particular, if L is a modality of small generation, then so is L™, If L is a congruence of small
generation, then so is L™°™.
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Proof. The second relation follows from the first, since ¢ = (X*)" by Theorem 5.36. The last two
claims immediately follow by writing L = X and noting that im(X) and im(Z%) are small. We
need to show the first relation.

Let L := ¥™. By Lemma 5.48, we have im(X) C L™™. Note that L™" is a saturated class
closed under base change, so that in fact im(X)™ C L™°™, For the converse, consider the class L’
of morphisms f: A — B such that im(f) € im(Z)”™. We are done if we can show that L C L’,
since then L N Mono = im(L) C im(Z)™ and thus also L™ = (L N Mono)™ C im(X)™. By

construction we have ¥ C L’, so it remains to show that L’ is a saturated class closed under base
change.

To this end, note that im(X)"”" = im(Z)¢ by Corollary 5.39, so in particular im(X)" is a congruence
of small generation. Consider now the quotient map 7 — T /im(X)". This localization preserves
epi-mono factorizations, and it follows that f € L’ if and only if the morphism f is sent to an
effective epimorphism under this localization functor. Since the class of effective epimorphisms
in 7/im(Z)¢ is a saturated class closed under base change, the same follows for L’, finishing the
proof. O

Corollary 5.53. Let X be a small class of monomorphisms in T. Then the congruence X¢ generated
by X is monogenic.

Proof. Since im(Z%) = im(X) = X, this is immediate from the lemma. O

Remark 5.54. By definition, a monogenic congruence K is completely determined by the class of
monomorphisms K N Mono. The classes of monomorphisms in 7 arising this way are precisely the
Grothendieck topologies on T, see Proposition 6.8.

Corollary 5.55. For every modality L, we have
L = Lepi \ [mono

i.e. L is the smallest modality containing both L and L™™.,

Proof. Tt is clear that L contains both L and L™, Conversely, if L’ is a modality containing
both L' and L™°"°, then it follows from the previous lemma that it also contains L. O

Lemma 5.56. If L is a monogenic modality, then L is a congruence. In particular, L™" is a

congruence for every modality L of small generation.

Proof. By assumption we have L = L™°"° = (L N Mono)". Since L N Mono consists of monomor-
phisms, it follows from Corollary 5.39 that (L N Mono)™ agrees with (L N Mono)¢, hence is a
congruence. m|

Lemma 5.57. A congruence K is epigenic if and only if it is contained in the class of co-connected
maps.

Proof. If K is contained in Conne, then it is in particular contained in EffEpi, so that K is epigenic.
Conversely, assume that K € EffEpi. For any morphism f in K, the iterated diagonals A?‘ of f also
lie in K, hence are effective epimorphisms by assumption. By Theorem 3.20 it follows inductively
that f is n-connected for all n > 0, hence co-connected. O

Tt is shown in [ABFJ24, Proposition 4.1.4] that the smallness condition is automatic for monogenic modalities.
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5.5.2 The quotient triple factorization

We now discuss the promised triple factorization of morphisms of logoi. The terminology and
perspective is due to [ABFJ25].

Definition 5.58. Let ¢: T — S be a morphism of logoi.

(1) We call ¢ a monogenic quotient if it is a quotient map (Definition 4.19) whose kernel is a
monogenic congruence.

(2) We call ¢ an epigenic quotient if it is a quotient map whose kernel is an epigenic congruence.
(3) We call ¢ conservative if it only inverts isomorphisms.
(4) We call ¢ weakly conservative if it only inverts effective epimorphisms.

Notation 5.59. Let ¢: T — S be a morphism of logoi with kernel K := ker(¢). Then we have an
inclusion K™°" C K, giving rise to three morphisms of logoi as follows:

mono epi cons
ANy ) ¢ LR ) gAY

We refer to this as the quotient triple factorization of ¢. We further write

‘pquot = gDePl o ‘pmono and ‘pwcons = QOCOHS ° QDepl.

Proposition 5.60. Let ¢: T — S be a morphism of logoi.

cons wcons

: <pquot and )
an epigenic quotient, conservative, a quotient map, and weakly conservative;

(1) The morphisms @™, ¢ ¢ are, respectively, a monogenic quotient,

(2) The decomposition ¢ = ¢ o 1! is the unique decomposition of ¢ into a quotient map

followed by a conservative map;

wcons mono

(3) The decomposition ¢ = ¢ o is the unique decomposition of ¢ into a monogenic
quotient followed by a weakly conservative map;

cons mono

(4) The decomposition ¢ = @™ o ¢l o @ is the unique decomposition of ¢ into a monogenic
quotient followed by an epigenic quotient followed by a conservative map.

Proof. (1) Itis clear that ¢™°" is a monogenic quotient, that ¢I'" is a quotient map, and that @™
is conservative. Granting that ¢°' is an epigenic quotient, it then follows immediately that ¢*°" is
weakly conservative.

To see that P! is an epigenic quotient, we must show that every morphism inverted by ¢! is an
effective epimorphism. Let f: A — B be a morphism in 7/K™" whose image under ¢’ is an
isomorphism. Using the fully faithful right adjoint 7/K < T, we may see this as a morphism in 7,
which lies in the kernel K. Consider its epi-mono factorization A - Im(f) < B in T. Then the
map Im(f) < B lies in K™"°, hence gets inverted in 7/K™"°, It follows that f is isomorphic in
T /K™ to the effective epimorphism A —» Im(f), as desired.

(2) Given a decomposition T LR T’ — S into a quotient map and a conservative map, we see that
ker(¥) = ker(¢) = K. Since i is a quotient map, it follows that 77 = T /K.
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(3) Given a decomposition T LA T’ — § into a monogenic quotient map and a weakly conservative
map, the fact the second map only inverts effective epimorphisms implies that ker() N Mono =
ker(¢) N Mono = K. Since i is a monogenic quotient, we have ker(y) = ker(y)™"° = K™ and
thus 77 = T /K™°"°,

(4) This follows immediately by first factoring ¢ as in (2) and then factoring the resulting quotient
map T — T /K as in (3). O

Remark 5.61. In [ABFJ25, Remark 2.1.34], the authors make the following analogy with ring
theory. Given a morphism ¢: A — B of commutative rings, we may consider its kernel [ := ker(¢p),
and obtain an image-factorization T —» T /ker(¢) < S. We may loosely think of the injectivity of
the second map as analogous to the conservativity of the map ¢“°™: T/K — S. Let S C A be the
multiplicative subset given by all elements a € A that are inverted in T /ker(phi). Then the quotient
map A — A/I factors as

A — A[S7'] - A/L

The authors propose that this is analogous to the factorization of T — T /K via T /K™,

5.5.3 Hypercomplete congruences

We now discuss the hypercompletion of a congruence.

Definition 5.62. Given a congruence K of small generation, we define its hypercompletion as the
kernel of the composite:

K™ = ker(T — T/K — (T/K)™P),

where (—)"P denotes the hypercompletion of a topos (localization at co-connected maps). Note that
we always have K € K™P. We say a congruence K is hypercomplete if K = K™P,

Lemma 5.63. Hypercompletion does not affect the monogenic part of a congruence: for any
congruence K we have
K™P N Mono = K N Mono.

Furthermore, the hypercompletion only depends on the monogenic part of a congruence: we have

( Kmon0)hyp — Khyp )

Proof. For the first part, consider the sequence of localizations 7 — T/K — (T/K)™P. Let f be
a monomorphism in T contained in K™P; we need to show that f is in fact contained in K. Since
T — T/K is left exact, the image of f in T/K is a monomorphism that becomes an equivalence in
the hypercompletion (7/K)™P. Thus, in T/K, the map f is co-connected. But a map that is both
a monomorphism and co-connected is an equivalence. Therefore, f is already inverted in 7/K, so
fekK.

For the second part, we always have (K™°")®P ¢ K™ For the converse, we may consider the
monogenic-epigenic factorization of the quotient T — T/K:

T —->T/K™ —T/K.

Since the second map inverts only co-connected morphisms, it induces an equivalence (7 /K™°")hvp =
(T /K)™P on hypercompletions, and it follows that (K™"*)?P = KP a5 desired. O
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Note that it follows from the lemma that the assignment K +— K™P defines an equivalence of posets
MonoCong(T) e HypCong(T),

with inverse given by K +— K™°". All in all, we get the following diagram of inclusions of posets
and their adjoints:

MonoCong(T)

"R

N ~ — .
= P Cong(T) EpiCong(T)

Ko Kp KK
=
HypCong(T

5.5.4 Images

In Remark 5.61, we made the analogy between the factorization 7 — T /K — S of alogos morphism
¢: T — § and the image factorization A -» A/I — B of a morphism A — B of commutative rings.
One may object that the analogy is not completely fitting, since the morphism of logoi 7/K <— S
is merely conservative, and not necessarily a monomorphism. We now see that this map can be
factored further via a subtopos (¢ (T)) C S.

Construction 5.64. Let ¢: T — S be a morphism of logoi. We define its image {(¢(T)) as the
smallest full subcategory of S that contains the objects ¢(X) for all X € T and is closed under
colimits and finite limits.

Proposition 5.65. Let ¢: T — S be a morphism of logoi. Then (¢(T)) is a logos, and the inclusion
(@(T)) < S is a morphism of logoi. In particular, ¢ admits a factorization in Logos as

X = () = Y,
where the second map is a monomorphism in Logos.

Proof. To show that (¢(T)) is a logos, it suffices to show that it is presentable and that the Giraud
axioms are satisfied, see Theorem 2.42. For the presentability, we will refer to Lurie’s proof, see
[Lur09, Proposition 6.3.6.2]. For the Giraud axioms, we note that they are all formulated purely in
terms of colimits and finite limits, hence these properties are inherited from the logos S.

The inclusion {¢(T)) < S preserves colimits and finite limits by construction, hence is a morphism

of logoi. It is also clearly a monomorphism, finishing the proof. O

Remark 5.66. Let ¢: T — S be a morphism of logoi with kernel K = ker(¢). There is a canonical

factorization of ¢ as

(1) (2)
—

3 4
7Y, pygmoe 2 ik B oy 2 s

This suggests the following classes:

* (1) monogenic localizations;
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* (2) epigenic localizations;

* (3) the intersection of (1+2+3) and (3+4) (no explicit characterization);
* (4) those with ¢ fully faithful (“of trivial shape” / “cell-like”);

e (1+2) left exact localizations;

* (142+3) the “algebraic” morphisms (in Lurie’s terminology); this class is closed under filtered
colimits in Topos and contains all étale morphisms;

* (2+3+4) the “surjective” morphisms: ¢ preserves and detects effective epimorphisms (equiv-
alently, co-connected maps);

* (3+4) those with ¢ conservative;

* (2+3) the intersection of (1+2+3) and (2+3+4) (no explicit characterization).

In classical topos theory, a morphism is usually called “surjective” if it is in the class (3+4). This is
because in classical topos theory the class (2) does not appear.

5.6 Products of modalities

Given two ideals / and J in a commutative ring R, we may form their product 1J C R, consisting of
all elements of the form ij fori € I and j € J. There is an analogous construction for logoi: given
two congruences K and L in T, there exists a product KL. Somewhat surprisingly, it turns out that
this only depends on the underlying modalities.

Definition 5.67. Foru: A — B and v: C — D, the pushout product
uv: (BXC)Uaxc (AXD) — BxD

is the cogap map of the commutative square

AxC 2V AxD

uXC\L \LMXD

Bxv

BxC —/— BxD.

We already encountered this operation before in Notation 5.12.

Definition 5.68. For modalities K and L, define their product as the class
KL := (KoL)",

where K O L is the class of morphisms of the formuov foru € K and v € L.

Lemma 5.69. We have an inclusion KL € K N L.

Proof. By symmetry, it suffices to show KL C K. If u € K and v € L, then also the maps u x C
and u X D are in K, hence so is the cobase change A X D — (B X C) Uaxc (A X D). By right
cancellation, it follows that the cogap map ¥ Ov is in K as well. O
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While KL is by definition saturated and closed under base change, it is not clear it is always a
modality, i.e. that the pair (KL, (KL)*) defines a factorization system on 7. The following lemma
shows that this is fine for modalities of small generation:

Lemma 5.70. Given two classes of maps X, % in T, we have X" X' = (20X’)™. In particular,
if K and L are modalities of small generation, then so is KL.

Proof. The inclusion (XO0X)™ C X™X™ is clear. For the converse, it suffices to show that
(X0X)™ contains X" O X'™. Let us first show that it contains X0 X’". For a fixed morphism
u € 2, consider the collection of morphisms v € Ar(T) such thatu O v € (XOZX’)™. This collection
clearly contains X', hence to show it contains all of X’ it remains to show that it is a saturated
class closed under base change. Closure under base change is clear: if v’ is a base change of v, then
u OV’ is a base change of u Ov. The fact that it contains all isomorphisms and that it is closed under
compositions is also straightforward. Finally, closure under colimits follows from the observation
that the functor u0—: Ar(T) — Ar(T) preserves colimits.

We may now repeat the argument to show that for fixed v € £’ the collection of u € Ar(T) such
that uOv € (X0ZX')™ contains X and is a saturated class closed under base change, hence contains
all of X™. This finishes the proof. O

Remark 5.71. The definition of KL in fact makes sense whenever K and L are arbitrary classes of
morphisms. In particular, it defines a product on the poset Acyc(T) of acyclic classes,” i.e. those
saturated classes that are closed under base change. In fact, this turns Acyc(7') into a commutative
algebra object in the category Pos®°™P! of cocomplete posets; the unit is the acyclic class All of all
morphisms.

Corollary 5.72. Let K and L be monogenic modalities of small generation. Then so is KL.

Proof. By Lemma 5.52, we may write K = 2™ and L = X', where X and ¥’ consist of monomor-
phisms. Then ¥ 0 X’ also consists of monomorphisms, and the result follows from Lemma 5.70. O

Corollary 5.73. Let K be a monogenic modality. Then K* = K.

Proof. The inclusion K? C K is immediate from Lemma 5.69. For the converse, we may assume
that K = =™ for a class of monomorphisms X, and it will suffice to show that u € K? for every
morphism u#: A < B in X. By construction, the morphism uOu: (BX A) Laxa (AXB) —» BXB
is in K2, hence so is its base change along A: B — B x B, which by descent is given by the map
A Uaxza A — B. But since u is a monomorphism, we get A = A Xp A, so that this map becomes
u: A — B. O

We now discuss various examples of products of modalities.

Example 5.74. Let L = Conn, be the n-connected maps. As a modality this is generated by
§"+1 5 x. Note that the pushout product of §"*! — x with §"*! — « is §"+"*3 _ 4 so that by
Lemma 5.70 we get

(Conn,,)(Conn,,) = Conny,ymsa .

As a special case, for EffEpi = (S° — %) we get Conn,, = EffEpi"*2.

2This terminology is due to [ABFJ22], in analogy to the acyclic maps in algebraic topology from Section 5.1.
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More generally, note that for any morphism u: X — Y, the pushout product (S° — ) Ou is the
codiagonal V,,: Y Ux Y — Y. It follows that for every modality L we have

EffEpi-L = V(L)™.

Example 5.75. For any topos T, one has Epi*> C Conn,,. Indeed, recall from Proposition 5.8 that
every epimorphism is O-connected, so that

Epi2 - Conng = Conn; C Conn; .

We claim that we also have an inclusion Epi N Conn; € Conns. Indeed, if f: X — Y is an
epimorphism, then we get a pushout square

X _f> Y
1
r
Y Y.
If f € Conn, for some n, then Ay € Conn,,_1, hence A0 xAy € Conn,_; O0Conn,_; = Conny,.

Since the gap map of this square is f, it then follows from Blakers—Massey that f € Conny,.
Assuming f € Conny, it then follows inductively that f € Conn,« for all &, so that f € Conne.

Construction 5.76. Given modalities K and L, we define
K\L:={f|KaofcL}

It is not difficult to see that this is a saturated class closed under base change. If M is a third modality,
then we have
KMCL — MCK\L,

so that K \ L functions as an internal hom in Acyc(T).

Example 5.77. Since S° 0u = V(u), we see that u € EffEpi \ Iso if and only if u is an epimorphism.
More generally, we inductively get

Cotr,+; = EffEpi \ Cotr,, .

5.6.1 Products of congruences

We now see that if two modalities happen to be congruences, then their product is again a congruence.
The following is the key input:

Lemma 5.78 (Key lemma). Let L be a modality.

(1) AV(L) C L.

(2) A~'(L) n EffEpi C EffEpi -L.
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Proof. (1)Foru: A — B in L, the morphism AV (u) takes the form

AV(u): BUs B—> (Bl B) Xg (BLig B).
The two summand inclusions ix: B — B U4 B induce two maps iy X id: B Xg (B Us B) —
(B Uy B) xp (B U B) which are jointly an effective epimorphism. It thus suffices to show that left
vertical map in the following pullback square is in L:

B L y Bl B

-

ikl \LAV(M)

i Xid

BusB —— (BUa B) xg (BlUga B).

This holds since iy is a cobase change of u.

(2) Letu: A - B be an effective epimorphism with A,, € L. We need to show that u € EffEpi -L.
Since u is effective epi, it suffices to show the projection A xg A — A lies in EffEpi-L. Consider
the pushout square

(AxgpA)Us (AXpA) ——> AXg A

l l

r

AXpg A > A.

The top horizontal map is VA, = (S° — %) O A,, which lies in EffEpi o0 L C EffEpi-L. It follows
that the bottom map is in EffEpi - L as claimed. O

Corollary 5.79. For any modality L, we have
D(L) N EffEpi = EffEpi-L. m]
In particular, if K is a congruence we get
K°P' = K N EffEpi = EffEpi -K.
Proof. Since D(L) = L N A~'(L), the inclusion “C” holds by (2) of the previous lemma. For “2”,

we recall that EffEpi -L = V(L)™, so it remains to show that V(L) € A~'(L). This is precisely part
(1) of the previous lemma.

The last statement holds because D (K) = K for any congruence K. O

We now prove that the product of two congruences is again a congruence.

Theorem 5.80. Let K, L € Cong(T) be congruences. Then their product KL is also a congruence.

Proof. By (5) of Proposition 5.32, it suffices to show that it is closed under diagonals, i.e., KL C
D(KL). Recall that any modality M can be decomposed as M = M™°" v M®Pi_ Applying this to
K and L, we can distribute the product:

KL = (Kepi v KmonO)(Lepi Vv Lmon()) — KepiLepi V. KepiLmono v KmonoLepi v Kmono 7 mono.

Using that K°P! = EffEpi-K and L°P' = EffEpi-L, we see that the first three terms are contained
in EffEpi-K - L, which by Corollary 5.79 is contained in D(KL). It thus remains to show that
Kmenopmono . D(KL). Note that K™e"°L™ C (KL)™", By Lemma 5.56, the modality
(KL)™" is a congruence, hence in particular closed under diagonals. So (KL)™" C D(KL). All
in all, we see that KL € D(KL), finishing the proof. O
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5.7 The Goodwillie tower of a topos

The ideas presented here are due to Anel, Biedermann, Finster, and Joyal.

Construction 5.81. Let K € Cong(T) be a congruence. Since congruences form a subalgebra of
MdI(T'), we can form powers of K, giving congruences K" for all n > 0 sitting in a chain

. CK*CK*CKCAI
This gives rise to the K-adic filtration of T, defined by the sequence of quotient logoi:
T—.---—>T/K>>T/K> > T/K — T/All ~ x.

For every object X € T, we define the associated graded category (K" /K1)y C T)x as the full
subcategory spanned by those maps ¥ — X which are in K" and are K"**!-local (meaning the map
is inverted in 7/K"*!). Note that for the terminal object X = 1 we may write this as the following
pullback:

(Kn/Kn+1)1 s T/Kn+1
L7
* —)1 Tign.
A similar expression may be obtained for other X by first replacing T by 7).

Proposition 5.82 ([ABFJ25, Theorem 4.2.11]). Let n > 1 and consider X € T. In the category

(K" /K™Y, pullback squares agree with pushout squares.

Proofidea. This follows from an application of the Generalized Blakers—Massey theorem and its
dual. We refer to [ABFJ25] for details. |

We can apply the K-adic filtration to the specific case where K is the congruence of co-connected
maps.

Definition 5.83. Let T be a topos. We define the n-th Goodwillie approximation of T as
T := T/(Conng)".
This gives rise to a tower of logoi
T ... 72 570 570 5 p(=1) —

By passing to right adjoints (geometric morphisms), this may alternatively be regarded as a filtration
of T by subtopoi:
«=TCD 70 7)) s ..y T

We show that the topos-theoretic filtration recovers classical Goodwillie calculus when applied to
functor categories.
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Construction 5.84. Let C be a small category with finite colimits and a terminal object, and let T
be a topos. Since C is in particular filtered, the colimit functor

colim: Fun(C,T) » T

preserves colimits and finite limits, hence is a morphism of logoi. Observe that it is a quotient map,
with fully faithful right adjoint given by the constant diagram functor X +— constys; it is fully faithful
as C is weakly contractible, e.g. due to the existence of an initial object. Note that the constant
functors consty are precisely those functors F € Fun(C, T) that are local with respect to the maps
y(f): y(Y) — y(X) for every morphism f: X — Y, where y: C°? — Fun(C, An) — Fun(C,T)
is the T-analogue of the Yoneda embedding for C°P. In particular, the kernel of colim is the strongly
saturated class generated by y(Ar(C°P)).

We denote the monogenic-epigenic factorization of colim as follows:
Fun(C,T) — Shv(C°®;T) — T.

The middle term corresponds to the localization with respect to the monogenic part of the kernel.
This defines a Grothendieck topology on C°P. In this specific case, every map in C°P (regarded
via Yoneda in Fun(C,T)) generates a covering sieve, because colim sends every map in C to an
isomorphism.

We claim that the tower associated to the logos Shv(C°P; T') is precisely the tower of excisive functors.
Recall the definition:

Definition 5.85. A functor F': C — T is called excisive if it sends pushout squares in C to pullback
squares in 7.

For n > 0, we say F' is n-excisive if it sends strongly cocartesian (n + 1)-cubes in C to cartesian
(n + 1)-cubes in T. Recall that an (n + 1)-cube X: [1]"*! — C is called strongly cocartesian if it
is left Kan extended from its restriction to the n + 1 edges {0}* x [1] x {0}, and it is cartesian if
it is a limit cone.

We denote by Exc"(C,T) C Fun(C, T) the full subcategory of n-excisive functors.

Remark 5.86. For n = 0, we see that a 0-excisive functor F is one that sends any map X — Y in C
to a diagram F(X) — F(Y) exhibiting F'(X) as the limit of {F(Y)}. This is precisely saying that F
is a constant functor.

Theorem 5.87. Let K be the kernel of the colimit functor colim: Fun(C,T) — T. Then there is an
equivalence
Fun(C,T)/K"™*! ~ Exc"(C,T).

In particular, if T is hypercomplete, we have an equivalence Shv(C;T)("™) ~ Exc"(C,T).

Proof. We may immediately reduce to the case T = An. In particular, we may assume 7T is
hypercomplete.

As observed before, K is the strong saturation of the class £ = y(Ar(C°P)), i.e., the image of all
maps in C°P under the Yoneda embedding y: C°P < Fun(C, An). Since C has finite colimits, C°P
has finite limits. It follows that X is closed under diagonals and base change to representables. It
follows from Proposition 5.29 and Theorem 5.36 that K = X°.
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We start with the case n = 1. We have K? = (X0X)™. Formaps u: A — Bandv: C — D in CP,
the pushout product # O v corresponds to the gap map in the following commutative square in C°P,
seen as a square in C:

AUB —— BUC

l !

AUuD —— BUD.

Note that this is a cocartesian square in C. Moreover, one can show that every cocartesian square in
C is a cobase change of such a square. We deduce that a functor F': C — An is local with respect
to (X0 X)" if and only if it sends all cocartesian squares to cartesian squares, i.e., if it is excisive.

Generalizing this argument, the strongly cocartesian (n + 1)-cubes are precisely the cobase changes
of iterated pushout products u; O ... Ou,+1, and we conclude that the local objects with respect to
the congruence K"*! are precisely the n-excisive functors. O

Remark 5.88. Let D be a differentiable category, meaning D has finite limits and sequential colimits
which commute with each other. Then we can apply the theorem to the subtopos

T := PShgeq(D) — PSh(D),

defined as the full subcategory spanned by objects of the form colim,, y(X,,) for sequences Xy —
X1 — X, — ... in D. This inclusion admits a left exact left adjoint

PSh(D) — PShyeq(D)
given by localizing at those maps colim,, y(X,,) — colim,, y(¥;,) such that colim,, X,, — colim,, Y,.

Lemma 5.89. Let C = An'™" be the category of finite animae. Then the inclusion i: An™™ < An
defines an co-connected object in the topos Shv(An"™°P). Moreover, it exhibits Shv(An™P) as the
classifying topos for co-connected objects: for every topos T, evaluation at i induces an equivalence
of categories

Geom(T, Shv(Anf™oP)) = 72, ¢ - ¢ (i).

Proof. Every object X € T determines a morphism of logoi PSh(An"™) — T given on generators
by A — X*. Observe that X is co-connected if and only if for every morphism A — B in Anf", the
induced map X2 — X4 is an effective epimorphism. Since the maps A — B generate the kernel
K of colim: Fun(C, An) — An, this is in turn equivalent to sending all maps in K to effective
epimorphisms. Since this is in turn equivalent to sending all maps in K™°"° to isomorphisms, i.e. to
factoring through the localization Shv(An"™°P) = Fun(Anf", An)/K™™ . All in all, this shows that
the equivalence
Funy ogos (PSh(An™°P) T) = T, ¢ — (i)

restricts to the desired equivalence
Fung ogos (Shv(An™™P), T) = 72,
O

Remark 5.90. In the same way, one can show that Shv(Anfn’Op ) classifies pointed co-connected
objects.
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This classification allows us to identify the layers of the Goodwillie tower with known categories of
spectra.

Lemma 5.91. The category Exc' (An", T) is equivalent to the category of “T-parametrized spec-

”»

tra .
{(X,E) | X € T,E € Sp(T)x)}.

Lemma 5.92. The category Exc! (An™", T) is equivalent to the category of “T-parametrized spectral
torsors”:
{(X,E,s) | X €T ,E €Sp(T)x),s e T'(X,E)}.

Let P,,: Fun(C,T) — Exc"(C, T) be the left adjoint to the inclusion (the n-excision approximation).
By Theorem 5.87, this agrees with the localization functor Fun(C,T) — Fun(C,T)/K"*! for
K := ker(colim: Fun(C,T) — T), and so the P,-equivalences are the K"*!-local morphisms. This
gives the following immediate corollary:

Corollary 5.93. We have (P,-equiv)(P,-equiv) = (Ppim+1-€quiv). O
Blakers—Massey then gives:
Corollary 5.94. Consider a pushout square in Fun(C,T) of the form

F—s¢c

]

H —— K,

where f in a Py-equivalence and g is a P,,-equivalence. Then the gap map F — G Xg H is a
P m+1-equivalence. O

Definition 5.95. A functor F: C — T is called n-reduced if P, (F) = *.

Corollary 5.96 (Goodwillie’s structure theorem). Consider a functor F: C — T, and define G via
the following pushout square:
P, F —— P, |F

U

PoF —— G.
Then G is an n-reduced object over PyF, and this square is P,-cartesian. O
Corollary 5.97. The functor P,G is a delooping of the fiber fib;p,p (P, F — P,_1F). m|
Corollary 5.98. The category of n-homogeneous functors is stable. O
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6 Topics in topos theory

This chapter collects several further topics in topos theory:

6.1

In Section 6.1, we define Grothendieck sites (C, 7) and their associated sheaf topoi Shv,(C);

In Section 6.2, we introduce actions by a groupoid object G and principal G-bundles, and show
that both are classified in a suitable sense by the classifying stack BG := colim[n] A” Gn

Section 6.3 discusses essential morphisms and shapes of topoi;

In Section 6.4, we define hypercovers and show that a topos is hypercomplete if and only if
every hypercover is effective;

The topic of Section 6.5 is Postnikov complete and bounded topoi;

In Section 6.6 we study dimension theory of topoi, and show that every topos of locally
bounded dimension is hypercomplete, and even Postnikov complete if there is a global bound
on the dimension;

Section 6.7 defines the notion of coherent topoi,
Section 6.8 introduces pretopoi;

Section 6.9 characterizes those topoi that are exponentiable in Topos: they are precisely the
compactly assembled topoi.

Section 6.10 contains a brief digression into the question of when the category fAn C of An-
parametrized objects in a category C is a topos; we will show that this is the case precisely if
C is a locus, meaning that C is an accessible category with pullbacks and van Kampen weakly
contractible colimits.

Sheaf topoi

In this section, we define the category of 7-sheaves associated to a collection of covering sieves 7
and show that it is a topos. This is one of the fundamental ways of constructing examples of topoi.

Definition 6.1. Let C be a category. A sieve on an object X € C is a subfunctor U — y(X) of
the representable presheaf y(X) = Hom¢ (—, X). Equivalently, it is a collection of morphisms with
codomain X that is closed under precomposition.
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Theorem 6.2 (Lurie). Let C be a small category, and let T be a collection of sieves on C stable
under pullbacks. Let
Shv.(C) < PSh(C)

be the full subcategory spanned by the T-local objects. Then Shv . (C) is a left exact localization of
PSh(C). In particular, Shv.(C) is a topos.

The standard proof of this result (as found for example in [Lur09]) involves a detailed analysis of
the “plus-construction”, which is fairly intricate. However, using the machinery of modalities and
congruences established in Section 5.3, we can give a much simpler and more conceptual proof. We
will freely use the notations introduced in that section.

Proof. Weknow from Proposition A.15 that the inclusion admits an accessible left adjoint L: PSh(C)
Shv,(C). We need to show that L is left exact. By Corollary 4.16, it suffices to show that the class
of morphisms K inverted by L is a congruence.

The class K is precisely the strong saturation 7°° of 7. We claim that it agrees with 7¢. Since

7 consists of monomorphisms, it follows from Corollary 5.39 that v¢ = 7"". Furthermore, since

7b¢ = 7 by assumption on 7, we get from Proposition 5.29 that 7™ = (77¢)% = 7%, Allin all, we see

that %% € 7¢ = v = 7% C 1%, and thus all four classes agree. In particular 7*¥ is a congruence,
finishing the proof. O

6.1.1 Grothendieck sites

While not necessary for the definition of Shv, (C), the collection 7 in the previous theorem is usually
taken to be a Grothendieck topology. We can make sense of the notion of Grothendieck topologies
in an arbitrary topos:

Definition 6.3 ([ABFJ24, Definition 3.1.2]). A Grothendieck topology on a topos T is a class T of
monomorphisms in 7', called the covering monomorphisms, such that:

(a) The saturated class 7° is of small generation.
(b) The class 7 is a local class, in the sense of Definition 2.46;
(c) Covering monomorphisms are closed under composition;

(d) Given monomorphisms f: X < Yandg: Y < Zin T, if g o f is a covering monomorphism,
then so is g.

We refer to a T-local object as a T-sheaf and denote the full subcategory of T-sheaves by

Shv.(T) ¢ T.

The argument from Theorem 6.2 goes through, showing that the localization functor L,: T —
Shv,(T) is left exact.
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Remark 6.4. Let (7, 7) and (S, ") be topoi equipped with Grothendieck topologies. Observe that
a morphism of topoi ¢, : T — S restricts to a functor ¢>": Shv,(T) — Shv.(S) if and only if its
associated logos morphism ¢*: § — T preserves covering monomorphisms. In this case, the functor
¢ is automatically a morphism of topoi. By passing to left adjoints, we see that ¢* commutes

with sheafification:
S #} T

LT/\L \LLT
(pShv ) *

Shv,(S) Y Shv, (7).

When specializing Definition 6.3 to presheaf topoi, we recover the usual notion of a Grothendieck
site.

Notation 6.5. Let f: X — Y be a morphism in some category C. For every sieve U — y(Y), we
denote by f*U — y(X) the sieve obtained by pullback along y(f): y(X) — y(Y). Note that it
consists of those morphisms g: Z — X such that the composite f o g is in the sieve U.

Definition 6.6 (Grothendieck topology, [Lur09, Definition 6.2.2.1]). A Grothendieck topology on a
category C consists of a specification, for each object X of C, of a collection of sieves on C which
we will refer to as covering sieves. The collections of covering sieves are required to satisfy the
following properties:

(1) For every object X of C, the identity y(X) — y(X) is a covering sieve;

(2) For every morphism f: X — Y in C and every covering sieve U — y(Y) on Y, the pullback
sieve f*U — y(X) is a covering sieve on X

(3) Let X be an object of C, U < y(X) a covering sieve on X, and V — y(X) an arbitrary sieve
on X. Suppose that, for every morphism f: ¥ — X belonging to U, the pullback sieve f*V is a
covering sieve on Y. Then V is a covering sieve on X.

A Grothendieck site is a category C equipped with a Grothendieck topology.

Lemma 6.7. Let C be a small category. Then there is a bijection between Grothendieck topologies on
C in the sense of Definition 6.6 and Grothendieck topologies on PSh(C) in the sense of Definition 6.3.

Proof. 1f T is a Grothendieck topology on PSh(C), we consider the collections of sieves U — y(X)
which are covering monomorphisms in PSh(C), i.e. are contained in 7. Conditions (1) and (2) are
trivially satisfied. For (3),leti: U < y(Y) and j: V — y(X) be sieves such that i is a covering
monomorphism and such that for every f: y(¥Y) — U the projection y(¥) X, (x) V < y(Y) is a
covering monomorphism. Since 7 is local by (b), it follows that also the projection U Xy (x) V — U
is a covering monomorphism, hence also U X, (x)V < U < y(X) by (c), and thus also V — y(X)
by (d).

Conversely, given a Grothendieck topology on C, we define the class of covering monomorphisms as
those monomorphisms U < X for which the pullback to each representable presheaf is a covering
sieve. We check that properties (a)-(d) are satisfied. (a) Note that 7° is generated by the collection
of covering sieves, which is small since C is small. (b) It is clear that 7 is a local class. (c) For
closure under composition, let V <— U and U — X be two covering monomorphisms. To show
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that also V < X is a covering monomorphism, we may assume that X = y(X’) is representable,
so that U — y(X’) is a covering sieve. To get the same for V — y(X’), it thus suffices to show
that for all f: ¥ — X’ in the sieve U, the pullback sieve f*V < y(Y) is a covering sieve. But
this holds since this map is a base change of V < U, which was assumed to be in 7. (d) Finally,

consider monomorphisms V ri> U < X such that gf € 7. To show that also g € 7, we may again
assume X = y(X’) is representable. Then V < y(X”’) is a covering sieve, so to show that also g is,
it suffices to show that for all #: ¥ — X’ in V the pullback 2/*U — y(Y) is a covering sieve. But
since V < U is a monomorphism, this map is simply the identity on y(Y), hence a covering sieve.

It is immediate from the construction that these two assignments are inverse to each other, finishing
the proof. O

Proposition 6.8 ([ABFJ24, Proposition 3.1.10]). Let T be a topos. There is a bijection

{Grothendieck topologies on T'} —r {monogenic congruences on T’} .
KNMono<«—K
Proof. First let T be a Grothendieck topology on 7. The congruence 7¢ is monogenic, since
7 C Mono gives 7¢ = ™ = (7 N Mono)", where the first equality uses Corollary 5.39. Moreover,
we claim that 7 "Mono = 7. Since 7 consists of monomorphisms, it suffices to show 7“NMono C 7.
Since 7 is closed under base change, Proposition 5.29 gives 7€ = 7™ = (7€) = 5. Now let

E:={f€Ar(T) |im(f) € 7}

be the class of 7-coverings (cf. [ABFJ24, Proposition 3.1.10]). We claim that E is saturated and
contains 7, hence ¥ C E. Clearly E contains all isomorphisms, and 7 C E since im(m) = m for
every monomorphism m. Let us verify the remaining conditions.

Base change. Since the epi-mono factorization is stable under base change and 7 is closed under
base change, E is closed under base change.

Composition. Let f: X — Y and g: Y — Z be morphisms in E, with epi-mono factorizations

X COlg(f) Im(f) im(f) % COIT,;g) Im(g) im(g) Z.

sothatim( f),im(g) € 7. Letq: Im(f) — Im(g) be the composite coim(g) cim( f), with epi-mono
factorization g = j o e, through some J:

X Y VA
imy imV
coim( f) coim(g)

Im(f) ‘ Im(g)
N ) 7

Then im(g f) = im(g) o j, so it suffices to show j € 7. Pull back j along the effective epimorphism
coim(g): ¥ —» Im(g) to obtain 7: M := Y Xyy(e) J < Y. Since im(f) factors through 7 (via
the map Im(f) — J and the inclusion Im(f) < Y), the composite Im(f) — M Sy equals
im(f) € 7. By axiom (d), it follows that 7 € 7. Since x is the pullback of j along an effective
epimorphism and 7 is a local class, we conclude j € 7. Finally, im(gf) = im(g) o j € 7 by axiom

(©).
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Colimits. First, E is closed under coproducts: since images commute with coproducts (as both the
class of monomorphisms and the class of effective epimorphisms are closed under coproducts), we
have im([[ f;) = [1im(f;), and 7 is closed under coproducts by locality. For a general colimit
[’ A’ — B’ of a diagram {f;: A; — B;}iey in Ar(T), let f: A — B be the coproduct [[;<; fi,
so that f € E. The canonical maps a: A -» A’ and b: B -» B’ are effective epimorphisms, and
f’a =bf. Since b is an effective epimorphism (hence in E) and f € E, the composition bf = f'a
lies in E by the above. Since a is an effective epimorphism, im(f’a) = im(f”), so f’ € E.

This establishes that E is saturated. If m € 7 N Mono, then m € E, so im(m) = m lies in 7. Thus
7¢ N Mono = 7% N Mono C .

Conversely, let K be a monogenic congruence and set 7x := K N Mono. The congruence generated
by 1k is
T =T = (K NMono)" =K,

where the first equality uses Corollary 5.39, and the last is the monogenicity of K. We now verify
that 7x is a Grothendieck topology.

(a) Since 7 is closed under base change (being K N Mono), Proposition 5.29 gives K = 7' =

s . s .
= Ty. In particular, 73 is of small generation.

bcys
(TKC s

(b) The class 7 is local:

* closure under base change is immediate from base-change stability of K and Mono;

* closure under small coproducts follows since K is saturated (hence closed under coproducts
in Ar(T)), and coproducts of monomorphisms are monomorphisms in a topos;

* for descent along effective epimorphisms, consider a pullback square as in Definition 2.46
with f' € 1. Then f’ € K, so f € K by locality of K. Also, since pullback along an
effective epimorphism is conservative and preserves monomorphisms, f is monic. Hence
f € KN Mono = 1.

() If f,g € Tk, then f,g € K and f, g are monomorphisms. Since K is saturated, gf € K, and
since monomorphisms are closed under composition, g f € Mono. Thus gf € 7¢.

f . . . . .
(dLetV - U < X be monomorphisms with g f € tx. Since gf € K, the image of g f in the
quotient ¢: T — T /K is an isomorphism, and thus ¢(g) admits a section. As q is left exact, g(g) is
a monomorphism, hence an isomorphism, so g € K. Since g is monic, g € K N Mono = 7.

Hence 7k is a Grothendieck topology. Together with 7. = K and 7 N Mono = 7, this shows the
two assignments are inverse. O

6.1.2 Sheaves and Cech descent

We now introduce the category of sheaves on a Grothendieck site, and formulate its objects in terms
of Cech descent.

Definition 6.9 (Sheaf category, [Lur09, Definition 6.2.2.6]). Let C be a category equipped with a
Grothendieck topology 7. We denote by

Shv,(C) <€ PSh(C)
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the full subcategory of 7-sheaves. We denote the left exact left adjoint by

L.: PSh(C) — Shv.(C).

The functor L, is known as the shedfification functor.

Example 6.10. Let X be a topological space. Then the poset Open(X) of open subsets admits a
Grothendieck topology, called the open covering topology, for which the covering sieves of some
U € Open(X) are those sieves generated by open coverings U = | J;¢; U;. We denote the resulting
topos by

Shv(X) :=  Shvgpen(Open(X)).

Definition 6.11. The sheafified Yoneda functor y- is the composite
y L,
C <= PSh(C) — Shv.(C).

Notation 6.12. Let U = {U; — X},¢s be a collection of morphisms in a category C. The morphism
Llie; ¥(U;) = y(X) in PSh(C) factors as an effective epimorphism followed by a monomorphism:

| |y » U= yx).

iel
We refer to the sieve U < y(X) as the sieve generated by U.

Since limits and colimits in PSh(C) are computed pointwise, we see that this epi-mono factorization
is also computed pointwise: for every Z € C, the subanima

U(Z) € y(X)(Z) = Hom¢ (Z, X)

consists of those morphisms Z — X in C that factor through U; — X for some i € I.

If C carries a Grothendieck topology 7, we say that U is a covering family if the sieve it generates
is a covering sieve.

Sheaves on C may equivalently be described in terms of Cech descent.

Definition 6.13 (Cech descent). Let C be a category and let U = {U; — X};er be a collection of
morphisms. We will denote by C, () the Cech nerve of the morphism

| |y =y

iel
in PSh(C). A presheaf ¥ € PSh(C) is said to satisfy Cech descent with respect to U if the map
F (X) = Hompsh(c) (y(X), F) — limy,,; A Hompsh(c) (Ca(U), F)

is an equivalence. More concretely, if the relevant iterated fiber products of the U; over X exist in
C, then F satisfies Cech descent with respect to U/ if the diagram

FX) — Tier F(U) =3 Mijer (Ui xx U)) =5 ...
is a limit diagram.
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Proposition 6.14 (cf. [Lur09, Lemma 6.2.3.18]). Let U = {U; — X};c1 be a collection of mor-
phisms in a category C and let U — y(X) be the sieve generated by U. Then a presheaf ¥ on C
satisfies Cech descent with respect to U if and only if it is local with respect to U < y(X).

Proof. By definition, U <— y(X) is obtained from the epi-mono factorization | |;c; y(U;) » U —
y(X). It follows that U is equivalent to the colimit of the Cech nerve C () of U, and we obtain for
every ¥ € PSh(C) an equivalence

Hompsgp(c) (U, ) =~ Hompgp(c) (colim, Ao Co(U), F) = limp, A Hompsh(c) (Co(U), F).

The claim now follows immediately. O

6.1.3 Effective epimorphisms in sheaf topoi

The effective epimorphisms in a sheaf topos Shv.(C) can be characterized as those morphisms
which admit local sections, in the following sense:

Definition 6.15. Let C be a category equipped with a Grothendieck topology 7. Let f: X — Y be a
morphism in Shv,(C) and assume that Y = y(Y”’) lies in the image of the sheafified Yoneda functor
y: C — Shv.(C). We say that f admits local sections if there exists a covering family {U; — Y’ };¢;s
of Y’ such that the base change f’: X Xy y(U;) — y(Uj;) of f along the map y(U;) — Y admits a
section for every i € 1.

If f: X — Y is an arbitrary morphism in Shv,(C), we say that f admits local sections if its base
change along any map y(¥Y’) — Y from a representable admits local sections.

Lemma 6.16. A morphism f: X — Y in Shv.(C) is an effective epimorphism if and only if it admits
local sections.

Proof. Since every map with a section is an effective epimorphism (Lemma 2.38) and effective
epimorphisms form a local class, it is clear that any morphism admitting local sections is an effective
epimorphism.

Conversely, assume f: X — Y is an effective epimorphism. Since effective epimorphisms are stable
under base change, it suffices (by the definition of local sections) to treat the case where Y = y(Y”)
is representable. Consider the epi—-mono factorization in PSh(C):

X—»Ur—yY).
Applying sheafification L, : PSh(C) — Shv.(C) gives a factorization
X =L:(X) » L (Uy) — y(¥").

The first map is an effective epimorphism since L, preserves colimits, and the composite is f, hence
also an effective epimorphism by assumption. By cancellation of effective epimorphisms, the map
L:(Uys) — y(Y’) is an effective epimorphism. It is also a monomorphism, since L is left exact.
Hence it is an isomorphism.

Therefore the monomorphism Uy < y(Y’) is inverted by L.. By Theorem 6.2, the class of
morphisms inverted by L. is the congruence 7¢. So Uy < y(Y’) lies in 7 N Mono = 7 by
Proposition 6.8, i.e. it is a covering sieve on Y’. Unwinding the definition of Uy, this exactly says
that f admits local sections. O
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6.1.4 Morphisms of sites

Given a functor u: C — D between two Grothendieck sites, we may ask under what conditions «
induces a topos morphism between the sheaf categories of C and D. There are two natural candidates
for such a notion, called continuous and cocontinuous morphisms of sites.

Definition 6.17 (Continuous morphism). Let (C, 1) and (D, /) be Grothendieck sites. A functor
u: C — D is called continuous if the restriction functor u*: PSh(D) — PSh(C) preserves sheaves,
i.e. restricts to a functor
u*: Shvy (D) — Shv.(C).
We say that u is a continuous morphism of sites if this restriction is a morphism of topoi, i.e. its left
adjoint is left exact. We denote the category of Grothendieck sites and continuous morphisms of sites
by Site“®™. By definition, the assignment (C, 7) — Shv.(C) € PSh(C) determines a contravariant
functor
Shv(-): (Site®)°P — Topos,

obtained by restricting the precomposition functoriality of the presheaf construction PSh(—) : Cat®® —

Pr-.

Remark 6.18. The left adjoint of the restriction of u* is given by the composite
| Lo
Shv,(C) = PSh(C) =5 PSh(D) — Shv/ (D),
where u) is left Kan extension along u. In particular, any continuous functor u for which the left
Kan extension functor u, is left exact is a continuous morphism of sites.
Note that u, is left exact whenever u admits a left adjoint, since then u, is given by restriction along

that left adjoint.

The following criterion is often useful for checking continuity:

Lemma 6.19. Let (C,7) and (D, ') be Grothendieck sites, and let u: C — D be a functor.
Assume that every covering sieve U — y(X) of X € C is generated by a collection of morphisms
{fi: Ui > X}ieq in C satisfying the following conditions:

® Pullbacks along f; exist in C and are preserved by u: C — D;

o The sieve on y(u(X)) in D generated by the maps u( f;) is a covering sieve.
Then u is a continuous functor.

Proof. Let ¥ be a 7’-sheaf on D. We need to show that u*# is a 7-sheaf on C. For a covering sieve
U — y(X),let U = {f;: Uy > X};cs be a collection of morphisms in C generating it satisfying
the two conditions. Using Proposition 6.14 and the adjunction u; 4 u*, we may equivalently show
that the map

(u™F)(X) = Hompsp(p) (y(u(X)), F) — lim, ;Ao Hompsp(p) (u1(C(U)), F)

is an isomorphism. The first assumption on U guarantees that the simplicial object u,(C,, (U)) in
PSh(D) agrees with the Cech nerve of the map | |;c; y(u(U;)) — y(u(X)). The second assumption
says that the associated sieve is a covering sieve. So a second application of Proposition 6.14 implies
the claim. O
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Corollary 6.20. Let (C,7) and (D, 1") be Grothendieck sites, and assume that the following two
conditions are satisfied:

® The category C admits finite limits, and u: C — D preserves finite limits;

® The functor u preserves covering families.
Then u is a continuous morphism of sites.

Proof. The left Kan extension functor uy: PSh(C) — PSh(D) is left exact by Proposition 2.43, as
it is the colimit extension of the left exact functor C — D <> PSh(D). Since u is a continuous
functor by Lemma 6.19, the claim follows from Theorem 6.18. O

Example 6.21. Let f: X — Y be a continuous map of topological spaces. Then the preimage
functor f~': Open(Y) — Open(X) preserves finite limits and preserves coverings, hence is a
continuous morphism of sites. This gives rise to a functor Open(-): Top®® — Site®®™. Composing
it with the sheaf functor (Site®)°P — Topos, we obtain a functor

Shv: Top — Topos.

We now discuss a second mechanism by which a functor between Grothendieck sites induces a
morphism of topoi, namely cocontinuity.

Definition 6.22 (Cocontinuous morphism). Let (C, 7) and (D, 7°) be Grothendieck sites. A functor
u: C — D is called cocontinuous morphism of sites if the right Kan extension functor restricts to a
functor

u.: Shv,(C) — Shv, (D).

In particular, u. is a morphism of topoi, with left exact left adjoint given by the composite

Shv, (D) < PSh(D) “ PSh(C) <5 Shv, (C).

If we denote by Site*“°™ the category of Grothendieck sites and cocontinuous morphisms, then the

assignment (C, ) — Shv,(C) defines a functor
Site®°“°" — Topos,
obtained by restricting the right Kan extension functoriality of the presheaf construction PSh: Cat —
PrR.
Let us make the cocontinuity condition on # more concrete.

Notation 6.23. Given an object X € C and a sieve U — y(u(X)) of u(X) in D, we define its
pullback along u as the sieve u~'(U) < y(X) of X obtained by forming the following pullback
square in PSh(C):

u ' (U) ——— u*(U)
y(X) —— w*(y(u(X)));

here the bottom map is the unit map y(X) — u*uyy(X) = u*(y(u(X))). Note that u~! (U) consists
of those morphisms Z — X in C for which the map u(Z) — u(X) lies in the sieve U.
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Lemma 6.24. A functor u: C — D is a cocontinuous morphism of sites if and only if for every
X € C and every covering sieve U < y(u(X)) of u(X) in D, the pullback sieve u='(U) — y(X)
is a covering sieve in C.

Proof. By definition, u is a cocontinuous morphism if and only if the restriction functoru®: PSh(D) —
PSh(C) preserves the covering monomorphisms, or equivalently if for every covering sieve V <—
y(Y) in D the map u* (V) — u*y(Y) is a covering monomorphism in PSh(C). The latter condi-
tion means that for any map f: y(X) — u*y(Y) in PSh(C) from a representable, the base change
u* (V) Xusy(v) ¥(X) = y(X). The map f corresponds to a map u(X) — Y in D, and pulling back
the covering sieve V < y(Y) gives a covering sieve U — y(u(X)). The claim now follows, since
we have a pullback square

u ' (U) —— u*(U) —— u*(V)
L [ l ”
y(X) — w* (y(u(X)) — u*(y(Y)).
Corollary 6.25. Let v: (C,7) — (D, 7’) be a functor between sites and assume that v admits a

right adjoint u: D — C. Then v is a cocontinuous morphism of sites if and only if u is a continuous
morphism of sites. In this case, we have v, ~ u*.

Proof. The adjunction v 4 u induces an adjunction v* -4 u* on presheaf categories, showing that
v. =~ u*. By definition v is a cocontinuous morphism of sites if and only v, preserves sheaves, while
it follows from Theorem 6.18 that u is a continuous morphism of sites if and only if u* preserves
sheaves, showing the claim. O

6.2 Groupoid actions and principal bundles

In this section we discuss actions of groupoid objects in a topos T and prove that the category of
such actions is equivalent to the slice over the classifying stack. We further recall the notion of a
principal bundle and show that principal bundles are classified by maps into the classifying stack.
Our treatment is based on [NSS15] and [SS21, Section 3.2], where the analogous situation for group
actions is discussed.

Throughout this section, we fix a topos T and a groupoid object G: A®® — T.

Remark 6.26. The material from this section was not actually discussed in Marc’s course. I had
written it as part of my PhD thesis, and decided to include the material here as well for easier
reference. I have tried to convert all notations to the ones used in these notes, but there may be some
leftover notations.

6.2.1 Actions by groupoid objects

We introduce the notion of an action of a groupoid object, generalizing the treatment of group actions
in [SS21].

Definition 6.27. Let G be a groupoid object in 7', and let X € T be an object. An action of G on X
consists of the following data:
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(1) a groupoid object G < X in T;
(2) anisomorphism (G = X)g =~ X;

(3) acartesian natural transformation ¢: G < X — G of simplicial objects in 7.

We let Actg (T) € Grpd(T),g denote the full subcategory spanned by the G-actions in T'.

Remark 6.28. Let G < X be an action of G on X. Since (G < X)p =~ X,themapc: GxX —» G
induces a structure map co: X — Gp. Since c is a cartesian natural transformation, there are
cartesian squares

L (G X s (G 2 x

\LCZ - \LC] - \LCO
dy do
> G > G > Gos

and in particular we obtain isomorphisms

(G = X)1 = G1 Xg, X,
(G=X)2 =G Xg, X = G1 Xg, G1 Xg, X,
and so on. Under these isomorphisms, the map d;: (G < X); — (G < X)o corresponds to a map

a: G1 Xg, X — X, which we think of as the action map. The rest of the simplicial diagram G =< X
encodes the data witnessing that this action is unital and associative up to coherent homotopy.

Definition 6.29. For a groupoid object G, we define its classifying stack as the geometric realization
BG =G|

If G =< X is an action of a groupoid object G on an object X € T, we define the quotient X |G as the
geometric realization of G = X:

X|G = |GxX| = colim[n]eranXgoX.

The cartesian transformation G < X — G induces a map X/G — |G| = BG on geometric
realizations, and this defines a functor

-1G: Actg(T) — Tipg-

The following result shows that groupoid actions are classified by the classifying stack:

Proposition 6.30 (Classification of groupoid actions). The quotient functor is an equivalence of
categories:

-G+ Actg(T) — Tpg-
Proof. Recall from Lemma 2.33 that sending a groupoid G to the map Go — BG defines an

equivalence
Grpd(T) — EffEpi(T)
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between the categories of groupoid objects and effective epimorphisms in 7. Moreover, it follows
from descent that a morphism of groupoids f: H — G is cartesian if and only if the induced square

Hy —— BH

d

Go — BG

is a pullback square, giving an equivalence of categories Grpd(7)**"* — EffEpi(T)*". Passing
to slices over G, this results in an equivalence

ACtg(T) = (Grpd(T)CaIt)/g — (Eﬂ"Epi(T)cart)/(go_,Bg) — T/Bg.

Here the last equivalence is induced by the target map EffEpi(7) — T, which is easily seen to be an
equivalence whose inverse sends a morphism B — B@G to the pullback square

B xgg Go —— Go

! | °

B——3 BG.

6.2.2 Free and transitive actions

Given a G-action in T, one can define when the action is free or transitive. Actions which are both
free and transitive will correspond to principal G-bundles.

Definition 6.31 (Shear maps). Let G =< X be an action of a groupoid object G on an object X in 7.
We define the shear map of G =< X as the map

shear; = (a,pry): Gi Xg, X = X X X,

where a: G Xg, X — X is the action map and pry is the projection onto X.

More generally, we define the higher shear maps as follows. Consider the commutative square

X X
!
X|G —>

Regarding this as a morphism from X - X /G to X — # in Ar(T) and passing to Cech nerves, we
obtain a morphism of groupoid objects

shear: (G x X) — C(X — =).

Under the identifications of Remark 6.28, this may be displayed as follows:

GrX ---362XQOX:;Q1XQOX:;X

lshear lshearz lshearl

C(X = %) T XXX XX T XXX T2 X.
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Definition 6.32 (Free, transitive and regular actions). Let G < X be an action of a groupoid object
G on an object X € T. We say that this action is

(1) free if its shear map shear; is a monomorphism;
(2) transitive if its shear map shear; is an effective epimorphism;

(3) regular if its shear map shear; is an isomorphism.
Note that G » X is regular if and only if it is both free and transitive.

In case the morphism X — * is an effective epimorphism in 7', regularity of G < X can be expressed
as the triviality of the quotient:

Lemma 6.33. Let X € T be an object such that X — = is an effective epimorphism. Let G < X be
an action of a groupoid object on X. Then the action is regular if and only if the quotient X |G is
the terminal object of T.

Proof. First assume that X /G ~ *. Then the map X - X /@G is equivalent to the map X — =*.
It follows that the shear map shear: (G < X) — C(X — %) is an isomorphism, being defined by
applying Cech nerves to these two equivalent morphisms.

Conversely, assume that G < X is regular and that X — = is an effective epimorphism. The map
X/G — * is obtained from the higher shear map shear: (G < X) — C(X — #) by passing to
colimits. It thus suffices to show that each of the higher shear maps shear,,: G, xg, X — X"*! is
an isomorphism. We proceed by induction. The case n = 0 is trivial and the case n = 1 is assumed.
For the inductive step, consider the diagram

/ shear,, |
Gn-1Xg, X l 5 X"
shear

G1 X, X ——= > X2

/ shearg /

X.

Gn Xgy X

X

Since the left and right faces are pullback squares, it follows that shear,, is an isomorphism as
well. o

6.2.3 Principal bundles

Given a groupoid object G in T and an object B € T, we obtain a notion of principal G-bundles over
B by applying the definition of regular actions to the slice topos 7). Observe that G gives rise to a
groupoid G X B in the slice Ty by applying the pullback functor B X —: T — T)p. For every object
P € T)p, there is an isomorphism

(gn X B) XQ()XB P = gn XQ() p in T/39
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and thus a (G X B)-action on P is the same as a G-action on the underlying object of P together with
a lift of the action groupoid along the forgetful functor 7yp — T. For this reason, we will refer to a
(G x B)-action in the slice T)g simply as a G-action over B.

Definition 6.34 (Principal bundles). Let B € T be an object and let G be a groupoid object in 7.

(I) Let p: P — B be an object of T;p equipped with a G-action over B. We say that p is a
formally principal G-bundle over B if this action is regular as a (G X B)-action in the slice
T, i.e. if the shear map

shear;: G| xg, P — P X P

is an isomorphism.

(2) A formally principal G-bundle p: P — B is called a principal G-bundle if p is an effective
epimorphism.

(3) We write
Bung(B) < Actg(T)p)

for the full subcategory of principal G-bundles over B.

Remark 6.35. For any morphism f: B — B in T, the pullback functor f*: Typ — T,p’ preserves
principal G-bundles.

Lemma 6.36. Let p: P - B be an effective epimorphism equipped with a G-action over B, and let
P|G € T,p denote the quotient. Then p is a principal G-bundle if and only if the canonical map
PG — B is an isomorphism.

Proof. This is an instance of Lemma 6.33 applied in the slice topos 7/ 5. O

It follows from Lemma 6.36 that the forgetful functor from principal G-bundles over B to G-actions
in T lands in the fiber over B of the quotient functor —/G: Actg(T) — T.

Proposition 6.37. The forgetful functor induces an equivalence of categories
Bung(B) — Actg(T) xr {B}.

Proof. We construct an explicit inverse. Consider a G-action G < P in T equipped with an isomor-
phism B = P/ G. The colimit cocone (A°?)” — T exhibiting B ~ P /G as a colimit of G =< P
adjoints over to provide a lift of the simplicial object G~ P: A°® — T to the slice T z. By adjunction,
this lift comes equipped with a groupoid map to G X B, and since the forgetful functor 7)p — T
preserves pullbacks this is a cartesian morphism of groupoids, thus defining a (G x B)-action in 7).
This construction defines a functor

ACtg(T) Xt {B} — ACtg(T/B).

It follows directly from Lemma 6.36 that this functor factors through the subcategory Bung(B) of
principal G-bundles over B. The two functors are clearly inverse to each other. ]

We are now ready to state the main classification result:
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Theorem 6.38 (Classification of principal bundles). Let G be a groupoid object in T and let B € T
be an object. There is an equivalence of categories

Homz(B,BG) — Bung(B),

given on objects by sending a morphism c: B — B@G fto the principal G-bundle P — B defined by
the pullback square
P —— Go

Lo

B —— BG.

Proof. Recall from Proposition 6.30 the equivalence —/G: Actg(T) — T)gg, which induces an
equivalence on fibers over 7"

ACtg(T) X7 {B} = T/Bg X7 {B} =~ Homp(B,BG).

The inverse sends a morphism c¢: B — BG to the base change P = B Xgg Go —» B of the atlas
Go —» BG along c. Combining with the equivalence from Proposition 6.37 finishes the proof. O

Corollary 6.39. For every groupoid object G in T and every object B € T, the category Bung(B)
is an anima. i

6.3 Essential morphisms and shape theory

We introduce the notion of an essential morphism of topoi, closely following the presentation of
Aizenbud and Carmeli [AC21, Section 3.1]. Essential morphisms are those for which the inverse
image functor admits a further left adjoint, allowing one to define a notion of shape that measures
the homotopy-theoretic complexity of a topos.

Definition 6.40 (Essential morphism). A morphism of topoi ¢.: T — S is called essential if the
inverse image functor ¢*: § — T admits a further left adjoint ¢y : T — S. We thus have an adjoint
triple

£

L N N 23
We call a topos T essential if the terminal morphism I',.: 7 — An is essential.
Example 6.41. Every étale morphism of topoi is essential: given a topos T and an object U € T,

the functor j*: T — Ty given by X — X X U admits a left adjoint jy = ji: Tjy — T given by the
forgetful functor.

Example 6.42. For any small category C, the presheaf topos PSh(C) is essential. Indeed, the
terminal morphism I'.: PSh(C) — An is given by taking the limit I',(F) = lim.cc F(c), and its
left adjoint I'*: An — PSh(C) sends an anima A to the constant presheaf A. The functor I'* admits
a further left adjoint I'y: PSh(C) — An given by the colimit:

I[y(F) = colimeec F(c).
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For a general morphism of topoi ¢., the inverse image functor ¢* does not necessarily admit a left
adjoint. However, it always does after passing to pro-categories. This leads to the notion of the
relative shape of a morphism of topoi. Recall that for a category C which admits finite limits, the
pro-category of C is defined by

Pro(C) := Ind(C®)® =~ Fun'™*(C,An).

There is a fully faithful embedding C < Pro(C) given by the Yoneda embedding X +— Hom¢ (X, —).
An object of Pro(C) is called pro-constant (or corepresentable) if it lies in the essential image of
this embedding.

Definition 6.43. Let ¢.: T — S be a morphism of topoi. We define the functor
@y: T — Pro(S) C Fun(S, An)°?
by sending X € T to Homy (X, ¢*(=)): § — An.

Lemma 6.44. Let ¢.: T — S be a morphism of topoi.
(1) The functor gy: T — Pro(S) preserves finite limits.

€V ,*
(2) The functor @y is left adjoint to the composite Pro(S) — Fun(S, An)°? —~ Fun(T, An)®?,
where the second functor is induced by precomposition with ¢*.

(3) The morphism ¢, is essential if and only if ¢y factors through the embedding S — Pro(S), in
which case the factorization provides a left adjoint to ¢*.

Proof. (1) The functor ¢y is the composite of the Yoneda embedding 7 < Fun(T', An)°? and the
functor Fun(7, An)°® — Fun(S, An)°P induced by precomposition with ¢*. The Yoneda embedding
preserves all limits, and precomposition with the left exact functor ¢* preserves finite limits.

(2) This follows from the fact that for X € T and Y € S, we have
Hompro(s) (@4(X),Y) = ¢(X)(Y) = Homr(X, ¢ (Y)).

(3) The functor ¢y factors through S if and only if for every X € T, the functor Homz (X, ¢*(-)) is
corepresentable. This is equivalent to ¢* admitting a left adjoint. O

Intuitively, the functor ¢y models the “homotopy type of the fibers” of the morphism .. This
intuition is formalized using shape theory.

Definition 6.45 (Relative shape). Let ¢.: T — S be a morphism of topoi. We define the relative
shape of ¢, as the pro-object

lol == ey € Pro(S).

Note that this pro-object represents the composite functor I'y o ¢*: § — An, where I'y: T — Anis
the global sections functor of 7.

We say that ¢, is of constant shape if || is pro-constant, i.e., if it is corepresentable by an object of
S.
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Definition 6.46 (Shape). The shape |T| of a topos T is the relative shape of the terminal morphism
I'.: T — An:
IT| := |Iy]| € Pro(An).

We say that T has constant shape if the pro-anima |T| is pro-constant. We say that an object X € T
has constant shape if the slice topos T)x does.

Example 6.47. For a presheaf topos PSh(C), the shape is given by
[PSh(C)| = colimeec* = |C],
the geometric realization of C. In particular, PSh(C) has constant shape.

Example 6.48. Let X be a sufficiently nice topological space (e.g., locally compact Hausdorff).
Then the shape |Shv(X)| of the sheaf topos on X recovers the classical shape of X in the sense of
Borsuk. For spaces that are not locally contractible, the shape can differ from the weak homotopy
type. For instance, the Warsaw circle has trivial homotopy groups but nontrivial shape.

Definition 6.49 (Locally of constant shape). Let ¢.: T — S be a morphism of topoi. Given an
object U € T, we say that U has constant shape relative to ¢, if the composite morphism

T/Ui;Tﬁ)S

is of constant shape.

We say that ¢, is locally of constant shape if there exists a collection of objects {U;};c; which
generates 7 under colimits such that each U; has constant shape relative to ..

A topos T is locally of constant shape if the terminal morphism I',: T — An is locally of constant
shape.

The following proposition provides a key characterization of essential morphisms:

Proposition 6.50 (Aizenbud and Carmeli [AC21, Proposition 3.1.5]). Let ¢.: T — S be a morphism
of topoi and let {U,; };c1 be a collection of objects which generates T under colimits. Then the following
conditions are equivalent:

(1) The morphism ¢, is essential;

(2) Every object U; has constant shape relative to ¢..

Proof. Recall from Example 6.41 that the étale morphism j.: T)y; — T is essential. It follows that
the relative shape of the composite ¢, o j,: Ty — S is the image of U € Ty (viewed as the terminal
object of Tjy) under the composite

Ji %
Ty A4 Pro(S).

Since jy is the forgetful functor sending (V — U) to V, we see that the relative shape of ¢, o j. is
equivalent to ¢y (U) € Pro(S).

If ¢. is essential, then ¢y factors through S, so ¢4(U) is pro-constant for all U € T, and in particular
for all U;.
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Conversely, assume that ¢y (U;) is pro-constant for all i € I. Since § is closed under colimits in
Pro(S) and the collection {U;} generates T under colimits, it follows that ¢y4: T — Pro(S) factors
through §. By Lemma 6.44(3), this means ¢, is essential. O

Corollary 6.51 ([Lurl7, Proposition A.1.8]). A topos T is essential if and only if it is locally of
constant shape. O

Essential morphisms interact well with objects of constant shape:

Lemma 6.52. Let ¢.: T\ — T, and .. T, — Tz be morphisms of topoi and assume that ¢, is
essential. Let U € T be an object which has constant shape relative to the composite yr,. o @,.: Ty —
Ts. Then the object p4(U) € T, has constant shape relative to ...

Proof. The shape of ¢y4(U) € T relative to ¢ is ¥y (4 (U)) € Pro(T3). Since ¢. is essential, we
have 4(U) € T, and the shape of U relative to ¢, o ¢, is

(W opy(U) = yy(ey(U)).
By assumption, this is pro-constant, so ¢4(U) has constant shape relative to .. O

Corollary 6.53. Let ¢.: Ty — T, be an essential morphism of topoi. Then ¢y: Ty — T, sends
objects of constant shape in T, to objects of constant shape in T;. O

6.4 Hypercovers

In Section 3.4, we defined a topos T to be hypercomplete if every co-connected morphism is an
isomorphism, and showed that the co-connected and co-truncated morphisms form a factorization
system. In this section, we give an alternative characterization of hypercompleteness in terms of
hypercovers.

Recall that an effective epimorphism f: X - Y in a topos 7 may be thought of as a cover of Y.
The Cech nerve C(f) encodes all the iterated self-intersections X*¥ of X over Y, and since f is an
effective epimorphism this expresses Y as a colimit of these iterated self-intersections.

In certain situations, it is convenient to work with a more general notion of cover, known as a
hypercover. A hypercover of Y also comes with an effective epimorphism X — Y, but rather
than simply using the iterated self-intersections X*¥ one is allowed to further refine these at each
stage: there is some object X covering the intersection X Xy X, some object X, covering the triple
intersections, and so forth. One can show that the colimit of any hypercover of ¥ admits a map to Y
which is co-connected. In particular, if the topos T is hypercomplete then the hypercover expresses
Y as a colimit. It turns out that the converse also holds:

Theorem 6.54. Let T be a topos. The following conditions are equivalent:

(1) The topos T is hypercomplete.

(2) For every object X € T, every hypercover of X is effective.

We start by properly defining hypercovers and establishing some basic properties.
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Notation 6.55. For each natural number n > 0, let A" denote the full subcategory of A spanned by
the objects {[0], [1],..., [r]}. If T is a topos, the restriction functor

(=)|p=n: Fun(A*,T) — Fun((A=")*,T)
admits a right adjoint given by right Kan extension along the inclusion (A=")%P < A% We let
cosk, : Fun(A®,T) — Fun(A®,T)

denote the composition of the restriction functor with its right adjoint and refer to cosk,, as the
n-coskeleton functor. A simplicial object U, is called n-coskeletal if the unit map U, — cosk, (U.,)
is an isomorphism, or equivalently if U, is a right Kan extension of its restriction to (AS")°P.

Definition 6.56 (Hypercover). Let T be a topos. A simplicial object U, € Fun(A°?,T) is called a
hypercover of T if, for each n > 0, the canonical map

Ui’l i (COSkn_] Uo)n
is an effective epimorphism. We say that U, is an effective hypercover if the colimit of U, is a
terminal object of T'.
For an object X € T, a hypercover of X is a hypercover of the slice topos 7 x.
Remark 6.57. The object (cosk,,_; U.), is known as the n-th matching object of U,. By the
pointwise formula for right Kan extensions, it may be computed as a limit over the category

(AS"_I)/[H]. Since this category is finite, the object (cosk,—i U,), is a finite limit of the objects
Uo,...,U,_1.

Let us spell out the hypercover condition for small n:

* For n = 0, the (—1)-coskeleton of any simplicial object is constant at the terminal object, so
(cosk_j Us)p = *. The condition thus says that Uy — = is an effective epimorphism.

» For n = 1, the O-coskeleton is determined by Uy, and one computes (coskg Us); = Uy X Up.
The condition thus says that the map (dy, do): Uy — Up X Uy is an effective epimorphism.

* For n =2, one computes (cosk; U, )2 = U; Xy, Ui Xy, Uy, where the fiber products are taken
along the appropriate face maps. The condition says that the map U, — U; Xy, Uy Xy, U is
an effective epimorphism.

Example 6.58. Let f: X — Y be an effective epimorphism in 7. Then the Cech nerve C(f), viewed
as a simplicial objectin Ty, is a hypercover of Y. Indeed, by Lemma 2.20 the simplicial object C(f)
is 0-coskeletal: for every n > 0, the matching map C(f), — (cosk,—1 C(f))» is an isomorphism.

In preparation of the proof of Theorem 6.54, we establish various basic properties of hypercovers.

Lemma 6.59. Let ¢*: S — T be a morphism of logoi and let U, be a hypercover of S. Then ¢*(U,)
is a hypercover of T.

Proof. Since ¢* is left exact and the matching object (cosk,,—; Us),, is a finite limit (Remark 6.57),
we have ¢*((cosk,—1 Us)n) = (cosk,—1 ¢*(U,)),. Since ¢* preserves effective epimorphisms, the
result follows. O
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Corollary 6.60. Let T be a topos with hypercompletion L: T — T™P. A simplicial object U, of T
is a hypercover of T if and only if L(U,) is a hypercover of T™P.

Proof. The “only if” direction is Lemma 6.59. For the converse, note that the unit map U, —
(cosk,,—1 U, )y is an effective epimorphism if and only if its image under L is, since a morphism is an
effective epimorphism if and only if it is so after applying L (the kernel of L consists of co-connected
morphisms, which are in particular effective epimorphisms). O

Lemma 6.61. Let U € T be an oco-connected object. Then the constant simplicial object with value
U is a hypercover of T.

Proof. By Corollary 6.60, we may assume that 7 is hypercomplete. Then U =~ #, so the constant
simplicial object with value U is the terminal object of Fun(A°P, T). Since the coskeleton functors
preserve limits, the matching maps are all isomorphisms. O

Lemma 6.62 ([Lur09, Lemma 6.5.3.9]). Let T be a topos and let U, be an n-coskeletal hypercover
of T. Then U, is effective.

Proof sketch. The details of the proof are intricate; we refer to [Lur09, Lemma 6.5.3.9] for a detailed
argument. We only sketch the idea of Lurie’s proof.

We proceed by induction on n. If n = 0, then U, can be identified with (the underlying groupoid
object of) the Cech nerve of the map Uy — *. Since U, is a hypercover, this map is an effective
epimorphism, so the Cech nerve is a colimit diagram and |U,| ~ .

Now assume n > 0 and let V, = cosk,—; U,. The unit map f,: U, — V. has the property that
fm 1s an isomorphism for m < n, and f, (hence each f,, for m > n) is an effective epimorphism
since U, is a hypercover. Let W} : A, x A — T be the Cech nerve of f, (formed in the category of
simplicial objects). By the inductive hypothesis, |V.| = *, and since colimits in functor categories
are computed pointwise, |[W]| ~ .

Let D, denote the diagonal of the bisimplicial object W] |z, A. Lurie shows that U, is a retract of D,
in the category of semisimplicial objects. Since AP is sifted, the diagonal functor is cofinal, and we
have |D,| =~ |W]| =~ «. It follows that |U,|, being a retract of a terminal object, is itself terminal. O

Lemma 6.63. Let f,: Uy — Vo be a morphism of simplicial objects inT. Suppose that fi: Uy — Vi
is an isomorphism for all k < n. Then the induced map |f.|: |Us| — |Va| is n-connected.

Proof. By writing T as a left exact localization of a presheaf topos, and using that left exact
localizations preserve colimits and n-connectivity, we reduce to the case 7 = An. The result then
follows from classical homotopy theory: the geometric realization of a map of simplicial spaces
which is an isomorphism in degrees < n is n-connected. O

Lemma 6.64. Let T be a topos and let U, be a hypercover of T. Then the canonical map |Us| — *
is co-connected.

Proof. We show that |U,| is n-connected for every n > 0. Let V, = cosk,+; Ues and let us: Uy — V,
be the unit map. Since U, is a hypercover, the map u,, is an isomorphism for m < n + 1. By
Lemma 6.63, the induced map |U,| — |V,| is n-connected. By Lemma 6.62, |V,| =~ . It follows
that |U,| is n-connected. O
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We are now ready to prove the main result of this section.

Proof of Theorem 6.54. (1) = (2): Let U, be a hypercover of T)x. By Lemma 6.64, the canonical
map |U,|] — X is co-connected. Since T is hypercomplete, so is 7)x, hence this map is an
isomorphism. Thus U, is effective.

(2) = (1): Let f: U — X be an co-connected morphism in 7. Consider f as an object of T;x and
let f, be the constant simplicial object with value f. By Lemma 6.61, f, is a hypercover of T;x. By
assumption, f, is effective, meaning |fo| ~ X in T)x. But |f,| ~ f since f, is constant, so f is an
isomorphism. This shows that 7" is hypercomplete. O

Remark 6.65. Theorem 6.54 is often useful in practice: to show that a topos 7 is hypercomplete, it
suffices to verify that all hypercovers are effective. For sheaf topoi Shv(X) on a topological space
X, this can often be checked using concrete open covers.

6.5 Localic topoi, Postnikov-completeness, and boundedness

Given an anima X, we may form the truncations 7, X € Anc, for every n > 0. These truncations fit
into the Postnikov tower

X—> >t X->mX > > 171X

Moreover, every anima is canonically the limit of its Postnikov tower; in fact, the functor An —
lim, Anc, sending X to the system (7,X), is an equivalence of categories.

The goal of this section is to study a closely related phenomenon in the world of topoi. Recall that
every anima X gives rise to the slice topos An;x. We saw in Proposition 4.34 that the assignment
X — An/x defines a fully faithful functor

An — Topos.

As we will see in this section, there are subcategories Topos, € Topos of ‘n-localic topoi’ for
all n, and left adjoints L, : Topos — Topos,. In the toposic situation, the comparison functor
Topos — lim, Topos,, will no longer be an equivalence. Instead, it admits fully faithful left and
right adjoints:

* The image of the fully faithful left adjoint lim, Topos, < Topos is given by the Postnikov-
complete topoi.

* The image of the fully faithful right adjoint lim, Topos, < Topos is given by the bounded
topoi.

We now properly define these notions. A great reference for this material is [BGH18, Section 3.2].

6.5.1 Localic topoi

We start by defining what it means for a topos to be n-localic.
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Definition 6.66. Let n > —1. A topos T is called n-localic if for every topos S the induced map
Geom(S,T) = Geom(S<p—1,T<pn—1) := Fun'®™(7_, 1 S_,,_1)

is an equivalence.

Notation 6.67. Let Topos, € Topos denote the full subcategory spanned by the n-localic topoi.

Proposition 6.68. (1) For any topos T, there exists an (n, 1)-category C with finite limits and a
Grothendieck topology on C such that T<,,—1 =~ Shv:(C)<,_1.

(2) The inclusion Topos,, < Topos admits a left adjoint L, : Topos — Topos,, such that L,T =
Shv.(C) forall (C,7) as in (1).

Proof. (1) Consider a large enough cardinal « such that T is k-compactly generated, and let C =
(T<p-1)*. We can arrange things in such a way that C has finite limits and the inclusion C < T
preserves finite limits. Let 7 be the Grothendieck topology on C in which a sieve over X € C is a
covering sieve if and only if it contains a class of maps ¥; — X that is a joint effective epimorphism.
Then the map PSh(C) — T is left exact by Proposition 2.43 and factors as

PSh(C) — Shv.(C) —> T.
On (n — 1)-truncated objects, this induces functors
PSh(C)<p-1 = Shv(C)<p-1 = T<p1.

The second functor is an equivalence: it has a fully faithful right adjoint, and it is conservative as
all maps inverted by Shv.(C) — T are co-connected and any co-connected map between (n — 1)-
truncated objects is an isomorphism. This finishes the proof of (1).

For (2), note that by Proposition 2.43, we have Funpgos(PSh(C),S) — Fun'®™(C, S), so that
restriction along C — Shv(C) induces a fully faithful functor

Fung ogos (Shv(C), S) — Fun'*(C, S),

whose image consists of those left exact functors C — S that send 7-covers to effective epimorphisms.
Since C is n-truncated, the right-hand side is equivalent to Fun'®™(C, S<,). But this is in turn
equivalent to Fun'®™(Shy . (C)<,,_1, S<n—1). It thus follows that the map

FunLogos(ShV‘r(C), S) — Funlex’COhm(ShVT(C)Sn—l’ S<n-1)

is an equivalence, showing that Shv.(C)<,-1 is an n-localic topos. We also conclude that the
canonical logos morphism Shv(C) — T, when regarded as a map T — Shv,(C) of topoi, exhibits
Shv,(C) as a left adjoint object to 7 under the inclusion Topos, < Topos. This finishes the
proof. O

Example 6.69. For T = An,x we have L,,(An/x) = An/,, x, providing a commutative diagram as
follows:
An —2 Angy,

XHAn/X\[ \LXP—)A]’I/X

Topos L} Topos,, .

So this is the sense in which L, “generalizes” the truncation functor 7,,: An — Anc,.
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Warning 6.70. If C is an (n, 1)-category with finite limits, it is clear from the previous proposition
that its presheaf category PSh(C) is n-localic. However, this fails if C is not assumed to have finite
limits! For example, if C is the poset of open subsets of [],cn[0, 1] = Q that are homeomorphic to
[0, 1) X Q, then PSh(C) is not n-localic for any 7.

Despite the previous warning, the presheaf category of an (n, 1)-category is still n-localic after
hypercompletion. The proof requires the following auxiliary result:

Lemma 6.71. Let T be a hypercomplete topos and let u: C — T be a functor from a small category.
Consider the following four statements:

(1) The restriction functor
u*: T — PSh(C), X — Homy(u(-), X)
is fully faithful.
(2) T is generated under colimits by the image of u.

(3) Every X € T is covered by the image of u, i.e. there exist objects c; € C and an effective
epimorphism | |; u(c;) » X.

(4) The counit uyu™(X) — X is co-connected for every X € T.

Then we have implications (1) = (2) = (3) = (4). Moreover, if T is hypercomplete then all four
statements are equivalent.

Proof. To see that (1) implies (2), let uy: PSh(C) — T be the left Kan extension of u. Since
u* is fully faithful, the counit u,u* — idr is an equivalence. As every presheaf is a colimit of
representables and u;(y(c)) = u(c), we conclude that every object of T is a colimit of objects in the
image of u.

For (2) = (3), observe that the collection of objects receiving such an effective epimorphism is
closed under colimits.

For (3) = (4), note that by the pointwise formula for left Kan extensions we have
M!M*(X) = COlim(C,a’)EC/X M(C)y

where the colimit is indexed by the category of pairs (¢, @) with ¢ € C and @ : Y(c¢) — u*(X), or
equivalently the category C,x of pairs (¢, @: u(c) — X). The counit map then corresponds to the
canonical map

X' = colim(c a)ec)x u(c) = X

induced by the maps @. To show this map is co-connected, we show it is n-connected by induction
on n. The case n = —1 holds by assumption (1). Now consider the diagonal X" — X’ Xx X’. Using
descent, we may identify this with the map

colim(c, o), (d.8)eC)x COlim(e,y)eC/u<c>qu<d) u(e) — colime,a),(a.8)ec)x U(c) Xx u(d).

By the induction hypothesis, the inner map
COlim(e,y)eC/u<c>xxu<d) u(e) - u(c) Xx u(d)

118



is (n — 1)-connected for every (c, @) and (d, 8). Hence the diagonal X’ — X’ Xx X’ is a colimit of
(n — 1)-connected maps, so is itself (n — 1)-connected. This finishes the induction.

Finally, if T is hypercomplete and (4) is satisfied, then the counit map u;u* — id is a natural
isomorphism, and so u* is fully faithful, giving (1). ]

Lemma 6.72. Letn > —1, and let T be a topos such that every object is covered by (n— 1)-truncated
objects. Then the map of topoi T — L, (T) induces an equivalence on hypercompletions:

Thyp =~ (LnT)hYP.

Proof. By Proposition 6.68, there is an (n, 1)-category C with finite limits with a Grothendieck
topology 7 such that L, T ~ Shv,(C). The construction of C shows that we may choose C € T in
such a way that it contains sufficiently many (n — 1)-truncated objects of 7', and using the assumption
on T we can arrange C so that every object of T is covered by objects of C. Letting u: C — T
denote the inclusion, we may consider the left Kan extension u,: PSh(C) — T and its right adjoint
u*: T — PSh(C). By Lemma 6.71, the counit map u;u* — id of this adjunction consists of
co-connected maps, and in particular the composite

PSh(C) -5 T —» T™P

is aleft exact localization. In order to finish the proof, we need to show that the monogenic part of this
localization is precisely the congruence 7¢ generated by the Grothendieck topology 7. Equivalently,
by Proposition 6.8, we need to show that a monomorphism R < y(X) in PSh(C) is inverted by this
functor if and only if it is a covering sieve in C. But this is immediate from the choice of 7 on C: the
covering sieves in C are precisely those that are sent under «, to an effective epimorphismin 7. O

6.5.2 Postnikov-completeness

Definition 6.73. The Postnikov-completion of a presentable category C is defined as the limit
C = lim,, C<,,.

We say that C is Postnikov-complete if the canonical functor 7.: C — C. , X — (1,X), is an
equivalence.

Remark 6.74. The functor 7, admits a right adjoint lim,, C<,, — C given by sending a system (X},)
of n-truncated objects to their limit X = lim, X,,. We see:

* 7, is fully faithful if and only if the unit map X — lim,, 7, X is an isomorphism for all X € C,
i.e. every object is the limit of its Postnikov tower. Note that this is necessary but not sufficient
for 7, to be an equivalence.

* 7, is essentially surjective if and only if every system (X,) satisfying the compatibility
conditions arises as (1,,X) for some X € C.

Proposition 6.75. If T is a topos, then T isa topos. For any Postnikov-complete topos S, the
morphism of topoi T — T induces an equivalence

Geom(S,T) = Geom(S,T).
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Proof. It suffices to show that Tisa topos; the universal property then follows relatively easily.
Note that T is presentable, as a limit of presentable categories along colimit-preserving functors.
Consider an object X = (X},), € lim, T<,,. We then have a limit diagram

(lim, T<p)jx = =+ = T<ns) /x5 = T<n)ix, = -

We may compare this sequence

rel
n-1Tn

hm() — (T/Xn+|)Sn I (T/Xn)ﬁn—l’

where in the vertical direction we take the functors 7. Moreover, each of the commutative squares

admits a lift 7, : (T)x,,,)<n — (T<n)/x,,, and it follows that the two limits agree.

It thus remains to show that the assignment X,, — (7x, )<n—1 determines a limit-preserving functor
TP — Cat. This holds because (T/x)<n-1 = (Ty7,x)<n-1. It then follows that sending an object X

<n
to (lim, T<,);x = lim,(7)x, )<n—1 also preserves limits. O

Lemma 6.76. Every Postnikov-complete topos is hypercomplete.

Proof. Let f: X — Y be an co-connected map in 7. Since 7 is Postnikov-complete, the map f is
the limit of the maps 7,,X — 7,Y, so it suffices to show that each of these maps is an isomorphism.
The maps X — 7,X and Y — 7,Y are n-connected, and so is f: X — Y. By right cancellation,
it follows that 7,X — 7,Y is also n-connected. On the other hand, since 7,X and 7,Y are n-
truncated, the maps 7,X — = and 7,Y — =* are n-truncated. By left cancellation, it follows that
X — 1,7 is n-truncated as well. Thus 7,X — T7,,Y is both n-connected and n-truncated, hence an
isomorphism. O

Notation 6.77. We denote by ToposP*' C Topos™P C Topos the full subcategories of Postnikov-
complete and hypercomplete topoi. These two inclusions have right adjoints sending T to TP = T,
andT — T.

6.5.3 Bounded topoi

Definition 6.78. A topos T is called bounded it T — lim,, L, T. We write Toposb C Topos for the
full subcategory of bounded topoi.

Lemma 6.79. The functor L,,: Topos — Topos,, preserves (colimits and) filtered limits.

Proof. Given a filtered diagram of topoi T, then its limit is computed in Cat. We have to show that
the comparison map
L,(lim, T,) — lim, L, T,

is an equivalence. Since both sides are n-localic topoi, it will suffice to show that it induces an
equivalence on (n — 1)-truncated objects, i.e. that the map

L, (lim(t(Ta))Sn—] - lima(LnTa)Sn—l

is an equivalence. But this holds since (L, T)<,—-1 = T<,—1 forall T. m|
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Proposition 6.80. The functor L.: Topos — lim, Topos, is a localization with adjoints on both
sides.

o A topos T lies in the image of the left adjoint if and only if it is Postnikov complete.

o A topos T lies in the image of the right adjoint if and only if it is bounded.

Proof. The right adjoint to L, is given by sending (7},), to lim,7,. By the lemma, we have
L,,(lim,, T;) = lim, L,,T,, = T,,. This shows that this right adjoint is fully faithful, and that its
image consists precisely of the bounded topoi.

Claim 6.81. The functor L: Topos — Topos” admits a left adjoint given by T T.

This concludes the proof, as the functor T — LT is an iso on n-truncated objects, hence will also
become an isomorphism after completion.

To show the claim, let S be an arbitrary topos. We need to show that T — T induces an equivalence
Geom(f, S) = Geom(T, LS),

where LS := lim,, L,,S is the bounded reflection of S. We have

Geom(T, S) = Fun**°™ (S lim,, T<,) = lim, Fun'®~*"™ (S T_,) = lim,, Fun'®>"™(s_, T.,).

But the right-hand side is equivalent to lim,, Geom(7', L,,S) = Geom(7, lim,, L,,S) = Geom(T, LS),
which finishes the proof. O

We may summarize this in the following diagram:

ToposPo

~ Topos
=

Toposb

6.6 Dimension theory

Recall that a CW-complex is said to be of dimension n if its highest dimensional cell has dimension
n. We may say that an anima has dimension 7 if it can be represented by a CW-complex of dimension
n, but not by one of dimension n — 1. Perhaps surprisingly, the dimension of an anima X can be
intrinsically described in terms of its associated slice topos An/x, by giving a general definition of
the dimension of a topos. This also provides a convenient method to show Postnikov-completeness
of a topos: We will see that every topos of locally finite dimension is Postnikov-complete.

Definition 6.82. Let ¢: S — T be a morphism of topoi. We say that ¢ has dimension < d if for
every n, ¢ sends n-connected maps to (n — d)-connected maps.

We say that T’ has dimension < d if the unique topos morphism I' = Homyz(*,—): T — An has
dimension < d.
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Lemma 6.83. A topos T has dimension < d if and only if every (d — 1)-connected object of T has a
global section.

Proof. For the ‘only if’-direction, suppose T has dimension < d, and let X be a (d — 1)-connected
object. Then the unique map X — = is (d — 1)-connected. By the dimension condition, the induced
map I'(X) — I'(x) = = is (—1)-connected. A map to the terminal object being (—1)-connected
means the domain is non-empty, so I'(X) is non-empty, i.e. X has a global section.

For the ‘if’-direction, suppose every (d — 1)-connected object of T has a global section. We need
to show that for every n-connected map f: X — Y in 7, the induced map I'(f): ['(X) — I['(Y) is
(n — d)-connected.

Let us start by showing it is an effective epimorphism whenever f is (d — 1)-connected. An effective
epimorphism of animae is characterized by having non-empty fibers over every point. Given any
y: % — Y (i.e. any point y € I'(Y)), we need to show that the fiber is non-empty. The fiber over y is
given by

[(X) Xry) {y} = Homr(x, X xy %) = I'(X,),

where X, := X Xy = is the fiber of f over y. Since f is (d — 1)-connected, the fiber X, is a
(d — 1)-connected object. By our hypothesis, X, has a global section, so I'(X,) is non-empty,
showing that I"( f) is an effective epimorphism.

We will now inductively show that in fact I'(f): I'(X) — I['(Y) is (n — d)-connected whenever f is
n-connected. We already know it is an effective epimorphism, so by Theorem 3.20 it remains to show
thatits diagonal is (n—d—1)-connected. The diagonal identifies withI'(Af), where Ar: X — XXy X
is the diagonal of f. Since f is n-connected, the diagonal A ¢ is (n — 1)-connected, and so the claim
follows from the induction hypothesis. O

Definition 6.84. We say that a topos T is locally of dimension < d (resp. locally of finite dimension)
if it is generated under colimits by objects U such that the slice topos 7y has dimension < d (resp.
has some finite dimension).

Let us mention without proof some instances where we have bounds on the dimension.

Example 6.85. Let X € An, and assume that X is the image under Il.: Top — An of a d-
dimensional CW-complex. Thendim(An,x) < d. The same works if X comes from a d-dimensional
simplicial set under the localization functor sSet — An.

In fact, Wall showed that for d # 2 the converse also holds true: if dim(An,x) < d, then X admits a
d-dimensional CW-model. For d = 2, Wall showed that dim(An,x) < 2 if and only if X is a retract
of some Y which has a 2-dimensional CW-model. He also showed that in this case one can always
find a 3-dimensional CW-model for X. (Wall’s formulation used as a definition for dimension the
vanishing of cohomology with local coefficients. I believe Marc mentioned that this is equivalent to
dim(An/x) < d but I didn’t catch all details.)

Example 6.86. If C admits a terminal object 1, then PSh(C) has dimension < 0. Indeed, in this
case I'.: PSh(C) — Anis given by evaluation at 1. The condition then says that if F € PSh(C) is
(=1)-connected, i.e. if each ¥ (X) is non-empty for X € C, then ¥ admits a global section. This is
clear since Hompgp(c) (¥, F) — ¥ (*) is non-empty by assumption.
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Example 6.87. The presheaf category PSh(IN) on the poset of the natural numbers has dimension
<1.

Example 6.88. Let X be a paracompact Hausdorft space. We say that X has covering dimension < d
if every open covering is refined by one with empty (d+2)-fold intersections. Then dim Shv(X) < d.
This applies for example to every CW-complex of dimension < d.

Example 6.89. Let X be a spectral space of Krull dimension < d. Then Shv(X) has dimension < d.

Example 6.90. If X is a qcgs scheme, then

e dim(Xnis) < Krull dimension of X
e dim(Xc.gn) < Valuative dimension of X

Proposition 6.91. Let T be a topos.

(1) If T is locally of finite dimension, then for all X € T, the map X — lim, 1,X is an
isomorphism. In particular, T is hypercomplete.

(2) If T is locally of dimension < d for some d, then T is Postnikov-complete.

Proof. (1) By definition, T is generated under colimits by objects of finite dimension. To check that
X — lim, 7, X is an isomorphism, it suffices to apply Homy (U, —) where U € T is an object of
finite dimension, say dim(7};) < d. The transition map X — 7, X is n-connected. By definition of
finite dimension, the map Homy (U, X) — Hom7 (U, 1,X) is (n — d)-connected. But as n — oo,
also (n — d) — o0, so the induced map Homy (U, X) — lim,, Homy (U, 7,,X) is an isomorphism, as
desired.

(2) For Postnikov completeness, we already know that the functor T — Tis fully faithful (as the unit
of the adjunction is an isomorphism by (1)). It remains to show that it is also essentially surjective.
Consider (X,)nen € f, and let X := lim, X,,. We need to show that the map X — X,, induces an
isomorphism 7,(X) — X,,. (These maps form the counit maps of the adjunction.) Equivalently, we
must show that the map X — X, is n-connected for all n.

In order to do this, we will use our inductive characterization for n-connected maps. We will slightly
rewrite our condition as follows:

For all n, there exists some m > 0 such that X — X,,, is n-connected.

Note that this is clearly equivalent to the previous condition, since the map X, — 7,(X;,) = X,, is
always n-connected.

We will now consider the following more general condition. For a diagram X,: N°° — T, we
consider:
(%) The map X,,+1 — X, is n-connected for m > 0

We will show that this implies that the map X — X, is n-connected for m > 0. To see this, note
that the diagram X Xy, X also has property (*). Note that we have X = X xx X = lim, (X Xx, X).
By induction, it thus suffices to show that there exists some m such that X — X, is an effective
epimorphism. Let n be such that the map Xi+; — Xy is (d — 1)-connected for all k > n. By
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assumption on 7', there exists some effective epimorphism | |, Uy, — X,, with dim(7)y,) < d. By
pulling back, we may assume without loss of generality that dim(7)x,) < d. Now, in this case, the
map

Hom,x,, (X, Xn+k+1) — Homyx, (X5, Xntk)

is (—1)-connected for all k > 0. It follows inductively that the map idx, : X, — X, lifts to
X, — Xn+ for all k. By assembling all these sections, it follows that also the map X — X, admits
a section. In particular, it is an effective epimorphism. This finishes the proof. O

6.7 Coherence

We will now discuss the notion of coherent topoi. While this is a somewhat technical topic, it plays
an important role in topos theory, and also shows up prominently in algebraic geometry, so it seems
worth at least briefly discussing it. An alternative detailed treatment may be found in [BGH18,
Chapter 3].

6.7.1 An overview

Before diving into the technical details, let us provide an overview of the results of this section.

The main concept introduced in this section is that of coherent objects. For intuition, the example
to keep in mind is the coherent objects in An, which as we will see are precisely those animae X
such that all the homotopy groups 7; (X, x) are finite. We may think of coherence as some form of a
strong “finiteness” condition on a topos/object on a topos. For example, we will prove the following
compactness result below in Theorem 6.116:

Theorem (Compactness theorem). Let X € T be a coherent object. Then 7, X € T<,, is compact for
alln > —1.

Corollary 6.92. For a coherent object X € T, the functor Ab(T<g) — Ab* A — H*(X;A)
preserves filtered colimits.

This theorem can be thought of as the underlying reason for various compactness results in the
literature. For example, it is the reason that étale cohomology groups preserve filtered colimits: the
étale topos is coherent.

While the theorem says that all truncations of a coherent object X are compact, the object X itself
need not be compact! In particular, this notion of “finiteness” behaves quite differently from the
other usual notion of finiteness that we are used to from homotopy theory, namely the subcategory
An™ C An of finite animae, obtained from the point by closing up under pushouts and finite
coproducts.

There is another, quite unrelated, result that we will discuss, called the completeness theorem. In the
higher categorical setting this is due to Lurie, but it follows a classical result for classical topoi due
to Deligne.

Definition 6.93. A topos 7T is called locally coherent if every object X € T admits acover | |, Uy -
X by coherent objects.
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Theorem (Completeness theorem, see Theorem 6.120). Every locally coherent topos admits a
surjection! from a topos of the form An /s for some set? S.

Applying this result to an anima A, regarded as a topos by forming the slice An, 4, this recovers the
basic fact that there exists a surjection S -» A from a set S.

A generic way to apply this theorem is to reduce suitable types of statements in locally coherent
topoi to statements in sets/animae.

Example 6.94. If T is a hypercomplete locally coherent topos, we get a surjection An;g —» T, for
which the pullback functor is conservative.

Example 6.95. A Kan fibration in any hypercomplete topos is a “realization-fibration", i.e. pullback
along a Kan fibration commutes with geometric realizations: if X, — Z, is a Kan fibration and
Y, — Z, is arbitrary, we have

colim, X, Xz, ¥, — (colim, X,) Xcolim,, z, (colim, ¥},).

In the next couple of subsections, we will provide proper definitions and discuss the proofs of these
theorems. We start in Section 6.7.2 with the definition of n-coherent objects for all n, and prove
criteria for n-coherence. In Section 6.7.3 we define what it means for a site to be finitary, and show that
the hypercomplete locally coherent topoi are precisely the hypercompletions of sheaves on finitary
sites with pullbacks. In Section 6.7.4 we prove the compactness theorem and in Theorem 6.120 we
prove the completeness theorem.

6.7.2 Coherent objects

The notion of coherence is closely related to the notion of quasi-compact objects in a topos:

Definition 6.96. An object X € T is called quasi-compact if any cover | |; U; - X can be refined to
a finite cover, i.e. there is a finite subset J C I such that the map | |;c; U; — X is still an effective
epimorphism.

We say a topos T is quasi-compact if = € T is quasi-compact.

One problem with the notion of quasi-compactness is that it is not closed under the formation of
fiber products. We may think of the collection of coherent objects in a topos as the universal
approximation of the collection of quasi-compact objects by a collection of objects closed under
fiber products. As a first approximation, we may consider the following class of objects:

Definition 6.97. An object X € T is called quasi-separated if for any twomaps Y — X andZ — X
from quasi-compact objects Y and Z, also the fiber product ¥ Xx Z is quasi-compact.

The quasi-separatedness condition is very familiar for people working in algebraic geometry. How-
ever, it does not yet achieve our goal: there is in general no reason that quasi-separated objects are
closed under base change. Now, in principle one could iterate this condition, and consider objects X
such that the quasi-separated objects are closed under pullbacks, etcetera. However, what we would

I'The notion of “surjection” of topoi was defined in Remark 5.66.
ZRecall that by “set” we mean a O-truncated anima.
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like to argue here is that this is not the correct way to think about things. In fact, this notion of
quasi-separated objects is not really well-behaved in an arbitrary topos; one might argue it is some-
what of a “coincidence” that it works in algebraic geometry. For example, in algebraic geometry it
is true that Y Xy Z is quasi-compact for all Y, Z if and only if Ay is relatively quasi-compact, but
this fails to hold in an arbitrary topos; the “if”’-direction always holds, but the “only if”’-direction
fails: Ax being relatively quasi-compact is generally stronger. The reason this works in algebraic
geometry is that you can cover any scheme by affine schemes, which are both quasi-compact and
quasi-separated. After unwinding, you will find that the question reduces to the property that the
product of two gcqgs schemes over Spec(Z) is again qcqs. Note that this condition is precisely the
next one in the hierarchy we hinted at before. More generally, this fact about Ax being relatively
quasi-compact will hold in a topos 7' whenever the following conditions are satisfied:

* Every object in T is covered by qcqgs objects.

* The terminal object of T is ‘“2-coherent”, meaning that products of gcqs objects are again
qcgs.

Warning 6.98. The terminology on “coherence” can be somewhat confusing in the literature. For
example, in SGA the word “coherent” is used in the following three different ways:

* There is a notion for an object X € T to be coherent; it just means that it is qcgs;

* There is a notion for a morphism X — Y to be coherent. Confusingly, this is not equivalent
to the condition that the morphism X — Y is qcqs when regarded as an object in Tyy. Since
we would like to stick to the general convention that notions for maps are simply those for
the associated object in the slice topos, we will follow Lurie to refer to this other definition
by adding the adverb relatively, giving notions like “relatively quasi-compact” and “relatively

qcgs’.

* There is a notion for a topos to be coherent. This is the “correct” notion from the viewpoint of
general topos theory. Marc mentioned he finds it quite impressive that Grothendieck managed
to find the correct definition of coherence already so early on.

After all this preamble, let us now give a formal definition of coherent objects.

Definition 6.99. Let T be a topos. We will inductively define what it means for objects to be
n-coherent for all n > 0:

* We say that an object X € T is O-coherent if it is quasi-compact. (This is really a condition
on the slice topos 7x.)

* We say that T is locally n-coherent if any X € T has a cover by n-coherent objects.

* An object X € T is said to be n-coherent if T/ is (n — 1)-coherent, locally (n — 1)-coherent,
and for all maps ¥ — X « Z such that Y and Z are (n — 1)-coherent, the pullback Y xx Z is
(n — 1)-coherent.

* We say T is n-coherent if the terminal object is n-coherent.
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Example 6.100. A topos is 1-coherent if it is locally quasi-compact, and qcgs. A topos T is
2-coherent if and only if it is gcqs, locally qcgs, and for all qcqs X,Y € T also X X Y is qcgs.

Definition 6.101. We say that X € T is coherent if it is n-coherent for all n. We say T is coherent if
* € T is coherent and locally coherent if every object X € T admits a cover by coherent objects.

We denote the resulting subcategories of T by

T>-.-D Tn—coh ) T(n+1)—c0h S5...D ﬂ Tn—coh = Tcoh‘
n

Example 6.102. One can show that an anima X € An is n-coherent if and only if 7; (X, x) is finite
for all i < n; this can for example be proved using Proposition 6.107 below. Any anima is locally
coherent (as we may cover X by points, which are coherent.)

Example 6.103. Let X be a locale. Then we may speak of elements of the locale being quasi-
compact, which is equivalent to it being quasi-coherent in the associated sheaf topos Shv(X). The
topos Shv(X) is 1-coherent if and only if every element of the locale is a union of quasi-compact
elements, and the intersection of quasi-compact elements is again quasi-compact.

One can show that Shv(X) is 1-coherent if and only if it is coherent.

By the theorem from before, there is a surjection from a set, and it follows that the locale is spatial,
i.e. is the locale of open subsets of a topological space. Moreover, this is necessarily a spectral space.
Conversely, if X is a spectral space, then Shv(X) is coherent.

Definition 6.104. A map f: Y — X is called relatively n-coherent if for every Z — X with Z
n-coherent, also Z Xx Y is n-coherent.

Warning 6.105. This is not the same as the condition that f* € T)x is n-coherent.

Lemma 6.106. Let f: Y — X be a map and assume that X is (n + 1)-coherent. Then f is relatively
n-coherent if and only if Y is n-coherent.

Proposition 6.107. Let T be a topos, and suppose Ty C T is a full subcategory of n-coherent objects
such that every X € T is covered by objects of Ty. Then the following conditions hold:

e A morphism f:Y — X is relatively n-coherent if and only if for every map U — X with
U € Ty the pullback U Xx Y is n-coherent.

e An object X € T is (n + 1)-coherent if and only if X is quasi-compact and for every pair of
maps U — X «— V with U,V € Ty, the pullback U Xx V is n-coherent.

Corollary 6.108. A topos T is locally coherent if and only if there exists a full subcategory Ty C T
covering T which is closed under fiber products and such that every X € Ty is quasi-compact.

Proof. The “only if” is clear: if T is locally coherent, we may take Ty := T°°" the subcategory of
coherent objects, which by design are closed under fiber products.

Conversely, we inductively use the proposition to show that Ty C T"°" for all . In particular, Ty
consists of coherent objects. Since they cover T, we see that T is locally coherent by definition. O
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Remark 6.109. If T is not just locally coherent, but also coherent, then the collection of objects Ty
provided by the corollary may be assumed to contain the final object.

Proposition 6.110 (Coherence and connectivity). Consider a morphism f: X — Y.

(1) If X is n-coherent and f is (n — 1)-connected, then 'Y is n-coherent.
(2) IfY is n-coherent and f is n-connected, then X is n-coherent.

(3) IfY is n-coherent, f is (n — 2)-truncated, and X is (n — 1)-coherent, then X is n-coherent.

Proof. We omit the proof, as it is an easy unwinding of definitions using the criteria for coherence
and connectivity established before. O

Corollary 6.111. Consider the unique factorization of f: X — Y as
X > 1,1(X/Y)>Y

into an (n — 1)-connected map followed by an (n — 1)-truncated map. If X is n-coherent and Y is
m-coherent, then 1,_1(X/Y) is max(n, m)-coherent.

Proof. By Proposition 6.110(1), the object 1,—1(X/Y) is n-coherent, so we are done if n > m. If

m > n, we may inductively show that 7,,_1(X/Y) is (n + k)-coherent for all k = 0,...,m —n. If
we already know it is (n + k — 1)-coherent, then using that Y is m-coherent and 7,,_1(X/Y) — Y is
(n — 1)-truncated, we get by Proposition 6.110(3) that 7,,_; (X/Y) is (n + k)-coherent. O

Corollary 6.112. Let T be an n-localic topos. If T is (n+ 1)-coherent, then T is coherent and locally
coherent.

Proof. By assumption, every object X € T is covered by objects from T<,,—;. Let X € T<,,—;. By
assumption on 7, there exists an effective epimorphism | |; U; - X where each U; is n-coherent.
Because X is (n — 1)-truncated, this map descends to a map | |; 7,—1(U;) - X, which is still an

effective epimorphism. By Proposition 6.110(1), each 7,,_1 (U;) is again n-coherent. We conclude
Tn—coh

that every X € T is covered by objects from 77, 7"

Since T is (n + 1)-coherent, it follows that 77" is closed under finite limits. By Corollary 6.108,

<n-1
it follows that 7 is both coherent and locally coherent. O

Corollary 6.113. Assume that T is both bounded and coherent. Then T is locally coherent.

Proof. We need to show that every X € T is covered by coherent objects. Without loss of generality,
pick X € T<,. Asbefore, we may find a surjection | |; 7,,(U;) - X where each U; is (n+ 1)-coherent.
By Proposition 6.110(1) and (3), it follows that each t,,(U;) is coherent. O

6.7.3 Finitary sites

Definition 6.114. A Grothendieck topology 7 on a category C is called finitary if every T-covering
sieve contains a T-covering sieve which is generated by a finite number of morphisms in C.

Proposition 6.115.
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(1) If (C, 1) is a finitary Grothendieck site and C admits fiber products, then Shv.(C) is locally
coherent. If C also admits a terminal object, then Shv . (C) is also coherent.

(2) If T is hypercomplete and locally coherent, then there exists a finitary site (C,7) with fiber
products such that T ~ Shv.(C)™P. If T is also coherent, then we can choose C to have a
terminal object.

Proof. The first part follows from the fact that every object in Shv.(C) is covered by objects in the
image of the Yoneda functor. (If the Grothendieck topology 7 is subcanonical, then we can literally
apply the result from before. But if it is not, the proof still goes through. Really, the result works for
an arbitrary functor from some category; it does not need to be fully faithful.)

For (2),letu: C — T denote the inclusion. Since C is closed under fiber products, Proposition 2.43
shows that the left Kan extension
u: PSh(C) » T

is left exact. By definition of 7, all generating T-covering sieves are sent to effective epimorphisms
in T, so u, factors as
PSh(C) — Shv.(C) —» T.

On the other hand, Lemma 6.71 shows that the restriction functor T — PSh(C) is fully faithful.
Hence the induced functor T — Shv,(C) is also fully faithful, so the map Shv.(C) — T is a left
exact localization. By definition, all generating T-covering sieves are sent to effective epimorphisms
in T, hence this localization is epigenic. We conclude that T ~ Shv., (C)™P. O

6.7.4 Compactness of coherent objects

We will now show the compactness result for coherent objects mentioned before.

Theorem 6.116. If X € T is n-coherent, then Hom(X, —) : T;I:l_ — An preserves filtered colimits,

i.e. the object 1,,_1(X) € T<,—1 is compact.

1

Corollary 6.117. If T is locally n-coherent, then T<,_1 is compactly generated.
Warning 6.118. An object X being coherent does not imply that it is compact.

Remark 6.119. The property of coherence is analogous to the property of “almost perfect” in the
context of modules.

Proof of Theorem 6.116. By passing to slices, we may assume X = *. We prove the claim by
induction on n. For n = 0, the object X is quasi-compact. It then follows essentially from the
definition of quasi-compactness that Homz (X, -): T¢" | — An preserves filtered colimits.

Now consider a filtered category I and an object Y € Fun(/,T<,—1). We have to show that the
canonical comparison map

By : colim; Hom(X,Y;) — Hom(X, colim; ¥;)
is an isomorphism. We will show the following claim:

Claim: By is an effective epimorphism.
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Assuming this for a moment, we may conclude. Indeed, to show Sy is an isomorphism, it suffices to
show that it induces isomorphisms on Hom animae. Consider two points x, y € colim; Hom(X, ¥;).
We may lift them to some finite stage in /, and by replacing I by the slice under this object we may
assume this is an initial object O € I. So we have x,y: X — Yy. The map induced by Sy on Hom
animae takes the form

colim; {x} Xuomy (x,v;) {¥} = {x} XHom(xcolim; v;) {¥}-
But since the object {x} Xy {y} € Fun(I, T<,—>) now lands in (n — 2)-truncated objects, this is an
isomorphism by the induction hypothesis.

Let us now prove the claim. Given a map X — colim; ¥;, we need to show that it factors through
some finite stage ¥; — colim; ¥;. Since X is quasi-compact and locally (n — 1)-coherent, there is
an effective epimorphism U —» X where U is (n — 1)-coherent, satisfying the additional property
that the composite U - X — colim; ¥; factors through some Yy, where O € 1. (This uses that [ is
filtered.) Letting U, := Co(U — X) and Vie = C.(Yy — Y;), then the commutative diagram

U—Y)

U

X —— colim; Y;
induces a map on Cech nerves of the form

U, — colim; V;_,.

Since U is (n — 1)-coherent and X is n-coherent, each U, is (n — 1)-coherent.

By induction on m < n, we will show that the map sk,,,(U.) — colimy; sk,,(V; ) factors through
some sk, (V; ) — colim; sk,,(V; .), as semisimplicial objects. (Here sk,, denotes the m-skeleton.)
With m = n, we then get

Tn-1 |Skn(U-)| — Tn-1 (X)
and since Homy (X, Y;) = Homy (7,,—1(X), ¥;) we may conclude.

It suffices to show that for all m, the composite map
U — U[OA™] — V; o [0A™] — colim; V; o [0A™]

factors through some finite stage V; ,. But this will be an instance of the induction hypothesis.
Since each V; , is (n — 1)-truncated, the map V; ,, — V; o[0A™] is (n — m — 1)-truncated, and since
n—m—1 < n -2 we may apply the induction hypothesis in the slice topos T}y, [gam] With U,,,.

This finishes the proof. O
6.7.5 The completeness theorem

Recall that a morphism of logoi ¢: § — T is called surjective if it detects effective epimorphisms
(or equivalently if it detects co-connected maps). The goal of this section is to prove the following
theorem:
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Theorem 6.120 (Completeness theorem). If T is locally coherent, then there exists a surjection
S — T, where S = An’ for some (small) set 1.

Remark 6.121. For locales, this is exactly the result that says that coherent locales are spatial, i.e. the
locale is a spectral space. For locally coherent classical topoi (in the classical sense), this recovers
Deligne’s completeness theorem.

There are several steps in the proof of this theorem which are interesting. Here is an outline of the
proof:

(1) First, we reduce to the case where T is coherent. In this case, we saw that 7P =~ Shv, (C)™P,
where (C, 7) is a finitary site with finite limits.

(2) For every site (C, 1), there exists a surjection Shv,(D) — Shv.(C), where D is a poset.
(This is called the Diaconescu cover. It is highly non-canonical.)

(3) If L is a O-localic topos (i.e. a locale), then there exists a surjection Shv(A) — L where A is
a Boolean locale (i.e. a complete Boolean algebra).

(4) The locale Shv(A) is hypercomplete, so the functor Shv(A) — Lo Shv, (D) factors through
the hypercompletion (Lg Shv,,(D))™P = Shv,(D)MP.

(5) If (C, 1) is a finitary site with finite limits, then any map Shv(A) — Shv.(C) factors through
Shv(Spec(A)), where Spec(A) is the spectrum of A, seen as a commutative ring.

(6) For any topological space X, the topos Shv(X) is covered by [],cx An.
We illustrate the proof strategy with the following diagram:

ShV(SpeC(A)) <« HSpec(A) An
|

|

! I
! |
! I

Shv(A) @ - Shvp(D)hyp i i(6)
|
l | (5) -
3) Shv, (D) : Shv,(C)MPp
@) : -
¥ (1)
Lo Shv, (D) Shv.(C) Thyp,

Assuming all these claims, we may give a proof of the theorem. We first consider Shv,(C)™P — T,
reducing us to Shv,(C). Then we have some surjection Shv,(D) - Shv.(C), where D is a poset.
Consider the 0-localic reflection Lo Shv, (D). There is a surjection Shv(A) - Lo Shv,(D). Now,
since Shv(A) is hypercomplete, this surjection will factor through (L Shv,,(D))™P = Shv,(D)MP.
All in all, we obtain the composite

Shv(A) — (Shv,(D))™P — Shv, (D) - Shv,(C).
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This then factors through a map Shv(Spec(A)) - Shv.(C), which is surjective by cancellation prop-
erties. There is a covering []espec(a) An = Shv(Spec(A)), and since its source is hypercomplete,
the map to Shv(C) factors through Shv.(C)™P. All in all, we obtain the desired surjection

An - Shv,(C)WP =~ TP 5 T,
xeSpec(A)

In the remainder of this section, we will go through the details of this proof.

Boolean algebras

We recall some basic definitions regarding Boolean algebras.

Definition 6.122. A Boolean algebra A is a poset with finite joins x V y and meets x A y, where A
distributes over V, and where every x € A has a complement x€, i.e. an element satisfying x Ax¢ = L
andx Vx¢=T.

Proposition 6.123. Let A be a complete Boolean algebra. Then Shv(A) has dimension < 0. In
particular, it is Postnikov complete.

Proof. Suppose that X € Shv(A) is a (—1)-connected object with no global section. We will
construct by transfinite induction a functor Ord — A/x which is strictly increasing. This will give a
contradiction, finishing the proof.

Assume we have already constructed a functor ¢ : @ — A/x for some ordinal . We need to extend
ptoamap @ + 1 — A/x. Consider U := colimy<, ¢(1) € A;x. Since X does not have a global
section, U # T. Define U’ to be the complement of U, so that U’ # L. Since X is (—1)-connected,
we may write U’ = \/; U! with U] # L such that there is a map U] — X. Since U AU = 1, we
have X(U; AU) — X(U;) X X(U) # 0. This gives an extension of ¢ to & + 1. O

To construct the functor (2) in the above diagram, we use the following:

Proposition 6.124. For every 0-localic topos L, there exists a complete Boolean algebra A and a
surjection Shv(A) - L.

Proof. We have L = Shv(U) where U is some locale. We will show: for all u < v in U, there exists
a complete Boolean algebra A, ,, # 0 and a lex colimit-preserving functor [u,v] — A,,, (detecting
that u # v). Then A = U, ., Au,» Works.

The key claim is: if U # =, then there exists a left exact localization U — A # 0, where A is a
complete Boolean algebra. We take

A={uelU|u=u),

where u¢ = sup,,,,,—, v. Then A contains both L and T, so is non-trivial. m|
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The Diaconescu cover

Proposition 6.125 (Diaconescu cover). Let C be a category with topology 1. Then there exists a
surjection Shv,(D) - Shv(C), where D is a poset.

We will prove this below. First, we state a corollary:

Corollary 6.126. Let T be any topos. Then there exists a surjection Shv(A) - T, where A is a
complete Boolean algebra.

Proof. We may write TP ~ Shv,(C)™P for some C. In light of the surjection T™P — T, we may
assume 7 = Shv,(C)™P. By Proposition 6.125, there is a surjection Shv,(D) - Shv.(C), which
induces a surjection Shv,,(D)™P —» Shv,(C)™P. Consider now the 0-localic reflection Lo Shv, (D)
of this sheaf category. By Proposition 6.124, this receives a surjection Shv(A) - Lo Shv,(D).
Since Shv(A) is hypercomplete, this functor factors through the hypercompletion (Lg Shvp(D))hYP,
which is equivalent to Sth(D)hyp by Lemma 6.72. It follows that the resulting functor Shv(A) —»
Sth(D)hyp is surjective. All in all, we obtain surjections

Shv(A) = (Shv,(D))™P —» Shv, (C)MP ~ TP T
as desired. O

Proof of Proposition 6.125. We claim that there exists a poset D with a functor f: D — C, such
that:

(1) f is surjective on objects;
(2) for all x € D, the induced functor D, — C;z(x) is surjective.
To this end, let C be a simplicial set whose associated complete Segal anima is C. Define a poset P

as follows:
P={(n,0) |neN,o: A" — CP},

where (n,0) < (n’,0”’) ifand only if n < n” and o = 0’| (0.1.....y. We may define a functor N(P) —
C°P, which sends a sequence (ng, o) < - - - < (ng, o%) to the composite A L0l A ZK, Bop,

By passing to realizations, this gives a functor
D :=P%® = C.

We prove that this satisfies (1) and (2). Surjectivity is clear. For stability under slices, consider
P(u,o)) = (C°P) g (n)/, and consider & € (CP) 4 (p),. This looks like

0'(0)—>---—>0'(n)1>C.

From now on, we use that we have f satisfying (1) and (2). We define a topology p on D as follows:
asieve R < y(x) is declared to be in p if for every a: x" — x in D, the sieve f(a*(R)) is a T-cover
of f(x)inC.
Claim: The composite

PSh(C) L5 PSh(D) — Shv, (D)
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factors through Shv.(C). To see this, let R < y(c) be a T-covering sieve. We then have to
show that the map f*(R) — [f*(y(c)) is p-effective epi. We may check this after pullback to any
representable in D, so for a map y(d) — f*(y(c)) consider the pullback

§ —— y(d)

l l

f*(R) — f*(y(c)).

We need to show that S < y(d) is a p-covering, or equivalently that f(S) 7-covers f(d). Consider
now the following square:

[i(S) —— fily(d)) = y(f(d))

l le

R ——— y(o).

The pullback ¢*(R) — y(f(d)) is a T-sieve, and the top map factors through a map f,(S) — ¢*(R).
It thus remains to show that this map is an effective epimorphism. But given any element of ¢*(R),
assumption (2) guarantees that it is f applied to some element of d, but then by definition of §
as a pullback square it is in fact an element of S. This finishes the construction of the functor
L,f*: Shv(C) — Shv,(D).

We now have to show that the functor L, f*: Shv.(C) — Shv, (D) detects effective epimorphisms.
Let X — Y be a morphism in Shv.(C) such that L, f*(X — Y) is an effective epimorphism. We
need to show X — 7Y itself is effective epi. We may check this locally on C: we need to show
that for all y(¢) — Y, the map X Xy y(c) — y(c) is a 7-covering. By assumption (1), we may
assume ¢ = f(d) for some d, hence Y(c) = f*(Y)(d). Since f*(X) — f*(Y) is a p-effective
epi by assumption, for the map y(d) — f*(Y), there exists a p-covering y(d;) — y(d) such that
y(d;) — f*(Y) lifts to y(d;) — f*(X). But then the map f(d;) — f(d) = c is a T-covering (by
definition of p) which refines X Xy y(c¢) — y(c). This finishes the proof. O

Factorization through the spectrum

Now, let A be a complete Boolean algebra. Then Spec(A) is a O-dimensional spectral space. By
some abstract theory we will treat as a black-box, there is an inclusion

u: A — Open(Spec(A)),

which is the inclusion of the quasi-compact open (=clopen) subsets. This inclusion admits a left
exact left adjoint
v: Open(Spec(A)) — A,

which is given by sending U to \/,,(4)cy 4. (This is the smallest quasi-compact open containing U,
a phrase that rarely makes sense in other contexts, but does make sense in this context.) This results
in a left exact localization

¢«: Shv(A) 2 Shv(Spec(A)) : ¢7,

where ¢* is the left Kan extension along v, while ¢, is left Kan extension along u, or equivalently
precomposition with v. Note that ¢, is fully faithful.
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Lemma 6.127. For every effective epimorphism | |;_, Y; — X in Shv(A), the map | |I_, ¢.(Y;) —
¢+« (X) is an effective epimorphism in Shv(Spec(A)).

Proof. The category Shv(Spec(A)) is generated under colimits by the image of u: as Spec(A) is a
spectral space, it is generated by the quasi-compact opens. Since we have

0. (Y3) X, (X) u(d) = @.(Y; Xx ),
we may assume that X = 1 € A. Now, consider the epi-mono factorization
u;
Yi - /li — A.

Note that the map A; < A is representable, because any subobject of a representable is representable
(since A is precisely the subobjects of the terminal sheaf).

Since A/, has dimension at most 0, the map u; has a section s;. So, we then have the composite

\:I u(d;) ﬂ \:I 0. (Y;) = u(),
i=1

i=1

which is an effective epimorphism in Shv(Spec(A)), because u preserves finite joins. But then it
follows that also the second map is an effective epimorphism. O

Proof of the completeness theorem
We can now finally deduce the proof of the main result.

Proof of Theorem 6.120. Let (C, 1) be a finitary site with finite limits. We have previously estab-
lished that there exists a complete Boolean algebra A and a surjection Shv(A) —-» Shv,(C). We
claim that this factors as follows:

Shv(A) 25 Shv(Spec(A)) — Shv.(C).

Since C has finite limits, the given morphism of topoi Shv(A) — Shv,(C) corresponds to a
morphism of logoi Shv,(C) — Shv(A), which is obtained by left Kan extending some left exact
functor C — Shv(A). We may then consider the following composite:

C — Shv(A) 25 Shv(Spec(A)).

This is still left exact, and since ¢, preserves epimorphisms by Lemma 6.127, this gives a morphism
of topoi Shv(Spec(A)) — Shv.(C). Moreover, since the composite Shv(A) £, Shv(Spec(A)) £,
Shv(A) is an identity (by fully faithfulness of ¢.), this restricts to the original Shv(A) — Shv.(C).
This finishes the proof. O

6.7.6 Makkai completeness

For every locally coherent topos, we saw that there exists a surjection | |g * - T. While the category
Topos of topoi is not strictly speaking a topos itself, it in many ways behaves like one, so we may
ask whether T can be recovered somehow from this map, similar to how one would usually form the
Cech nerve.
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Question 6.128. Can we recover T from its category of points?

The answer is yes, but only if we remember enough structure on the category Pt(7T). (Just remem-
bering Pt(T) itself is not going to work.) This is the classical completeness theorem of Makkai,
generalized to higher topoi by Lurie. We may think of Pt(7) as the category of “models for our
theory”, e.g. if T is the theory of local rings, then Pt(7T') is the category of local rings. So this is the
sense in which this is a completeness theorem: it says we can recover a theory from the models of
that theory.

Definition 6.129. An ultracategory is a category with ultraproducts, i.e., for every ultrafilter ¢ on
a set I, we are given a functor
PY.cl > .

In more detail, let Stone™® denote the category of the Stone—Cech compactifications of sets. Then
the category Cat®!"™ of ultracategories is defined as a subcategory of LaxFun((Stone™¢)°P, Cat)
spanned by those lax functors F such that:

* We have F(BI) = []; F(»).

* Given two morphisms f: I — BJ and g: BJ — BK, if f is induced from some I — J, then
frogh=(gof)".

Theorem 6.130 (Makkai completeness). The 2-functor Topos®™’ — Cat"!" T s Pt(T), is fully
faithful.

Remark 6.131. There is a pullback square

CondAn ——3 Cat"ltr

| l

An —— > Cat.

Note how for An any lax functor is automatically strict.

6.8 Pretopoi

Pretopoi are a finitary version of topoi. There are several ways to interpret this slogan.

Definition 6.132. A category C is a local pretopos if the following conditions are satisfied:

(1) C admits fiber products;
(2) C admits finite coproducts, and they are van Kampen;

(3) C admits colimits of groupoid objects, which are effective and universal (or equivalently van
Kampen).

A pretopos is a local pretopos with a final object.
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Remark 6.133. In a local pretopos, we have the factorization system (effective epi, mono). Also
the factorization system (n-connected, n-truncated) exists, but this is less obvious. It amounts to
showing that n-truncation exists.

Definition 6.134. Let C be a local pretopos. The effective epi topology on C is defined as follows:
a sieve on X € C is declared to be a covering sieve if it contains a finife family (¥; — X); such that
the map | |; ¥; — X is an effective epimorphism.

If C is small, we obtain a topos Shv(C) with respect to this topology.

Proposition 6.135. If T is a topos, then T is a local pretopos. In particular, if T is coherent, then
TN is a pretopos.

Proof. Since T satisfies conditions (1)—(3), it suffices to show that 7°°" is closed under the following
operations:

* Fiber products: this is clear from the definition of coherent objects;

* Finite coproducts: this follows by induction, reducing to the definition of quasi-compact
objects;

* Colimits of groupoids: follows from descent property of coherence: given a groupoid X, with
colimit X, we may consider the pullback square

X1 — Xo

Lo

Xo — X.

Since Xy, X; are coherent and Xy - X is an effective epi, it follows from the properties of
coherent objects we discussed that X is also coherent. O

Definition 6.136. A prelogos is just a pretopos. A morphism of prelogoi from S to T is a functor
f*: § — T which preserves finite limits, finite coproducts, and colimits of groupoids. This defines
a category LogosP™ of prelogoi. The category of pretopoi is defined as ToposP™ := (LogosP™)°P.

Definition 6.137. We denote by Topos*® C Topos the non-full subcategory spanned by the coherent
topoi and the coherent morphisms: those morphisms of topoi f: T — S such that f*: § — T
preserves coherent objects.

There are functors
Topos®" — ToposP™, T +— T°"

and
ToposP™ — Topos®™, C — Shv(C).

Definition 6.138. A pretopos C is called bounded if it is small and every X € C is truncated.

A pretopos C is hypercomplete if the following conditions are satisfied:

* It admits colimits of Kan simplicial objects;
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e If X, — X is a trivial Kan fibration, then | X,| ~ X.
Theorem 6.139. There are equivalences

Topos®M? =~ ToposP™?, T +— TN C +— Shv(C)

<00

and
Toposcoh,loc coh,hyp Topospre,hyp’ T = Tcoh’ C— ShV(C)hyp.

6.9 Compactly assembled categories and exponentiability

In this section we characterize the exponentiable topoi, i.e. those topoi T for which the exponential
ST exists for all topoi S. The answer is provided by the notion of compactly assembled categories: a
topos is exponentiable if and only if it is compactly assembled as a presentable category. We begin by
studying finitary functors as an auxiliary notion, then introduce compactly assembled categories and
establish their connection to classifying topoi, before proving the characterization of exponentiable
topoi.

We write Fun®(C,T) € Fun(C, T) for the full subcategory of k-filtered-colimit-preserving functors.

Proposition 6.140. Let C be an accessible category with k-filtered colimits, let T be a topos. Then
Fun®(C,T) is a topos.

Proof. We may write C = Ind,(Cy) for some small category Cy, and some regular cardinal 2 > «.
It then follows that
Fun®(C,T) € Fun*(C,T) =~ Fun(Cy,T).

Note that Fun(Cy, T') is a topos. Moreover, Fun“(C, T) is closed under colimits and finite limits. It
remains to show that Fun“(C, T) is accessible. We will do this by cutting it out of Fun(Cy, T') by
imposing a small set of conditions.

Note that a functor F € Fun!(C, T) preserves k-filtered colimits if and only if F preserves colimits
indexed by «-filtered posets. Using 4 > «, we may write every «-filtered poset as a A-filtered colimit
of A-small «-filtered colimits, so the condition is equivalent to F preserving A-small «-filtered
colimits.

Now, let A be a A-small poset. Since C is accessible and A is small, the functor category Fun(A, C)
is again accessible, hence there exists a set of functors @: A — C that generates Fun(A, C) under
k-filtered colimits for some large «” > A, hence in particular under A-filtered colimits. We then have
a pullback square

Fun*(C,T) —— Fun‘(C,T)

l |

Mo T —2— [1, AK(T),

where the right vertical functor sends F to the collection of maps (colimy F o @ — F(colimy @)).
This finishes the proof. O

Remark 6.141. The category Fun“(C,T) has a universal property: for every topos S, there is a
natural equivalence
Geom(Fun”“(C,T), S) = Fun(C, Geom(T, S)).

138



Both sides are naturally a full subcategory of Fun(C X §,T), and one can check that in both cases
we precisely get those functors C X § — T that preserve «-filtered colimits in the left variable, and
preserve finite limits and colimits in the second variable.

Corollary 6.142. The functor Pt: Topos — Cat*“* admits a (2-categorical) left adjoint

Cat**“* — Topos, C +— Fun“(C, An).

We now introduce the central notion of this section. A category is called compactly assembled if it
satisfies certain retract conditions with respect to ind-categories. The following proposition provides
three equivalent characterizations.

Proposition 6.143. Ler C be a category with filtered colimits. Then the following are equivalent:

(1) There exists a small category Cy such that C is a retract of Ind(Cyp) in Cat® (the category of
categories with filtered colimits).

(2) There exists a small category Cy such that there exists an adjunction C 2 Ind(Cyp) in Cat®
such that C — Ind(Cy) is fully faithful.

(3) C is accessible, and the “colimit functor” colim: Ind(C) — C (defined as the left adjoint to
y: C — Ind(C)) admits a further left adjoint y’: C — Ind(C).

Definition 6.144. A category satisfying the equivalent conditions of Proposition 6.143 is called
compactly assembled.

Proof of Proposition 6.143. Note that (2) clearly implies (1), since the unit of the adjunction exhibits
the map Ind(Cy) — C as aretraction of C < Ind(Cy).

For 3) = (2), we write Ind(C) = [, ., Ind(C?%), where C is k-accessible. Since C¥ is small,
we have y’(C¥) C Ind(C?) for some A. Since C is generated under colimits by C¥ and y” preserves
colimits, this implies that y’(C) C Ind(C#). But then the functor y’: C — Ind(C?) is a left adjoint
to colim: Ind(C*) — C, giving (2).

Finally, we prove that (1) = (3). The assumption gives us functors
C 5 Ind(Cy) > C

satisfying vu = idc. We may now consider the idempotent uv: Ind(Cp) — Ind(Cp). We may then
write
C =lim( - - - Ind(Cp) —> Ind(Cy) —> Ind(Cy)),

and in particular C is a limit of accessible categories, hence itself accessible. Consider the following
diagram
Ind(C) —“ Ind(Ind(Cy)) ——> Ind(C)
\Lcolim \Lcolim \Lcolim
c —% % Tnd(c,)) —>—— C.
The middle vertical map admits a left adjoint y": Ind(Cp) < Ind(Ind(Cy)).

Now, we show that the left adjoint y': C < Ind(C) exists. We may do this pointwise, so con-
sider some X € C. The map Hom(X,colim(-)) is a retract of the representable copresheaf
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Hom(9y'u(X),—) in Fun(Ind(C), An). Since Ind(C) is idempotent complete, this means that
Hom(X, colim(—)) is representable. Hence there exists some y’(X) € Ind(C), which then provides
the desired left adjoint object to X. O

Corollary 6.145. Let C be a presentable category. Then C is compactly assembled if and only if it
is a retract in Pr* of a compactly generated category.

The key property of compactly assembled categories is that they admit classifying topoi for sheaves
valued in them. We establish this through an equivalence relating functors out of Fun® (C, An) to
functors from C°P.

Proposition 6.146. Let C be compactly assembled, and let D be presentable. Then there is an
equivalence
Fun®(Fun® (C, An), D) = Fun,,(C, D),

where the RHS means those functors that preserve cofiltered limits.

Proof sketch. If C = Ind(Cy) is compactly generated, we have Fun®(C, An) = Fun(Cy, An) =
PSh(Cgp ), whereas Fun,, (C°P, D) = Fun(C.’, D). We would like to say: the claim now follows as
every C is a retract of a compactly generated one. However, for this reasoning to work, we need to
find a way to write down the comparison map for the compactly generated case in a way that does
not rely on picking an identification C = Ind(Cy).

To this end, consider the category
Fun®(C, An) := Fun®(C, An) U Fun"P(C, An) C Fun(C, An).
Consider a functor F: Fun*(C, An) — D. Then, if C = Ind(C)), one can show that:

rep

* Fis left Kan extended from Fun'P if and only if F|p,,« preserves colimits.

* F isright Kan extended from Fun® if and only if F|gy,er preserves cofiltered limits.
Using the adjunction C 2 Ind(Cp), we then deduce that the following are equivalent:

 F is left Kan extended from Fun™P and F|g, e preserves cofiltered limits.

* F isright Kan extended from Fun® and F|py,« preserves colimits.

It follows that both sides Fun™(Fun® (C, An), D) and Fun,, (C°, D) agree with the full subcategory
of Fun(Fun* (C, An), D) satisfying these two equivalent conditions. m|

Corollary 6.147. Let T be a topos and C a presentable category which is compactly assembled.
Then the equivalence
Fun®(Fun®(C, An), T) =~ Fun,,(C,T)

restricts to an equivalence

Funy ogos (Fun® (C, An), T) = Fun®(C*, T).
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Remark 6.148. Recall that the category Fun®(C,T) is the Lurie tensor product C ® T in Prt,
which in turn may be written as Fun®(7°P, C). This category is also known as the category of
C-valued sheaves on T. If one is a bit more careful about the functoriality of this equivalence in 7',
then we see: the topos Fun® (C, An) is the classifying topos for C-valued sheaves.

We have thus shown that if C is compactly assembled, then a classifying topos for C-valued sheaves
exists. It turns out that the converse is also true:

Proposition 6.149. Let C be a presentable category. Then a classifying topos for C-valued sheaves
exists if and only if C is compactly assembled.

Proof. It remains to show the “only if” part. Let E be such a classifying topos, and write it as a left
exact localization i.: E < PSh(D) of a presheaf category. This induces a geometric morphism
i: Shve(E) < Shve(PSh(D)). Let Fyniy € Shve (E) be the universal C-valued sheaf on E. By
universality, there exists a morphism of topoi f: PSh(D) — E satisfying i.(F) = f*(F). By fully
faithfulness of i, we have F = i*i,(F) = i*f*(F) = (f oi)*(F). By universality again, it follows
that f oi = idg. In particular, E is a retract of PSh(D) in Topos. By applying Pt(-), it then follows
that C = Shve(An) = Fun®(An, E) is a retract of Pt(PSh(D)) = FunTgpos (An, PSh(D)) in Cat®,
proving the claim. O

Remark 6.150. Let C be acompactly assembled category. Then there is an equivalence Pt(Fun® (C, An)) =~
C, where X € C corresponds to the evaluation functor evy: Fun®(C, An) — An.

Lemma 6.151. The functor Cat®® — Topos given by C +— Fun® (C, An) is a fully faithful 2-functor.

Proof. By Corollary 6.142, the functor Pt: Topos — Cat**““ admits a left adjoint given by C
Fun®(C, An). The unit of this adjunction provides a map C — Pt(Fun®(C, An)), which by
Remark 6.150 is an equivalence when C is compactly assembled. Therefore the restriction of this
adjunction to Cat® exhibits Cat®® — Topos as fully faithful. o

Having established that compactly assembled categories have classifying topoi, we now turn to the
main application: characterizing exponentiable topoi. Recall that the exponential S in Topos, if it
exists, represents the functor U + Homrypes (U ® T, S).

Let S and T be topoi. If the exponential (internal hom) in Topos exists, it will be denoted S”. In
other words, this is a topos S7 equipped with a morphism of topoi ST ® T — S which induces an
equivalence

Homopos(U, S7) = Homrepos(U ® T, S).

Observation 6.152. If S7 exists, it is automatically a 2-categorical exponential: for every topos U,
we have another topos Ar(U), and we have

Homcy ([1], Geom(U, ST)) = Homropos(Ar(U), ST)
= Homrypos (Ar(U) ® T, S)
= HomTgpos (Ar(U ® T), S)
= Homcy ([1], Geom(U ® T, §)).

Remark 6.153. We have Pt(S7) ~ Geom(7, S).
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Definition 6.154. We say that a topos T is exponentiable if ST exists for all S.

Theorem 6.155. A topos T is exponentiable if and only if it is compactly assembled.

Proof. Forthe “only if”’ direction, assume that T is exponentiable. To show itis compactly assembled,
consider some compactly assembled category C and consider S := Fun®(C, An). By assumption,
the exponential ST exists. Moreover, we have

Geom(U, ST) = Geom(U ® T, S) = Shvec (U ® T) = Shveer(U).

In particular, taking C = An, we see that ST classifies T-valued sheaves. By Proposition 6.149, it
follows that 7" is compactly assembled.

For the “if” direction, assume 7 is compactly assembled. We need to show that ST exists for every
topos S. We may write S as a pullback in Topos of a square of the form

S——B
Lol
A— C,

where A, B and C are presheaf categories on categories with finite limits. (Write S as the localization
of apresheaf category, and then we may write a localization as a pullback by using the arrow category.)

Hence we may assume that S = PSh(D), where D has finite limits. Hence we get
S = PSh(D) = Fun®(Ind(D°?), An).

Setting C := Ind(D°P), we see that an exponential S7, if it exists, is a classifying topos for (C ® T)-
valued sheaves. Since C®T is compactly assembled, Proposition 6.149 implies that such a classifying
topos exists. O

6.10 Topoi of parametrized objects

We introduce the category f A, C of An-parametrized objects of a category C and discuss under what
conditions on C this is a topos. This is closely related to categories that look like “categories of
co-connected objects in a topos”. This material may also be found in [Hoy19b]. It is best treated as
mostly a curiosity. The material will not be used anywhere else, and readers may wish to skip this
section.

6.10.1 Categories of An-parametrized objects

Definition 6.156. Let C be a category, not necessarily small. We define the functor 7: fAn C — An
as the cartesian unstraightening of the functor

Fun(-, C): An®’? — Cat, A — Fun(A, C).

We refer to fAn C as the category of An-parametrized objects of C. Note that an object of fAn Cisa
pair (A, X), where A € An is an anima and X: A — C is an A-indexed family of objects of C. A
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morphism (A, X) — (B,Y) consists of a morphism of animae f: A — B and amap X — f*Y in
Fun(A, C), where f*Y :=Y o f: A — C.

The fiber of fAn C over A € Anis Fun(A, C). By taking A = %, we in particular obtain an inclusion
C— An C. Note that this is fully faithful, since {*} < An is fully faithful.

While we gave an explicit construction of fAn C, we will show next that it can also be characterized
via the following two universal properties:

(a) For arbitrary C, the category fAn C is obtained from C by freely adding anima-indexed colimits;

(b) If C admits weakly contractible colimits, then /An C admits all small colimits, the inclusion
C— fAn C preserves weakly contractible colimits, and fAn C is the free category with a functor
from C satisfying these two properties.

We start with property (a), which is relatively straightforward to prove.

Lemma 6.157. The category /An C admits anima-indexed colimits, and the functor /An C —> An
preserves anima-indexed colimits.

Proof. Consider a functor F = (Al, Xe): [ — /An C for which we wish to construct a colimit, where
[ is an anima. Consider the colimit A := colim;<y A; of the underlying animae, thus extending A, to
a colimit cocone A, : I — An. Denote by f;: A; — A the maps in the colimit cocone. The diagram
F is a lift of A,: I — An, corresponding to a section of the cartesian fibration I X, fAn C -1
Since [ is an anima, this section is automatically a cartesian section, and it thus defines an object of
the category

Ffm(len/ C—1) =~ limjeop Fun(A;,C) =~ Fun(colim; A;,C) =~ Fun(A4,C).
An

This defines an object X € Fun(A, C), hence an object (A, X) € /An C. Applying a similar reasoning

>

to the diagram A, : I — An, we see that

e XAH/ C—1TI) = limj)r Fun(4;,C) = Fun(A, C),
An

so that the object X gives rise to a cartesian section (As, X.): I° — An C lifting A,, which
essentially by construction extends X,. We will show that this is a colimit cocone in /An C, which
simultaneously establishes both claims of the lemma.

To this end, consider another object (B,Y) € fAn C. We need to show that top map in the following
commutative diagram is an equivalence:

Hom/AnC((A’ X)? (B7 Y)) — limielop Hom/AnC((Ai, Xi)’ (B, Y))

nl ln

Homa, (A, B) — > lim;e o0 Homa, (A;, B).

The bottom map in this diagram is an equivalence by definition of A as a colimit. Therefore, it
suffices to check that the square induces equivalences on vertical fibers over every map of animae
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f:A— B. Letting fi: A; = A L B denote the composite maps for all 7, this map on fibers takes
the following form:

Homgyn(a,c) (X, f7Y) — lim;e oo Hompyn(a,,c) (Xi, fiY).

But this map is an isomorphism, since the pullback functors along the maps A; — A induce an
equivalence Fun(A, C) = lim;cjor Fun(A4;, C), and the restriction of X to A; is X; by construction.
This finishes the proof. O

Lemma 6.158. Let D be a category admitting anima-indexed colimits. Then the inclusion D —
/An D admits a left adjoint colim: fAn D — D, given on objects by sending (A, X) to colimgeca X,,.

Proof. Since left adjoints may be constructed objectwise, it will suffice to show that for every ¥ € D
there is a natural equivalence

Hom ,((A,X), (x.Y)) = Homp (colimgea X4, Y).

But this is clear: since there is a unique map A — = in An, the left-hand side simplifies to
Homgyn(a,p) (X, consty), which by the very definition of colimits in D is also the right-hand
side. O

Lemma 6.159. Let Cat™™ '™ denote the subcategory of Cat consisting of the categories with
anima-indexed colimits and functors preserving anima-indexed colimits. Then the construction
C— fAn C defines a left adjoint to the inclusion Cat™ ™ < Cat, with unit and counit given by
the functors

i:C— C and colim: D — D,
An An

respectively.

Proof. We check that the two triangle identities are satisfied. The first one takes the form

D%/;A

N\

This commutes via the counit map colim oi — idp, which is an isomorphism as i is fully faithful.
The second triangle identity amounts to the claim that for every object (A, X) € /An C, the canonical
map colimgea({a}, X,) — (A, X) in fAn C is an isomorphism, which as observed before is an
immediate consequence of the computation of colimits in /An C. O

n

D
olim

c
D.

We may now deduce the first claimed universal property of An C:

Proposition 6.160. Let C and D be categories and assume that D admits anima-indexed colimits.
Then restriction along i: C — fAn C induces an equivalence

FunAn—co]im( C,D) = Fun(C, D).
An
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Proof. By the Yoneda lemma, we may check this after applying Homcy (E, —) for all E € Cat.
Observe that Fun(E, D) still admits anima-indexed colimits, which are computed pointwise in D.
Under currying-uncurrying, the map in question then translates to the map

HomCatAn—colim( C, Fun(E, D)) — HomCat(C, Fun(E, D))
An

given by restriction along i: C <— fAn C. This is an isomorphism by the adjunction from the
previous lemma. O

We now move on to the second universal property of fAn C, which is more subtle; I believe Marc
said that he hasn’t seen this in the literature before. For the proof, we will make use of the category
PSh(C) of small presheaves on C, i.e. the full subcategory of PSh(C) generated by the representable
presheaves under small colimits. The inclusion C < PSh(C) is the universal functor from C into
a category with small colimits. (Recall that PSh(C) = PSh(C) whenever C is small, but not for
arbitrary C.) The small presheaves may be characterized as those ¥ for which the category of
elements EI(7) = C;# € PSh(C),# admits a final functor from a small category.

Proposition 6.161. Ler C be a category admitting small weakly contractible colimits.

(1) The inclusion C — f '\ C preserves weakly contractible colimits.
(2) The inclusion C — fAn C uniquely extends to a left adjoint L: PSh(C) — fAn C;

(3) The right adjoint R: fAnC < PSh(C) is fully faithful, exhibiting /AnC as a Bousfield
localization of PSh(C). In particular, An C admits small colimits.

(4) For a category D with small colimits, a colimit-preserving functor F: PSh(C) — D inverts
L-local maps if and only if its restriction C — D preserves weakly contractible colimits.

Proof. (1) Consider a functor X, : I — C, where [ is weakly contractible, and set X := colim;¢; X;.
We have to show that the colimit of this diagram in fAn C is (*,x). This amounts to the claim that
for every object (B,Y) € fAn C, the canonical map

Homﬁ\nc((*, X), (B,Y)) — lim;cjop Hom/AnC((*’Xi)’ (B,Y))

is an isomorphism. Since this map lives over Homa,(*, B) = B, it suffices to show that the
induced map on fibers over each b € B is an isomorphism. But this map on fibers is the map
Hom¢ (X, Y,) — lim;e oo Home (X5, Y3 ), which is an isomorphism by construction of X.

(2) We will show that the left Kan extension of the inclusion C < /An C along the Yoneda embedding
C — PSh(C) exists. Given a small presheaf 7, the pointwise formula for left Kan extensions tells
us that it suffices to show that in /An C we may form the colimit of the functor

f
ENF) = Cjy > C s [ C.
An

By assumption on ¥, the category E1(#) comes with a final functor / — EI(¥) from some small
category /. It will thus suffice to show that for any small category I and any functor X : I — C the
colimit of I — /An C exists. We do this in two steps:
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* Consider the map p: I — |I] to the geometric realization of 7. We will show that the Kan
extension of X along p exists in /An C. Since p is a cofinal functor, its relative slices are
weakly contractible by Quillen’s Theorem A. By part (1), this means that the Kan extension
of X along p exists in C, and that it is preserved by the inclusion C <— fAn C.

¢ The colimit colim; X; in fAn C is now computed as the colimit of the left Kan extension
pyX: 1| — /An C, which exists since |/| is an anima and we established the existence of
anima-indexed colimits in Lemma 6.157.

By general nonsense, it follows that the left Kan extension L: PSh(C) — fAn C preserves all
colimits. A right adjoint R to L is given explicitly as follows:

R: / C—>PSh(C),  R((A,X))(Y) = Hom| ((Y),(4,X)).
An n

The functor 7: An C — An induces a map HomfA c((,Y), (A, X)) — Homp,(x, A) = A, whose
fiber over a € A is Hom¢ (Y, X,;), so we obtain isoﬁlorphisms

R((A, X))(Y) = colimyea Home (Y, X,) = colimgea y(X,)(Y).

In particular, we see that R((A, X)) = colimgea y(X,) is a small colimit of representables, so that
it is indeed contained in PSh(C).

(3) To show that R is fully faithful, we must show that for every object (A, X) € /An C, the
counit LR(A, X) — (A, X) is an isomorphism. But this is clear from the computation R(A, X) =
colimge 4 y(X,) from before, and the fact that (A, X) = colim,e (%, X,) by the explicit description
of anima indexed colimits from Lemma 6.157.

(4) If F inverts all L-local maps, then F' in particular inverts the canonical map colim;e; y(X;) —
y(colim;ey x;) for every weakly contractible diagram X: I — C, so that F(y(colim; X;)) =
F(colim; y(X;)) = colim; F(y(X;)). Conversely, assume F o y: C — D preserves weakly con-
tractible colimits, or equivalently F inverts the map colim;c; y(X;) — y(colim;cy x;) for every
weakly contractible diagram X: I — C. We wish to show that F inverts the L-local maps. It
will suffice to show that F inverts the unit map & — RL(¥F) for all # € PSh(C). By picking
a final map /I — EI(¥) from a small category I, we may write ¥ as the colimit over / of the

functor I — EI(F) = C;& — C < PSh(C). As before, we may first left Kan extend it along
p: I — |I|, which lets us write ¥ as an |/|-indexed colimit of colimits of the form colim;cs, y(X;)
for contractible categories I, = fib, (I — |I]|). On the other hand, we saw that L(F) is the colimit
of ] » C/jqg > C— fAn C, and we saw that the left Kan extension along / — |/| is still contained
in C. We conclude that we may write RL(F) as an |/|-indexed colimit of objects of the form
y(colim;ey, X;). Finally, we see that the unit map & — RL(R) is an |/|-indexed colimit of maps of
the form colim;¢; y(X;) — y(colim;es x;). Since F preserves colimits and inverts these maps, we
conclude that it also inverts the unit maps, as claimed. O

Lemma 6.162. A category C admits small colimits if and only if it admits anima-indexed colimits
and weakly contractible colimits. Similarly, if C and D are categories with small colimits, then a
functor F: C — D preserves small colimits if and only if it preserves both anima-indexed colimits
and weakly contractible colimits.

146



Proof. Assume that C admits anima-indexed colimits and weakly contractible colimits. We need to
show that it admits a colimit for an arbitrary diagram X: I — C, where [ is a small category. To
this end, consider the localization functor p: I — |I| inverting all morphisms in /. As discussed
before, the finality of p implies that the relative slices of p are weakly contractible, so that the left
Kan extension pyX: [I| — C of X along p exists in C. Moreover, the colimit of pyX exists in C
since |/| is an anima. Since Kan extensions compose, we conclude that the colimit of X exists in C.

The argument for preservation of colimits is entirely analogous. O

We are now ready to establish the second universal property of fAn C. To formulate this precisely,
let us denote by Cat™-<°°™ the subcategory of Cat spanned by the categories admitting weakly
contractible colimits and those functors that preserve weakly contractible colimits. Note that it
contains the category Cat®®™ of categories with colimits and colimit-preserving functors.

Proposition 6.163. The adjunction Cat 2 Cat*™ "™ from Lemma 6.159 restricts to an adjunction
Catw.c.colim 2 Catcolim.

In particular, if C is a category with small weakly contractible colimits and D is a category with
small colimits, then restriction along the inclusion C — /An C induces an equivalence

Funcolim( C, D) el Funw.c.colim(c’ D)
An

Proof. We saw in Proposition 6.160 that restriction along the inclusion induces an equivalence
Fun?™c°lim( [ C D) =5 Fun(C, D).
An
By part (1) of Proposition 6.161, this restriction functor restricts to a fully faithful functor
Funcolim( C, D) PN FunW'C‘COHm(C, D)
An

For essential surjectivity, let F': C — D be a functor preserving weakly contractible colimits, and
consider its colimit-preserving extension PSh(C) — D. By part (4) of Proposition 6.161, this
inverts the L-local maps in PSh(C), and so descends to a colimit-preserving functor /An C > D
extending F. This finishes the proof. O

6.10.2 Categories of objects parametrized by topoi

The construction of fAn C may be generalized, replacing An by an arbitrary topos.

Definition 6.164. Let T be a cocomplete category and let C be a category admitting contractible
colimits. We define the category of T-parametrized objects of C as the tensor product

/C = T®/C
T An

tlim of cocomplete categories (using that /An C admits colimits by Proposi-

in the category Cal
tion 6.161).
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Corollary 6.165. The functor TXC — Tx/An C— /T C is universal among functors F: TXC — D
into a cocomplete category D which preserve all colimits in the first variable and weakly contractible
colimits in the second variable.

Proof. By definition, the tensor product fT C=T9® fAn C comes equipped with a functor from 7" X
/An C satisfying the universal property that for every other cocomplete category D, precomposition
with this functor defines an equivalence

Funcolim(/ C, D) e Funcolim,colim(T ® / C, D) — FunCOlim(T, Funcolim( C, D))

T An An

The claimed universal property for fT C thus follows immediately from the universal property of
/An C established in Proposition 6.163. O

The cartesian fibration 7 : /An C — An preserves all colimits by Proposition 6.161, hence induces
an analogous functor 77 : fT C — T by tensoring it with 7' in Cat®™  We will now identify the
fiber of 7 over some A € T with the category of “A-parametrized objects of C”, defined as the

limit-preserving functors X : T /OAP — C.

Proposition 6.166. Let T and C be presentable categories. Then the functor ny: fT C—>Tisa
bicartesian fibration, which is classified by both of the following functors:

T — Cat, A T;aC,

and
li O]
T°° — Cat, A — Fun lm(T/g,C).
Proof sketch. Note that the first functor takes the form 7 — Pr", hence its cocartesian unstraight-
ening is always a bicartesian fibration whose cartesian straightening is the corresponding functor
T° — PrR obtained by passing to right adjoints, which by Lurie’s explicit formula for tensor

products in Pr" is given by A > Fun'™(T /OAP, C). It thus suffices to prove the first claim.

Since T is presentable, we may write it as a left Bousfield localization of a presheaf category PSh(D)
for some small category D. We then need to show that the functor 7 ® fAn C — fT T)-y®Cisan
equivalence. By writing the left-hand side as a Bousfield localization of PSh(D) ® fAn C and the
right-hand side as a Bousfield localization of /PSh (D) PSh(D),- ® C, we may reduce to T = PSh(D).
This reduction is useful, but one still needs a nontrivial argument in the presheaf case; we omit those
details here. m]

6.10.3 Loci

We now turn to the problem of characterizing when parametrized objects form a topos.

Question 6.167. Given a topos T and a category C, when is the T-parametrization fT C atopos?

This is interesting because of examples like fT Sp = Exc'(An™, T), which is a topos. To answer
this, we introduce the concept of a locus.
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Definition 6.168. A locus is an accessible category with pullbacks and van Kampen weakly con-
tractible colimits.

Lemma 6.169. Let C and C’ be accessible categories with pullbacks and weakly contractible
colimits, and let G: C' — C be a conservative functor which preserves pullbacks and weakly
contractible colimits. If C is a locus, then also C’ is a locus.

Proof. Consider a diagram X,: I — C’, with I weakly contractible, and set X := colim;¢; X;. We
need to show that the top adjunction in the following diagram is an adjoint equivalence:

Cly = limje» C}y

ol ls

Croen &= limic» Cjo(x,)-

By assumption, the bottom adjunction is an adjoint equivalence. Moreover, since G preserves
pullbacks and weakly contractible colimits, the vertical maps (are defined and) commute with both
of the adjoint functors. It then follows from conservativity of G that both the unit and counit of the
top adjunction are isomorphisms, proving the claim. O

Corollary 6.170. If C and C’ are loci, and F: C' — C preserves pullbacks and weakly contractible

colimits, then also the fibers of F are loci.

Proof. For an object ¢ € C, the fiber F~!(c) is the pullback of C’ L, € « « Since C,C’ are
accessible, so is the fiber, as the inclusion Acc < Cat preserves limits. Pullbacks and weakly
contractible colimits in the fiber are computed in C” (as both F as well as the inclusion ¢: * — C
preserve them). Since F~!(¢) — C’ is conservative, the claim then follows from the previous
lemma. O

Corollary 6.171. If C is a locus, then all slices C;x and Cx, are loci.

Proof. Note that Ar(C) is a locus, so the claim follows from the previous corollary. O

Example 6.172. Let C be a locus with a final object, and let A be a small category with finite
colimits and a final object. Then the subcategory

Excl™"(A, C) € Fun(A, C)

of n-reduced m-excisive functorsis alocus. Indeed, this is the fiber of the functor P,,_; : Exc"(A,C) —
Exc" (A4, O).

For example, we have Excl>!1(4, C) = Exc”(A4, C).

Lemma 6.173. Every topos is a locus. Conversely, a locus T is a topos if and only if it admits a
strictly initial object.

Proof. Tt is clear that every topos is a locus admitting a strictly initial object. Conversely, if T is
a locus admitting a strictly initial object, then it in particular admits colimits, so 7 is presentable.
Moreover, the functor 7°° — Cat, X — T, x preserves weakly contractible limits (7" a locus) and the
terminal object (as 0 € T strictly initial, see Example 2.11), hence all limits. O
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Lemma 6.174. Let C be an accessible category with weakly contractible colimits. If C is stable,
then it is a locus.

Proof. Let C be a stable accessible category with weakly contractible colimits. It has all finite limits,
so in particular pullbacks. We need to check the van Kampen condition for weakly contractible
colimits. Equivalently, we must check that weakly contractible colimits are both universal and
effective. For universality, consider a map ¥ — X = colim;ey X; with I weakly contractible, and
consider for every i € [ the pullback square

XiXxY ——
\L |
Xy —— Y.

Since pullback squares agree with pushout squares, they are closed under colimits, so the induced
square
colimje; X; Xy Y —— Y

colimje; X; ——— X

is still a pullback square. In particular, the top map is an isomorphism. For effectivity, we argue
similar: for a cartesian transformation ¥, — X,, we may for fixed i € [ take the colimit over all
J € I;; of the following pullback squares to obtain the claim:

Lemma 6.175. Let T be atopos. Then T=* is a locus in which every map is an effective epimorphism.

Proof. The subcategory T> of T spanned by co-connected objects is closed under colimits and
finite limits in 7 by Proposition 3.36. Since weakly contractible colimits in 7 are van Kampen, 7>
inherits this condition.

For any X € T>%, the map X — = is co-connected by definition. It follows from left cancellation
that any map X — Y is co-connected, so in particular an effective epimorphism in 7. Since 7>
is closed under finite limits and geometric realizations, it is then also an effective epimorphism in
T=>. i

The following is our main theorem of this section:

Theorem 6.176. Let C be a category with pullbacks and weakly contractible colimits. Then the
following conditions are equivalent:

(1) The category C is a locus;

(2) The category /An C is a topos;
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(3) For every topos T, the category fT C is a topos.
Moreover, the following conditions are equivalent to each other:

(4) The category C is a locus in which every map is an effective epimorphism;
(5) There exists a topos T such that C = T>*.
(6) There exists a topos T such that T<., = An and T>* = C.

Remark 6.177. We may think of the categories in (4-6) as “nilpotent thickenings of the point”.
They include all stable categories.

Proof. We momentarily assume the equivalence between (1)-(3) and deduce the equivalence between
(4)-(6). It is clear that (6) implies (5) and that (5) implies (4) (by the previous lemma). So assume
(4). We define T = /An C. By part (2), this is a topos. Moreover, one can show that 7<., = An.
Moreover, we see that T2 = C.

For the equivalence of (1)-(3), first note that (2) is equivalent to (3) since fT C=T¢9 /An C,
where the right-hand side is the product of topoi if fAn C is a topos. For (2) = (1), note that
C = fib,( An C — An), so the claim follows from Corollary 6.170. It remains to show that (1)
implies (2). As C is accessible, also /An C is accessible. (While this statement seems to be in the
literature only in the presentable case, the argument for the accessible case is similar, according to
Marc.) It also has colimits, so it is in fact presentable. It remains to show that colimits in fAn C are
van Kampen.

Consider a diagram (X, E,): [ — /An C, where X; € An and E; € Fun(X;,C). We need to show
that the functor colim: Fun®®"(/, /An C)ixaE) — ( fAn C)/(x.E) is an equivalence. Note that this
functor fits in a commutative diagram as follows:

Fun®(1, [, C)x..e) — ([, O)iix.E)

l l

Fun®"'(1, An),x, —— An/x.

The vertical two maps are cartesian fibrations and the bottom map is an equivalence, so it will suffice
to show that the top map induces equivalences on fibers.

Note that (An C)/(x.E) = limxex(An C)/(+,E,)» so it will suffice to prove the claim when X = *. In
that case An;x ~ An. Given Y € An, the map on fibers over Y is identified with a limit over y € Y
of copies of the following map

lim; ¢y Fun(X;, C)/g; — C/E,

and it remains to show this is an equivalence. But by reriting the left-hand side as limycg(x,) C/g, —
C/E, this follows from van Kampen condition on weakly contractible colimits in C, since EI(X,) is
weakly contractible when X = . O
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6.10.4 A generalization

The category /An C of parametrized objects in C may be seen as a special case of a more general
construction P? (C) one can do. The question of when An C is a topos can then be generalized to
the question of when PII? (C) is a topos. This should mostly be treated as just a curiosity and will
not reappear later in the notes. Some of the discussion here is related to Rezk’s article [Rez25].

Notation 6.178. Let K C K’ be two classes of small categories. Given a category C with K-indexed
colimits, we may form a functor
C - PE(C)

which is universal among K-colimit preserving functors into a category with K’-indexed colimits.

Remark 6.179. Assume for simplicity that C is small. If K’ consists of all small categories and K
of none, P! (C) = PSh(C) is simply the presheaf category. For arbitrary K (but still K’ = all), we
may identify PI"(“(C ) with the localization of PSh(C) at the class of maps

{ax: colim;e; y(X;) — y(colimje; X;) | I € K, X: I — C}:

for every cocomplete category D, a colimit-preserving functor PSh(C) — D is determined by its
restriction to C, and it factors through the localization if and only if it inverts each ax, which is
exactly the condition that the restriction preserve K-indexed colimits.

It follows from Yoneda that we may identify P}gl(C) with the full subcategory of PSh(C) consisting
of those presheaves F': C°°? — An which send K-indexed colimits in C to limits in An.

Example 6.180. Let K’ be the class of all small categories and let K be the class of the weakly
contractible categories. If C is a category with weakly contractible colimits, the category P2l (C) is
universal among functors C — C”’ into a cocomplete category C” which preserve weakly contractible
colimits. Since this is also precisely the universal property of the category /An C of An-parametrized
objects in C established in Proposition 6.163, we obtain an equivalence

/ c = PU).
An

In the case where K’ consists of the weakly contractible categories, we saw in Proposition 6.160 that
/An C = P3(C) may alternatively be described as P3™3(C), i.e. the category obtained from C
by freely adding anima-indexed colimits. This is in some sense saying that anima-indexed colimits
are “complementary” to weakly contractible colimits. Let us give some ad hoc terminology and
notation for this behavior:

Notation 6.181. Let K and K’ be two classes of small categories. We write K L K’, and say that
K is complementary to K, if for every category C with K’-indexed colimits, the categories PX (C)
and P;‘g} (C) define the same full subcategory of PSh(C) (or of the category of small presheaves, if
C is large), under the identifications from Remark 6.179.

Equivalently, the unique K-colimit-preserving extension
PE(C) - PU(C)
of C — 5DIa<1} (C) is an equivalence.
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Warning 6.182. This relation is not symmetric: K being complementary to K’ does not imply that
K’ is complementary to K.

Lemma 6.183. If K L K’, then the following two conditions are satisfied:

(1) For every category D, the unique (K U K’)-colimit-preserving extension PXYK' (D) —
PU(DY of D — PY(D) is an equivalence. Equivalently, PSh(D) is generated by repre-
sentables under K-colimits and K’-colimits.

(2) In An, K-indexed colimits commute with K’ -indexed limits.

Proof. By comparing universal properties, we see that PX (PK' (D)) = PKVK' (D) and Pl (PK' (D)) =
Pal(D), so (1) follows by taking C = PX' (D). For (2),1et € K’,J € K, and let X: I X J — An
be a diagram. We must show that the canonical map colim ey lim;e; X; ; — lim;e; colimjey X; ; is
an isomorphism. Let C := PSh(/°P), and for each j € J let d; € C be the presheaf i — X; ;. Also
let
u:=colimjep y(i) € C and F :=colimje;y(dj) € PSh(C).

By the large-C variant of Remark 6.179 (using small presheaves), 7’;1% (C) is a full subcategory of

PSh(C). Using the assumption K 1 K’, this full subcategory agrees with PX(C) € PSh(C), hence
is closed under K-indexed colimits. Since each y(d) belongs to it, it follows that F € P}’g} (C), and
thus F sends the 7°P-indexed colimit u# = colim;cjop ¥(7) in C to an I-indexed limit in An:

F(u) = lim;es F(y(7)).
Now compute both sides using pointwise colimits and Yoneda:
F(u) = colimjc; Homc (1, d;) = colim ey lim;e; Home (y (i), d;) = colim ey lim;es X1, 7,

while
lim;e; F(y(i)) = lim;c; colimjecy Home (y(7), d;) = lim;c7 colimjey X; ;.

This proves (2).

Example 6.184. The following are examples of complementary classes:

* {Filtered categories} L {Finite categories}

* {Sifted categories} L {Finite sets}

» {Weakly contractible categories} L {Empty category}

* {All small categories} L 0

* Another example not recorded in the literature is { Animae} L {Weakly contractible categories}.
* Subexample: {n-groupoids} L {Weakly n-connected categories}

* {Distilled categories} L {Pushout diagram}.
The question about f [\, C being a topos now has the following natural generalization:
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Question 6.185. Let K L K’ be complementary and let C be a category which has K’-indexed
colimits which are van Kampen. Is PX(C) = 7’;‘3 (C) necessarily a topos?

Marc says he doesn’t know whether this is true in general. But it is true when K is one of the
following classes of categories:

* Weakly contractible categories. In this case, V- (C) is also known as Py(C), the full
subcategory of Fun(C°P, An) spanned by those functors F satisfying F(0) = *. It is readily
verified that both weakly contractible colimits and the initial object are van Kampen, so that
Po(C) is a topos.

« Sifted categories. In this case, P*4(C) is also known as Ps(C), the subcategory of
Fun(C°P, An) spanned by the finite-product-preserving functors. This is in fact a sheaf
category, hence a topos; see [BH21, Lemma 2.4] for a proof.

* All categories. In this case, P¥!(C) is also known as the presheaf category PSh(C), which is
a topos.

* All animae. In this case, P"™3(C) = /An C, so this is a topos by Theorem 6.176.

* Probably also for n-groupoids.
However, it seems to Marc that this is not true when K = {Filtered categories}. You would need

to show that if C is a category with finite colimits which are van Kampen, then Ind(C) is a topos.
Although Marc does not know an explicit counterexample, he expects this to fail in general.
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7 Geometry

This final chapter gives an outlook on geometric applications of the theory developed earlier. We
begin with the topos-theoretic formulation of scheme theory, then introduce Lurie’s language of
geometries and explain how it leads to the formalism of fractured topoi. Next we indicate how
six-functor formalisms give rise to fractured topoi. We end with two examples: analytic stacks in
the sense of Clausen—Scholze and Gestalten in the sense of Scholze—Stefanich.

As this is an outlook chapter, the treatment is brief and most proofs are omitted. Several statements
below are included as a roadmap and are intentionally stated informally.

7.1 Schemes

We begin with the topos-theoretic formulation of schemes. The point is to isolate the features that
will later be abstracted by Lurie’s notions of geometry and fractured topos.

Definition 7.1. A ringed topos is a pair (T, O) where T is a topos and O is a sheaf of static rings on
T (i.e. just commutative rings in the classical sense).

Definition 7.2. A Zariski scheme is aringed topos (T, Q) which is locally isomorphic to Spec(R)zar,
i.e. there exists a covering family {U; — *};cy in T such that for every i € I the induced ringed
topos (Ty,, Oly,) is isomorphic to Spec(R;)za, for some ring R;. A morphism of Zariski schemes
(T,0r) — (S, 05) is a pair (f, f*) consisting of a morphism of topoi f: T — S together with a
morphism of sheaves of static rings f #: Os — f.Or which is local, in the sense that it detects units:
for every map A — B induced by f # on sections, the following square is a pullback square:

A>< } B><

Lo

A — B.
This results in a category Schz,;.

Definition 7.3. An étale scheme is a ringed topos (T, O) that is locally isomorphic to Spec(R)g.
We similarly obtain a category Schg;.

Example 7.4. * A classical scheme is exactly a 0-localic Zariski scheme.
* A classical Deligne—-Mumford stack is exactly a 1-localic étale scheme.

* If (T, O) is a Zariski scheme, and X € T, then (T)x, O|7,, ) is again a Zariski scheme.
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Remark 7.5. Etale schemes are also called Deligne—Mumford co-stacks.
The following are some standard facts from scheme theory, translated to the language of topoi:

* The global section functor
LocRingTopos — CRing®, (T,0) —» O(T)
admits a fully faithful right adjoint

CRing®® — LocRingTopos, R +— Spec(R)zar.

¢ The functor
Schza — Shvza (CRing®), (T, O) — Hom(Spec(—)zar, (T, 0))

is fully faithful. Moreover, a Zariski sheaf X is in the image if and only if there exists an

effective epimorphism | |; U; i X where U; is representable and f; is representable by an
étale map (of ringed topoi).

* The category Shvyz, (CRing™™P) is the classifying topos for local rings.

We have made a number of different definitions here. These constructions fit into a common pattern,
which we will now discuss. We first list some more facts about scheme theory which are a bit less
standard.

Definition 7.6. A morphism of Zariski schemes is called érale if its underlying morphism of topoi
is an étale map. (Beware that this notion of étale is totally unrelated to the previous notion of étale
schemes! This is unfortunate terminology.) For example, every map which is locally in source/target
an open immersion of schemes is an étale map.

We denote the resulting wide subcategory of Schz,: by

Sch! = Schzay XTopos Topos™ C Schzy .

Proposition 7.7. The category Sch%lr is (up to size issues) a topos. In fact, there is an equivalence

SchS =~ Shvz, (CRing*-P),

where CRing® is the wide subcategory of CRing spanned by the localization maps of the form
R — R[s7'].

Observation 7.8. For every topos T, the category Shvcring (7)) admits a factorization system: every
map A — B factors uniquely as
A — A[S7'] - B,

where the second map is a local map. This factorization is functorial in 7.

Based on these results and observations, we see that the topos E = ShVZar(CRingfp’OP) has the
following additional structure:
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(1) Left Kan extension along the inclusion CRing®2-°° < CRing™°" induces a (non-full)
faithful functor

E®® := Shvz, (CRing™*"°P) < Shvz,(CRing™?) = E

whose image is also a topos. We refer to this subcategory E°'P as the subcategory of corporeal
objects.

(2) There exists a wide subcategory E2¢ of E consisting of the “representable étale maps”.

(3) The functor Geom(—, E): Topos®® — Cat factors as
Topos® — Cat™®t — Cat,
where Cat™! is the category of categories equipped with a factorization system.

(4) The category Topos,; of ringed topoi admits a wide subcategory
(Topos//E)loC C Topos, /g
consisting of the local morphisms of ringed topoi.

The guiding point is that each of these four structures determines the others, and each characterizes
the subcategory of schemes.

In the next two sections we will consider abstract versions of this story: Lurie’s notion of a geometry
which encapsulates the idea of having affine test objects with morphisms playing the role of open
inclusions and the covers they generate, and the resulting notion of a fractured topos.

7.2 Geometries

Classical algebraic geometry is built from affine schemes, basic open immersions, and covers by
basic opens. Lurie’s notion of a geometry abstracts exactly this pattern:

affine test objects ~» objects of a category C,
basic open immersions ~» admissible morphisms,
covers by basic opens ~» admissible covers.

For the applications below, we will use the following slightly site-theoretic formulation.

Definition 7.9. Let C be a category with finite limits. Anadmissibility structure is a wide subcategory
C¥ C C of admissible morphisms satisfying the following properties:

+ C% is closed under base change in C;

+ C%isleft cancellable: given morphisms f: X — Yandg: Y — Z, if g and g f are admissible
morphisms, then so is f;

* admissible morphisms are closed under retracts.
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Definition 7.10. Let (C, C*) be a category with an admissibility structure. A topology T is said to
be compatible with C* if every T-covering sieve contains a T-covering sieve generated by admissible
maps. We refer to such triples

G =(C,C% 1)

as geometric sites. Covering families generated by admissible morphisms will be called admissible
covers. If C is small and idempotent complete, we will also call such a triple a geometry.

7.2.1 Zariski geometries

The basic example is the classical Zariski geometry
Elar := (CRing)°P,

where CRing™ denotes the category of finitely presented ordinary commutative rings. Since ggdr is
the opposite of a category of rings, we will describe its morphisms in terms of the corresponding
maps of rings in the opposite direction.

The admissible morphisms in g;lar correspond to principal localizations
R— R[f', feR
Geometrically, this is the inclusion of the principal open

D(f) = Spec(R[f™']) < Spec(R).
A finite family
{R = R[f }ier
generates a covering sieve precisely when the elements f; generate the unit ideal in R.

Let us spell out why this is a geometry. Finite limits in g;;r are finite colimits of finitely presented
rings. Base change of admissible morphisms follows from the formula

Seor RIf™'] = S[e()7']

for amap ¢: R — S. Left cancellability says that if a principal localization R — R[g~!] factors
through another principal localization R — R[f~'], then the map R[f~!] — R[g~'] is already a
principal localization: since f is already invertible in R[g~'], we have R[g™'] = R[g™'][f~'] =
R[f~'1[g~"]. Closure under retracts follows from the universal property of localization: a retract
of the functor that imposes invertibility of f again imposes invertibility of a single element.

There is also a spectral Zariski geometry
G2, = (CAIg™)™,

where CAlg® denotes the category of compact commutative Eq,-rings. The admissible morphisms
are again principal localizations

R—R[f ™",  fem(R),

and a finite family {R — R|[ fi_l] }ier 1s a cover precisely when the elements f; generate the unit ideal
in o (R). The verification is the same as in the classical case, using the corresponding localization
formula for commutative E,-rings.
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7.2.2 Other examples

Here are some other geometries obtained by changing the category of affine test objects, the admis-
sible morphisms, or the topology:

* Derived Zariski geometry: the analogous Zariski geometry based on compact animated rings.

* Classical étale geometry: take C = (CRing®)P, take 7 to be the étale topology, and let C*¢
be the class of morphisms corresponding to étale maps of rings.

* Derived étale geometry: the analogous version based on compact animated rings.

» Spectral étale geometry: replace ordinary rings by compact commutative Eq,-rings and use
the spectral étale topology.

* Differential geometry: use finitely presented C*-rings, with admissible maps encoding open
immersions.

7.2.3 Structured topoi
Let G = (C,C%, 1) be a geometry and let 7 be a topos. A G-structure on T is a left exact functor
0:C—>T

such that for every admissible cover {U; — X};¢;, the induced map

| Jown — ox)

iel

is an effective epimorphism in 7. We denote by Strg (7') the full subcategory of Fun'®™(C, T) spanned
by the G-structures.

In the classical Zariski case, the equivalence
Ind((G5: )°P) =~ CRing

identifies a left exact functor ggar — An with an ordinary (static) commutative ring A. Under this
identification, the functor associated to A sends a finitely presented ring S to

Homcring (S, A).
The Zariski cover condition says that, whenever fi, ..., f, € S generate the unit ideal, the map

| [Homcring(SL£'1, A) — Homcring(S, A)

is surjective. In concrete terms: for every map ¢: S — A, at least one of the elements ¢(f;) € A
must be invertible.

This condition is equivalent to A being a local ring. Indeed, if A is local, then not all of the elements
¢(f;) can lie in the maximal ideal, so one must be invertible. Conversely, the displayed condition
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implies that the nonunits in A form an ideal, which must then be the unique maximal ideal. All in
all, we see that
Strg% (An) = {ordinary local rings}.

In the spectral Zariski case, the same argument starts from
Ind((G;2,)) = CAlg

and identifies a left exact functor Q;ir — An with a commutative ring spectrum R. The cover
condition says that if fi,..., f, € mo(S) generate the unit ideal, then for every map ¢: § — R at
least one of the elements ¢( f;) € mo(R) is invertible. Equivalently, 7o(R) is a local ring. Thus

Strg;p (An) ~ {local commutative ring spectra}.

The upshot of this discussion is that Zariski structures provide a point-free version of the usual
locality condition on stalks. Indeed, given a Zariski structure on a topos 7', pulling back along any
point x*: T — An of the topos produces a local commutative ring spectrum. If 7 admits enough
points, then a Zariski structure is nothing but a sheaf of rings on 7" such that all stalks are local. If T
does not admit enough points, then Zariski structures are the correct replacement.

7.2.4 Local morphisms of structures

Let O,0’ € Strg(T) be two G-structures. A natural transformation
@:0 -0

is called local if for every admissible morphism U — X in C, the square

o) — 0'(U)

! l

O(X) — 0'(X)

is a pullback square in 7.

For the classical Zariski geometry and 7T = An, this recovers the usual notion of a local homomor-
phism. A map of Zariski structures corresponds to a map of local rings A — B. Testing locality on
an admissible map S — S[f~'] says that the square

Homcring (S[f '], A) ——> Homcring(S[f~'], B)

! !

HomCRing(S, A) EEE— HomCRing(S, B)

is a pullback. In other words, an element of A is invertible if and only if its image in B is invertible.
For local rings this is equivalent to the classical condition that the preimage of the maximal ideal of
B is the maximal ideal of A. The spectral case is identical after passing to mo: a map R — R’ of
local commutative Eq-rings is local precisely when mg(R) — mo(R’) is local in the classical sense.
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7.3 Fractured topoi

A geometry produces two closely related sheaf topoi: the topos of all sheaves on the affine test objects,
and the topos obtained by restricting to admissible morphisms. Lurie’s notion of fractured topos
abstracts the structure retained by such a pair. In the Zariski case, this is the structure behind the four
equivalent descriptions encountered above: corporeal objects, admissible morphisms, factorization
systems, and local morphisms of structured topoi.

Definition 7.11. A fractured topos is a topos E equipped with a subcategory j,: E“P — E
satisfying the following three properties:

(1) The category E°°'P admits fiber products and j, preserves them.
(2) The functor j, admits a right adjoint j* which is conservative and preserves colimits.

(3) For every morphism U — V in E°°'P, the commutative square

N hU —— jij phv

l l

W ——— v
is a pullback square.

We refer to objects in E°'P as corporeal objects. For our discussion, it will be convenient to add the
following fourth axiom, which is satisfied in all examples:

(4*) Every retract in E of a corporeal object is corporeal.
Let (E, E°°'P) be a fractured topos. The following properties hold:

» The category E°'P is a topos, and the right adjoint j.: E°°P? — FE to j* is a morphism of
topoi.

ECOP

* For every object X € EP, the functor j: /X

— Ej (x) is fully faithful.

* The category E is generated under colimits by corporeal objects.

We will now discuss how to construct fractured topoi.

7.3.1 Fractures from geometries

Construction 7.12. Let (C, C%, 1) be a geometric site. Then the category C*4 inherits a topology
7, in which the covering sieves are those sieves which generate covering sieves in C. Then the
inclusion j: C% < C defines a functor ji: Shv;(C*) < Shv,(C). This admits a right adjoint
j*: Shv.(C) — Shv.(CY).

Theorem 7.13. The functor j,: Shv,(C*) < Shv,.(C) is a fractured topos.
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Example 7.14. Every geometry listed in Section 7.2 gives a fractured topos by this construction.
For instance, the classical Zariski geometry gives the pair

Shvzar((CRing®*)P) < Shvza:((CRing)°P),
which is the fractured topos underlying the topos-theoretic description of ordinary schemes above.

Definition 7.15. Let (E, E°P) be a fractured topos. A morphism in E is said to be admissible if its
base change to any X € E°P is in EP. This determines a wide subcategory E* of E.

Definition 7.16. Let E be a topos. An admissibility structure E*¢ is called local if the following
conditions are satisfied:

* The class E* is a local class of maps.

* For every X € E, the slice E;‘; := (E™),x is presentable, and the (fully faithful) inclusion

ad

EY < E /x preserves colimits. (In particular, it admits a right adjoint px: E/x — E /X.)

/X

Given a local admissibility structure on E, we say that an object X € E is corporeal if the functor
px: Exx = E ;‘;‘( preserves colimits. We denote by

ECOP Ead

the full subcategory spanned by the corporeal objects. We say that E24 is geometric if, moreover, E
is generated under colimits by corporeal objects.

Theorem 7.17. Let E be a topos. The assignments (E,E“P) — (E,E*) and (E,E™)
(E, E°P) determine an equivalence of posets

{Fractured structures on E} ~ {Geometric admissibility structures on E}.

7.3.2 Local maps

Consider a fractured topos (E, E°°P). Consider two morphisms of topoi f,g: T — E, and let
a: f* — g* be a natural transformation. We say that « is local if for every morphism 2: U — V in
E°? the following square is a pullback square:

U —2 g*'U
b ]
'V —= g*'V.
This determines a collection of maps in Geom (7, E) which is the right class of a factorization system

on Geom(T, E). We denote by
(Topos//E)loc C Topos, /g

the wide subcategory consisting of those morphisms corresponding to maps S — 7T with a local
natural transformation @ of morphisms § — E.
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Example 7.18. For E = PSh(CRing™P), the lax slice Topos /£ s the category of ringed topoi.
For E = Shvz, (CRing™°P), the slice Topos ;/ 18 the full subcategory of the previous one spanned
by the locally ringed topoi. Here, the subcategory E®P = Shvz, (CRing™-3:°P) corresponds to the
subcategory (Topos,, £)'¢ consisting of the local morphisms of locally ringed topoi.

We now explain how to recover the notion of schemes from the notion of local morphisms.

Theorem 7.19. Let (E, E°P) be a fractured topos. Consider the functor

E — Fun(Toposl/O/CE,An), X->TX:(f: T - E) - T(f"X)).

(1) If X is corporeal, then T'X is representable by the pair (E;“;(, E;‘g( — E/;x = E).

(2) The resulting functor
{Full subcat of E*°"?} e, Toposl/‘;CE
is fully faithful.
(3) A morphism f:Y — X in E is admissible if and only if for every base change Y’ — X' of f,
if T'X" is representable by some pair (T, Or), then TY" is representable by some (S, Os) which
is étale over (T, Or).

Combining these statements, it follows that the subcategory Toposl/"/CE C Topos, g determines the

fracture structure on E.

7.3.3 Schemes

In Section 7.1, we provided a topos-theoretic perspective on the classical notion of a scheme. We
may extend this definition to an arbitrary geometric site G = (C, C%, 7).

Construction 7.20. Consider the fractured topos E = Shv,(C), E©°P := Shv.(C*). By Theo-
rem 7.19, we obtain a functor

I: Toposl/‘;CE — Pt(PSh(C))*® =~ Pro(C),

which admits a right adjoint
loc

Specg: Pro(C) — Topos
given by sending a functor f: T — E to the composite
C <> PSh(C) - Shv.(C) = E 25 7 5 An,

which can be checked directly (omitted here) to be left exact. If T is subcanonical, this functor is
fully faithful.

Definition 7.21. We define the subcategory

loc

Schg < Topos, /i

of G-schemes as the full subcategory on those objects that are locally in the image of Specg. In
other words, this is the essential image of the inclusion

Shv; (Pro(C)*) < Shv, (Pro(C)).
Question 7.22. Does this category depend only on the fractured topos (E, E€P), or is the choice

of geometric site important?
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7.4 Geometries from six-functor formalisms

Six-functor formalisms, developed systematically in [Sch25], provide a categorification of classical
cohomology theories. The key insight relevant to our discussion is that every six-functor formalism
on a category with an admissibility structure canonically determines a topology, the D-topology,
and hence gives rise to a geometric site and a fractured topos.

Definition 7.23. Let (C, C?%) be an admissibility structure. A presentable six-functor formalism is
a lax symmetric monoidal functor D: Span(C, C*!) — Pr.

Definition 7.24. The D-topology on C is generated by those families (X; — X); of morphisms in
C? such that the functor D' satisfies descent along every base change of the family. (This is called
“universal !-descent”.) We denote the resulting Grothendieck topology on C by 7p.

Proposition 7.25. The triple (C,C*, 1p) is a geometric site.

Proof. This holds essentially by the definition of 7p. O

Corollary 7.26. The pair (Shv,, (C), Shv., (C*%)) is a fractured topos. In particular, we obtain a
local admissibility structure Shv.,, (C)* on Shv., (C).

Recall that “local admissibility structure” includes a clause about locality in the target, but also about
locality in the source.

Example 7.27. * Any map in C* is admissible in Shv,,, (C).

* Any map which is representably in C* (i.e. after pullback to any representable it is in C*%) is
admissible.

Proposition 7.28 (Mann-Scholze). The six-functor formalism D extends uniquely to a six-functor
formalism on (Shv.,, (C), Shv,, (C)*) such that both functors

D%|shy,, (c)er: Shvz, (C)*P — Cat and Dll(SthD (C)adyop © (Shv,,, (C)*)°P — Cat
preserve limits.
Proof. See [Man22, Appendix A.5]. O

In fact, there is the following refinement of this result. In the previous result, the extensions are
defined on some monogenic localization of the presheaf category PSh(C). As we will see, there is
a more general (non-monogenic) localization on which these extensions can be defined.

Construction 7.29. Consider the functor D'| Shve,, (Cadyor : SV, (C3)°P — Cat. Let Ip be the
largest congruence contained in the preimage of isomorphisms by this functor. More explicitly:

¥p = {f|every base change of every A" f is a D'-isomorphism}.

Note that £ C Conn,,, since the D'-isomorphisms are contained in the effective epimorphisms, by
the very definition of the D-topology.
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We now define the category ShV;’D (C) via the following pullback square:

Shvt (C) ——— Shv,, (C)

e T

Shv,, (C*)[Z;!'] — Shv,, (C*).

The top functor is still a left exact localization. The left vertical map admits a left adjoint which
exhibits the pair (ShV;'D (C), Shv,,, (C?) [251]) as a fractured topos.

Remark 7.30. There is a formalism of fractured localization: the localization of a fractured topos,
which inherits a new fractured topos structure. The fractured topos (Shvy, (C), Shv, () [2151])
is an example of this construction.

Lemma 7.31. The six-functor formalism descends further to a functor
D: Span(Shv,_ (C),Shv,, (C*)[Zp']) — Pr*.

Remark 7.32. We are implicitly using here the following general argument in a six-functor formal-
ism: if £: X — Y is a map in Shv,,, (C?) such that all base changes are D'-isomorphisms, then f
is also a D*-isomorphism. (There is an easy argument using self-duality in the span category: given
an admissible morphism ¥ — X, then D(Y) is a self-dual D (X)-module, and the duality exchanges
ST and fi.)

Similarly, universal !-descent implies universal *-descent.

7.5 Analytic stacks

In this section, we discuss analytic stacks in the sense of Clausen—Scholze as an example of the
preceding formalism.

Definition 7.33. A condensed anima is a hypercomplete sheaf on the site CHaus of compact
Hausdorff spaces equipped with the topology in which a finite collection of maps {X; — X}, is
declared to be a covering if and only if the map | |; X; - X is surjective. Equivalently, it is a
hypercomplete sheaf on the site ProFin of profinite sets, equipped with the topology inherited from
CHaus.

In practice, we will work with light condensed animae: hypercomplete sheaves on the site of
countably profinite sets (i.e. profinite sets presented by countable cofiltered diagrams). We will be
denoting this by

CondAn := Shv({Countably profinite sets})™P.

In this setting, we take “ring” to mean “animated commutative ring”.

Definition 7.34. An analytic ring is a pair A = (A",Mod,) consisting of a condensed ring A®
together with a reflective ¢:: Mods < Mod - (with left adjoint L: Moda< — Mod,) satisfying the
following conditions:

* Mody, is closed under colimits (also limits, but this is automatic).
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* Mody, is closed under the internal hom Hom(M, —) for every M € Moda-.

* The functor (L : Mods< — Mod - preserves connective objects with respect to the canonical
t-structure.

e We have A® € Mod,.

Remark 7.35. In the original definition of analytic rings, this was defined in the “non-light” setting.
In this case, there is an additional condition one needs to put: the Frobenius map A — A/p is a map
of analytic rings for every prime p. In the light setting, this condition turns out to be automatic. (It
is not known whether this condition is automatic in the “non-light” setting.)

Definition 7.36. A map f: A — B of analytic rings is a map A® — B~ satisfying the condition that
the pushforward functor Modg- — Mody- restricts to a functor

fi: Modg — Mody.

We denote its left adjoint by
f*: Mods — Modg,

which is given by first including into Mod 4-, then applying base change to Modp-, and then reflecting
back into Modg. We denote the resulting category of analytic rings by AnRing.

Definition 7.37. A map f: A — B of analytic rings is said to be:
* proper if the functor f, induces an equivalence

Modg — Modp- XMod 4« Mod,.

* an open immersion if the functor f* admits a further left adjoint
fi: Modg — Mody4
which satisfies the projection formula: fi(f*(M) g N) = M ®4 fi(N).

s l-able if the map of analytic rings (B*,Modp- XMod,. Mods) — (B,Modp) is an open
immersion.

Lemma 7.38. A map f is !-able if and only if f factors as an open map followed by a proper map.
Proposition 7.39. There is a presentable six-functor formalism
D: Span(AnRing®, AnRing"°P) — Pr, A+ Mody,.
Proof. This may be obtained as a consequence of, for example, [CLL25]. O
Definition 7.40. The category of analytic stacks is defined to be
AnStck := Shvy  (AnRing’).

Remark 7.41. The original definition of AnStck given in the lectures by Clausen and Scholze turned
out to have a mistake; the above is the corrected definition.
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7.6 Gestalten

We finish the lecture course by giving a brief outlook on the recent framework of Gestalten by
Scholze and Stefanich [Sch26]. This section is intentionally schematic and should be read as an
informal outlook rather than a self-contained formal treatment.

Construction 7.42. There are presentably symmetric monoidal categories n Pr for all n, satisfying
OPr = An, 1Pr=Pr.

Heuristically, for n > 1, we may think of (n + 1) Pr more or less as Mod,, p(Pr) (up to some size
issues one needs to take care of).

Definition 7.43. A Stefanich ring is a categorical spectrum A = (Ag, Ay, Az, ...), i.e. we have
A, € CAlg(nPr) for every n and there are isomorphisms A, = Endy, ,, (1). This defines a category
StRing.

Definition 7.44. The category of Gestalten is defined as

Gest := StRing®.

The following is an informal version of a result proved by Scholze and Stefanich.
Theorem 7.45 (Scholze—Stefanich). Up fo various issues, the category Gest is a topos.

Construction 7.46. For every n, there is a fully faithful functor
CAlg(nPr)®® — Gest.

Indeed, any A, € CAlg(n Pr) admits a canonical “delooping” A, := Mody, (n Pr), and repeating
this we obtain a Gestalt. Since the assignment A, — Mody,, (n Pr) is fully faithful, so is the functor
CAlg(nPr)°? — Gest.

Definition 7.47. A Gestalt A is called n-affine if it lies in the image of this fully faithful functor.
Equivalently, A satisfies Ax+; = Mody, (k Pr) for all k > n.

Example 7.48. The O-affine Gestalten are precisely the commutative monoids:
CMon(An) = CAlg(An) — Gest.
Since Pry C Pr is fully faithful, we similarly get a fully faithful functor
CAlg(Sp) — Gest.

Remark 7.49. Note that objects in the image of CAlg(Sp) are 1-affine, but not O-affine in the
absolute sense. To fix this, we can also work “relatively to the sphere”: we define the category Gestg
as the slice

Gestg := Gest/spec(sp) -

Note that the forgetful functor Gests — Gest is fully faithful, by fully faithfulness of Pry < Pr. For
every ring spectrum R € CAlg(Sp), its associated Gestalt is 0-affine relative to the sphere S.
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Gestalten from six-functor formalisms (informal sketch)

Consider a presentable six-functor formalism
D: Span(C,C*) — Pr.
For every X € C, we obtain a new six-functor formalism
Dx: Span(Cj‘f() — Pr.
This gives rise to a “2-category of kernels” Kp (X), defined as
Kp(X) := Modp, (Span(c7§), Pr) € 2Pr.

This 2-category of kernels is functorial in X, and is ambidextrous on the subcategory C4-°P. In
particular, one obtains a six-functor formalism

Kp: Span(C,C*) — 2Pr.
This functor is a delooping of D, in the sense that
Endg,, (x)(1) = D(X)
forall X € C.

By iterating this construction, we obtain a functor
C — Gest, X & [X]p = (Endpx) (1), D(X),Kp(X), K3 (X),...).
Definition 7.50. We say that D satisfies Kiinneth if the functor
D*: C* — CAlg(Pr)®?

preserves pullbacks.

In this case, one can show that K7, (X) = Modp x)(n Pr). In particular, [X]p is a 1-affine Gestalt.
Example 7.51. The six-functor formalism D on AnRing®? we constructed before satisfies Kiinneth.
Proposition 7.52. The functor [-]p: C*4 — Gest preserves pullbacks.

Proposition 7.53. A collection of maps (X; — X); is a D-cover in C if and only if the map
LI;[Xi1p — [X]p is an effective epimorphism in Gest.

Combining these two results, we see that the functor [—]p: C™ 5 Gest extends uniquely to a left
exact colimit-preserving functor

F: Shv., (C*) — Gest.

By considering the class F~!(Iso), we have an epigenic localization of Shv, (C). Essentially by
definition of Xp we get an inclusion
F~'(Is0) C Zp.

In particular, the functor F further extends to Shv, (C) [ZBI] — Gest.

Remark 7.54. In the case of analytic rings, Scholze claims in his lecture notes that this inclusion is
an equality. (Marc expects this to hold in general.)
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A Factorization systems and saturated
classes

In this appendix, we collect the necessary background on factorization systems and saturated classes.
These tools are used throughout the text to construct the epi-mono factorization, to define modalities
like n-connected maps, and to ensure the existence of quotients by congruences.

A.1 Factorization systems

We begin with the definition of orthogonality.

Definition A.1. Let C be a category. A morphism [: A — B is said to be left orthogonal to a
morphism r: X — Y, written [ L r, if the following square is a pullback square:

Hom¢ (B, X) —ty Homc (A, X)

ro_l lro_

Homc(B,Y) —L% Homc(A,Y).

Equivalently, for every commutative square

lj

Al

Y,

o <=

the space of dashed fillers making both triangles commute is contractible. In this case, we also say
that r is right orthogonal to [.

Given a collection of morphisms S, we denote by S+ the collection of all morphisms that are right
orthogonal to every morphism in S, and by *S the collection of those that are left orthogonal to
every morphism in S.

Definition A.2. A factorization system on a category C consists of two classes of morphisms L and
R of C satisfying the following two conditions:

(1) Existence of factorization: Every morphism f in C admits a factorization f =~ r o [, where
leLandr eR.
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(2) Orthogonality: Every morphism / € L is left orthogonal to every morphism r € R.

The classes of maps in a factorization system satisfy various useful closure properties.

Proposition A.3. Let (L, R) be a factorization system on C.

(1) We have L =*R and R = L*.

(2) The classes L and R are closed under composition and contain all equivalences.
(3) The classes L and R are closed under retracts.

(4) The class R is closed under base change (pullbacks).

(5) The class L is closed under cobase change (pushouts).

(6) The class R has the left cancellation property: ifgo f € Rand g € R, then f € R.
(7) The class L has the right cancellation property: ifgo f € Land f € L, then g € L.
(8) If C admits small limits, the class R is closed under small limits in Ar(C).

(9) If C admits small colimits, the class L is closed under small colimits in Ar(C).

Proof. Left to the reader. O

Lemma A.4. Let (L, R) be a factorization system on C. Any morphism f: X — Y which is both in
L and in R is an isomorphism.

Proof. Consider the commutative square:

X — X
1

.d_i/\&

y L Y

Since f € L (as the left vertical map) and f € R (as the right vertical map), the definition of
orthogonality implies there is a unique filler g. One immediately checks that g provides an inverse
to f. O

Lemma A.5. Let (L, R) be a factorization system on C, and consider morphisms X L vz

(1) Assume C admits pullbacks. If gf € R and Ag € R, then f € R.

(2) Assume C admits pushouts. If gf € Land Vy € L, then g € L.

Proof. We prove (1); the proof for (2) is dual. We may factor f as the composite

idx,
x 2D s, v Py

The second map is a base change of gf: X — Z along g, hence lies in R because g f € R. The first
map is a base change of the diagonal A,: Y — Y Xz Y along the map f Xidy: X Xz Y =Y Xz Y.
Since A, € R, it follows that (idx, f) € R. Since R is closed under composition, we conclude
feR. O
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Lemma A.6 ([ABFJ22, Lemma 3.1.8]). Let C be a category which admits pullbacks and let (L, R)
be a factorization system on C. Then for every object X € C the slice C;x admits a factorization
system in which a morphism lies in the left/right class if and only if the underlying morphism in C
does. O

Lemma A.7. Let (L, R) be a factorization system on C.

(1) Let ArR(C) C Ar(C) denote the full subcategory spanned by the morphisms in R. Then the
inclusion ArR(C) < Ar(C) admits a left adjoint. Given a morphism f: A — B with unique

. l . ..
factorization A — C L B, this left adjoint sends f tor.

(2) Similarly, the inclusion Ar"(C) < Ar(C) of the morphisms in L admits a right adjoint,
sending f to l.

Proof. By symmetry, it suffices to prove statement (1). It suffices to construct the left adjoint
pointwise. We claim that the morphism

A—sc
il
B——B

in Ar(C) is a counit morphism exhibiting » € Ar®(C) as a right adjoint object to f under the
inclusion. Indeed, for any other morphism 7, the map

Homa(c)(r,7") — Homarcy(f,7")

is an equivalence as a consequence of the fact that [ L r’. O

A.2 Saturated classes

In practice, factorization systems are often constructed by specifying a set of generators for the left
class.

Definition A.8. Let L be a class of morphisms of a presentable category C. We say that L is
saturated if it contains all isomorphisms, is closed under composition, and the subcategory of Ar(C)
spanned by the morphisms in L is closed under colimits.

Remark A.9. Given a factorization system (L, R) on C, it immediately follows from Proposition A.3
that L is saturated.

Note that the intersection of any collection of saturated classes is again saturated. This allows us to
make the following definition:

Definition A.10. Let X be a class of morphisms in C. The saturation of X, denoted X°, is the
smallest saturated class containing X. We say that a saturated class L is of small generation if
L = %° for some set of morphisms X.

The following proposition provides the bridge between saturated classes and factorization systems.

Proposition A.11 (Lurie, HTT, Proposition 5.5.5.7). Let C be a presentable category and let L be
a saturated class of small generation. Then the pair (L, L*) forms a factorization system on C.
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A.3 Strongly saturated classes

When studying localizations of presentable categories, we require a stronger stability property.

Definition A.12. Let L be a class of morphisms of a presentable category C. We say L is strongly
saturated if it is saturated and closed under 2-out-of-3.

As with saturated classes, we say a strongly saturated class L is of small generation if it is the
smallest strongly saturated class containing some set of morphisms 2. The following two results
identify these classes with kernels of accessible Bousfield localizations.

Definition A.13. Let ¢: C — D be a cocontinuous functor between presentable categories. We
define its kernel as the collection of morphisms in C that is inverted by ¢:

ker(g) = {f: X =Y eAr(C)[¢(f): ¢(X) = o)}

Proposition A.14 (Lurie, HTT, Proposition 5.5.4.16). Let ¢: C — D be a cocontinuous functor
between presentable categories. Then ker(y) is strongly saturated and of small generation.

Proposition A.15 (Lurie, HTT, Proposition 5.5.4.15). Let C be a presentable category and let ¥ be
a strongly saturated class of small generation.

(1) The inclusion Locy(C) — C of the Z-local objects in C admits an accessible left adjoint
L: C — Locg(C).

(2) The category Locs (C) is presentable.

(3) We have ker(L) = %, i.e. a morphism in C is inverted by L if and only if it lies in X.
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B Limits and colimits in categories of
sections

In this appendix, we record some basic facts about the existence of limits and colimits in categories
of sections of cartesian and cocartesian fibrations used various times in the text.

Proposition B.1. Let K be a category. Let F: I — Cat be a functor satisfying the following two
conditions:

(1) Each category F (i) admits K-indexed colimits;

(2) Each functor F (i) — F(j) induced by a morphismi — j in I preserves K-indexed colimits.

Then the category I'y( fICC F) of sections of the cocartesian unstraightening /ICC F — I admits K-

indexed colimits, and the evaluation functors ev;: T'r( fICC F) — F(i) preserve K-indexed colimits
forallie I

Proof. Let us abbreviate fl F = fICC F. Consider the full subcategory of Cat;; spanned by those
functors J — I for which the functor category Fun/;(J, fl F) admits K-indexed colimits, and that
these are computed pointwise. The statement of the proposition is saying that this category contains
(the identity on) /. Observe that this subcategory is closed under colimits: if we have J ~ colimg, J,,
then we see that Fun,;(J, /I F) = lim, Fun;(J,, fl F). By assumption, each of these categories
in the limit admit K-indexed colimits, and since these are computed pointwise we see that also all
transition functors in this diagram preserve K-indexed colimits. It follows that also the limit admits
K-indexed colimits, giving the claim. Since Cat,; is generated under colimits by the maps [1] — 1
(since Cat is generated by [1]), we are reduced to proving the claim for [1] — [. In this case,
we have Fun/l([l],fl F) =T ([1] xq /1 F), so we are reduced to the case I = [1]. In this case,
I ( f[l] F) sits in a pullback square as follows:

Ty (fiy F) — Ar(F(1)

I
F0) —— F(1).

The assumptions on F guarantee that this pullback is taken inside categories with K-indexed colimits,
and we conclude that also I'1}( f[l | F) admits K-indexed colimits. O
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Corollary B.2. Consider a functor F: I — Cat such that each F (i) admits K-indexed limits and
each F(i) — F(j) preserves K-indexed limits. Then the category T'r( /ICt F) of sections of the

cartesian unstraightening of F admits K-indexed limits, and the functors ev;: T'y( fICt F) — F(i)
preserve K-indexed limits for all i € I.

Proof. This is an instance of the previous result applied to i +— F(7)°P, using that ( fla F)oP ~
ct
FOoP. ]

In an analogous way, one proves:

Proposition B.3. Consider a functor F: I — Cat such that each F (i) admits K-indexed limits and
each F(i) — F(j) preserves K-indexed limits. Then FI(ICC F) admits K-indexed limits, which
are computed pointwise. If F instead lands in categories with K-indexed colimits, then I'y( / “F )
admits K-indexed colimits, which are computed pointwise. O

Remark B.4. As a consequence of [Lur09, Proposition 5.1.2.2], it is not actually needed to assume
the functors F (i) — F(j) preserve the relevant (co)limits, as the required transition maps in the
expected (co)limits already exist. However, the proof in this case is necessarily more complicated.
The key statement is [Lur09, Lemma 5.1.2.1].
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