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Introduction

As the title indicates, this course provides an introduction to Higher Algebra: the study of algebraic
structures, such as rings, modules, and algebras, within the framework of higher category theory. I
will assume the reader is familiar with the framework of higher category theory and stable homotopy
theory; see here for my lecture notes from last semester.

Recall that the main conceptual difference between ordinary mathematics and homotopy theory lies
in the treatment of equality, which is no longer treated as merely a property but becomes structure:
When we say two things are “the same”, we should provide an explicit isomorphism or homotopy
witnessing this sameness. Applying this principle to algebraic structures leads naturally to the idea
of homotopy coherent algebraic structures. Here, relations like associativity (a-b)-¢ = a-(b-c¢) hold
only up to a specified homotopy. But this is just the beginning: these homotopies themselves must
satisfy higher coherence relations, which in turn are witnessed by homotopies-between-homotopies,
ad infinitum. The language of oco-categories provides the necessary tools to manage this infinite
hierarchy of coherence data rigorously and effectively.

In the previous semester, we have already encountered some examples of this principle in action.
For instance, we defined commutative monoids in an co-category C with finite products as product-
preserving functors M : Span(Fin) — C, where Span(Fin) is the span category of finite sets. The
‘trick” employed by this definition is to find the appropriate co-category (in this case Span(Fin)) that
captures the algebraic structure together with all its possible coherences, so that the functor M maps
all this structure to coherence datain C. This led to the notion of a symmetric monoidal co-category as
a commutative monoid in the co-category Cat,. Building on this, we defined commutative algebras
in a symmetric monoidal co-category (C, ®, 1) as symmetric monoidal functors A: Fin — C, where
Fin is the category of finite sets equipped with its cocartesian monoidal structure.

In this course, our aim is to develop this framework of higher algebra in much greater detail. Our
primary motivation will be the study of commutative algebra in the co-category Sp of spectra. In
more detail, we wish to:

* Upgrade the tensor product of spectra introduced last semester to a symmetric monoidal
structure on Sp;

* Define associative and commutative ring spectra;
* Define modules over these ring spectra;

* Construct homotopical analogues of classical algebraic operations, such as relative tensor
products (M ®g N), localization, and completion;


https://drive.google.com/file/d/1ivHDIqclbg2hxmUEMTqmj2TnsAHQxVg9/view?usp=sharing

» Study homotopical versions of familiar module properties, like flatness, projectivity, and
perfection;

* Develop the basics of deformation theory for commutative ring spectra, including the cotangent
complex.

To achieve these goals, we will rely heavily on the formalism of co-operads; developing this formalism
will be the objective of the first part of this course. Heuristically, an operad provides a way to encode
families of operations and their compositions. For each natural number 7, an operad specifies an
anima (or set/space in the classical setting) O(n) of possible n-ary operations. The operad structure
then dictates how these operations can be composed—for example, how plugging an n-ary operation
into one input of a k-ary operation yields an (n + k — 1)-ary operation. Crucially, this composition
must satisfy coherence conditions like associativity and unitality. In the co-categorical setting, these
conditions must hold up to coherent higher homotopies, making the precise formulation somewhat
subtle.

Structure of the course

This course will have two parts:

* In Part I, we provide an extensive development of the framework of co-operads;

* In Part II, we use this framework to study the ‘higher algebra’ of ring spectra.
Part I is organized as follows:

» We start in Chapter 1 by introducing the classical notion of a (colored) operad and providing
a characterization that we can use to define co-operads in the co-categorical setting.

* Chapters 2 and 3 provide two important pieces of background material. In Chapter 2, we will
introduce the notion of cartesian and cocartesian fibrations, and their relation to functors into
Cat,, via the straightening/unstraightening correspondence. In Chapter 3, we will formally
define span categories Span; r(C) and study their basic properties.

* Actual operad theory starts in Chapter 4. We work with a definition of co-operads different
from that of Lurie, replacing the category Fin. of finite sets with the span category Span(Fin).
(The resulting co-categories of co-operads are equivalent to each other.) We also associate a
multimorphism operad M to every symmetric monoidal co-category C, and discuss how this
results in notions of lax symmetric monoidal functors, symmetric monoidal subcategories,
and symmetric monoidal Bousfield localizations.

* In Chapter 5, we introduce two fundamental examples of symmetric monoidal structures: the
cartesian monoidal structure (C, X) whenever C admits finite product, and the cocartesian
monoidal structure (C, LI) whenever C admits finite coproducts.

* Building on the cartesian monoidal structure on An, we explain in Chapter 6 how to obtain
symmetric monoidal structures on the co-categories An,, CMon(An), CGrp(An) and Sp of



pointed animae, commutative monoids, commutative groups and spectra, respectively. We

will also see that each of the comparison functors
FCMon

(An, X) i> (An,, A) —— (CMon(An), ®) ﬂ (CGrp(An), ®) — (Sp, ®)

are canonically symmetric monoidal.
Part II is organized as follows:

» We startin Chapter 8 with a general discussion of algebras and modules in symmetric monoidal
oo-categories: the free-forgetful adjunction on module categories, the relative tensor product,
restriction and extension of scalars, and endomorphism algebras.

* In Chapter 9, we study the module categories Modg := Modg (Sp) in more detail. Section 9.1
introduces the notion of a ¢-structure on a stable co-category, which makes clear the connection
between homological algebra. In Section 9.2 and Section 9.3 we introduce higher analogues of
projective and flat modules, and in Section 9.4 we introduce the spectral analogue of ‘perfect
complexes’ in homological algebra. Finally, we discuss the notion of localizations of ring
spectra and their modules in Section 9.5.

* The course ends with Chapter 10 about deformation theory of commutative ring spectra. We
assign to every module M over a commutative ring spectrum A a split square-zero extension
A = M and use that to define derivations of A with values in M. This leads to the notion of
the cotangent complex L 4, which corepresents the animae of derivations. We then introduce
general square-zero extensions A’ — A, and show that the maps 7<,A — T<,—1A in the
Postnikov tower of a commutative connective ring spectrum A are square-zero extensions. We
will use this to prove the following classification of étale algebras over A:

Theorem. Let A be a connective ring spectrum. Then the functor my: CAlg, — CAlgj’rO 4 in-

duces an equivalence between the co-category CAlg‘i\t of étale A-algebras and the ordinary category
(CAlg, )< of étale mo(A)-algebras.
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All definitions are ‘synthetic’ in nature, in the sense that they do not make reference to a
specific model for co-categories;

I will say ‘anima’ instead of ‘space’ to refer to co-groupoids.

The notation Hom¢ (x, y) denotes the Hom anima in an co-category C. If C is stable, I write
map(x, y) for the mapping spectrum.

Instead of defining co-operads in terms of co-categories over the category Fin,. of finite pointed
sets, I wish to work with co-categories over the span category Span(Fin), for reasons explained
in Section 1.4. Similarly, commutative monoids in an co-category C are defined as product-
preserving functors Span(Fin) — C rather than functors Fin, — C satisfying the Segal
condition. This is just a matter of convention: the resulting theories are equivalent.

I wish to notationally distinguish an co-operad O from its total co-category O®: in this text, an
oo-operad O consists of a pair (0%, po) where O® is an co-category and pp : O® — Span(Fin)
is a functor satisfying various properties.

I define symmetric monoidal co-categories as commutative monoids in Cat,, i.e., as product-
preserving functors Span(Fin) — Cats,. In particular, I will notationally distinguish a sym-
metric monoidal co-category C from its associated co-operad. Combined with the previous
point, this means we have the following three objects:

— The symmetric monoidal co-category C: Span(Fin) — Cat;

— The associated oco-operad, which I will denote by M¢ and refer to as the multimorphism
operad of C. In the literature, this co-operad is usually not given a name.

— The total co-category C® := (Mc)® of the co-operad Mc.

These are related as follows: the co-category C® comes equipped with a cocartesian fibration
pc: C® — Span(Fin) which straightens to C, and the co-operad Mc is the pair (C®, pc¢).

Given an co-operad O, I will denote the multimorphism animae of O as O ({x;};¢s; y) rather
than Mulo ({xi}icr; y).

Operads will always be written in caligraphic/cursive font, like Assoc and Comm. In partic-
ular, the little n-disks operad is &, and the left module operad is LMod. Day convolution
operads are written Day(O, P), and the internal hom in Op,, with respect to the BV-tensor
product is denoted Alg(O, P).



Part I

The theory of co-operads



1 Operads: the heuristics

Before diving into abstract theory, we will discuss the sort of structure an co-operad is aiming to
capture.

1.1 Non-colored operads

Let us start by thinking through how to describe some algebraic structure on an object A of a
symmetric monoidal category (C,®, 1). Often, such algebraic structures are given in terms of a
collection of n-ary operations for natural numbers n > 0, i.e., maps of the form A®" — A from the
n-fold tensor product of A to itself. For example, if A is an associative algebra object in C, we have
the multiplication map -: A®?> — A, (x,y) — xy. Also the unit is of this form: when n = 0, an
n-fold tensor product of A is by convention the monoidal unit 1 € C, and we often want to treat the
unit element 1 € A as a 0-ary operation 1: 1 — A.

Observe that operations may be combined to obtain more of them. For example, assume that for

natural numbers &, ny, ..., n; > 0 we are given operations on A of the form
P: A®F A, Qi: A% A, i=1,...,k.
Then we may combine them into an n-ary operation P(Q1,...,Qy) forn := Z{.‘ZI n; by forming the

following composite:
k k k
- Qin Qi '
aon s @ aem EHL 0042 pot 1 4
i=1 i=1

We will refer to the operation P(Q1, ..., Q) as the composition of P with (Q1, ..., Q). In similar
fashion we may also always consider the identity operation id: A — A, a +— a. Finally, we may
permute the inputs of an n-ary operation by any permutation o € %,:

(Po)(x1,...,Xn) == P(Xo(1)s -+ s X (n))-

If we apply this process to our associative algebra A, we find that there are precisely n! possible
ways of constructing an n-ary operation: for every permutation o € X, := Autse({1,...,n}), we
obtain a multiplication map m: A®" — A given by my(x1,...,x,) := Xo(1) """ Xor(n)-

The notion of a (non-colored, symmetric, non-enriched) operad is trying to axiomatize the collections
of possible operations one may have, together with their various compositions and permutations:

Definition 1.1.1 ([May72], [BV73]). A non-colored operad O consists of:
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A set O(n) of n-ary operations, for every n > 0;

* A composition map
k

—o—-:0(k) x no(ni) -0+ +ng), (P,Q1,....,0k) — P(Q1,....0k)
i=1
for all natural numbers k, nq,...,ng > 0;
* An identity operation id € O(1).
* Composition is unital and associative:

P(id,...,id) = P = id(P),
R(PI(Q},- -0k PUQY, .., Q1)) = (R(P1,..., PD)(QY, ..., O, O, OF).

* The set O(n) comes equipped with a right action by the symmetric group %,,. The composition
law in O should be suitably compatible with this permutation action; See Exercise A.1 for
details.

The following are some examples of non-colored operads:

Example 1.1.2. The associative operad Assoc has Assoc(n) := X, i.e., there is one n-ary operation
for every permutation o € X,;;

Example 1.1.3. The commutative operad Comm has Comm(n) := =, i.e., there is a single n-ary
operation for every n > 0;

Example 1.1.4. There is the trivial operad Triv, whose only operation is the identity operation:
Triv(1) = {id}, Trivin) =0 for n=#1.
Example 1.1.5. The pointed operad & has only one non-identity operation:
Eo(1) = {id}, &Eo(0) = {n}, Eo(n)=0 for n=>2.

Example 1.1.6. For every field there is an operad called the Lie operad, denoted Lie, which captures
the operations present in a Lie algebra. The set Lie(n) is a certain subset of the free Lie algebra
L(xy,...,x,) generated by n elements x, . .., x,, namely the subset of the ‘multilinear’ elements:
formal sums of iterated Lie brackets that use each variable x; exactly once.

Example 1.1.7. Forevery k > 0, there is a topological operad! called the little k-cubes operad, often
denoted Ex. Its n-ary operations are the so-called ‘rectilinear’ embeddings | |!*, [0, 1] k[0, 1]% of
a disjoint union of n copies of the k-dimensional cube into the k-dimensional cube. Here ‘rectilinear’
means that on each of the n components it is given by an affine function, i.e., maps of the form

[0, 11F —= [0, 115, (x))&, = (aix; + b)E |,

which allow us to scale and shift the cube but not rotate or distort it in any other way. The composition
in & is given by composition of rectilinear embeddings.

! As opposed to the other examples, this operad is fopological, in that we need to remember the topology on O(n).
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Remark 1.1.8. For n = 1, there is an operad morphism &, — Assoc such that for every n > 0 the
map & (n) — Assoc(n) is a homotopy equivalence, see Exercise A.6. In particular, after passing
from sets/topological spaces to animae (as we will do when working with co-operads) there will no
longer be a distinction between &; and Assoc. In more classical setups, for example when working
with model categories, the homotopically correct operad to work with is often &;. This is the reason
why in older literature you will often find the phrase ‘&;-algebras’ in places where we would say
‘associative algebra’.

Example 1.1.9 (Endomorphism operad). For an object A of an symmetric monoidal category C,
we may form the endomorphism operad Endc(A), given by Endc(A)(n) := Homc (A®", A).
Composition in Endc (A) is given by composition in C.

Given the structure an operad has, it is not difficult to guess the correct notion of morphisms between
them: if O and P are operads, then an operad morphism f: O — % is a collection of maps
f(n): O(n) — P(n) that preserves the identity operation, the composition of operations and the
permutation of operations.

Definition 1.1.10. Let O be a non-colored operad and let C be a symmetric monoidal category. We
define an O-algebra in C as a pair (A, f4) consisting of an object A of C together with an operad
morphism f4: O — Endc(A). In particular, f4 consists of an n-ary operation P4: A®" — A for
every P € O(n) satisfying the condition that composition of operations in O corresponds to the
composition of operations on A.

Exercise 1.1.11. Show that:

* Triv-algebras are simply objects of C;

» &p-algebras are ‘pointed objects’ of C, i.e., objects A equipped with a ‘unit map’ n: 1 — A.
(This should not be confused with the notion of ‘pointed objects’ in a category with terminal
object =.)

* Comm-algebras are objects A equipped with mapsn: 1 — Aandm: A ® A — A which are
unital, associative and commutative.

* Assoc-algebras are similar but without commutativity.

Remark 1.1.12. Note that Comm is the terminal operad: there is precisely one operad map O —
Comm given by the unique maps O(n) — Comm(n) = =. Also note that 77iv is the initial operad:
there is precisely one operad map 7riv — O sending the unique operation id of 77iv to the identity
operation id € O(1).

1.2 Colored operads

While the notion of non-colored operads introduced previously is elegant, it is insufficient for our
purposes. To illustate this, let us discuss the algebraic structure of an associative algebra A acting
on some module M. To encode such an action, we need a map in C of the form

act: AQM — M, (a,m) — am,



and its source is not a tensor-power of a single object. More generally, given a collection of objects
(Ay) in C we would like to have some notion of operad which can deal with operations of the form

P:Ay, ® --®A,, — Ax

for certain choices of indices yy, ..., y,,x. This leads to the following ‘multicolored’ version of
Definition 1.1.1:

Definition 1.2.1. A colored operad (or multicategory) O consists of the following structure:

* There is a set O of colors (sometimes also called the objects of O);

 For colors x,yq,...,y, € OF, there is a set O((y1,...,yn);x) of multimorphisms from
(y1,...,yn) tox. We refer to x as the output color and to the y; as the input colors;
* If we are additionally given colors zj eOfori=1,...,nand j = 1,..., k;, there should be

a composition map
n
0: O((y1 - yn)i) X [ O .- i )ivi) = O(el. .2k i)
i=1

* For every color x there is an identity operation id, € O((x);x);

* Composition should be unital and associative like before;

* For every permutation o € X, there is a ‘permutation isomorphism’
O((y1;---,yn): %) = O(Va(1)s-- -2 Yo (n)iX)

which is compatible with the multiplication in the group X, and is furthermore compatible
with composition in Q. We leave a precise formulation of this condition to the reader; see
Exercise A.1.

We may pictorially think of a multimorphism P from (y1, ..., y,) to x as follows:?
Y1

Y2

Yn

2This figure is inspired by [BS22, Figure 1].



The composition of multimorphisms may then be illustrated as follows (withn = k1 = 3, ko =0
and k3 = 2):

P(Q1,02,03)
D
Zé : (O Y1 3
23 |
| 0> y2 P : X
2 3
3 | 03 y3 w
ZZ | :

The identity multimorphism will be pictured as follows:

X id,, X

Finally, we have the permutation operation on multimorphisms, which we may picture as follows
(with z; := yo(;)):

Po

! |

Zl““\ /'yl :

| |

22 )= y2 !
i Pl—x

73 = L — )3 |

! |

! |

Z44:/ I~ y4 i

|

|

Definition 1.2.2. If # is another colored operad, then a morphism f: O — P of colored operads
consists of a map of sets f: O — P~ on colors and for all colors x, yi,...,y, € OF amap

f: O(()’la---,Yn);x) —>P((f}’1,efyn),fx)

on multimorphisms, in such a way that f preserves identity operations, composition of operations
and permutations.

Let us go through some examples of colored operads:

Example 1.2.3 (From non-colored to colored). Every non-colored operad O may be regarded as a
colored operad with a single object: we take O~ := {x} and we set

O((%,...,%);%) := O(n).
—

From now on, we will abuse notation and regard non-colored operads as colored operads in this way.
In particular, we obtain colored operads Assoc, Comm, Lie and Ey.
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Warning 1.2.4. While Comm is still terminal as a colored operad, 77iv is no longer initial as a
colored operad: the initial colored operad has an empty set of colors.

Example 1.2.5 (From colored to non-colored). Conversely, for every colored operad O and every
color x € O™ we obtain a non-colored operad O, by setting

Oyx(n) :=0((x,...,x);x).
5/—/

The operad O, comes with an obvious ‘inclusion map’ O, < O of colored operads.

Example 1.2.6 (Multimorphism operad). Let C be a symmetric monoidal category. We define a
colored operad Mc, called the multimorphism operad® of C, as follows:

* The colors of M¢ are the objects of C.

* For objects x, yy, . .., ¥, of C, the multimorphisms in Mc are given by maps from the tensor
product:
Mc((y1,---,yn)ix) == Homc(y1 ® - ® ynix);

* The identity operations are given by the identity maps id, € Hom¢ (x, x);
* The composition of operations is given by the composition in C;

¢ The permutation operations are induced by the isomorphisms y1®- - -®y, =~ y o (1)®: - *®Y 5 (n)
coming from the symmetry isomorphisms in C.

Note that for an object A of C, the non-colored operad (M) obtained by applying Example 1.2.5
is precisely the endomorphism operad End¢ (A) introduced in Example 1.1.9.

Example 1.2.7 (Module operad). There is the module operad Mod which has two colors a and m,
so that Mod™ = {a, m}. The operations are given as follows:

* If the output color is a, the operations should encode a commutative algebra structure, so we
only want to allow operations all of whose input colors are a as well:

* ifx;=aforallj=1,...,n,
Mod((x1,...,x,);a) = { J J

0 otherwise,

* If the output color is m, the operations should encode the action of the commutative algebra
on a module, so we only want operations that have precisely one input color that is m, while
all others are a:

* if for some i we have x; = m and x; = a for j # i,

0 otherwise.

Mod((x1,...,x,);m) = {

3This operad is not usually given a name in the literature. Some sources refer to it as the ‘colored endomorphism
operad of C’, generalizing the terminology from Example 1.1.9. The terminology ‘multimorphism operad’ was suggested
to me by Jan Steinebrunner.

11



The composition is uniquely determined.

Note that restricting the operations to the color a gives the commutative operad, while restricting to
the operations to the color m gives the trivial operad:

Mod, = Comm and Mod,, = Triv.

Example 1.2.8 (Left module operad). There is also a non-commutative version of the module
operad, capturing the structure of a left module over an associative algebra. We will denote it by
L Mod and call it the left module operad. Tt again has two colors, LMod™ = {a, m}. The operations
are defined as follows:

* If the output color is a, we again only want operations all of whose input colors are a, but we
should allow them to be permuted:

Y, ifx;j=aforalj=1,...,n,

0  otherwise.

L Mod((x1,...,x,);a) := {

* If the output color is m, we should again only allow operations such that precisely one of the
inputs is m. To allow for permutations of the other inputs, let us write I,,, :== {i € {1,...,n} |
x; = m} for the set of indices corresponding to module inputs, and let I, := {j € {1,...,n} |
xj = a} be the set of indices corresponding to algebra inputs. We then set

%y, if [I,| = 1 (which implies |I,| = n - 1),

d e Xn)s =
Mod((x1, . xu)m) {0 i |T] # 1.

Here X2;, denotes the set of permutations of the index set /,,. Note that this set has cardinality
(n—1)".

The composition laws and the action of the symmetric group X,, (which permutes input positions
(x1,...,x,) and acts on the operations accordingly) are defined in the natural way. We will leave
the details to the curious reader.

As in the commutative case, restricting operations to the color a recovers the underlying algebra
operad, while restricting to the color m yields the trivial operad:

L Mod, = Assoc and L Mod,, = Triv.

Just as in the non-colored case, we may define algebras over operads in terms of operad morphisms:

Definition 1.2.9. Let O be a colored operad and let C be a symmetric monoidal category. An
O-algebra in C is a morphism O — M of colored operads.

Example 1.2.10. For specific instances of O, the O-algebras often have specialized names:
* For O = Assoc these are called associative algebras;

* For O = Comm they are commutative algebras;

* For O = &, they are called Ey-algebras;
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* For O = Mod, an O-algebra is called a module. Restricting along the inclusion Comm —
Mod gives the underlying commutative algebra of the module, generically denoted A. Re-
stricting along the inclusion 7riv — Maod gives the underlying object, generically denoted
M.

* Similarly, O = LMod encodes left modules: pairs (A, M) where A is an associative algebra
rather than a commutative one.

1.3 Encoding the coherences: the envelope of an operad

The notion of co-operad we are after is a homotopical version of the notion of colored operad
introduced in the previous section: the set O of colors should be replaced by an anima, and
similarly the sets O((y1, ..., Yn);x) of multimorphisms should be replaced by animae. This leads
to some subtleties regarding higher coherences: the unitality and associativity conditions required
in Definition 1.2.1 should now become additional data, and this data should again satisfy further
higher compatibilities. Writing down all the required structure explicitly would be impractical.

Fortunately, there is a way to circumvent this difficulty: the unitality, associativity and permutation
laws required in an operad O can be reformulated in terms of a certain symmetric monoidal category
Env(QO) called the envelope of the operad. This alternative description of operads can immediately
be adapted to the oo-categorical setting, thus providing a definition of co-operads. We now define
this envelope construction in the classical setting.

We start with an observation regarding the formulation of colored operads: while we have formulated
the notion of multimorphisms only for ordered tuples (yi,...,y,) € (O%)", it is actually more
natural to formulate them for unordered tuples:

Definition 1.3.1. An unordered tuple of the set O~ is a pair (I, x) where I is a finite set and where
x: I — O is a family of colors x; indexed by I. We will often denote such unordered tuples by
{x;}ies for short.

Given two unordered tuples {x;};c; and {y;}jes, we can form their unordered concatenation
{xitierU{yjtjes = Azxtrek, K:=1uJ, zi:=x; zj:=Yj.

More generally, if we are given a finite family {xlf }ier; of unordered tuples for j € J, then their
unordered concatenation is {zx } rex With K := I_IjEJ I;and z(; ;) := x{.

Convention 1.3.2. Given a color x € O~ and an unordered tuple {y; };cs, we can define the set
O({yitier; x)

of multimorphisms from {y; };<; to x by fixing once and for all some bijection I = {1,...,n}. Under
this convention, the composition map in the operad O has the form

o: Oyitiers ) x | |OUZ} jer y) = OUZ i jyenier )i ).
iel

The permutation isomorphism then says that for every bijection o: J — I, there is an isomorphism
O({yitier:x) = O{yo(j)}jess X}).
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Henceforth, we use the unordered notation for colored operads.

Definition 1.3.3. Let O be a colored operad. We define a symmetric monoidal category Env(O),
called the envelope of O.

* The objects of Env(Q) are unordered tuples {x;};c; of colors of O;

* Amorphism ®: {x;};c; — {y;};es in Env(O) consists of a morphism of finite sets f: I — J
together with a multimorphism ¢; € O({x;}c1;;y;) for every j € J. Here we write [; :=
f~1(j) for the preimage of j under f. We will visualize this data as follows:

Here the function f is indicated by the lines from left to right, so that f(1) = f(4) = 3,
f(2)=f(3)="T1and f(5) = 2.

* The identity of {x;};c; is given by taking f = id;: I — I, and taking ¢; = idy; €

()({Xﬁ}ie{j};xj):
® B —®

* The composition of @ = (f, ¢;): {xi}ier = {y;}jes and ¥ = (g, Y1) : {y;}jes = {zk}rex
is given by W o @ = (h, &) where h := g o f: I — K is the composition of g and f, and for
every k € K the multimorphism &, € O({x;}icr,; 2x) is the image of (Y, (¢;);es,) under
the composition map

0: O(yj}jenizn) x | | Oxidier;:v)) = OUxibiens za);

JeJk

here we are implicitly using that I; = (g o f)~'(k) = f~'(g~'(k)) may be written as the
disjoint union of the sets /; = fY() for j e Jx = g7 (k).

* The fact that composition in Env(Q) is unital and associative precisely amounts to the unitality
and associativity conditions for colored operads.

The category Env(Q) admits a symmetric monoidal structure given by unordered concatenation of
tuples.
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The composition in Env(O) may look somewhat difficult when written in formulas, but it becomes
clear what one needs to do if one visually represents the morphisms using diagrams. For illustration,
let us examine the composition of the following two morphisms in Env(O):

First, we determine the composite map /& := go f: {1,...,5} — {l,...,4}; in this case, this is
given by h(1) = h(2) = h(3) = h(4) = 2 and h(5) = 4. Note that the preimages ~~'(1) and 27! (3)
are empty, so that £; and &3 will be nullary operations. The multimorphism &, will have x1, x2, x3
and x4 as input colors, and is obtained by composing v, with (¢, ¢3), where we need to remember
which of the four inputs should go into ¢ and which ones go into 3. Finally, the multimorphism &4
has only x5 as input color, and is simply the composite 4 o ¢;. The resulting composite morphism
can be illustrated as follows:

Note: we draw the permutation o here to match the ordered tuple convention used in Section 1.2,
since since the nodes must be drawn in some fixed order on the page. When working with unordered
tuples, the o would not appear: the composition of multimorphisms simply remembers that its
inputs are indexed by the disjoint union of {1, 3} and {2, 4} without fixing any order between them.

Example 1.3.4. The envelope Env(Comm) of the commutative operad is the category Fin of finite
sets. The symmetric monoidal structure is given by disjoint union.

Exercise 1.3.5. Compute the envelope Env(Assoc) of the associative operad; see Exercise A.9.

Exercise 1.3.6. Show that the assignment O — Env(O) is functorial: every morphism of operads
O — P induces a functor Env(Q) — Env(%®). In particular, the unique operad map O — Comm
induces a symmetric monoidal functor

Env(O) — Env(Comm) =~ Fin

to the category of finite sets.
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Exercise 1.3.7. Show that the assignment O +— Env(O) is left adjoint to the assignment C — Mc:
for an operad O and a symmetric monoidal category C, there is a bijection between operad morphisms
O — M and symmetric monoidal functors Env(O) — C.

In particular, commutative algebras Comm — M correspond to symmetric monoidal functors
Fin — C, which was precisely the definition of commutative algebra we gave last semester!

The nice feature about the envelope construction is that it allows us to formulate the unitality
and associativity conditions for composition of multimorphisms in O in terms of unitality and
associativity of morphisms in an actual category. In particular, this could potentially provide a
convenient way to generalize the definition of operads to the co-categorical setting. The main
question we would then need to address is: what structure do we need on a symmetric monoidal
category C to guarantee that it is of the form Env(Q) for some operad O? We identify the three
crucial properties that Env(QO) has:

(1) The envelope comes equipped with the symmetric monoidal functor p: Env(Q) — Fin from
Exercise 1.3.6. The colors of O are precisely those objects that are sent to a one-point set {i}
under this functor.

(2) Given an object X € Env(Q) with p(X) = I, we may uniquely write X as an I-tuple {x;};cs
for some colors x; € p~'({i}). Similarly, the morphisms in the fiber p~!(I) are I-tuples of
maps {f;: x; = y;}ies. In other words, the fiber over [ is the 7-fold product of the fiber over
the one-point set.

(3) The morphisms into an arbitrary tuple {y;};jes are completely determined by morphisms
into 1-tuples: If we consider two unordered tuples {x;};c; and {y;} e, then the fiber of the
induced map

p
Homegny (o) ({xi}ier, {yj}jes) — Homgin(1,J)
over some map f: I — J is given by the product

]_[ Homgy (0) ({xi}ier;» ¥5)-
jeJ

One can verify that these three properties precisely characterize the envelopes of operads: a sym-
metric monoidal category C equipped with a symmetric monoidal functor p: C — Fin is of the
form Env(O) for some O if and only if it satisfying the corresponding analogues of conditions (2)
and (3):

(2’) For every finite set /, the tensor product in C defines an equivalence

l_[ Ciy — Cy,

iel

where Cjy is the fiber of p over I € Fin;
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(3’) For every finite collection (/;) s of finite sets and every collection of objects X; € p~ I i)
and y; € p~!({;}), the commutative square

®'EJ
[1je; Home (X5, y;) — HomC(®j€J Xjs ®je] i)

| s

* > HomFin(UjeJIj,J)

is a pullback square, where the bottom map hits the map [ |je; I; — ;s * = J induced by
the maps I; — .

Exercise 1.3.8. Given a symmetric monoidal category C with p: C — Fin satisfying (2’) and (3°),
construct a colored operad O and construct an equivalence C — Env(O).

1.4 Writing concatenations as products

The characterization of envelopes of operads obtained in the previous section is neat, and immediately
generalizes to the co-categorical setting. Nevertheless, this is not the definition of co-operads that
usually appears in the literature. One inconvenience about this characterization is that it requires
us to provide a structure of a symmetric monoidal co-category, which is a task substantially more
involved than for ordinary categories since we can no longer ‘just write it down by hand’. It would
be convenient if we could avoid reliance on symmetric monoidal structures.

Fortunately, this is possible: there is a variation of the envelope construction in which the con-
catenation of tuples becomes the categorical product, and hence does not need to be recorded as
additional data. In order to motivate this variant, let us recall how we dealt with a similar problem
last semester when treating commutative monoids. Recall that we defined a commutative monoid
as a product-preserving functor M : Span(Fin) — C from the span category of finite sets. (See
Chapter 3 below for a recollection on span categories). While all the relevant data about addition in
M seems to be contained in the right-pointing maps, the left-pointing maps are crucial as well since
they guarantee that the disjoint unions in Fin become products in the span category, hence get sent
to products in C. We may think of this as a trade-off:

* Either we consider commutative algebras, which are symmetric monoidal functors Fin — C
and in particular rely on having a symmetric monoidal structure;

* Or we consider commutative monoids, which no longer require any symmetric monoidal
structure, but come at the cost of having to add left-pointing morphisms to the source category
that enforce cartesian products.

This construction can be generalized to arbitrary colored operads O. The construction will be some-
what informal due to the fact that span categories are (2,1)-categories rather than (1,1)-categories,
but it will provide the crucial intuition for our definition of co-operads in Chapter 4.

Construction 1.4.1. Let O be a colored operad. We define a category O® as follows:
* The objects of O® are unordered tuples {x; };cs;
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* A morphism {x;};e; — {y;}es in O% consists of a span
1Lk
of finite sets together with a multimorphism ¢; € O({x(x)}kek;;y;) for every j € J. Here
we write K; := g~ !(j) for the preimage of j under g.

* The identity of {x;};es is given by taking f = g = id;: I — I, and taking ¢; = id,; €
O({xi}ie{j};xj)~

* The composition of (f,g,¢;): {xi}ier = {yj}jes and (h, k,y¥1): {y;}jes — {zi}ier is
given by (f o prg, k o pry,, &) where prg and pr,, are the projection maps in the following
pullback diagram

and for every [ € L the multimorphism & € O({xr(k)}(k,m)e(kx,m);;21) is the image of
(Y1, (¢;) jes,;) under the composition map

01 O{Yh(m) tmemys 21) X 1—[ O({x £ (k) bkeKpymys Yi(m)) = OUx k) }kom)ekx, My 20)-
JEM;

* As in Env(Q), the fact that composition in O is unital and associative precisely amounts to
the unitality and associativity conditions in O.

Exercise 1.4.2. Show that O® is well-defined and is functorial in O. Argue that it admits finite
products given by the unordered concatenation of tuples.

This time, morphisms in O® may be visualized as follows:

The first part of the data consists of two maps f: {1,...,5} — {1,...,4}and g: {1,...,5} —
{1,2,3}; in this case f is given by f(1) = f(5) =2, f(2) =1, f(3) = 3 and f(4) = 4, while
g is given by g(2) = g(3) =1, g(5) = 2 and g(1) = g(4) = 3. In particular, the preimages of
1, 2 and 3 under g are {2, 3}, {5} and {1, 4}, respectively. The second part of the data consists of
multimorphisms @1 : (X 2y, X£(3)) = Y1, 921 (Xf5)) = y2 and @3: (Xp(1), X f(4)) = V3.
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Exercise 1.4.3. Make a visualization of how composition in O® works, generalizing the picture for
Env(O) by adding in the left-pointing arrows. How is the process of forming the pullback K x; M
reflected in the visualization?

For O = Comm we get Comm® = Span(Fin). Since the construction of O% is functorial in O, we
obtain a functor
p: O® — Comm® = Span(Fin)

which preserves finite products. As before, we may ask: can we characterize those categories over
Span(Fin) that are of the form O® for some operad? Note that O® still satisfies conditions (2°) and
(3’) from the previous section, which may now be formulated in terms of the categorical product and
no longer require us to remember a symmetric monoidal structure. In fact, condition (3”) becomes
automatic, due to the nature of categorical products. But (3) is not strong enough anymore: it only
determines the maps in O® that live over the right-pointing maps in Span(Fin), and it does not tell
us what to do over a general span [ «— K — J.

To reduce the general case to the special case, consider an object {x;};c; of O and consider a
morphism f: K — [ of finite sets. We may then form the morphism f: {xitier = {xr@) ke
in O® whose underlying span of finite sets is I < K S K and whose multimorphisms ¢ €
O({xf)}>xfk)) are the identity morphisms id This morphism fmay be visualized as
follows:

Xf(k)*
id,, @
id,, @
id,, @
id,, @
id,, @

This morphism has the special feature that it is p-cocartesian in the following sense:

(3”) Consider objects {x;};c; and {y;};es in O®, and consider a span / <i K % J. Givena
morphism h: {x;};c; — {y;};es in O® lifting the given span®, there exists a unique morphism
g: {xfr) tkexk — {yj}jes which lifts the span K & K5 J and satisfies h = gof:

{xr) Yrex

yr RN
_ St

h
{xi}ier > {yjtjes-

Indeed, the lift / is encoded by certain multimorphisms ¢; € O({xs(k)}kek;;y;), and this is
precisely the data we need for defining the lift g.

In a sense, we see that these morphisms f in O® living over left-pointing spans do not really
contribute very much apart from encoding the categorical product structure. For this reason, they

4This means that the image of 7 under p is the given span / <i K.
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are called inert morphisms. In contrast, the morphisms in O® living over right-pointing spans are
the ones that encode the actual operad structure, and are called the active morphisms.

Exercise 1.4.4. Regarding {x;};c; as the I-indexed product of the objects x; and similarly for
{* ) }rek (as in Exercise 1.4.2), show that the morphism f: {x;};c; — {Xfx)}rek is the map
whose s-th component is the projection map onto x 7).

The upshot of this discussion is that we now have a description of colored operads that immediately
generalizes to the co-categorical setting.

Definition 1.4.5. A Span(Fin)-co-operad is a pair O = (0%, po) consisting of an co-category O®
equipped with a functor pp: O® — Span(Fin) satisfying the following conditions:

(1) The co-category O® admits finite products, and the functor po preserves finite products;

(2) For every finite set 1, the product in O® defines an equivalence
® ~ ®
l_[ O{i} — 0/
i€l
Here we write O? for the fiber of p over the set 1.
(3) For a morphism f: J — I in Fin and objects X; € O%, the map f: [Lier Xi = I1jes Xr(j

whose j-th component is the projection to X ;) is p-cocartesian. This means that for every
Y € O® the following square is a pullback square:

o
Homos ([1es Xr(j),Y) > Homos ([1;¢; X, Y)
pO\L lp()
—opo ({)
Homgpan(rin) (Po(I1jes Xr(j)), po(Y)) 2> Homspan(rin) (Po([Ties Xi), po(Y)).

Warning 1.4.6. In this course, I will take Definition 1.4.5 as the principal definition of co-operad. In
particular, I will simply say co-operad instead of Span(Fin)-co-operad. However, this is not the usual
definition of co-operad found in Higher Algebra [Lurl7]. In the usual definition, one instead works
with the subcategory Span(Fin, inj, all) of the span category in which the left-pointing morphisms
are injective. (Recall that this subcategory is equivalent to the category Fin, of finite pointed sets.)
This subcategory has the advantage that it is an actual (1, 1)-category as opposed to a (2, 1)-category.
However, it has an important disadvantage: concatenation of tuples is no longer simply a product,
so the conditions on O® need to be formulated in a more complicated way.

We will eventually show that our definition of co-operads agrees with the usual one from Lurie
[Lurl7]: using the envelope construction for co-operads, it will be a consequence of the equivalence
between functors Fin{® — Cat,, satisfying the Segal condition and the product-preserving functors
Span(Fin) — Catc.

Before studying co-operads in more detail, we will need to introduce some more background material:
in the next chapter we will introduce the notion of cartesian/cocartesian fibrations and their relation
to functors into Cats, via the straightening/unstraightening correspondence, and in the chapter after
that we will formally define span categories Span; g (C) and study their basic properties. We return
to oo-operads in Chapter 4.
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2 Cocartesian fibrations and (un)straightening

An important notion in co-category theory is that of a cocartesian fibration. Roughly speaking,
a cocartesian fibration is a functor p: E — C whose fibers E, := E X¢ {x} vary covariantly
in x, in the sense that for every morphism f: x — y in C we obtain a cocartesian transport
functor fi: Ex — E,. These functors are fully coherent in f, in the sense that they assemble
into a functor Str(p): C — Cat, given on objects by sending x to Eyx and on morphisms by
sending f to fi. This provides a powerful way to construct functors into Cat.,, known as the
straightening/unstraightening correspondence. For example, it will allow us to formally define the
Hom-functor Hom¢ : C°? X C — An of an co-category C.

2.1 Cartesian and cocartesian fibrations

We start with some basic definitions regarding (co)cartesian fibrations.

Definition 2.1.1. Consider a functor p: E — C.

(1) A morphism ¢: e — ¢’ in E is called p-cocartesian if, for every other object ¢’ in E, the
commutative square

Homg(e’,e”) —% 3 Homg (e,e”)

pl lp
’ m ~oP(R) ’”
Homc¢ (pe’, pe”) —— Homc (pe, pe”’)

is a pullback square. Informally, this means that for every solid diagram of the form

e’ pe’
¢ ANEL L pe \
/ X /
e % ell pe % pe//

in E for which its image in C has been completed to a triangle, there exists a unique map ¢’ — e’
that forms a commutative triangle in £ and projects to the given one in C.

(2) We say that p is a cocartesian fibration if for every morphism f: x — y in C and every object
e € E, there exists a p-cocartesian morphism ¢: ¢ — ¢’ satisfying p(¢) = f. We refer to such
a morphism ¢ as a p-cocartesian lift of f.
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(3) Let p: E — C and p’: E’ — C be two cocartesian fibrations. A functor F: E — E’ over C,
i.e., a commutative triangle

E—FY s F

N

is called cocartesian over C if it sends p-cocartesian morphisms in E to p’-cocartesian mor-
phisms in E’.

(4) If C is a small co-category, we denote by
Cocart(C) ¢ (Catw)/c

the non-full subcategory spanned by the cocartesian fibrations p: E — C and the cocartesian
functors between them.

Cocartesian lifts are unique if they exist:

Lemma 2.1.2. Let p: E — C be a functor and consider a morphism f: x — yin C. For an object
e € Ex, let L(e, f) C E.; Xc,, {f} denote the full subcategory spanned by the p-cocartesian lifts
p: e — e of f. Then L(e, f) is either empty or contractible.

Proof. Assume that L(e, f) is non-empty, so that there exists a p-cocartesian lift of f. In particular,
the functor L(e, f) — = is essentially surjective. We show that it is also fully faithful, i.e., that the

Hom animae in L(e, f) are contractible. Consider two cocartesian lifts ¢;: e — e and ¢2: e — €]

of f. Then the Hom anima in L(e, f) between ¢; and ¢, is computed as the fiber over id; of the
following map:
Homg,, (¢1, p2) — Homc,, (p¢1, pp2) = Home,, (f, f).

But the two Hom animae in the slices E,; and C,; may themselves be computed as the horizontal
fibers in the following commutative square:

—ogp
Homg (e}, e}) ——> Homg(e, €))

| I

—of
Homc¢ (y,y) —— Homc(x,y).

But since ¢; is p-cocartesian, this square is a pullback square, so the two horizontal fibers are
equivalent. It follows that Homy (., r) (@1, ¢2) = *, as desired. O

Notation 2.1.3. Given an object e € E,, we may sometimes denote a cocartesian lift of f: x — y
by ¢: e — fie, and refer to fie as the cocartesian transport of e along f. By Lemma 2.1.2, this is
well-defined.

Exercise 2.1.4. For a functor p: E — C, consider the full subcategory
A (E) C Fun([1],E)

spanned by the p-cocartesian morphisms.
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(1) Show that the functor
Ar°“Y(E) - E Xp.C.evo FUN([1],C),  (¢: e —e€’) — (e, pyp)
is fully faithful.

(2) Deduce that p is a cocartesian fibration if and only if this functor is an equivalence.

(3) Use this equivalence to show that for every morphism f: x — y, the assignment e — fie
from Notation 2.1.3 can be enhanced to a cocartesian transport functor

hiEx > E,y.

The definition of cocartesian fibrations may be dualized:

Definition 2.1.5. For a functor p: E — C, we say that a morphism ¢: ¢ — ¢’ in E is p-cartesian
if for every third object ¢’’ in E the commutative square

Homg(e”, e) — Homg (e, e’)

r| 1r

Home (pe”, pe) &O_) Home (pe”, pe’)

is a pullback square. We say p is a cartesian fibration if for every morphism f: x — y and every
e’ € E, there exists a p-cartesian lift ¢: e — ¢’ of f. We similarly obtain a notion of a cartesian
functor over C, and this leads to a (non-full) subcategory

Cart(C) < (Catw)/c-

Remark 2.1.6. Note that a functor p: E — C is a cartesian fibration if and only if its opposite
p°P: E°P — C°P is a cocartesian fibration.

Let us go through a basic example of a (co)cartesian fibration to see these definitions in action:

Example 2.1.7. Let C be an co-category, let £ := Fun([1], C) be its arrow category, and consider
the evaluation functor p := ev;: Fun([1],C) — C. An object of E is given by a morphism in C,
which for emphasis we will write vertically: ( i ). A morphism ¢: ( I ) = ( };) in E is given by a
commutative square in C of the form

X 25 x

Lol

y —L 5 v
‘We claim:

(1) The morphism ¢ in E is p-cocartesian if and only if g is an equivalence. In particular, ev; is
always a cocartesian fibration: given e = ()f) and f: p( ()f)) =Y — Y’ we may always form
Y Y

the square with X’ := X and g = idyx.
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(2) The morphism ¢ in E is p-cartesian if and only if the square is a pullback square (a.k.a. a
cartesian square). In particular, ev is a cartesian fibration if and only if C admits pullbacks.

I will leave it to the reader to spell out a detailed proof of these claims, see Exercise A.12. But let’s
at least see what these claims are heuristically saying.

Claim (1) says that for every third object (XL) of E and every solid diagram below, there exists a
unique dashed arrow making the diagram commute:

i

\\
~
g X//

]

Y”.

If g is an equivalence, we may invert it and it is clear that the dashed filler is unique. Conversely, if
@ is p-cocartesian, then by taking X’ = X we obtain a morphism g’: X’ — X satistying g’g = idy,
and by taking X" = X’ we then use uniqueness to get that gg’ = idx-. (Alternatively, we use that
there always exists a p-cocartesian lift with g an equivalence so the claim follows by uniqueness of
p-cocartesian lifts.)

Claim (2) says that for every third object (XL) of E and every solid diagram below, there exists a
unique dashed arrow making the diagram commute:

X - i X’
| f ]
v T~

This is a reformulation of the condition that the original square is a pullback square.

~ < |—

Example 2.1.8. The forgetful functor VectBund — Top, (X, E) — X is a cartesian fibration. See
Exercise A.13 for details.

Lemma 2.1.9. Show that cocartesian fibrations are closed under composition and pullback.

Proof. This is left as an exercise, see Exercises A.14 and A.15 O

Exercise 2.1.10. Show that C — = is both a cartesian and cocartesian fibration. Deduce that
any projection functor pr,: C X D — D is both a cartesian and cocartesian fibration, and that a
morphism (f: ¢ — ¢’,g:d — d’) is prp-cocartesian (or prp-cartesian) if and only if f is an
equivalence.

Lemma 2.1.11 (Cancellation of cocartesian morphisms). Let p: E — C be a functor and let
f:x > yandg:y — z be morphisms in E such that f is p-cocartesian. Then g is p-cocartesian
ifand only if g f is p-cocartesian.
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Proof. For every other object w € E, we consider the following commutative diagram:

Homg (z, w) ————% Homg (y, w) i N Homg (x, w)

| ) Ir

Homc (pz, pw) —rty Homc (py, pw) —py Homc (px, pw).

Since f is p-cocartesian, the right square is a pullback square. It follows from the pasting law for
pullback squares that the left square is a pullback if and only if the outer square is a pullback. This
proves the claim. O

Exercise 2.1.12. Let p: E — C be a functor and let ¢: e — ¢’ be a p-cocartesian morphism. Then
¢ is an isomorphism if and only if p(¢) is an isomorphism.

2.1.1 Left and right fibrations

Proposition 2.1.13. Let p: E — C be a cocartesian fibration. Then the following three conditions
are equivalent:

(1) The functor p is conservative, i.e., a morphism f in E is an isomorphism as soon as p(f) is an
isomorphism in C;

(2) For eachx € C, the fiber E := {x} X¢ E is an anima;

(3) Every morphism in E is p-cocartesian.

Proof. Itis clear that (1) implies (2): every morphism in the fiber E is sent to the identity morphism
idy, hence is an isomorphism by conservativity of p.

Assuming (2), consider a morphism ¢ : e — ¢” in E. We need to show that i is p-cocartesian.
Since p is a cocartesian fibration, there exists a p-cocartesian morphism ¢: ¢ — e’ lifting p(¥).
Since ¢ is p-cocartesian, there then exists a unique morphism &: ¢’ — ¢’ fitting in the following
commutative diagram lifting the degenerate one in C:

e, pe//
@ ANE L, py \
¥ \’\f py
e ——— ¢” pe ——— pe’”’.

But then the morphism ¢ lies in the fiber E,.~, which is an anima, so & is an isomorphism. In
particular £ is p-cocartesian, and hence sois ¥y = & o .

Finally, assume that (3) holds, and consider a morphism ¢: ¢ — ¢’ in E such that p¢ is invertible.
We need to show that ¢ is invertible. By assumption, there is an inverse g: pe’ — pe of pp. We
may then find a p-cocartesian lift ¢ : ¢/ — ¢’” of g. But then ¢ o ¢ and ¥ o ¢ are cocartesian lifts of
the respective identity maps on pe and pe’. By uniqueness of cocartesian lifts (Lemma 2.1.2) these
composites are isomorphisms. It follows that ¢ is an isomorphism with inverse . O
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Definition 2.1.14. A functor p: E — C is called a left fibration if it is a cocartesian fibration
satisfying the equivalent conditions (1), (2) and (3) from the proposition. This gives rise to a full
subcategory

LFib(C) ¢ Cocart(C).

Note that LFib(C) is also a full subcategory of (Cate),c (in contrast to Cocart(C)).

Dually, p is called a right fibration if it is a cartesian fibration which satisfies the equivalent conditions
(1), (2) and (3’): Every morphism in E is cartesian. We write RFib(C) C (Cat),/c for the resulting
full subcategory.

Lemma 2.1.15. Left fibrations are closed under composition and pullback.

Proof. Follows from Lemma 2.1.9. O

Proposition 2.1.16. Let C be an oco-category. For every object x € C, the functor t: Cy) — C
sending a morphism x — y to its target y is a left fibration. Dually, the source functor s: C;x — C
is a right fibration.

Proof. We prove the case for 7: C,; — C; the other case is dual. Consider a morphism in Cy/,
which takes the form of a commutative triangle

X
/N
y — Z.

To show that this morphism is cocartesian with respect to the target functor 7: C,,; — C, we have to
show that for every third object x — w, the top square in the following commutative diagram is a
pullback square:

—of

Homc,, (z,w) > Homc,, (v, w)

I LT

Homc(z, w) > Homc (y, w)
—oh l
) \ * \ -
Hom¢ (x, w) Homc (x, w).

But this follows from the pasting law for pullback squares, since the bottom square and left/right
faces are pullback squares. O

2.2 Straightening/unstraightening

Let p: E — C be a cocartesian fibration. For every object x of C, we may consider the fiber £ of
p over x. For a morphism f: x — y in C, there is a cocartesian transport functor fi: Ex — Ej.
Furthermore, given another morphism g: y — z, there is a natural isomorphism

grofi=(gofh: Ex — E;.
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Morally speaking, this construction should assemble into a functor
Str(p): C — Caty,, x> E., [+ fi.
This is precisely the content of the straightening/unstraightening correspondence:

Theorem 2.2.1 (Straightening/Unstraightening, Lurie [Lur09b], Hebestreit, Heuts, and Ruit [HHR21]).
Let C be a small co-category. Then there exist equivalences of co-categories

Str“: Cocart(C) — Fun(C, Cat,,)

and
Str': Cart(C) = Fun(C°, Caty,).

Furthermore, these equivalences are natural' in C, in the sense that for every functor F: C — D
the following two squares commute:

Stre¢ Stret

Cocart(D) —— Fun(D, Caty,) Cart(D) —— Fun(D°®P, Cat,)
o _oF and F —oF P
\L Stre® \L \L Stret O\L
Cocart(C) —— Fun(C, Caty,) Cart(C) —— Fun(C°P, Cat,).

Finally, the composites

St CC
Cat,, ~ Cocart(x) =, Fun(, Caty,) =~ Caty
St ct
Cat,, ~ Cart(x) BEEN Fun(x, Caty,) =~ Caty,
are (isomorphic to) the identity functors.

This is one of the most fundamental and most important results in the theory of co-categories. The
theorem was first proved in the model of quasicategories by Jacob Lurie; the proof has since been
substantially simplified by [HHR21]. Since this result is so fundamental to the theory, it may also
be taken as an axiom, which is what we will do in these notes.

Given a cocartesian fibration p: E — C, we refer to the functor Str*°(p): C — Cat,, as its
(cocartesian) straightening. The co-categories Str“(p)(x) for x € C are precisely the fibers of p. In
particular, Str°(p) lands in the subcategory An C Cat,, if and only if all fibers are animae, which
by Proposition 2.3.6 is equivalent to p being a left fibration. The dual discussion also holds for right
fibrations, and we obtain:

Corollary 2.2.2. The straightening equivalences Str® and Str* restrict to equivalences

Str’“: LFib(C) — Fun(C, An) and Str': RFib(C) = Fun(C®, An).

Note that if C is an anima, then every functor E — C is both a cocartesian and a cartesian fibration.
It is a left/right fibration if and only if also E is an anima. This gives the following immediate
consequence:

I'See Remark 2.2.6 for a more refined version of the naturality.
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Corollary 2.2.3. Let X be an anima. Then there is an equivalence of co-categories
Str: An/x — Fun(X, An).

Exercise 2.2.4. A morphism f: Y — X of animae is called a covering if all its fibers are sets,
i.e., if all the higher homotopy groups of all fibers vanish. Letting Cov(X) C An/x denote the
full subcategory spanned by the coverings, deduce that the straightening equivalence induces an
equivalence

Cov(X) = Fun(IT;(X), Set)

between the category of covering spaces over X and the category of functors IT; (X) — Set. Explain
how this provides a high-tech version of the classical classification of covering spaces.

Notation 2.2.5. We will denote the inverses to the straightening functors Str* and Str' by
Un®®: Fun(C, Caty,) — Cocart(C) and Un®: Fun(C, Cat,) = Cart(C),

and refer to these as (cocartesian/cartesian) unstraightening. Given a functor F: C — Cats,, we
may describe its unstraightening Un®®(F') informally as follows:

* An object in Un*“(F) is a pair (x, a), where x is an object of C and a is an object of F(x);

* A morphism in Un®*(F) from (x, a) to (y, b) is a pair (f, ¢), where f: x — y is a morphism
inCand ¢: fi(a) — bisamorphismin F(y). Here we write f; for the functor F(f): F(x) —
F(y) induced by f using the functoriality of F.

e Composition of (f, ¢): (x,a) — (y,b) and (g,¥): (v,b) — (z,c) is defined as (g o f, ¢ o
8:1(¢)).

The functor Un®(F) — C is given by (x,a) — x and (f,¢) — f. A dual description holds for
Un(F).

Remark 2.2.6. In Theorem 2.2.1 we only formulated a ‘morphismwise’ version of functoriality of
the straightening equivalences. Let us remark on how to formulate a fully functorial version.

For this, we will need to assume the existence of an even bigger universe CAT., of large oo-
categories, and assume that Cat,, is an object of CAT. Applying cartesian straightening to the
cartesian fibration ev; : Fun([1], Cat,) — Caty, results in a contravariant functor

Caty® — CAT,, C+— (Catw))c, (F:C — D) (F': (Cateo)/p — (Cato)/c)-
Since cocartesian fibrations are closed under pullback, this restricts to a functor
Cocart(—): Cater — CAT..
Similarly, the assignment C — Fun(C, Cat.,) defines a functor
Fun(—, Cats,): Cater — CAT.,

where functoriality is given by precomposition. The fully coherent version of the straightening
equivalence would now ask for a natural equivalence

Str*®: Cocart(—) — Fun(—, Cat,,)

of functors Catgf — CAT.
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2.3 Fiberwise criteria

We obtain the following useful consequence of straightening-unstraightening:

Theorem 2.3.1. Consider a cocartesian functor

E%E'

N

where p and p’ are cocartesian fibrations between small co-categories. Then F is an equivalence
of co-categories if and only if for every object x of C, the induced functor on fibers Fy: Ex — E’ is
an equivalence.

Proof. Under the equivalence Str*“: Cocart(C) — Fun(C, Cat,,), F corresponds to a natural trans-
formation Str*(F): Str®“(p) — Str*(p’), and this natural transformation is a natural equivalence
if and only if it is a pointwise equivalence. O

Corollary 2.3.2. A cocartesian fibration p: E — C is an equivalence if and only if all of its fibers
are contractible.

Proof. Apply the previous theorem to E’ = C. O

Corollary 2.3.3. A morphism of animae p: X — Y is an equivalence if and only if all its fibers are
contractible.

Proof. Since X is an anima, every morphism in X is an isomorphism, and in particular p-cocartesian.
It follows that p is a left fibration, and thus the claim holds by the previous corollary. O

Lemma 2.3.4. Let p: E — C be a functor. Then a morphism ¢: e — ¢’ in E is p-cocartesian if
and only if the commutative square

Eo) —23 E,
”l l”
Cpe’/ ﬂ) Cpe/

is a pullback square. A dual criterion holds for p-cartesian morphisms.

Proof. The horizontal maps are left fibrations, hence in particular cocartesian fibrations. It follows
from closure under base change that also the map from the pullback to E, is a cocartesian fibration.
By Theorem 2.3.1, the functor E,,;, — E, XCpes Cpe'/ is an equivalence if and only if this holds
fiberwise over E,;, which means that for every morphism ¢ : e — ¢’’ the map

Homg,, (¢,¥) — Homc,,, (py, p¥)

is an equivalence. Since this is a morphism of animae, this may be checked fiberwise, where it
precisely becomes the definition of cocartesianness for . O
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Lemma 2.3.5. Let g: E — D and p: D — C be functors and assume that p is a left fibration.
Then q is a left fibration if and only if pq is a left fibration.

Proof. As a consequence of Lemma 2.3.4, we see that a morphism ¢: ¢ — ¢’ in E is g-cocartesian
if and only if it is pg-cocartesian: in the commutative diagram

E., % E,
ql lq
—oq¢
Dgery > Dyey

| I

—opq
Cpge'/ 4 Cpgel>

the bottom square is a pullback square, hence the top square is a pullback square if and only if the
bottom one is. It follows that every morphism in E is g-cocartesian if and only if every morphism
is pg-cocartesian. The claim follows. O

Proposition 2.3.6. For a functor p: E — C, the following conditions are equivalent:

(1) The functor p is a left fibration;
(2) For every object e of E, the induced functor p: E,; — C,/ is an equivalence;

(3) The commutative square

Fun([1], E) AN Fun([1], C)

evo evo

E—"

—

a

is a pullback square.

Proof. For (1) = (2), assume that p is a left fibration. Since E,; — E and C,.; — C are left
fibrations as well, it follows from Lemma 2.3.5 that also E.; — C),.; is a left fibration, hence it is an
equivalence if and only if each of its fibers is contractible. But the fiber over f € C,,/ is the anima
L(e, f) of p-cocartesian lifts of f starting in e, hence this is contractible by Lemma 2.1.2.

For (2) = (1), first note that it follows from (2) that every morphism pe — ¢’ has a lift to some
morphism ¢ — ¢’. It remains to show that every morphism ¢: ¢ — ¢’ in E is p-cocartesian. But
this is a direct consequence of Lemma 2.3.4: the two vertical maps in the square are equivalences,
hence the square is a pullback square.

For (2) = (3), note that the square is a pullback square if and only if the horizontal map in the
following diagram is an equivalence:

(eVO P* )

Fun([1],E) ———— E x¢ Fun([1],

DN
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By the dual of Example 2.1.7, the two vertical functors are cartesian fibrations. In light of Theo-
rem 2.3.1, the horizontal functor is an equivalence if and only if it induces equivalences on fibers
over each object e € E. Unwinding definitions, these functors on fibers are precisely the functors
E.; — Cp./ from condition (2). O

2.4 The Hom-functor

Last semester, we had taken it as a black box that every co-category C admits a Hom-functor
Homc: C? x C — An.
Using the straightening/unstraightening correspondence, we will now finally construct this functor.

Lemma 2.4.1. Let C be an oo-category. Then the functor

(evo,evy)

Fun([1],C) —— C x C

c

is a cocartesian functor over C.

Proof. Recall from Example 2.1.7 that the target functor ev;: Fun([1],C) — C is a cocartesian
fibration whose cocartesian morphisms are those squares inverted by evg: Fun([1],C) — C. The
projection functor pr, is cocartesian by Exercise 2.1.10, and its cocartesian morphisms are those
pairs (g: X — X’, f: Y — Y’) such that g is an isomorphism. It follows immediately from these
descriptions that (evg, ev;) is a cocartesian functor. O

Construction 2.4.2 (The Hom-functor). Let C be a small co-category. We construct a functor
Homc¢: C°P x C — An.

By Lemma 2.4.1, the functor (evg,evy): Fun([1],C) — C x C defines a morphism in Cocart(C).
Applying the cocartesian straightening functor, we thus obtain a morphism

Str*“(evy) — Str*(pr,)

in Fun(C, Cats,). Now, note that pr, is the pullback along pc: C — x* of the map pc: C — *, and
it follows from the naturality of straightening that Str°(pr,) is given by the composite

St
C LA & Cat,.

Since Str(pc) is simply the map picking out the object C € Cat,, this means that Str°(pr,) is the
constant functor constc : C — Cate. In particular, the map Str*(ev;) — Str°(pr,) = constc gives
rise to an object

Str*“(evi) € Fun(C, Cate)/conste = Fun(C, (Cate)/c),

i.e., we may treat it as a functor C — (Cat);c. We now claim that this functor factors through
the full subcategory RFib(C) C (Cate),c. We may check this on objects: we have to show that for
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every object x € C, the functor Str®(ev;)(x) — Str*(pr,)(x) is a right fibration. By naturality of
Str“(—), this evaluation is computed by forming the induced map on fibers over x:

C > CxC

S _(evo,evl)'
. /¢—/> Fun([1], ) /
> * a \ C.

4

But this functor s: C;,, — C is indeed a right fibration by Proposition 2.1.16. We thus obtain a
functor
. Stret o
C — RFib(C) — Fun(C®?, An).

Uncurrying then gives the desired functor Hom¢: C°? X C — An.
Remark 2.4.3. There is an asymmetry in our definition of Hom¢: we could also have considered

the cartesian functor
(evo,evy)

Fun([1],C) =225 cx C
DN

to get a functor C°? — LFib(C) =~ Fun(C, An). The resulting two functors can be shown to agree
with each other: more generally, for bifibrations E — C X D the two ways of constructing a functor
C°? x D — An agree, see [Hau+23b, Proposition 6.18].

2.5 Limits and colimits of co-categories

As aconsequence of straightening/unstraightening, we obtain explicit formulas for limits and colimits
in Catc,.

Construction 2.5.1. Let p: E — I be a cocartesian fibration.

» We write E [cc™!] for the localization of E at the collection of p-cocartesian morphisms.

* We write ['7(E) for the co-category of sections of p, defined via the following pullback square:

I''(E) —— Fun(/l, E)

Lok

« —9 s Run(1, 1).

* We write I'{°(E) for the full subcategory of I'; (E) spanned by the cocartesian sections: those
sections
\)

| —— F

N A

1

that are cocartesian functors over / (i.e., that send arbitary morphisms in / to p-cocartesian
morphisms in E).
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Proposition 2.5.2. Let I be a small co-category and let F: I — Caty, be a functor.

(1) The functor F admits a colimit in Cats, which can be computed by the formula

colim; F(i) =~ Un®(F)[cc™'].

(2) The functor F admits a limit in Cate, which can be computed by the formula
lim; F (i) = T} (Un*(F)).

Proof. (1) We need to show that there exists a natural transformation 7 : F' — constyyee (g [ec-17 Of
functors I — Cat,, which exhibits Un®(F)[cc™!] as a left adjoint object to F under the functor

const: Cat,, — Fun(/, Cat,).

By straightening/unstraightening, this functor agrees with the functor

Cat,, ~ Cocart(x*) LN Cocart(I), Cr (pr;: CxI—1I)

given by pullback along p;: I — *. A transformation of the form ny corresponds to a cocartesian
functor over I of the form

Un®(F) —) Un(F)[cc™ ] x 1

We define 77 := (y, pr), where y: Un®(F) — Un(F)[cc™'] is the localization functor. Since the
cocartesian morphisms of pr; are those whose component in Un®(F)[cc™!] is an equivalence (see
Exercise 2.1.10), 77 is indeed a cocartesian functor over I. To show that it exhibits Un*(F)[cc™!] as
a left adjoint object, we must show that for any other co-category C the induced map

(=o77)
Homea, (Un® (F)[cc™'1, €) ~—2"%, Homeogarn(r) (Un(F), € X 1) @.1)

is an equivalence. For this, we compare this map with the composite

(=o(id,pr))op;
Homcy, (Un(F), C) ————— Homca,),, (Un*(F), C X I),

which is an equivalence due to the fact that the forgetful functor (Cats);; — Cate is left adjoint
to p;: Cate, — (Cats)/;. But then also the composite (2.1) is a composite: its source is the full
subanima of Homcy (Un“(F), C) spanned by those functors ¢: Un®(F) — C that invert the
cocartesian morphisms, which is equivalent to the condition that the functor (¢, pr): Un“(F) —
C x I preserves cocartesian morphisms. This finishes the proof for colimits.

(2) Similar to the case of colimits, we may translate the problem into finding a cocartesian functor

TS (Un(F)) x I ——=—— Un“(F)
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over / that exhibits I';°(Un®* (F)) as aright adjoint to Un““(F') under the pullback functor p; : Cate, —
Cocart(7). By definition of I';(Un“(F)), the evaluation functor Fun(7, Un*“(F)) X I — Un“*(F)
restricts to a functor

[ (Un®(F)) x I ———=— % Un®(F)

Nt

over C. We claim that this exhibits I';(Un““(F)) as a right adjoint object to Un®“(F) under the
functor Cat,, — (Cato)/;: for every other co-category C we have

HomCatoo (C’ FI(UHCC(F))) = ﬁb(HomCatw(C’ Fun(l’ UnCC(F))) - HomCatm(Ca Fun(l’ I)))
~ fib(Homcy (C X I, Un*(F)) — Homcy (C X I,1)))
~ Hom(Catm)/l(C x 1, Un*“(F)).

By defining € as the restriction of the evaluation functor, we may immediately deduce that also the
functor

(70—)0 *
Homcy, (C, 1% (Un) (F)) ———% Homgoear (1) (C X I, Un® (F))

is an equivalence: a functor ¢: C — I';(Un®)(F) lands in the subcategory of cocartesian sections
if and only if the associated functor C x I — Un®(F) over I is a cocartesian functor. This finishes
the proof for limits. O

Corollary 2.5.3. Let I be a small co-category and let F: I — An be functor.

(1) The functor F admits a colimit in An, which can be computed by the formula

colimy F(i) = || Un*“(F)||.

(2) The functor F admits a limit in An, which can be computed by the formula
lim1 F(l) = F](UHCC(F)).

Proof. We compute the limit and colimit in Cat,, and observe that it is still in An. For (1) this is
clear: all morphisms in Un®(F) are cocartesian, see Proposition 2.3.6, hence inverting all cocartesian
morphisms gives an anima. For (2), any section s: I — Un®“(F) of p is cocartesian, again since
all morphisms are cocartesian, so I';°(Un“(F)) = I';(Un*(F)). Note that this is already an anima:
any morphism of sections is invertible since all fibers of pr: Un“(F) — [ are animae. O

2.6 Hom animae in functor categories

We may use the results from the previous section to compute the Hom animae in a functor category
Fun(C, D). For this, we introduce the notion of an end in the co-categorical setting.

Definition 2.6.1 (Twisted arrow category). Let C be an co-category. We define its twisted arrow
category Tw(C) as the source of the left fibration whose cocartesian straightening is the Hom-functor
Hom¢: CP x C — An:

Tw(C) := Un““(Hom¢: C® x C — An).
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In particular, it comes equipped with a left fibration (s,¢): Tw(C) — C°P x C whose fibers are the
Hom animae of C:

Homc (x,y) —— Tw(C)

-
l \L(SJ)

*L) C? x C.

Unwinding the description of the unstraightening construction, we see that Tw(C) may be described
as follows:

¢ The objects of Tw(C) are morphisms in C, which we will display as (Q&) We have s (f;ﬁ) =X
and ¢ (EEP) =Y.

e A morphism (g): (ifp) — (1‘&’) in Tw(C) is a triple (f, g, ) consisting of a morphism
f:X—>X inC?®(ie., f: X’ — X in C), a morphism g: ¥ — Y’ in C, and a morphism

’

a: (f,g) (ifp) = (;’ngf) — (ifw) in the fiber Tw(C) (x.,y) = Hom¢ (X’,Y’). We will display

7

this data by means of diagrams of the form

X <l x

L b

y —S 5y,

Note that this is nor a morphism in the usual arrow category Fun([1], C), since f points in
the opposite direction.

Definition 2.6.2 (End). Let C be an co-category and consider a functor F': C°? X C — D. The end
of F, denoted by fc cF (¢, c) if it exists, is the limit of the composite functor
Tw(c) 22 crxc 5 p.

Remark 2.6.3. If C is small and D admits small limits, the end of F always exists. Furthermore, if
D — D’ is a functor preserving small limits, then it also preserves ends.

Lemma 2.6.4 (Fubini rule for ends). Letr C and C’ be co-categories andlet F: CPXCxXxC'Px(C’ —
D be a functor. Then there is an equivalence

/ / F(c,c,c’,c’) :/ F(c,c,c’,c").
ceC Jc'eC’ (c,c’)eCxC’

Proof. Since a limit over a product category may be computed as an iterated limit, it will suffice to
produce an equivalence
Tw(C x C") = Tw(C) x Tw(C’)

of left fibrations over C°P x C x C’°P x C’. By straightening-unstraightening, it will suffice to produce
a natural isomorphism between their unstraightenings:

(x,y,x,y") +— Homcxc ((x,x"), (v,y")) =~ Home (x, y) X Home: (27, ).
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Unwinding the definition of the hom functors, this boils down to the canonical equivalence
Fun([1],C x C") = Fun([1],C) x Fun([1],C")
over C X C X C’ x C’, coming from the fact that Fun([1], —) preserves products. O

Proposition 2.6.5 (Hom animae in functor categories). Let F,G: C — D be functors. Then we
have the following end-formula for the anima of natural transformations from F to G:

Nat(F,G) =~ / Homp (F(x), G(x)).
xeC

. . . . FPxG Hom
Here the right-hand side is the end of the composite functor C°? X C —— D°P? x D —2 An.

Proof. By definition, the end on the right-hand side is a certain limit in An over the twisted arrow
category Tw(C). As shown in Corollary 2.5.3, this limit is equivalent to the anima of sections of the
unstraightening of the composite Tw(C) — An. By definition, the unstraightening of Homp is the
twisted arrow category Tw(D) — D°P X D. The unstraightening of the composite Tw(C) — An is
thus given by pulling back Tw(D) along F°° X G and (s, 1):

P’ > P > Tw(D) = Un(Homp)

T T

(s,1) FPxG Homp

Tw(C) —% cPx ¢ —EXCG y pooyyp — M2 o Ap,

From the left pullback square it in particular follows that the sections of the map P — Tw(C) are
equivalent to maps Tw(C) — P over C°P? x C. Since both sides define left fibrations over C°P x C,
the anima of such maps over C°P x C is equivalent to the anima of natural transformations between
their straightenings, which for Tw(C) is Hom¢ and for P is Homp (F(-), G(-)). Let us summarize
what we have so far:

/ Homp (F(x), G(x)) = lim [Tw(C) 22 ¢ x ¢ £2XC, pop y p Homo, o
xeC

~ Iy (c) (P’) = Homggip(tw(c)) (TW(C), P’)
=~ Homy fip(corxc) (Tw(C), P)

~ Hompun(corxc,an) (Home, Homp o(FP X G)).

Now, under the equivalence Fun(C° x C, An) =~ Hom(C, PSh(C)), the functor Hom¢ corresponds
to the Yoneda embedding Y : C < Fun(C°P, An), while Homp o(F° x G) corresponds to the
composite

D *
c % p X5 psh(p) s psh(o).
The Hom anima we need to compute is thus given by
Hompy(c psh(c)) (Y, F* o Y 0 G).

By [TO DO], the functor F*: PSh(D) — PSh(C) admits a left adjoint Fy: PSh(C) — PSh(D)
fitting in a commutative diagram as follows:

F

vel lyD

PSh(C) -~~~ 3% PSh(D).
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This provides equivalences

Hompyn(c psh(c)) (Y, F* o YP o G) = Hompyn(c,psn(p)) (F1 0 Y€, Y 0 G)
=~ Hompyn(c psh(p)) (Y o F,YP 0 G)
~ Homgyn(c,p)(F,G) = Nat(F,G),

where the last equivalence follows from fully faithfulness of the Yoneda embedding Y.
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3 Span categories

In the approach to higher algebra I am taking in this course, a prominent role is played by the notion
of a span category. In recent years, this notion has gained a lot of prominence among researchers,
as it provides a convenient way to encode algebraic structures in a variety of settings, like those of
spectral Mackey functors [Barl7], normed oo-categories [BH21] or six-functor formalisms [Sch23;
HM?23]. So far, the use of span categories in higher algebra has not yet become mainstream, which
is probably due in large part to the fact that the main textbook on higher algebra, [Lurl7], does not
use them. For this reason, I will dedicate some time in this chapter to a proper introduction of span
categories.

Let C be an co-category with pullbacks, and let Cz and Cg be collections of morphisms of C closed
under composition and pullback. Then the span category Span;, g (C) associated with this triple is
an co-category whose objects are the objects of C, while the morphisms from X to Y are given by
spans

idx

id
where f € Cr and g € Cg. The identity morphism is the identity span X & x 55 X, The
composition of a span X « U — Y withaspanY < V — Z is given by forming pullbacks:

UxyV

ﬂ/v\v
N T N
X y z

In this section, we will give a formal definition of Span; r(C). We will further discuss the existence
of products and coproducts in Span; g(C).

3.1 oo-Categories as complete Segal animae

Constructing co-categories is more subtle than constructing ordinary categories: it does not suffice
to define composition of morphisms by hand and check unitality and associativity, due to the fact that
there are higher coherences that should be encoded. In most cases, the co-categories one is interested
in can be built up from a few elementary constructions, such as products, pullbacks, and functor
categories. However, in certain cases, like that of Span; g (C), this is not immediately possible.
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In this section, we will introduce an alternative method for constructing co-categories, originally due
to Rezk [Rez01]: by writing down a simplicial anima A°® — An satisfying certain Segal and Rezk
conditions. Note that every co-category gives rise to such a simplicial anima, called its nerve:

Definition 3.1.1. The nerve of an co-category C is the simplicial anima N(C): A°® — An defined

as the composite

Homcam(_sc)
A% < Cat? — Cat® ——= ", An.

This construction is functorial in C and thus defines a functor N : Cat,, — sAn.
The anima of n-simplices of N(C) is given by
N(C)n = Homcy, ([n], C) =~ Map([n], C).
We may think of points of Map([r], C) as ‘strings of n composable morphisms in C’:

* For n = 0, Map([0], C) = Fun(x, C)™ =~ C= is just the groupoid core of C;
* Forn =1, Map([1], C) is the anima of morphisms in C;

» For n = 2, Map([2], C) is the anima of commutative triangles in C, which is equivalent to
Map([1], C) X¢c= Map([1], C) by the Segal condition (see 213 for a recollection);

* More generally, the ‘higher version’ of the Segal condition inductively implies that for every
n > 0 we have

Map([n], C) — Map([1], C) Xc=Map([1],C) xc= --- xc= Map([1],C)

for all n.

Note that all the relevant information of C is captured by its nerve: the objects are captured by the
anima N(C)o = C=, the Hom animae Hom¢ (x, y) may be recovered as the fiber over (x, y) of the
map (dy,dp): N(C); — N(C)p x N(C)p, and composition in C is captured by N(C),. But note
that N(C) also captures all the higher coherences for composition in C, via the higher simplices
in N(C). It thus seems plausible that C may be recovered from N(C). This is the content of the
following important theorem:

Theorem 3.1.2 ([JTO07, Section 4], [Lur09a, Corollary 4.3.16], [HS23]). The nerve functor
N: Cats,, — SAn

is fully faithful. Its image consists of the complete Segal animae (see below). In particular, the nerve
functor induces an equivalence
N: Cat,, — CSeg(An)

between Cato, and the co-category of complete Segal animae.

The power of this theorem is that it allows us to construct co-categories by writing down a simplicial
anima A°® — An and checking that it lies in this subcategory of complete Segal animae. This will
precisely be how we construct the span category Span; g(C) in Section 3.2 below. In the remainder
of this section, we will give some more background on Theorem 3.1.2.
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Definition 3.1.3 (Segal anima). A simplicial anima X: A°® — An is called a Segal anima if the
Segal condition is satisfied: For every n > 1, the inclusion maps ¢;: [1] = {i—1 < i} < [n] induce
an isomorphism of animae

(ET,...,€Z)Z Xn - Xi XX, X1 XXy " XX, X.
We write Seg(An) C sAn = Fun(A°P, An) for the full subcategory of Segal animae.

Observe that the nerve N(C) of an co-category C is always a Segal anima: this is essentially the
content of the Segal Axiom (see the recollections on page 213).

Note that a Segal anima X comes equipped with a composition map
d
—o—: X XXOXI ~ X, — X].

One can show that composition is unital and associative.

Convention 3.1.4. Given a Segal anima X, we refer to O-simplices x € Xy as objects of X, and
to 1-simplices f € X| as morphisms of X. We use the notation f: x — y when d;(f) ~ x and
do(f) = y. Given objects x, y € Xy, we define the Hom anima in X as the following pullback:

HomX(x, y) —) Xl

|
\L \L(dl’d())

* &) Xo X Xo.

We will sometimes refer to 2-simplices as homotopies.

Definition 3.1.5. Let X € Seg(An) be a Segal anima. A morphism f: x — y in X is called an
isomorphism if there exist 2-simplices o, T € X satisfying the relations do(o) = f, di (o) =~ idy,
d>(t) = f and di(7r) = id,. More informally: f is an isomorphism if there exist morphisms
g, h:y — x together with homotopies g f ~ id, and fg =~ id,.

We write X[ C X for the full subanima spanned by the isomorphisms.

Definition 3.1.6 (Complete Segal anima, Rezk [Rez01]). A Segal anima X: A°® — An is called
complete, or is said to satisfy the Rezk condition, if the map

Xo— X|, x>idy

is an equivalence of animae. We denote the full subcategory of complete Segal animae by
CSeg(An) C Seg(An).

The nerve N(C) of an co-category is complete by the Rezk Axiom (see the recollections on page
213). In particular, the nerve functor N: Cat,, — sAn factors through CSeg(An) C sAn.

The claim that a functor is an equivalence if and only if it is essentially surjective and fully faithful
has an analogue for complete Segal animae:

Definition 3.1.7 (Dwyer-Kan equivalences). A morphism ¢: X — Y of Segal animae is called a
Dwyer-Kan equivalence if the following two conditions are satisfied:
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(1) (Essential surjectivity): For every object y € Y there exists an object x € X satisfying p(x) = y
in Yo.

(2) (Fully faithfulness): Forobjects x, x” € Xy, the induced map ¢: Homy (x,x’) — Homy (¢x, ¢x’)
is an equivalence of animae.

Remark 3.1.8. Note that a functor F': C — D between oo-categories is essentially surjective
(resp. fully faithful) precisely if the induced map on nerves N(F): N(C) — N(D) is essentially
surjective (resp. fully faithful). In particular, F is an equivalence if and only if N(F) is a Dwyer-Kan
equivalence.

Lemma 3.1.9. Let ¢: X — Y be a morphism of complete Segal animae. Then ¢ is an equivalence
if and only if it is a Dwyer-Kan equivalence.

Proof. Itis clear that every equivalence is a Dwyer-Kan equivalence. For the converse, assume ¢ is
a Dwyer-Kan equivalence. We start by showing that ¢ is conservative, meaning that the following
square is a pullback square:

X —> X

Lk

YIN — Y.

Let f: x — y be amorphism in X; and assume that its image ¢(f): ¢(x) — ¢(y) is an isomorphism
in Y. We have to show that already f itself is contained in X|". To produce a left inverse, pick a left
inverse g’: ¢(y) — ¢(x) of ¢(f). By assumption on ¢, the map Homy (v, x) — Homy (py, ¢x)
is an equivalence, and in particular there exists a preimage g: y — x of g’. We claim that g f ~ id,.
But since ¢(gf) = ¢(g)¢(f) = g'o(f) = idy(x) = ¢(idy), this follows from the equivalence
¢: Homy(x,x) — Homy (¢x, ¢x). Thus g is a left inverse of f. Since ¢(g) = g’ is invertible in
Y, we may apply the argument to g to conclude that also g admits some left inverse /4, so that g is
invertible in X and hence so is f. This finishes the proof of conservativity of ¢.

To show that ¢ is an equivalence, consider the following commutative square:

: dyd
Xo 10>X1~( >X1(10>)X0><X0
fol \Lfl \Lfl lfoxfo
dy.d
Yo —2s vy e ¥y My x,,

The horizontal maps in the left-hand square are equivalences by the completeness of X and Y, and
so the left square is a pullback square. The middle square is a pullback square by conservativity
of ¢. The right-hand square is a pullback square, since on horizontal fibers it induces the maps
Homy (x, y) — Homy (¢x, ¢y), which are equivalences by fully faithfulness of ¢. It follows that the
outer rectangle is a pullback square, and hence that ¢g: Xo — Y is a monomorphism of animae.
Since it is also surjective on objects, it follows that ¢ is an equivalence. The right-hand pullback
square then shows that also ¢;: X; — Y is an equivalence and using the Segal condition we
conclude that ¢, : X,, — Y, is an equivalence for all n. O

We will now assign an co-category to every simplicial anima. For this, let us recall the universal
property of the presheaf category PSh(C) := Fun(C°P, An) for a small co-category C: for every
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other cocomplete co-category E, restriction along the Yoneda embedding Y : C < PSh(C) induces
an equivalence
Fun®'™(PSh(C), E) = Fun(C, E) (3.1

between the co-category of colimit-preserving functors PSh(C) — E and the co-category of functors
C — E. The inverse to this restriction functor is given by left Kan extension along the Yoneda
embedding.

Lemma 3.1.10. The nerve functor admits a left adjoint ac: sAn — Cat.,.

Proof. Since Cat,, admits all colimits, we may form the left Kan extension of A <— Cat,, along the
Yoneda embedding A®: A < sAn = PSh(A) to obtain a colimit-preserving functor

ac: sAn = PSh(A) — Cat,,.
To show that this is a left adjoint to the nerve functor, we must produce a natural isomorphism
HOInCatoc (aC(X): C) = HomsAn(X, N(C))

for every simplicial anima X and every co-category C. Regarding both sides as functors sAn°? —
Fun(Cat.,, An), it follows from the fact that the Hom-functor preserves limits in its first variable
(see e.g. Theorem B.20) that both are limit-preserving, and in particular both are the right Kan
extension of their restriction along the Yoneda embedding A®: A — sAn. It will thus suffice to
provide a natural isomorphism between both of these two restrictions. But in this case we may use
the composite

Homcy, (ac(A"), C) = Homcy,, ([1], C) = N(C), = Homgan (A", N(C)),
where the last step uses the Yoneda lemma. O

Definition 3.1.11. Given a simplicial anima X, we refer to the co-category ac(X) as the associated
category.

Since the functor ac is defined in terms of left Kan extensions, the pointwise formula for left
Kan extensions allows us to compute it in terms of colimits in Cat,, which in turn admit an
explicit description by Proposition 2.5.2. The resulting expression can then be simplified somewhat
further to obtain a concrete expression for ac(X) as a certain localization, as explained in [HS23,
Corollary 3.8]. This explicit expression can then be used to prove the following important result:

Proposition 3.1.12 (Hebestreit and Steinebrunner [HS23, Corollary 3.12, Lemma 4.1]). For every
Segal anima X, the unit map n: X — N(ac(X)) is a Dwyer-Kan equivalence.

We refer to [HS23] for the details of the argument. With this essential ingredient, we may now prove
the main result of this section:

Proof of Theorem 3.1.2. Since the nerve functor lands in CSeg(An), the adjunction ac 4 N restricts
to an adjunction

ac: CSeg(An) :> Cat :N.
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We have to show that both the unit and the counit are equivalences. For the unit, let X be a complete
Segal space. The unitmapn: X — N(ac(X)) is a Dwyer-Kan equivalence by Proposition 3.1.12 and
thus an equivalence by Lemma 3.1.9, since both sides are complete Segal animae. For the counit, let
C be an oo-category. To show that £: ac(N(C)) — C is an equivalence, it suffices by Remark 3.1.8
to show that N(g): N(ac(N(C))) — N(C) is an equivalence. But this is a consequence of the
triangle identity and the fact that nx(c): N(C) — N(ac(N(C))) is an equivalence. This finishes
the proof. O

3.1.1 Some consequences

For future use, let us record some useful consequences of Theorem 3.1.2.

Lemma 3.1.13. The subcategory CSeg(An) C sAn is closed under limits and filtered colimits.

Proof. Recall that limits and colimits in sAn are computed pointwise. The conditions defining the
subcategory CSeg(An) C sAn are expressed in terms of finite limits. Since finite limits commute
with both limits and filtered colimits' in An, the claim follows. O

Corollary 3.1.14. The nerve functor N: Cat,, < sAn preserves filtered colimits. In particular,
finite limits commute with filtered colimits in Cat.

Proof. The firstclaim is immediate from Lemma 3.1.13 and the equivalence N : Cat,, — CSeg(An).
The second claim follows since limits commute with filtered colimits in An and hence in sSAn. O

Corollary 3.1.15. For every finite category I, the functor Homcy (I, —): Cate, — An preserves
filtered colimits. In particular the core functor (=)~ : Cate, — An preserves filtered colimits.

Proof. By definition, the subcategory Cati" C Cat,, is the smallest subcategory closed under
pushouts which contains @, [0] and [1]. Since filtered colimits commute with pullbacks in An, the
class I of co-categories for which the claim holds is closed under pushouts. It thus remains to show
the claim for 7 = 0, [0], [1]. The claim for 0 is clear, since Homcy, (0, C) is terminal for each C
and filtered colimits of terminal objects are terminal. The claim for [n] follows from the previous

. . . N evy
corollary, since Homcy_ ([1], —) agrees with the composite Cat,, — SAn — An.

The last claim is the special case I = [0]. O

3.2 Constructing span categories

Having established the equivalence between co-categories and complete Segal animae, we can return
to the question of defining the span category Span; g (C). The idea will be to write down a complete
Segal anima whose anima of n-simplices consists of n-tuples of spans in C together with coherent
choices for their compositions. More precisely, an n-simplex in this simplicial anima should be a

ISee e.g. [Hau25, Section 9.9] for a ‘synthetic’ proof of the fact that finite limits commute with filtered colimits in
An.
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diagram in C as follows:

Xon
X oo X
Xin
)( v N K v P\l
Xo2
X o X Kov X K v X
Xo1 X12
K N %4 Y ¢ Y K NS
Xoo X1 X»n Xun-

Here all the left-pointing morphisms should be in the class Cy, all the right-pointing morphisms
should be in Cg, and all squares should be pullback squares. Let us now make this precise. In the
remainder of this section we will closely follow the exposition from [Hau+23b].

Definition 3.2.1. A subcategory? C’ C C is called wide if it contains all objects of C.

We will usually think of a wide subcategory C’ as specifying a collection of morphisms in C closed
under composition.

Definition 3.2.2 ([Barl7]). An adequate triple (C,Cyr,Cg) consists of an co-category C equipped
with two wide subcategories Cr, Cr C C satisfying the following two conditions:

(1) For morphisms /: X — Y andr: Y — Y in C with [ € Cr and r € Cg, there exists a pullback
square of the form

x s x
lfl ! ll (32)
(g

(2) In any pullback square in C of the form (3.2) with / € Cr, and r € Cg, we also have I’ € Cr, and
rrecC R-

We refer to Cy, as the class of backwards morphisms and to Cr as the class of forward morphisms.

Given another adequate triple (D, D, Dr), a morphism of adequate triples is a functor F: C — D
that sends Cy, to Dy, and Cg to Dp, and that preserves the pullbacks of the form (3.2). We denote by

AdTrip C Fun(J, Cat,)

the non-full subcategory spanned by those diagrams C; < C < Cpg in Cat, that correspond to
adequate triples (C, Cr, Cr) and those morphisms that correspond to morphisms of adequate triples.

Example 3.2.3. For any wide subcategory C’ of an co-category C, we have the adequate triples
(C,C’,C% and (C, C=, C"). In particular, for any co-category C we always have the adequate triples
(C,C,C%) and (C,C™,C).

ZRecall that a subcategory in the synthetic setting corresponds to what is sometimes called a ‘replete subcategory’
in the quasicategorical setting: given an isomorphism f: X — Y in C, if X is contained in C’ then also Y and f are
contained in C’.
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Example 3.2.4. If C admits all pullbacks, we have the adequate triple (C, C, C) where we take all
maps to be both forward and backward maps. This gives rise to a fully faithful embedding

Catﬁ},’ < AdTrip,

where Catgl) C Cat,, is the subcategory spanned by those co-categories which admit pullbacks, and
those functors which preserve pullbacks.

Example 3.2.5. If (C,Cr, Cg) is an adequate triple, then so is (C, Cg, Cr). The resulting endo-
morphism of AdTrip will be denoted

(_)rev : AdTrlp - AdTI‘lp .

We will now introduce the indexing diagrams that classify the functors [n] — Span; (C).

Definition 3.2.6 (Twisted arrow category). For n > 0, let Tw" ({n]) be the partially ordered set of
tuples (i, j) with 0 <7 < j < n, where the partial order is given by

(i, 7) < (k,1) if and only if i<k and [<j.

We will generally denote (i, j) by (i < j). The poset looks as follows:

(0<n)
K !
.. (1 <n)
K K X
(0<2) . .
K P o o™
0<1 (1<2) (n-1<n)
K ! K X K N K >
(0<0) (1<1) (2<2) (n <n).

Given a morphism of posets ¢: [n] — [m], we obtain a map Tw" (¢): Tw" ([n]) — Tw" ([m]) by
sending (i < j) to (¢(i) < ¢(j)). This assignment is clearly functorial, resulting in a functor

Tw": A — Poset C Cat C Cato,.

Exercise 3.2.7. Show that the functors s: Tw"([n]) — [n],(i < j) — i and ¢: Tw"([n]) —
[7]°P, (i < j) +> J are cartesian fibrations.

Lemma 3.2.8. Forintegers 0 <i < k < < j < n, the commutative square

(i<J)

K >
(i< (k<))
> 'S
(k<)

is a pullback square in Tw" ([n]).

Proof. Given 0 < i’ < j* < n we need to show that we have (i, j’) < (i,j) if and only if
(',7") < (i,1) and (i, j') < (k,j). This is clear: in both cases this amounts to asking that i’ < i
and j < j’. m|
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Corollary 3.2.9. The poset Tw" ([n]) is an adequate triple, with Tw" ([n]) L consisting of morphisms
of the form (i < j) < (i < 1) and Tw" ([n])r consisting of morphisms of the form (i < j) < (k <
h 0

From now on, we will equip Tw" ([n]) with the adequate triple structure from Corollary 3.2.9. Note
that amorphism of posets ¢: [n] — [m] induces a morphism of adequate triples Tw" (¢): Tw" ([n]) —
Tw" ([m]), resulting in a functor

Tw": A — AdTrip.

Observe that the diagrams in C we drew in our informal description of the functors [n] —
Span; g (C) given in the introduction to this section are precisely the morphisms of adequate
triples Tw" ([n]) — (C, Cr, Cr). This leads to the following definition:

Construction 3.2.10. Let (C,Cr,Cg) be an adequate triple. We define the simplicial anima
NSpan; ,(C) € sAn as the following composite:

AP Tw" AdTrip® Homagryip (=, (C,CL,CR)) An.

In other words, for n > 0 we consider the subanima
NSpan;_x(C), € Map(Tw’ ([n]), C)

consisting of the morphisms of adequate triples. This construction is natural in the adequate triple,
hence defines a functor
NSpan: AdTrip — sAn.

Proposition 3.2.11 (Barwick [Barl7, Proposition 5.6], Haugseng, Hebestreit, Linskens, and Nu-
iten [Hau+23b, Theorem 2.1.3]). For every adequate triple (C,Cr,CRr) the simplicial anima
NSpan; g (C) is a complete Segal anima.

Proof. We start by proving the Segal condition. Let us write X := NSpan; g (C) for ease of notation.
For every n > 0, consider the subposet J,, C Tw" ([n]) spanned by the objects (i < j) with j < i+ 1:

0<n)
K oo X
(1<n)
)( v \( K v M
(0<2) .

. Koo N oK K v ,
| (0<1) (1<2) (n—=1<n) ;
In K X K X K X K ~ |
1 (0<0) (1<1) (2<2) (n<n)!

Note that a functor Tw" ([n]) — C preserves the pullback squares from Lemma 3.2.8 if and only if
it is right Kan extended along the inclusion J,, < Tw" ([n]): if we compute this Kan extension row
by row, this follows from the pointwise formula for Kan extensions. It follows that restriction to J,,
induces a fully faithful functor

X, = NSpan; g (C), < Map(J,,C)
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whose image consists of those functors J,, — C sending the left-pointing morphisms to C, and the
right-pointing morphisms to Cgr. We now observe that face maps ¢;: [1] < [n] induce inclusions
Tw" ([1]) — J, which assemble into an equivalence

Tw" ([1]) Utwr (o) TW" ([1]) Utwr (for) * - Utwr (fo1) TW ([1]) = Jn,
and in particular we get
Map(Jy, C) = Map(Tw’ ([1]), C) xc= Map(Tw" ([1]), C) Xc= - - - Xc= Map(Tw" ([1]), C).

Under this equivalence, the image of the restriction map X,, < Map(J,,, C) corresponds precisely
to the target of the Segal map

(e))imy: Xn — X1 Xx, - -+ Xx, X1,

showing that X satisfies the Segal condition.

For completeness, first note that the functor
C™ = Xo — X; € Map(Tw' ([n]),C)

is an inclusion of animae. Indeed, since Tw” ([1]) has an initial object we have || Tw" ([1])]| = =,
and thus the constant diagram functor C — Fun(Tw" ([1]), C) may be identified with the fully
faithful inclusion Fun(|| Tw" ([n])]|, C) — Fun(Tw"([1]), C). It thus remains to show that a span

x UL vyisan isomorphism in the Segal anima NSpan; r(C) if and only if both / and r are

. . . ll ’ . lll ” . .
isomorphisms in C. LetY «— V 5 X be a left inverse, and let Y «— W L5 Xbea right inverse.
The identities (I,7) o (I’,7") =id and ({”,r"") o (I,r) = id are exhibited by commutative diagrams
in C of the following form:

Y X
/Z v \\ %f v\
1% U and U w
Ky NN KN
Y X Y Y

X X.

Putting them into one single diagram and forming another pullback, we then obtain:

P
W v N
Y X
VvN v N
l/ V ’ l U l// W 7
r r r
v N Y N WX
Y X Y X.
Since isomorphisms in C are closed under pullbacks, the maps P — V and P — W are isomor-
phisms, so by the 2-out-of-6 property all morphisms along the outer two edges of the diagram are
isomorphisms. By the 2-out-of-3 property, then so are the maps r’: V — X and [”: W — Y, hence

by pullback also Y — U and X — U. Finally, another instance of the 2-out-of-3 property shows
that/: U — X and r: U — Y are isomorphisms, as desired. O
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Notation 3.2.12. By Proposition 3.2.11 and Theorem 3.1.2, the functor NSpan: AdTrip — sAn

factors uniquely as
NSpan

AdTrip > SAnN.

\\
Span \\,4 N

Caty

We refer to the resulting co-category Span; g(C) as the span category of the adequate triple.
Lemma 3.2.13. There is a natural equivalence Span; g (C)°P = Spang ; (C), in the sense that the
following diagram commutes:

AdTrip 2% AdTrip

Spanl \LSpan

—)°p

Cate, (—> Cateo.

Proof. By definition of (—)°P: Cat,, — Cat.,, there is a commutative square

—)op
Cate —>( ) Cate

of P

SAn (—> SAn,

where the bottom functor is given by precomposition with (—)°P: A = A. We thus need to produce
a natural equivalence NSpan; r(C)°®® ~ NSpan(C, Cg,Cr) of simplicial animae. Unwinding
definitions, this amounts to producing a natural equivalence

Homagryip (TW" ([7]°P), (C, Cr, CRr)) = Homagrip (T ([1]), (C, Cr, CL)),

natural in [n] € A°® and (C,Cr,Cgr). Equivalently, we must produce a natural equivalence
Tw" ([n]°P) = Tw" ([1])rev- Such an equivalence is given by sending an object (i > j) in Tw" ([n]°P)
to the object (j < i) in Tw" ([n]). m|

The span category Span; r(C) contains Cgr as a wide subcategory on the right-pointing spans
= .. . . . .. l =
XxXex5Ly. Similarly it contains Czp as a wide subcategory on the left-pointing spans X <Y — Y.

This is made precise by the following result:

Lemma 3.2.14. Let Cp,Cr C C be wide subcategories. Then the span categories of the adequate
triples (C,C=,Cg) and (C,Cr, C%) from Example 3.2.3 are given by:

Span. (C) = Cg and Span; .(C) = C}".

Proof. It suffices to prove the first equivalence; the second one follows by combining the first one
with Lemma 3.2.13. For [n] € A°P, consider the source functor s: Tw" ([n]) — [n], (i £ j) — i.
Note that this functor admits a fully faithful left adjoint [r] — Tw"([n]) sending i € [n] to
(i £ n) € TW ([n]). Indeed, there is a morphism (i < n) — (k < [) in Tw"([n]) if and only if
i < k. It thus follows from Lemma 3.2.15 that restriction along s induces an inclusion of animae

Homcy,, ([n], Cr) € Homcy,, ([n], C) < Homcy,, (TW" ([n]), C)
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whose essential image consists of those functors Tw” [n] — C that send backwards morphisms to
isomorphisms and forward morphisms into Cg. Since these are precisely the morphisms of adequate
triples into (C, C~, Cg), we obtain a natural equivalence

N(CR)n = HomCatm([n]’ CR) — HomAdTrip(TWr([n])’ (C’ C:’ CR)) = NSpan:,R(C)n'

This shows that N(Cgr) = NSpan, x(C), and hence that Cgr ~ Span.. g(C) by fully faithfulness of
the nerve functor. O

Lemma 3.2.15. Let p: E — C be a functor with a fully faithful left adjointi: C — E (also known
as a Bousfield colocalization). Then p is a localization at the class W = p~'(C™) of morphisms in
E sent to isomorphisms under p.

Proof. The adjunction i + p induces for any co-category D an adjunction
p*: Fun(C, D) & Fun(E, D) :i*

on functor categories. The unit id = pi induces the unit id = id* = (pi)* = i*p”*, hence p* is
fully faithful. To identify the essential image of p*, note that a functor F: C — D is in the essential
image if and only if the counit F oio p = p*i*F — F is a natural isomorphism. This happens if and
only if F sends the counit ex: i(p(X)) — X in E to an isomorphism in C for every X € E. Since
p(ex): p(i(p(X))) — p(X) is an isomorphism, this is clearly implied by F' inverting the maps in
W. Conversely, if F inverts all maps &y, then for every morphism f: X — X’ in W = p~1(C*) it
inverts three out of the four maps in the diagram

ipx 2YN o

gxl lgx,

XL)X’,

and so by 2-out-of-3 it also inverts f. This shows that the essential image of p* consists of the
functors F that invert W, as desired. O

Corollary 3.2.16. There are canonical inclusions
Cr = Span. g(C) < Span; p(C) and C;” =~ Span; .(C) < Span; p(C).

Lemma 3.2.17. The oo-category AdTrip admits limits and filtered colimits, and the inclusion
AdTrip — Fun(d, Cats,) preserves limits and filtered colimits.

Proof. We start with the case for limits. Recall that limits in Fun(, Cat,) are computed point-
wise. Given a functor C: I — AdTrip, we thus need to show that the triple (C,Cyp,Cg) :=
(lim; C(i),lim; C(i)r,lim; C(i)g) is again adequate. Note that subcategory inclusions are closed
under limits in Cat.,: a functor D < D’ is a subcategory inclusion if and only if the commutative
square

D ——

D

S¢+—o

e |



is a pullback square, and limits commute with pullback squares. Furthermore, wide subcategory
inclusions are closed under limits: an inclusion D < D’ is a wide subcategory if and only if the
induced map D= — D’~ on groupoid cores is an equivalence of animae, and (—)~ preserves limits.
Finally, a cospan X 4 X” & X’ admits a pullback in C = lim; C(7) if and only if its image in each
C (i) admits a pullback. Since a morphism in C lies in Cy, (resp. in Cg) if and only if its image in
each C (i) liesin C (i), (resp. C(i)R), this shows that (C, Cr, Cr) is an adequate triple. Furthermore,
it follows that a functor into C is a morphism of adequate triples if and only if the composite with
each projection C — C(i) is, so that (C, Cr, Cr) is a limit in AdTrip.

For filtered colimits, note that subcategory inclusions are closed under filtered colimits in Catc,
since they commute with pullbacks by Lemma 3.1.14. Since every object in a filtered colimit of
oo-categories D (i) comes from one of the D (i), it follows that a filtered colimit of wide subcategory
inclusions is again wide. The functors C(j) — colim; C(i) = C preserves pullbacks, since the
hom animae in C are defined using a pullback square and hence commute with filtered colimits.
Conversely, any cospan in C may be lifted to a cospan in some stage C (), so C admits all pullbacks
of morphisms in Cy, along morphisms in Cg. It follows that (C, Cr, Cr) is an adequate triple, and
that a functor out of C is a morphism of adequate triples if and only if the composite with each
C(j) — C s, sothat (C,Cyr, Cg) is a colimit in AdTrip. O

Proposition 3.2.18. The functor Span: AdTrip — Cat., preserves limits and filtered colimits.

Proof. The inclusion N: Cat,, < sAn preserves limits and filtered colimits (see Lemma 3.1.14 for
the latter claim). It will thus suffice to show that NSpan: AdTrip — sAn preserves these (co)limits.
Since these are computed pointwise, this boils down to showing that the functor

Homagrrip (TW" ([1]), =) : AdTrip — An

preserves them. The case for limits is clear, since the functor is corepresented. For filtered colimits,
we use again that filtered colimits commute with pullbacks, so that we may reduce to the cases n = 0
and n = 1 via the Segal condition. Note that the co-categories Tw” ([0]) = * and Tw" ([1]) = are
finite, so Homgcy (Tw" ([1]), —) : Cate, — An preserves filtered colimits by Corollary 3.1.15. This
proves the claim for n = 0. For n = 1, one observes that the subanimae of morphisms of adequate
triples are closed under filtered colimits. O

3.3 Products and coproducts in span categories

We will now provide conditions under which the span category Span; (C) admits finite products
or coproducts. This will follow from a more general discussion about adjunctions of span categories,
which we will start with.

3.3.1 Adjunctions of span categories

Construction 3.3.1. Consider adequate triples (C,Cr,Cg) and (D, Dy, Dg)andlet F,G: C — D
be morphisms of adequate triples. Let @: F = G be a natural transformation, and assume that the
following two conditions are satisfied:

(1) The morphism a(X): F(X) — G(X) lies in Dp for every object X of C;
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(2) For every morphism /: Z — X in Cy, the commutative square

F(z) 2% G(2)

F(l)l lG(”

F(x) 22 G(x)

is a pullback square in D.

‘We will construct a natural transformation
Span®(a): Span(F) = Span(G)

of functors Span; (C) — Span; (D) which is objectwise given by the forward spans

F(X) < F(X) RGN G(X)

for X € C. For this, equip [1] with the adequate triple structure ([1], [1]¥, [1]). Then the product
C x [1] is again an adequate triple. Regarding « as a functor C X [1] — D, we then observe that
conditions (1) and (2) are precisely the condition that @ is a morphism of adequate triples, hence
induces a functor

Span; g(C x [1]) — Span; g(D).

Using that Span(-) preserves products by Proposition 3.2.18 and that Spanyy, ,,,([1]) =~ [1] by
Lemma 3.2.14, this functor takes the form

Span; g(C) x [1] — Span; g(D).

The restrictions to 0 and 1 are precisely Span(F) and Span(G), so this produces the desired natural
transformation Span® (a).

Remark 3.3.2. The previous construction can be dualized, if we assume instead that the morphism
a(X): F(X) - G(X)isin D for every X € C and that for every morphism r: Z — Y in Cg the

commutative square

F(z) 25 G(2)

F(r)l \LG(V)

Fv) 22 G(v)

is a pullback square in D. By applying Lemma 3.2.13 to the previous construction, we deduce that
a induces a natural transformation

Span’(a): Span(G) = Span(F)
of functors Span; (C) — Span; (D) given on an object X € C by the backwards span

cx) & Fx) S F(x)
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Lemma 3.3.3. Given a third morphism of adequate triples H: (C,Cr,Cgr) — (D, Dy, Dg), let
a: F = G and B: G = H be natural transformations satisfying the conditions (1) and (2) from
Construction 3.3.1. Then we have the relations

Span®(id¢) = idspan; (C) and Span® (B o @) = Span®(B) o Span® (a).
The dual claims for Span® (=) also hold.

Proof. Composition and identities of natural transformations are formed using the posets [n] for
n = 0,2. The claim thus follows from the naturality in [1n] € A of the equivalence Span; g (CX[n]) =
Span; g(C) X [n]. O

Corollary 3.34. Let (C,Cr,Cg) and (D, Dy, DR) be adequate triples. Let F: C 2 D :G be an
adjunction of co-categories and assume that F and G are morphisms of adequate triples.

(1) Assume that for every object X € C, the unit map nx: X — G(F(X)) is in Cr and the counit
map €x: F(G(X)) — X is in Dg. Furthermore, assume that for every morphisml: Z — X in
L and every morphism I’ : Z' — X' in L’, the commutative squares

z 3 G(F(2)) F(G(2)) £ 7/
ll lc(m)) and F(G(”)l ll
x X5 G(F(X)) F(G(X")) =5 X’

are pullback squares. Then F and G induce an adjunction

Span(F): Span(C,L,R) —— Span(D,L’,R’) :Span(G).

(2) Dually, assume that for every object X € C, the unit map nx: X — G(F(X)) is in Cy, and
the counit map ex: F(G(X)) — X is in Dy. Furthermore, assume that for every morphism
r: Z — Y in Cg and every morphismr’: Z' — Y’ in DR, the commutative squares

zZ 5 G(F(2)) F(G(Z) %5 z
rl lG(F(’” and F(G("”l lr'
Y 2 G(F(Y)) FGY)) 2y

are pullback squares. Then F and G induce an adjunction
Span(G): Span; g(D) ——— Span; g(C) :Span(F).

Proof. We prove (1); as (2) is dual. By Construction 3.3.1 and Lemma 3.3.3 the unit : id -» GF
and counit £: FG — id induce transformations Span®(): Span(id) — Span(G) o Span(F) and
Span®(g): Span(F) o Span(G) — id. By Lemma 3.3.3 these transformations still satisfy the
triangle identities. o
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3.3.2 Products and coproducts in span categories

We now apply the previous results on adjunctions of span categories to study products and coproducts
in span categories.

Definition 3.3.5. An adequate triple (C, Cr, CRr) is called weakly extensive if the following condi-
tions are satisfied:

(1) The co-category C admits finite coproducts;

(2) The coproduct functor C X C — C is a morphism of adequate triples (i.e., morphisms in Cp,
and Cg are closed under coproducts, and coproducts of pullback squares of morphisms in Cy,
along morphisms in Cg are again pullback squares);

(3) For every object X € C, the morphisms ® — X and V: X U X — X arein Cyr;

(4) For every morphism r: X — Y in Cg, the commutative squares

Xux s yuy

Vl lv and

X;)Y

M — S
~N<— s

l\

are pullback squares.

We say that the triple is weakly coextensive if (C,Cg,Cr) is weakly extensive, and we say it is
extensive if it is both weakly extensive and weakly coextensive. An co-category C is called extensive
if it admits subcategories Cy, and Cg such that (C, Cr, Cr) is extensive.

Example 3.3.6. The category Fin of finite sets is extensive. More generally, for a finite group G the
category Fing of finite G-sets is extensive.

Example 3.3.7. The category Top of topological spaces is extensive.
Example 3.3.8. Any full subcategory C € An closed under finite coproducts is extensive.

Lemma 3.3.9. Let (C,Cy, Cr) be an adequate triple.

(1) If the triple is weakly extensive, then Span; p(C) admits finite products, and the inclusion
Czp — Span; _p(C) preserves finite products;

(2) Ifthe triple is weakly coextensive, then Span;, g (C) admits finite coproducts, and the inclusion
Cr = Span;, g (C) preserves finite coproducts;

(3) Ifthe triple is extensive, then Span; p(C) is semiadditive.

Proof. For part (1), note that C has binary coproducts if and only if the diagonal functor A: C —
CXC admits aleft adjoint LI: CxXC — C. The counit of the adjunction s the foldmap V: XX — X
and the unit is the pair of canonical inclusions (X <— X UY,Y < XUY). One now observes that the
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assumptions on (C, Cr, Cgr) are precisely those that ensure we may apply part (2) of Corollary 3.3.4,
so that this adjunction induces an adjunction

SpanL,R(C) =2 SpanL’R(C X C) =~ SpanL’R(C) X SpanL’R(C).

It follows that Span; r(C) admits binary products. For the initial object, we similarly regard the
initial object @ of C as a left adjoint to the functor C — =, and use Corollary 3.3.4 to get an
adjunction Span; r(C) & Span(x) = * exhibiting () as a terminal object of Span;, g (C). Part (2) is
an immediate consequence of (1) using Span; ,(C)°? = Spang ; (C). For part (3), note first that the
initial object @ in C becomes both initial and terminal in Span; (C), and that the zero morphism
between objects X and Y is given by the span

X—0->Y.

Also notice that the coproduct XY in C becomes both the product and the coproduct in Span; g (C),
via the spans

XUY « X = X, XUY <Y SY, X< X XUY, Y <Y< XUY.

It thus remains to compute the four composites and show that they are idy, 0, 0 and idy. This follows
from the following three pullback squares:

X — X Y —— Y 0 —Y

L ) °

X — XUuy, Y — XuvY X — XUuY.
Corollary 3.3.10. The co-category Span(Fin) is semiadditive. O
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4 Basics on co-operads

Now that we have a solid grasp on cocartesian fibrations and span categories, we return to the topic
of oo-operads. We start with some examples in Section 4.1, where we also prove an equivalent
characterization of co-operads and discuss its relation to the definition used by Lurie [Lurl7]. In
Section 4.2 we introduce the multimorphism operad Mc of a symmetric monoidal co-category C,
allowing us to define the notion of an O-algebra in C as an operad map O — M. In Section 4.3
we study the resulting notion of lax symmetric monoidal functors C — D, defined as operad maps
Mc — Mp, and study the (lax) symmetric monoidality of left/right adjoints of (lax) symmetric
monoidal functors. In Section 4.4, we provide conditions for a full subcategory D of a symmetric
monoidal co-category C to inherit a symmetric monoidal structure from C: this may happen if D is
closed under tensor products in C, or if D is a Bousfield localization of C which is suitably compatible
with the monoidal structure of C. Finally, in Section 4.5 we define the notion of O-monoids and
O-monoidal co-categories for an arbitrary co-operad O, which for O = Comm specialize to the
previous notions of commutative monoids and symmetric monoidal co-categories.

4.1 Definitions and examples

Let us recall the definition of an co-operad from Definition 1.4.5:

Definition 4.1.1. An oo-operad (or: Span(Fin)-co-operad) is a pair O = (0%, po) consisting of an
oco-category O® equipped with a functor pp: O® — Span(Fin) satisfying the following conditions:

(1) The co-category O® admits finite products, and the functor po preserves finite products;

(2) For every finite set /, the product in O® defines an equivalence
® ~,®
[]og, = of.
iel
Here we write O? for the fiber of p over the set /.

(3) For a morphism f: J — [ in Fin and objects X; € O®, the map f [Lier Xi = I1jes Xr(j)
whose j-th component is the projection to X¢(;) is po-cocartesian, meaning that for every
Y € O the following square is a pullback square:

—Of

Homos ([1;es Xr(j),Y) > Homoe ([ ;c; Xi,Y)

po| |

~opo(f)
Homspanein) (70 (T jes X7(7)> Po(¥)) 224 Homgpan(ein) (Po (TTics X0, po(Y)).
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If P = (P2, pp) is another co-operad, then a morphism of co-operads f: O — P is a commutative
diagram

oo — I pe
Span(Fin)
such that the functor f® preserves finite products.
If we write Cat for the (very large) co-category of co-categories that admit finite products and
functors that preserve finite products, we obtain a full subcategory
Op, <€ (Caty)/span(Fin)

spanned by the co-operads. Given two co-operads O and #, we will denote by Fung, (O, P) the
oco-category of morphisms of co-operads from O to P, defined as the following fiber:

Fung,_(O,P) —— Fun*(0®, P®)

- L

{po} —— Fun*(O®, Span(Fin)).

In certain contexts, morphisms of co-operads O — P are also known as O-algebras in P, and a
common alternative notation for the co-category Funpp_ (O, P) is Alg,(P).

Warning 4.1.2. As mentioned in Warning 1.4.6, our definition of co-operads does not agree with the
standard one in the literature, due to Lurie, which we will discuss in Section 4.1.2 below. However,
the difference is mostly inconsequential for practical purposes, as most constructions with Lurie’s
definition go through with our definition. The main difference is that with our definition we can
state various conditions on the co-category O® in terms of finite products rather than via a Segal
condition.

Terminology 4.1.3. We refer to the fiber Oy := p(_)1 ((1)) over the 1-element set (1) := {1} as the
underlying co-category of the co-operad O. We denote its groupoid core by

o = (Ofb):

and refer to it as the anima of colors of O. For a finite set I, condition (2) guarantees that every
object in Of’ may be uniquely written as a product [];c; x; for some colors x; € O%. In analogy
with the classical case, we may also denote such a product as an unordered tuple {x;};c;. Given
another color y € O, we define the anima of multimorphisms in O from {x;};c; to y as the anima
of morphisms in O® that map to the span [ «— I — (1):

O({xi}iersy) — Homgpe ({x;}ics,y)
[ o
* ——————— HomSpan(Fin) (1,(1)).

A morphism ¢: X — Y in O® whose image in Span(Fin) is a forward map I — I 5, Jis called an
active morphism. We say ¢ is an inert morphism if it is p p-cocartesian and its image in Span(Fin)

. f = . . .
is a backwards map I < J — J. We want to think of the active morphisms as the ones that encode
the operad structure, and of the inert morphisms as merely capturing the product structure in O®.
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Example 4.1.4. The commutative co-operad Comm is given by Comm® = Span(Fin) and p copmm =
id: Span(Fin) — Span(Fin). This is the terminal co-operad.

Example 4.1.5. The frivial co-operad Triv is given by 7riv® = Fin°® and pg;, = incl: Fin®? «—
Span(Fin) the canonical inclusion.

1
Example 4.1.6. The empty co-operad Trivy is given by ‘771'\/%9 = x and pgy, : * & Span(Fin) the
inclusion of the one-point set (1).

Exercise 4.1.7. Show that 77ivy is the initial co-operad.

Example 4.1.8. Let / be an co-category, and let ¢ : Fin(/) — Findenote the cartesian unstraightening
of I™): Fin®® — Cat,,. We define an co-operad 77iv; by setting

op
Triv = Fin(1), P v, - Fin(1)°P 2, Fin°? <> Span(Fin).
One can show that 77iv; := (Fin(/)°?, pgy,) is an oo-operad, which we refer to as the trivial

oo-operad generated by 1. Note that the previous two examples are the special cases [ = «and I = 0.
The co-operad Triv; satisfies the universal property that operad morphisms 7riv; — O are simply
functors I — ()?’1> to the underlying co-category of O, see also Exercise A.34 below.

Example 4.1.9. The pointed co-operad & is given by

&y = Spany ;,, (Fin) and pe, = incl: Spany, ;. (Fin) < Span(Fin).

all,inj all,inj

The active maps in & are the injections / < J of finite sets.

Example 4.1.10. Other examples of co-operads are the associative co-operad Assoc and the oco-
operads &,, for n > 0.

4.1.1 An alternative characterization of co-operads

We will next discuss an alternative description of co-operads closer to the one found in [Lurl7]:

Proposition 4.1.11. Consider a functor po: O® — Span(Fin). Then (0%, po) is an co-operad if
and only if the following conditions are satisfied.:

(i) O% admits all p o-cocartesian lifts of backwards morphisms I <i J > Jin Span(Fin);
(ii) For every finite set I, the functor
® ®
of —| | o,
iel

given by cocartesian transport along the maps p;: 1 <« {i} > {i} in Span(Fin) is an
equivalence;

(iii) Consider an objectY € O% with image J := po(Y) € Span(Fin) and cocartesian liftsY — Y,
over the maps pj in Span(Fin). Then the maps Y — Y exhibit Y as a product [];c; Y; in O®.
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Proof. Throughout the proof we write p = po for simplicity. First assume that O® is an co-operad.
‘We show that (i)—(iii) are satisfied:

@

(iii)

(ii)

Consider a morphism f: J — I in Fin and consider X € Of. By condition (2), we may
uniquely write X as a product [[;<; X; of objects X; € Oﬁ}. We then define Y := [];c; Xr(j)

and define f: X — Y to be the map whose j-th component X = [[;c; X; — Xy(j) is the

projection map onto X¢(;). Then assumption (3) tells us that fis a p-cocartesian lift of the

spanIiJ;J.

Using (2), we may write the objectY € O? uniquely as a product [ ;¢ ; ¥;. By assumption (3),
the projection maps Y = [];c, ¥; — Y; are cocartesian lifts of the maps p;: J < {;} S {j}
in Span(Fin), verifying (iii).

To show that the map OF — [1;¢; Of;.} is an equivalence, it suffices to show it is a left-inverse
to the product functor [];¢; Oﬁ.} - O}@, as this was assumed to be an equivalence. This is
again a consequence of the fact that the projection maps [[;c; X; — X; are cocartesian lifts of
Pi-

We now show that conditions (i)-(iii) imply that O® is an co-operad. We check conditions (1)-(3):

ey

2

3)

For finite products in O®, consider objects Y!,...,¥" in O® and set T; := p(Y’) and T :=
Ll; T;. Picking cocartesian lifts ¥* — Y/ over each map p;, condition (iii) tells us that these
maps exhibit each Y as a product [Lier Y. Using (ii), we may pick some object ¥ € (04
whose cocartesian transport along each p; is Y/, and we similarly see that the maps ¥ — Y}
exhibit Y as a product [T, [T;e7 Y/. It follows that ¥ ~ []%,Y’, showing that O%® admits
finite products. It is also clear from this calculation that p: O® — Span(Fin) preserves
products.

It will suffice to argue that the product functor [, O2 — Og? is a right-inverse to the
assumed equivalence OF — []es Ofs} from (ii). But (iii) implies that for X; € O?s} the
projection maps [[cs Xs — X, are the cocartesian lifts of the py, which gives the claim.

Consider amorphism f: J — I andlet X; € O®. We have to show that the map f: [Tic; Xi —
[1jes Xr(j) is p-cocartesian.

Let us first prove the special case where p(X;) = = foralli € I. Let f: [[,c; X; — Y be
a cocartesian lift of f. By the universal property of cocartesian lifts, there is a morphism
Y — [1;es Xr(j) which we wish to show is an equivalence. Note that this map lives in the
fiber over J, so by condition (2) it suffices to check this after applying cocartesian transport
along each of the maps p;. Note that we have (p;)Y ~ Xy(;) since the composites of the
spans

I<iJi>J and pjiJ = {j}—x
is the span p;: I <> {f(j)} — = Butalso (p;j)([1;es Xr(j)) = Xy(j)- This proves the
claim in the special case.

The general case is an immediate consequence by writing each X; as a product [],.7, X! and
applying the previous argument to [1;¢; [1;c7, X!. O
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Remark 4.1.12. For later purposes, let us note that condition (iii) in the proposition is equivalent
to the condition that for objects X,Y € O® over I, J € Span(Fin) and cocartesian lifts Y — Y; over

the maps p;: J < {j} 5 j} in Span(Fin), the commutative square

H0m0® (X, Y) e Hje] Hom0® (X, Yj)

o] I

HomSpan(Fin) (I, ]) — Hje] HomSpan(Fin) (Ia {]})

is a pullback square. Indeed, since the bottom map is an equivalence, this square is a pullback square
if and only if the top map is also an equivalence, and this holding for all X precisely means that Y is
a product of the Y;.

Corollary 4.1.13. If O is an co-operad, then the inert morphisms in O® are precisely the morphisms
of the form f: [lie; Xi = [1je; Xr(j) for maps f: J — I in Fin and colors X; € O~.

Similarly, if P is another co-operad, and ¢®: O® — P® is a functor over Span(Fin), then ¢®
preserves finite products (i.e., corresponds to a morphism ¢: O — P of co-operads) if and only if
it preserves the inert morphisms.

Proof. By assumption fis inert for every f. Conversely, we saw in the proof of (i) of the previous

proposition that for every backwards span [ <i J > J and every X € O}@’ the map f~: X ~
[lier Xi = [1je; Xy(;) is a cocartesian lift of f starting in X, so by uniqueness it follows that every
cocartesian lift is of this form.

If o® preserves finite products, it in particular preserves the maps f: [Tier Xi = [1je; Xr(j), hence
all inert morphisms. Conversely, if ¢® preserves inert morphisms, it preserves the projection maps
Y —>Y;forY e O? exhibiting Y as a product of the ¥}, hence it preserves this product. O

Corollary 4.1.14. Let O = (O®, po) be an co-operad. Then every morphism ¢: X — Z in O®
factors essentially uniquely as
xLyYLz

where f is an inert morphism and W is an active morphism.

Proof. Let us denote by / <i K S T the image of ¢ under p. This span may be factored uniquely

as a composite of a backwards span / i K = K followed by a forward span K K5 7. We then
let f: X — Y be the unique cocartesian lift of f with domain X. It follows that there is a unique
morphism ¢ : ¥ — Z over g such that o f = ¢. O

Remark 4.1.15. The argument shows that the factorization is unique up to isomorphism. It is
possible to show the stronger statement that the anima of factorizations is contractible. This relies
on the fact that the backwards maps and forwards maps form an orthogonal factorization system on
Span(Fin). We refer the reader to [Hau+23b, Proposition 4.9] for a precise statement of this claim.

4.1.2 Comparison to Lurie’s definition

As mentioned in Warning 1.4.6, our definition of co-operads does not agree with Lurie’s definition,
which instead works with co-categories over the category Fin, of finite pointed sets.
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Definition 4.1.16. Given a finite set /, we write I, := I Ll * for the resulting finite pointed set. A
morphism f: I, — J, of finite pointed sets is called inert if on the preimage of J it restricts to a
bijection £~ (J) = J. We say that f is active if f~!(x) = {}.

Given a finite set I, the Segal map p;: 1. — {i}; fori € I is defined as the map that is the identity
on {i} and sends all other j € I\ {i} to the basepoint.

Remark 4.1.17. Recall that there is an equivalence

Spanp; . (Fin) — Fin,,

given on objects by sending / to /; and on morphisms by sending a span / <L K S Jtothe
pointed map h: I, — J, given by h(i) = g(k) whenever i = f(k) is in the image of f and
h(i) = * otherwise. Under this equivalence, the inert maps in Fin. correspond to the backwards
spans [ Lf) J = K, and the active maps in Fin, correspond to the forward spans / E 157 The
Segal maps p; correspond to the backwards spans

1 < {i} S {i}.

We will write Fin, < Span(Fin) for the inclusion of the subcategory Span;; ,;;(Fin).

inj,al
Definition 4.1.18. Let Fin, be the category of finite pointed sets. An co-operad in the sense of Lurie
is a pair (0%, po) of an co-category O% equipped with a functor pp: O® — Fin, satisfying the
following conditions:

(1) For any inert morphism f: I, — J. and any object X € O? there is a pp-cocartesian lift
X — Y in O°.

(2) Let X and X’ be objects of O® and let I, := p(X) and J, := p(Y). For every j € J, let
X —-X ]’ denote a pp-cocartesian lift of the Segal map p;: J, — {j}+. Then the induced
commutative square

Hom0®(X, X') E— Hje] H0m0®(X, X]’)

| I

Homgiy, (14, J+) ——> Hjej Homgi, (14, {j}+)
is a pullback square.

(3) For every finite collection {X} je s of objects X; € Of’j}, there exists an object X € O% and a
collection of pp-cocartesian morphisms X — X; covering p;: J+ — {j}+.

We say a functor f: O® — P® over Fin, is amorphism of Lurie-co-operads if it preserves cocartesian
morphisms over inerts. We let OpL*™ C (Cat..) /Fin, denote the co-category of the Lurie co-operads

and their morphisms.

Lemma 4.1.19. If O = (0%, po) be an co-operad in the sense of Definition 4.1.1, then its pullback
pp: P®:=0°® XSpan(Fin) Fin. — Fin, is an co-operad in the sense of Lurie. In particular, forming
pullbacks along the inclusion Fin, — Span(Fin) induces a ‘forgetful functor’

Lurie

Ops, — Opss ™ -
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Proof. Any po-cocartesian lift of a backwards span I «— J = J will still be pp-cocartesian,
verifying condition (1). Condition (2) is immediate from Remark 4.1.12. Condition (3) is immediate
from condition (ii) in Proposition 4.1.11. O

Theorem 4.1.20 ((BHS22, Theorem 5.1.1, Corollary 5.1.151). The forgetful functor Op,, — OpLiri

(o)

is an equivalence.

The proof of this result is of somewhat technical nature and we will not discuss it, though we will
see some of the main ingredients below in Section 7.1, see in particular Theorem 7.1.7.

4.2 Symmetric monoidal co-categories and algebras over operads

Let O be a colored operad and let C be a symmetric monoidal category. Recall from Definition 1.2.9
the notion of an O-algebra in C, which we defined as an operad map O — M into the multi-
morphism operad of C; here the multimorphisms of the operad M are taken to be the ‘actual’
multimorphisms in C, i.e., Mc ({x;}ier; y) := Home (), ; xis y)-

In this section, we will generalize the notion of O-algebras to the co-categorical setting. This will
in particular involve an appropriate generalization of the construction C — M for symmetric
monoidal co-categories C.

Definition 4.2.1. Recall that a commutative monoid in an co-category D with finite products is a
finite-product-preserving functor Span(Fin) — D. We write

CMon(D) C Fun(Span(Fin), D)

for the full subcategory of commutative monoids in D. A symmetric monoidal co-category is a
commutative monoid in Cat,,. We will often simply call them C, but may for emphasis also write
them as triples (C, ®, 1) or as pairs (C, ®). We will also write

Cat® := CMon(Caty).

Lemmad4.2.2. Let pp: O® — Span(Fin) be a cocartesian fibration. Then (0%, po) is an oo-operad
if and only if the cocartesian straightening of po

Str“(po): Span(Fin) — Cat,,
preserves finite products.

Proof. We check the conditions (i)-(iii) from Proposition 4.1.11. Condition (i) is part of the
assumption on po. Part (ii) is equivalent to the condition that Str(po) preserves finite products,
since the spans p;: [ « {i} S {i} exhibit / as a product in Span(Fin). It thus remains to show that
(iii) is automatically satisfied in this case. By Remark 4.1.12, this amounts to showing that for every
object X € O®, the commutative square

H0m0® (X’ Y) B Hje] H0m0® (X’ Y_])

o] I

HomSpan(Fin) (1’ J) — Hje] HomSpan(Fin) (I, {J})
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is a pullback square. We will check this by showing that the vertical fibers agree. Consider a span

a:l i KS T Let X = X € Of’ be the cocartesian transport of X along this span. By
definition, precomposition with the map ¢: X — X’ induces a pullback square

Homges (X’,Y) ———~—% Homgse (X,Y)
ol Jro
-o(f.g)
HomSpan(Fin) (J’ J) 4 HomSpan(Fin) (Ia J),
and similarly if we replace the target by Y; for every j € J. We may thus assume that the span «

is the identity span on J. In this case, let X — X; denote a cocartesian lift of p;. We then get a
commutative diagram as follows:

Hje] Hompe (X}, Y;) e Hje] Homge (X, Y;)
\HI /
Po Hompe (X,Y) Po
Po
HjeJ HomSpan(Fin) ({J}’ {J}) > Hjej HomSpan(Fin) ([, {J})

\ /

HomSpan(Fin) (J’ J) .

Since the functor [] ¢, Of’j} — Of’ is an equivalence, the left front square is a pullback square.
Also the back square is a pullback square. It follows that the horizontal fibers of the right front

square over id; are equivalent, as desired. O

Definition 4.2.3. Given a symmetric monoidal co-category C, we denote its cocartesian unstraight-
ening by
C® := Un*(C: Span(Fin) — Caty).

By the previous lemma, the resulting cocartesian fibration pc: C® — Span(Fin) defines an oco-
operad, which we will denote by Mc := (C®, pc) and refer to as the multimorphism operad
associated to C. By functoriality of unstraightening, this defines a (non-full) inclusion

M: Cat® — Op,, .

Exercise4.2.4. Given C € Cat® and objects x, . . ., x,,y € C~, show that the anima Mc ((x1, . ..,X,);y)

is naturally equivalent to Hom¢ (x| ® - - - ® x5, y).

We have the following useful criterion for checking that an co-operad corresponds to a symmetric
monoidal co-category:

Lemma 4.2.5. Let O be an co-operad. Assume that the following two conditions are satisfied:
(1) For every object {x;}icy of O® the functor
O({xi}ier;=): O¢1y — An
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is corepresentable, in the sense that there exists a multimorphism ¢: {x;}ic; — y such that
for every other color z € O(1y precomposition with ¢ induces an equivalence

Homg,, (v,2) — O({xi}icr; 2).
This condition determines y up to contractible choice, and we will denote it by ®i o Xi-

(2) For every morphism f: I — J of finite sets, the canonical comparison map
Xr - & «
iel JjeJ ief"(j)

is an equivalence.

Then po: O® — Span(Fin) is a cocartesian fibration, corresponding to a symmetric monoidal
structure on the underlying oco-category O<‘31>.

Proof. We need to produce cocartesian lifts of morphisms in Span(Fin). Cocartesian lifts of back-
wards morphisms exist by the defining property of co-operads, so it suffices to produce cocartesian

lifts for active spans @ = (I « I EN J). Let X = {x;}ies be an object in OF. Applying the
assumption on O to each X := {x;};c s-1(;), we may find multimorphisms @;: {x;};cf-1(;) = ¥;
in O corepresenting the functor O ({x;};c s-1(;y; =) : O¢1y — An. The multimorphisms ¢; define a
morphism ¢: X — Y := {y;};es in O®. We wish to show that ¢ is a cocartesian lift of .

. . h . . .
To this end, consider any other span 8 = (J E kL L) of finite sets, and consider an object
Z ={z1}1er of Of. We need to show that precomposition with ¢ induces an equivalence

—o¢: Homb, (¥, Z) = Homby" (X, Z).

Since Z is a product in O® of the one-element tuples (z;), we may assume that L = (1), so that there
is only a single color z := z;. Using the inert morphisms {y;} — {yg(x)}kex and {x;} i k)erx, k>
we must equivalently show that composition with the map ¢ induces an equivalence

—0¢: O({yg(k)thek:2) = O({xi} (i k)erx, K3 2)-

Now, applying condition (1) another time to the families {yg(x)}kex and {x;} i x)erx, Kk, both sides
are corepresented by objects (X), .k Ve(k) and ®(i’ kyelx, K Xis respectively. But since ygo(x) =
X< 1 (g (k) Xiv the claim now follows from the equivalence

X =) &K =«
(i,k)eIx K keK ief-1(g(k))
obtained by applying condition (2) to the projection map I X; K — K. O

Definition 4.2.6. Let O be an co-operad and let C be a symmetric monoidal co-category. An
O-algebra in C is a morphism of operads O — M. We write

Alg,(C) := Fung,_ (0, Mc¢)
for the co-category of O-algebras in C.
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Remark 4.2.7. Lurie refers more generally to an operad map O — % as an O-algebra in P and
write Alg,(P) := Fungp (O, P).

Example 4.2.8. * Comm-algebras are called commutative algebras, and we write

CAIg(C) = Algcpmm(C).

» Assoc-algebras are called associative algebras, and we write

Alg(C) = Alg 44500 (C).

e The data of a Triv-algebra is a finite-product preserving functor Fin®® — C® over Span(Fin).
Since Fin is freely generated under finite coproducts by the point, the evaluation functor
induces an equivalence

Alg’]ﬁv(c) —C,

so that a 7riv-algebra is simply an object of C.

* The data of an Trivg-algebra is a finite-product preserving functor * — C® over Span(Fin).
There is only one such functor, given by the terminal object of C®. It follows that

Alg gy, (C) = =

4.3 Lax symmetric monoidal functors

The operadic perspective on symmetric monoidal co-categories is useful for defining the notion of
lax symmetric monoidal functors:

Definition 4.3.1. Let C and D be symmetric monoidal co-categories. A lax symmetric monoidal
Sfunctor C — D is a morphism of co-operads Mc — Mp. An oplax symmetric monoidal functor
is a morphism of co-operads Mco — Mpo. We denote by

Cat®'™ ¢ Op,
the full subcategory spanned by the (multimorphism operads of ) symmetric monoidal co-categories.

Remark 4.3.2. Let us unwind the data contained in a lax symmetric monoidal functor F: C — D.
We have a commutative triangle of the form

ce® 7 > D®

Span(Fin).

By passing to fibers over the one-point set (1), we obtain an underlying functor F: C — D. Since
F® preserves finite products, it follows that on an arbitrary object (X, ..., X,) it is given by

F®(Xy,...,X,) = (F(X1),...,F(Xp).
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The behavior on inert maps is entirely specified as well. For the behavior on active maps, it suffices
to understand where F® sends a cocartesian morphism (x1, ...,x,) — x; ® - - - ® x,, lifting the span

(n) « (n) — (1): we obtain a map in D® of the form
(F(X1),....F(Xn) > F(X1 ® - ® Xp)

lifting the same span. This map factors uniquely through the cocartesian morphism (F (X)), ..., F(X,)) —
F(X)) ® -+ ® F(X,), resulting in the expected lax structure map

F(X)® - ®F(X,) > F(X1®---®X,).
The functor F® may be thought of as a coherent encoding of all these individual structure maps that
is fully compatible with composition and tensor products in C and D.
For oplax symmetric monoidal functors the structure maps point the other way.

A general way of constructing lax symmetric monoidal functors is as right adjoints of strong
symmetric monoidal ones:

Proposition 4.3.3. Let L: C — D be a symmetric monoidal functor between symmetric monoidal
co-categories. Assume that the underlying functor of L admits a right adjoint R: D — C. Then the
following statements hold:

(1) The functor L® : C® — D® admits a right adjoint R®: D® — C®.
(2) The functor R® is a morphism of co-operads.
(3) The restriction R®|pe : D — C is R.

(1)

In particular, the right adjoint of a symmetric monoidal functor is canonically lax symmetric
monoidal.

Proof. (1) By the pointwise criterion for right adjoints, it will suffice to show that for every object
X = {x;}ic; € D® there exists an object R®X together with a counit map ex: L*R®X — X such
that for every other Y € C® the composite

® o
Homes (X, R®Y) 25 Hompes (LEX, LER®Y) 275 Hompes (LEX, Y) @.1)

is an equivalence. We define R®X := {Rx;};c;. We then have L*R®X =~ {LRx;};c; and so the
counit map sx may be taken to be the collection of morphisms &, : LRx; — x;, resulting in a
morphism in DY = [];¢; D.

To show that the composite (4.1) is an equivalence, it suffices to show that it induces an equivalence

f g8 . . ~ -
on the fibers over any span a: I < K = J in Span(Fin). Let @: X — a1 X denote a cocartesian lift
of the span . Since L® preserves cocartesian morphisms, also the map L®(a@): L®X — L®a X is
cocartesian. Precomposition with these maps then induces a commutative diagram

Homes (a1X, R®Y) —£2% Hompe (L®a X, LER®Y) 22 Hompe (L2a1X, Y)

—05,\L \L_OL®6 \L—OL@QJ

Homee (X, R®Y) —E 5 Hompe (LEX, LPR®Y) —2°~% Hompe(LEX, Y).
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Since the vertical maps induce equivalences on fibers over Homgpan (Fin) (/, J) AN Homgpan Fin) (1, /),
we have thus reduced to the case of the identity span @ = id;. In this case, the fibers are the Hom
animae in the fibers C? = []jes C and D? = []jes D respectively. The claim thus follows from the
fact that for every j € J the composite

Ey.0—
Homc ((@1X);, RY;) = Homp (L(a1X);, LRY;) ——> Homp (L(@X);, ;)

is an equivalence due to the adjunction L 4 R.

(2) We will now show that R® is a functor over Span(Fin), in that it makes the following diagram

D® R y C®

Span(Fin).

commute:

To this end, we claim that the adjunction counit £: L®R® — idpe induces an equivalence
ppe .
pcR® =~ ppL®R® —— ppidps = pp.

This may be checked objectwise for X € D®, where it is clear from the construction of x. The
condition that R® preserves finite products may similarly be checked objectwise, showing that R®
is an operad map.

(3) By uniqueness of adjoints, the restriction of R® to D = D?U is R, and we deduce that R® is a

lax symmetric monoidal refinement of R. O

Warning 4.3.4. In the previous proposition, it does not suffice for L to be a lax symmetric monoidal
functor itself. It would suffice for L to be an oplax symmetric monoidal functor, but producing the
lax symmetric monoidal right adjoint is more subtle in this case. Dually, the left adjoint to a lax
symmetric monoidal functor is oplax symmetric monoidal. We refer to [Hau+23a, Proposition A]
for a detailed discussion.

While the construction of the oplax symmetric monoidal left adjoint of a lax symmetric monoidal
functor is subtle in general, this construction simplifies when this left adjoint happens to be actually
symmetric monoidal:

Proposition4.3.5. Let R: D — C be a lax symmetric monoidal functor between symmetric monoidal
co-categories. Assume that the underlying functor of R admits a left adjoint L: C — D such that
for all n > 0 and objects x1, . . .,x, € C the composite

n L :1: ) n n n
LX) x) K& ), L&) RLxy) 5 LRI Lxi) 5 (R) L(xi)
i=1 i=1 i=1 i=1

is an isomorphism in D. Then the following statements hold:

(1) The functor R®: D® — C® admits a left adjoint L® : C® — D®.
(2) The functor L® is a morphism of oo-operads.

(3) The restriction of L® to C = Cg> is L.
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In particular, R admits a strong symmetric monoidal left adjoint L: (C,®c) — (D, ®p).

Note that it suffices to check the condition on L for n = 0 and n = 2, i.e. it suffices to show that the
two canonical maps

L(l¢c) - 1p and L(x®y) = L(x)® L(y)
are isomorphisms.

Proof. (1) As in the previous proof, we will use the pointwise criterion for left adjoints. We define
L® objectwise as L® ({x;}ier) := {L(x;)}ier; the unit maps n,, : x; — RLx; induce a candidate unit
map ny: X — R®L®X. We must show that for every object Y € C? the composite

® —0
Homps (L2X, Y) X Homes (RPLEX, R®Y) —2%5 Homes (X, R®Y)
is an equivalence. This may be tested fiberwise over any span «: / <i K3 7. Let

X - aX, L®X — aL®X, and R®L®X — aR®L®X

denote cocartesian lifts of @ in C® and D®, and let laxg: )\R®L®X — R®aL®X denote the lax
structure map of R associated to @. We then get a commutative diagram as follows:

Hom'S! (1 L®X,Y) ———— Hom?,(L®X,Y)

R®
~
Hom/ (R®a\L®X, R®Y) R®
—olaxg
~N- ~N-

Hom/ (eyR®LEX, R®Y) ——» Hom*] (R®L®X, R®Y)

—oanx —onx
~N- ~N-

Hom( (a1 X, R®Y) ————— Hom[% (X, R®Y).

It will thus suffice to show that the left vertical composite is an equivalence. Each of these hom
animae are hom animae of the fibers of C® and D® over J, so by working fiberwise we may
reduce to the case J = (1). Composing the vertical composite with the adjunction equivalence
Hom¢ (X, RY) =~ Homp (Lay X, Y), we obtain a map

Homp (a1 L®X,Y) — Homp (L X,Y)

which we must show is an equivalence. But unwinding definitions shows that this map is given by
precomposition with the composite

La X —> LmR®L®X LRmL®X —> aL®X.

But the assumption on L guarantees by induction that this composite is an isomorphism. This shows
that the left adjoint L® exists. The standard argument as in previous proofs shows it is an operad map,
and essentially by construction it preserves cocartesian morphisms so that it is in fact a symmetric
monoidal functor. O
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4.4 Monoidal subcategories and monoidal localizations

In this section we will introduce conditions for subcategories and localizations of symmetric
monoidal co-categories to again be symmetric monoidal.

Construction 4.4.1. Let O be an oco-operad. Given a subanima P~ C O, let P® C O® be the
full subcategory spanned by objects {x;};c; with x; € P~ for all i. Observe that the composite
pp: P® — 0% Lo, Span(Fin) exhibits P® as an oco-operad and the inclusion P® <— O® is a
morphism of co-operads:

(1) P® admits products inherited from O®;
(2) By definition the equivalence [];<; Oﬁ.} — O restricts to [];¢; 73{@;} = P®,

(3) By fully faithfulness, pp-cocartesian morphisms f: [lier Xi = [1jes Xyr(j) in 0% are still
pp-cocartesian as morphisms in P€.

We refer to the pair P = (P®, pp) as the full suboperad of O spanned by the colors P=.

If O = M comes from a symmetric monoidal category C, then the choice of a subanima of colors
corresponds to a choice of a full subcategory D € C. We will now discuss various conditions that
imply that D inherits a symmetric monoidal structure from C, either by restricting the monoidal
structure or by localizing it.

Lemma4.4.2. Let (C, ®c, 1¢) be a symmetric monoidal co-category. If D C C is a full subcategory
whose collection of objects D~ C C~ contains 1¢ and is closed under ®c, then D inherits a
symmetric monoidal structure (D, ®p, 1p) from C such that the inclusion i: D — C is a (strong)
symmetric monoidal functor.

Proof. The previous construction provides a suboperad D® C C® and it remains to show that
the functor D® — C® % Span(Fin) is still a cocartesian fibration. By fully faithfulness of the
inclusion, it will suffice to show that the p-cocartesian morphisms in C® starting in an object
(X1,.+.,Xn) € D?n) are contained in D®. By the Segal condition we may immediately reduce this
to the cocartesian morphisms of the form (xj,...,x,) = x; ® - - - ® x;,. This is clear for n = 1. For
n = 0 this is the condition that 1< € D. For n = 2 this is the condition that x ® y € D whenever
x,y € D. The case for n > 3 may be reduced to that for n = 2 by induction, using that composites

of cocartesian morphisms are again cocartesian. O

Recall that a Bousfield localization is a functor L: C — D that admits a fully faithful right adjoint
i: D < C. In this case a morphism x — y is called an L-equivalence if the map L(x) — L(y) in
D is an isomorphism.

Proposition 4.4.3. Let (C, ®c, 1¢) be a symmetric monoidal oo-category, and leti: D — C be the
inclusion of a full subcategory such that i admits a left adjoint L: C — D. Assume that for every
L-equivalence f: x — y in C and for every z € C, the morphism f ®cid;: x ® z = y Q z is also
an L-equivalence. Then the following hold:

(1) The suboperad D® of C® is a symmetric monoidal structure on D;
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(2) Theinclusioni®: D® — C® admits a left adjoint L® : C® — D® which is a strong symmetric
monoidal refinement of the functor L.

Proof. Step 1: Let us start by observing that the assumption on L implies that for every span

a: K <i S 5 J of finite sets the induced functor

I g
a: ' — X = ¢/, (xi)ier > ( ® Xf(k))jes
keg="(j)

preserves componentwise L-equivalences. This is clear for the restriction functor f*. For the functor
ge, it remains to show that if x; — y; are L-equivalences in C for k = 1,...,n, then their tensor
product x; ®c -+ ®c Xn — y1 Q¢ -+ Q¢ Yn is also an L-equivalence. For n = 2 this follows by
writing this map as a composite of x; ® y; — x2 ® y; and x ® y; — x3 ® y», both of which are
L-equivalences by assumption. The case for general n follows by induction.

Step 2: We will now show that i® has a left adjoint L®. To simplify notation, we will treat objects
of D as objects in C without writing the inclusion functor i. As in the proof of the previous
proposition, we may construct L® objectwise, and we set L® ({xx}rex) := {L(xx)}kex. The unit
map nx: X — L®X is given by the collection of maps {1y, : xx — L(xx)kex }. We must show that
for any other Y € D® the precomposition map

Hompe (LEX,Y) —=5 Homes (X, Y)

is an equivalence. It suffices to check this on fibers Hom/; (-, —) over any span a: K <i s
As in the proof of Proposition 4.3.3, we will reduce this to the case of the identity span where it will
follow from the adjunction L 4i. Let X — a,X and L®X — a,L®X denote pc-cocartesian lifts of
a starting in X and L®X, respectively, so that precomposition with these maps induces two vertical
equivalences as follows:

Homig{@ (aL®X, Y)_M)Homigg (1 X,Y)

:l l:

Hom?, (L®X,Y) — % HomZ,(X,Y).

It thus suffices to show that the top map is an equivalence. Using the identification C? ~ C7, we
may identify this map with the product over j € J of the maps
—oa(mx);
Home (LX), Y}) — 2 Home (@1 X)}. Y)),

so we may show that each of these is an equivalence. Applying the adjunction L 4 i, this map is in
turn equivalent to the map

® —oLa(17x);

Homp (L(a)L®X);,Y;) ——— Homp (L(a1X);,Y;).

But now note that the map n,, : xx — L(xx) is an L-equivalence for each k due to fully faithfulness
of i: D < C, and so by step 1 the maps a1(nx);: ai1(X); — a1(L®X); are also L-equivalences for
all j, i.e., each Lai(nx); is an isomorphism. This shows the existence of the left adjoint L®. The
same argument as in Proposition 4.3.3 shows that L® is a morphism of co-operads.
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Step 3: We will now show that the suboperad D® C C® is a symmetric monoidal co-category. Given
an object X € D® and a span a, we need to show that there exists a p p-cocartesian lift of @ in D®
starting in X. We construct this as the composite

X - aX 5 LPaX,

where the first map is a pc-cocartesian lift of @ in C®, and the second map is the unit for the
adjunction {® + L®. To show that this map is p p-cocartesian, we have to show that for every other
object Y € D® the following commutative square is a pullback square:

Hompe (L®a1X,Y) ——— Hompe(X,Y)

! I

HomSpan(Fin) (J,K) i) HomSpan(Fin) (I,K).

But by the adjunction equivalence Hompe (L®a@,X,Y) ~ Homes (@)X, Y) this immediately follows
from pp-cocartesianness of the map X — @, X. This shows part (1).

Step 4: For (2), it remains to show that L® is strong symmetric monoidal, i.e., that it sends pc-
cocartesian morphisms to p p-cocartesian morphisms. Given a p-cocartesian morphism X — a1 X,
applying L® gives L®X — L®a, X, and we need to show that this agrees with the composite L*X —
aL®X R L®aL®X. But this again follows from the assumption on L: since nx: X — L®X is an
L-equivalence, so is the map a;X — @, L®X, hence applying L® gives an isomorphism. mi

We record a special case for which the conditions of Proposition 4.4.3 are satisfied:

Lemma 4.4.4. Let C be a symmetric monoidal co-category which admits internal homs in the sense
that the functor — ® x: C — C admits a right adjoint Hom.(x, —): C — C for every object x of C.
Let D be a full subcategory of C such that the inclusion D — C admits a left adjoint, and assume
that for objects x € D and z € C the internal hom Hom.(z, x) is again in D. Then D obtains a
symmetric monoidal structure such that the localization functor L: C — D is symmetric monoidal.

Proof. We must prove the condition from Proposition 4.4.3. Let f: x — y be an L-equivalence and
let z € C be an arbitrary object. We must show that the morphism L(f ®1id;): L(x®z) — L(y®2)
is invertible in D. By the Yoneda lemma, this amounts to showing that for every object w € D the
map

(f®id;)*: Hom¢(y ® z,w) — Home (x ® z, w)

is an equivalence of animae. Applying the adjunction —®z + Hom(z, —), this map can be identified
with the map
f*: Homce (y, Hom(z,w)) — Hom¢ (x, Hom . (z, w)).

Since Hom,.(z,w) € D by assumption, this map is an equivalence due to the fact that f is an
L-equivalence. O

4.5 O-monoidal co-categories

In the previous two sections, we have discussed various results for symmetric monoidal co-categories,
i.e., commutative monoids in Cat,. All of this can directly be generalized to monoids over an
arbitrary co-operad O:
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Definition 4.5.1. Let D be an co-category with finite products. An O-monoid in D is a finite-
product-preserving functor O® — D. We write

Mong (D) := Fun*(0%®,D) < Fun(0O®,D)
for the full subcategory of O-monoids in D.

Definition 4.5.2. An O-monoidal co-category is an O-monoid in Cat,,. When O = Assoc, we refer
to O-monoidal co-categories simply as monoidal co-categories.

Example 4.5.3. When O = 7riv, an O-monoidal co-category is just an co-category.

The multimorphism operad functor M: Cat® — Op,, admits an analogue M_,o: Mong(Cate) —
(Opy,)/0 for O-monoidal co-categories. This relies on the following lemma, which is completely
analogous to Lemma 4.2.2 and is left to the reader:

Lemma 4.5.4. Let O be an co-operad and let q: C® — O® be a cocartesian fibration. Then the
composite
c® L, 0° 22, Span(Fin)

exhibits C® as an co-operad if and only if the functor Str*°(q) : O® — Caty, preserves finite products.
In this case, the morphism q: C® — O% is automatically a morphism of co-operads.

Definition 4.5.5. Given an O-monoidal co-category C, we let pc: C® — O® denote its cocartesian
unstraightening, which by the lemma defines an co-operad Mc;0 = (C®, pg © pc). Since pc is
a morphism of operads, it turns Mc,o into an object of the slice category (Op,,),0, producing a
functor

M_;0: Mong(Cate) — (Op,,)/0-

If # — O and Q — O are two co-operads over O, we denote by Fun(gp_) , (P, Q) the co-category
of operad maps  — Q over O, defined as the following fiber:

Fun(opw)/o(f‘),@) —— Fung,_ (P, Q)
* ————————— Fungp_ (P, 0).

As a special case, we define the co-category P /O-algebras in C as

Algpo(C) :=Fun(op,,) 0 (P, Mcjo)-

Definition 4.5.6. Given O-monoidal co-categories C and D, a lax O-monoidal functor C — D is
an operad morphism Mc;0 — Mp,o over O°.

Proposition 4.5.7 (cf. [Lurl7, Corollary 7.3.2.7]). Let L: C — D be an O-monoidal functor
between O-monoidal oo-categories. Assume that for every color o € O%, the functor L,: C, — D,
admits a right adjoint R, : D, — C,. Then also the functor L® : C® — D® admits a right adjoint
R®: D® — C® which is a morphism of operads over O. In particular, L admits a lax O-monoidal
right adjoint R.
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Proof. The proof is entirely analogous to that of Proposition 4.3.3 and we will leave it to the

reader. O

Proposition 4.5.8 (cf. [Lurl7, Corollary 7.3.2.12]). Let R: D — C be an O-monoidal functor
between O-monoidal co-categories. Assume that the following conditions hold:

(1) For every color x € O%, the functor Ry : D, — Cy admits a left adjoint Ly: Cy — Dy.
(2) For every multimorphism a: X = (x1,...,x,) — y in O%, the composite transformation
n lax &
Lya\(-) = Lyay(RxLx(-)) — LyRyaLx(-) — a1Lx(-)
of functors C ;‘? — D%’ is an isomorphism.

Then the functor R®: C® — D® admits a left adjoint L®: D® — C® which is a morphism of
cocartesian fibrations over O%. In particular, R admits a strong O-monoidal left adjoint L.

Proof. The proof is entirely analogous to that of Proposition 4.3.5 and we will leave it to the
reader. O
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5 Cartesian and cocartesian monoidal struc-
tures

Let C be an oco-category. If C admits finite coproducts, one would expect there to be a symmetric
monoidal structure on C given by the coproducts in C: the necessary coherences should all exist
uniquely due to the universal property of coproducts. Dually, if C admits finite products, there ought
to be a symmetric monoidal structure on C given by products. The goal of this chapter is to construct
these two symmetric monoidal structures.

Before diving into the abstract definition, let us briefly describe the situation in classical category
theory. If C is a category, we may construct a colored operad OY, called the cocartesian operad of
C, whose sets of multimorphisms are given by

O ((x1,...,x)3y) 1= | |Home(xi,y),
i=1

and whose composition is given by composition in C. In other words, a multimorphism from
(x1,...,xy) to yin Og consists of a collection of morphisms f;: x; — y. This operad comes from
a symmetric monoidal structure on C if and only if C admits finite coproducts: we are asking for
the existence of some object x together with a natural bijection

n
Home (x,y) = | | Home (xi, y),
i=1
which is the same as saying that x is a coproduct xj LI - - - Ll x,.

The goal of this chapter is to repeat this process in the setting of co-categories: we will construct an
co-operad Og for an arbitrary co-category C, and show that it corresponds to a symmetric monoidal
structure on C if and only if C admits finite coproducts. To motivate the co-categorical definition
of Og we will give, let us stay in the classical setting for a moment and compute the fibration
cl = (Og)‘g’ — Span(Fin) associated with the colored operad Og via Construction 1.4.1:

* The objects of CM are unordered tuples {x;};c; of objects of C;
* A morphism {x;};e; — {y;},es in C! consists of a span
1L ks
of finite sets together with morphisms @y : x r(x) = yg(k) for every k € K.
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* Identities and compositions are computed in the ‘obvious way’.

The crucial observation for extending this to the co-categorical setting is that CU! is itself a span
category. To see this, let Fin(C) denote the category whose objects are the unordered tuples {x; };c;
and whose objects {x;};e; — {y;} jes are given by a morphism g: I — J of finite sets and a
collection of morphisms ¢; : x; — yg(;) for all i € I. There is a forgetful functor

gc: Fin(C) — Fin, {xitier & 1, (& (@) — g

and this is a cartesian fibration whose cartesian morphisms are those maps (g, (¢;)) such that each
; is an isomorphism; i.e., they are maps of the form
(gv (id}’g([) )l)
{e@)ier} — > {yj}jes-

The category C™ described above is then precisely the span category Span, ,; (Fin(C)). We will take
this to be the definition of C' in the setting of co-categories; the canonical functor C!! — Span(Fin)
then exhibits this as an co-operad that we will denote by Og and refer to as the cocartesian operad
of C. If C admits finite coproducts, this co-operad corresponds to a symmetric monoidal structure
(C,U) on C, called the cocartesian monoidal structure.

The dual situation for finite products is a bit more tricky: since the multimorphism operad of a
category encodes morphisms out of the tensor product, it is not immediate how to encode the
cartesian symmetric monoidal structure on C directly. We will solve this by equipping C°P with
the cocartesian monoidal structure and then passing to opposites again, resulting in a symmetric
monoidal co-category (C,x). The resulting cocartesian fibration C* — Span(Fin) can still be
described in terms of span categories, but the description is a bit more complicated than the one for
ch.

5.1 Cocartesian morphisms in span categories

As discussed in the introduction of this chapter, we will construct the cocartesian operad as a span
category itself. This requires us to have a solid understanding of cocartesian morphisms in span
categories. This is the content of the following theorem:

Theorem 5.1.1 (Barwick, [Hau+23b, Theorem 3.1]). Let p: (E,E;,Egr) — (C,CL,CR) be a
morphism of adequate triples, and consider a span

xZuly,

withg € Ep andy € Eg. Then this morphism is cocartesianwith respect to Span(p) : Span;, g(E) —
Span; g (C) whenever the following conditions are satisfied:

(1) The morphism ¢ is p-cartesian and the morphism s is p-cocartesian;

(2) (Left cancellation for E1 ) Given a commutative triangle
U
N
T ";f) X
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such that p(¢) € Cp and o&é € Ey, we have £ € E;

(3) (Right cancellation for Eg) Given a commutative triangle

Y
v 3

such that p(¢) € Cg and &y € Eg, we have & € Eg;

(4) (Enough p-cocartesian lifts) For any pullback square in C of the form

with | € Cr, and for any W € Ek, the morphism g admits a p-cocartesian lift y': W — V
which also satisfies the condition from (3).

(5) (Beck-Chevalley) For any commutative square in E of the form

w-YLsvy

¢ /\L y \Lf

U——=Y

such that its image in C is a pullback square, &' € Er, W' € ER, and p(§) € Cp. Then y’ is
p-cocartesian if and only if ¢ € Ey and the square is a pullback square.

Proof. We consider any other span X « W — Z in E. We have to show that we may uniquely fill
the following dashed diagram

whenever we are given a similar filling for the resulting diagram in C; here all left-pointing maps
are in Ep and all right-pointing maps are in Eg.

(i) Since ¢ is p-cartesian, there exists a unique lift W — U making the left triangle commute,
which lies in E, by condition (2).

(i) We claim that this lift W — U may uniquely be written as the pullback along ¢ of some
morphism V — Y in E;, compatible with the given pullback square in C; more precisely, we
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claim that the following commutative square is a pullback square:

(Ep)t —L ()"
p P

(py):
(€ nE 22y (C/p)E.

Here the superscript (—)’ means that we take the full subcategories spanned by the morphisms
in E7, and Cp,, respectively.

(a) For essential surjectivity of (E/Y)L — (E/U)L X(Cpx)E (C/J)L, we consider a morphism
&’ W — U and assume we are given a pullback square in C of the form

W —=

-
g
pU p_‘l’> pY

with [ € Cp. By assumption (4) we can find a p-cocartesian lift £’ : W — V of g satisfying
condition (3). The composite ¥ o £&’: W — Y then factors through a map £: V — Y,
giving a commutative square in E of the form considered in (5). By assumption (5), the
map ¢ then lies in £ and the resulting square is a pullback square. This shows that the
pair (w, 1) lies in the essential image, as desired.

(b) For fully faithfulness, consider two objects £1: Vi — Y and &: V, — Y of (E /Y)L. We
must show that the commutative square

(//*
Homg,, (Vi,V2) ——— Homg,, (U Xy Vi, U Xy V2)

I | L

(py)
HOI’I’IC/K (le,pVZ) p—) HomC/J (K Xy le,K Xy sz)

is a pullback square. By the universal property of pullbacks, the right vertical map is
equivalent to the map

p: Homg, (U Xy V1,V2) — Homc (K X; pVi, pV2),

hence the claim follows from the fact that the projection map U Xy V| — V] is p-cocartesian
by assumption (4).

(iii) Finally, given a p-cocartesian morphism W — V, the given map W — Z uniquely factors
through a map V — Z, which lies in Er by condition (3). O

In practice, we will often be interested in the situation where the subcategories E;, and Eg of E
are determined by Cr, Cr and the functor p: E — C. To set this up, we start with the following
auxiliary lemma:
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Lemma 5.1.2. Let p: E — C be a functor, and consider a commutative square

X s x

1)

y vy

in E where | is a p-cartesian morphism. Assume that the image of this square in C is a pullback
square. Then this square is a pullback square if and only if the morphism I’ is p-cartesian.

Proof. Consider for any object Z € E the following two diagrams:

Homg(Z, X') ~~2= Homg(Z, X) —— Home(pZ, pX)

ro-| e -

Homg (Z,Y’) —== Homg(Z,Y) —— Homc (pZ, pY),

Homg(Z, X”) L) Hom¢(pZ, pX') K} Hom¢ (pZ, pX)

|
l'o—l \Lpl’O— \Lplo_

Homg(Z,Y’) —2— Homc(pZ, pY’) 2= Homc(pZ, pY).

The right-hand squares of both diagrams are pullback squares: for the first one since / is p-cartesian,
for the second one since the image of the given square in C is a pullback square. As the functor
p preserves composition, the outer rectangles of both diagrams agree, so by the pasting law the
left-hand square in the first diagram is a pullback square if and only if the left-hand square in the
second diagram is a pullback square. Since the former holds for all Z if and only if the given diagram
is a pullback square and the latter holds for all Z if and only if I’ is p-cartesian, this finishes the
proof. O

Proposition 5.1.3. Let (C,Cyr,CRr) be an adequate triple and let p: E — C be a functor such
that every morphism in Cy, admits p-cartesian lifts with given target (for example: p is a cartesian
fibration). Then:

(1) The triple (E, E f'cart, ER) is adequate, where Eg = p~'(CR) consists of morphisms over Cg
and E f'cart = p~1(Cp) N EP* consists of p-cartesian morphisms over Cy.

(2) The functor p: E — C is a morphism of adequate triples.

p-cart

Proof. We will first construct the pullback in E of a morphism/ € E}

pl € Cp and pr € Cg, we may form the pullback

along some r € Eg. Since

pX Xpy pY' —— pX

Lo

in C. By assumption on p, there exists a p-cartesian lift /" : X" — Y’ of the morphism pX X,y pY’ —
pY’. The composite r/’: X’ — Y then uniquely factorizes through some r’: X’ — X lifting the
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projection pX X,y pY’ — pX, using that [ is p-cartesian. All in all, we have lifted the pullback
square in C to a commutative square in E of the form

X "y x

zi l, (5.1)

Yy /> Y.

Since [ and !’ are p-cartesian, it follows from Lemma 5.1.2 that this square is a pullback square
in E, showing that the required pullbacks exist. Conversely, for any such pullback square we have
I € EV* and r € Eg. This shows part (1).

For part (2), consider a pullback square in E of the form (5.1). We need to show that applying p to
this square gives a pullback square in C. Proceeding as before, we may always form the pullback
of pl and pr in C and lift this to a pullback square in E. But by uniqueness of pullback squares of
[ and r, this new square must then agree with the given one. In particular their images in C agree,
hence this image is a pullback square. O

Remark 5.1.4. For the morphism of adequate triples p: (E, E I’f'ca", ERr) — (C,CL,CpR), parts (2)
and (3) of Theorem 5.1.1 are vacuous. For a p-cocartesian morphism ¢ : U — Y satisfying the
conditions from part (4), we have that part (5) is satisfied if and only if for every pullback square
as in (4) the canonical ‘Beck-Chevalley’ transformation g/ r
functors E,y — Ej.

— [*g is a natural isomorphism of

5.2 Cocartesian monoidal structures

With the characterization of cocartesian morphisms in span categories at hand, we will now return
to our discussion of cocartesian monoidal structures. Throughout this section we fix an co-category
C.

5.2.1 Cocartesian operads
We start by constructing the co-operad Og.
Construction 5.2.1. We define an co-category Fin(C) as follows:

* Consider the unique functor C(~): Fin® — Cat,, that sends the one-point set to C and
preserves finite products. (It is necessarily right Kan extended from the point.)

* Let ¢: Fin(C) — Fin denote the cartesian straightening of C(~).

Note that objects of Fin(C) are (finite) unordered tuples {x;};c;, while morphisms {x;};c; —
{yj}jes are pairs (f, (¢;)ier) where f: I — J is a morphism of finite sets and ¢;: x; — yr(;) isa
morphism in C for alli € 1.

We have the following observations about Fin(C):

* The fiber of g over (1) is equivalent to C, and the resulting inclusion j: C < Fin(C) is fully
faithful;
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* A morphism (f, (¢i)ier): {xitier = {y;}jes is g-cartesian if and only if each ¢; is an
isomorphism in C. We denote by

Fin(C)¢ € Fin(C)
the wide subcategory spanned by the g-cartesian morphisms.

* The oco-category Fin(C) admits finite coproducts, given by unordered concatenation of un-
ordered tuples, and the functor ¢ : Fin(C) — Fin preserves finite coproducts. More precisely,
given a finite collection of objects X; € Fin(C) for i € I, we may uniquely write each X; as
{x{ } jes; for some finite set J;, and then the coproduct is given by X = {xj.}(l-, Jelliey Ji» With
the maps X; — X given by the g-cartesian morphisms over the inclusions J; < | |;cy J;. The
proof of this fact is entirely analogous to the claim in Lemma 4.2.2 that unordered concatena-
tion is the product in C® for a symmetric monoidal co-category C, and we will leave it to the
reader.

We will now show that the co-category Fin(C) is in fact freely generated by C under finite coproducts:

Lemma 5.2.2. For any other co-category D with finite coproducts, restriction along the fully faithful
inclusioni: C — Fin(C) induces an equivalence

i*: Fun"(Fin(C), D) = Fun(C, D).

Proof. We claim that an inverse is given by left Kan extension.

Step 1: Given a functor F': C — D, we show that its left Kan extension | F along i exists. By the
pointwise formula for left Kan extensions, it suffices to show that each of the colimits

(1 F)(x1,...,x,) = COIimyeC/(xl

exists. Observe that the canonical map

i=1

sending (¢: y — x;) to the map ({i} < (n), ¢) is an equivalence. Since D has finite colimits, we
see that colimits indexed by the slices C/(y, ... x,) €xistin D if and only if colimits indexed by each
C/y, exist. But the latter is clear: as C,,, admits a terminal object, colimits always exist and are
given by evaluation at that terminal object. This shows that i F exists and that it is given on objects
by

(L1F)(x1,...,xp) = F(xp) U---UF(xp).

Step 2: It follows from the pointwise description of i|F that it preserves finite coproducts. In
particular, the restriction functor thus admits a left adjoint

ir: Fun(C, D) — Fun" (Fin(C), D).

Step 3: We now show that the unit id — i*i, and counit {;i* — id are equivalences. For the unit this
is immediate: by fully faithfulness of i also #, is fully faithful. The claim for #;i* — id also follows:
since Fin(C) is generated by C under colimits, restriction to C is conservative, and i*iji* — i* is an
isomorphism by the triangle identity. O
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Lemma 5.2.3. Let C be an co-category. Then the triple (Fin(C), Fin(C)c, Fin(C)) is an adequate
triple. Furthermore, it is extensive, in the sense of Definition 3.3.5.

Proof. The adequate triple is obtained by applying Proposition 5.1.3 to the cartesian fibration
q: Fin(C) — Fin from the previous construction. For extensiveness, we check the conditions from
Definition 3.3.5:

(1) We have already seen that Fin(C) admits finite coproducts, given by unordered concatenation.

(2) The g-cartesian morphisms are closed under coproducts. It readily follows from Lemma 5.1.2
that coproducts of pullback squares along g-cartesian morphisms are again pullback squares.

(3) The morphisms ) — X and V: X LU X — X in Fin(C) are g-cartesian.

(4) The fact that the commutative squares

xux s yuy

Vl lv and

X;)Y

_ @
Y
are pullback squares again follows from Lemma 5.1.2, since their images in Fin are pullback
squares and the vertical maps are g-cartesian. O

NS

|-

Construction 5.2.4 (Cocartesian operad). Let C be an co-category. We define the co-category CM

as
cl = Spanct,all(Fin(C))-

Combining Lemma 5.2.3 with Lemma 3.3.9, we see that this is a semiadditive co-category, with
finite products and finite coproducts both induced by the unordered concatenation of tuples in C.
We denote by

pg := Span(q): C! — Span(Fin)

the induced functor to Span(Fin), which preserves finite products.

Proposition 5.2.5. Let C be an co-category. Then the pair (CU, pg) is an co-operad.

Proof. We have already argued that C! = Span, ,;(Fin(C)) has finite products and that pg =
Span(gq) preserves them, giving condition (1) of the definition. By construction, the fiber of C!!
over a finite set / is the I-fold product C!, giving condition (2). For condition (3), consider objects
X; € Fin(C) and a morphism f: I — J of finite sets. Then the lift f [lier Xi = [1jes Xp(j) in
Span, ,;(Fin(C)) is a backwards span of the form

(f.(id);) id, (id
I_IX";I_IXJ.MI_IXJ.'
iel JjeJ JjeJ

Since the left-pointing morphism is g-cartesian and the right-pointing morphism is an identity, the
conditions from Theorem 5.1.1 are trivially satisfied, showing that this span is Span(q)-cocartesian
as desired. O

80



Definition 5.2.6 (Cocartesian operad). For an co-category C, we refer to the co-operad Og =
(cH, pg) from Proposition 5.2.5 as the cocartesian operad of C.

Warning 5.2.7. In various sources, notably in Lurie [Lurl7], no distinction is being made between
the co-operad OF and its total co-category C': both are denoted by C™'. Although the notation Og
is slightly more verbose, I think it is useful to distinguish between the operad and its total category.

The operad Og does precisely what we want it to do: its multimorphisms (xy,...,Xx,) — y are
simply the morphisms (x1,...,x;) — yin Fin(C), which indeed correspond to tuples (¢;: x; — y)
of morphisms in C.

Remark 5.2.8. Note that all the steps in the construction of Of = (C!, p2) are functorial in C: we
may write it as the composite

Er(E,EP" E)

N e o Unet . . Span
Cat,, — Fun™ (Fin°?, Cat,,) — Cart(Fin) AdTrip g, — (Catwo) /span (Fin) -

In particular, we obtain a functor
o' Cat,, — Op,, .

5.2.2 Algebras over cocartesian operads

Algebras over a cocartesian operad Oé‘ are simple: as we will show next, they correspond to
C-indexed families of commutative algebras.

Construction 5.2.9. Let C be an co-category. We construct a functor

¢: Span(Fin) x C — Cc! = Span, ,,; (Fin(C)),
informally given by sending a pair (/,x) to the ‘constant’ /-tuple (x);c;, and by sending a pair
04 <i 75 K,¢: x — y) of a span in Fin and a morphism in C to the span

(f,({dx)jer) (g.(¢)jes)

(Nier e (W) jes —— (Miek-

(Note that the left-pointing morphism is indeed g-cartesian.) Formally, this map is constructed as
follows:

¢ Consider the natural transformation A: constc — C (=) of functors Fin®® — Cat., which on
the one-point set is given by the identity idc: C — C; this property determines the entire
transformation since C(~) is by definition right Kan extended from the point. For a finite set
I, it is given by the diagonal functor

A:C—Cl x (X)er.

* By cartesian unstraightening, we obtain a morphism of cartesian fibrations over Fin:

Finx C —= %+ Fin(C)

h %
Fin.
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* By using Proposition 5.1.3, both sides become adequate triples with left class given by the
cartesian morphisms. The functor Un®'(A) preserves cartesian morphisms and becomes a
morphism of adequate triples. Since a morphism on the left-hand side is cartesian if and only
if the C-component is an isomorphism, we may use the equivalence Span. ,;(C) = C to get
a map on spans:

Span(Fin) Xx C ——— Span, ,; (Fin(C)) = ct

m /%an(q)

Span(Fin).

Notation 5.2.10. Let C, D and E be oco-categories and assume D and E admit finite coproducts.
We denote by
Fun""(ExC,D) < Fun(E xC,D)

the full subcategory consisting of functors F': E X C — D that preserve finite coproducts in the first
variable, in the sense that F(—,x): E — D preserves finite coproducts for all x € C.

Lemma 5.2.11 ([BH21, Lemma C.4], cf. [CLL25, Proof of Proposition 3.30]). Let C and D be co-
categories and assume D admits finite coproducts. Then restriction along t induces an equivalence

T FunH(Spanct,au(Fin(C)), D) =5 Fun'™~(Span(Fin) x C, D),
with inverse given by left Kan extension along t.

Proof. Step 1: We start with some auxiliary diagrams. Consider the following commutative diagram:

C «—™ 3 Finx C <X Span(Fin) x C

I s

. k .
Fin(C) <——> Span ,,(Fin(C)).
In particular, passing to restriction functors induces a commutative diagram as follows:

Fun(C, D) m% Fun'">~(Fin x C, D) VL Fun'’>~ (Span(Fin) x C, D)

T il

Fun" (Fin(C), D) <*— Fun"(Span,, y(Fin(C)), D).

The functor m* is an equivalence, since Fin is the free co-category with finite coproducts. The
functor i* was shown to be an equivalence in Lemma 5.2.2. It follows by 2-out-of-3 that ¢'* is an
equivalence as well. Since the inverses to m* and i* are given by left Kan extension along i* and m*,
the inverse to ¢'* is given by left Kan extension along ¢'.

Step 2: We now prove the following auxiliary statement: for every object X = {x;};c; of Fin(C), the
relative slice category of ¢’ over X embeds fully faithfully into the relative slice category of ¢ over X,
and this inclusion admits a left adjoint. To see this, let us denote these two relative slice categories
as follows:

P := Span , (Fin(C))/x Xspan,, ,, (Fin(c)) (Span(Fin) x C);
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Q = Fin(C)/X XFin(C) (Fin x C).

The inclusions / and k induce a fully faithful inclusion Q < #. We claim that this inclusion admits
a left adjoint ¥ — Q. To this end, note that an object of # consists of a pair (J/, y) and a span
(f.(idy)) (&, (i y—xi))
{y}jes D Vhkex —— T (xidier = X
in Fin(C), where the left-pointing map is g-cartesian. We will send this to the object of Q given by

the morphism
(8-(pr: y—xi))

{Whkexk ——— {xitier = X.
If we include this back into # by taking the left-pointing map to be the identity, the resulting
object receives a morphism in # from the original object. An explicit computation shows that this
morphism is a unit for an adjunction. The pointwise criterion for adjunctions thus provides a left
adjoint  — Q, as desired.

Step 3: We now return to the question of interest by showing that ¢* admits a left adjoint given by
left Kan extension. Consider a functor F': Span(Fin) X C — D which preserves finite coproducts in
the first variable. We need to show that the left Kan extension ¢|F': Span ., (Fin(C)) — D exists
and preserves finite coproducts. For the former, we may use the pointwise criterion for left Kan
extensions and show that for each object {x;};c; of Span ,; (Fin(C)) the colimit

(uF)({xi}ier) = colim(y yyep F(J,y)

exists in D, where P denotes the relative slice category of ¢ considered in Step 2. Since the inclusion
Q — P is aright adjoint, it is in particular final, hence the above colimit exists in D if and only if
so does colim(y y)eq F(J,y). But this is indeed the case, since Q is the relative slice category of ¢/
and the pointwise left Kan extension of [*F': Fin x C — D along ¢’ exists by Step 1.

We conclude that ¢ F' exists, and that the canonical map ¢{/*F — k*( F is a natural isomorphism. It
remains to show that ¢ F preserves finite coproducts, but this can be checked after restricting along
the inclusion & : Fin(C) < Span, ,;(Fin(C)), and thus follows from the fact that {I*F preserves
finite coproducts.

Step 4: Finally, we show that the resulting adjunction
t: Fun'~(Span(Fin) x C, D) 2 FunH(Spanct’au(Fin(C)), D)

is an adjoint equivalence. Since Fin(C) is generated under coproducts by the image of Fin x C, the
functor ¢* is conservative, hence it suffices to show that for every F € Fun'">~(Span(Fin) x C, D)
the unit F — (*F is an isomorphism. By essential surjectivity of [, this in turn reduces to
I*F = I"t*tyF. Under the isomorphisms [*t* v, F = /*k*0, F ~ L’*L{Z*F, this corresponds to the unit
of the adjunction ¢] 4%, hence is an equivalence by Step 1. O

We may now deduce the characterization of algebras over cocartesian operads we are after:

Proposition 5.2.12. Let C be an co-category.

(1) If E is an co-category with finite products, restriction along t induces an equivalence
Fun*(C", E) =5 Fun(C, CMon(E)).
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(2) If O is an co-operad, we obtain an equivalence

Funop_(Og,0) = Fun(C, CAlg(0)).

3) If D is a symmetric monoidal oco-category, we obtain an equivalence
Algog (D) ~ Fun(C, CAlg(D)).

Proof. Part (3) is an instance of (2) by taking O = Mp to be the multimorphism operad of D. Part
(2) follows by applying Part (1) to E = O® and E = Span(Fin), and passing to horizontal fibers:

Funopw(Og,O) — Fun*(C", 0%) —Po™ Fun*(CUY, Span(Fin))

L !

Fun(C, CAlg(O)) —— Fun(C,CMon(0®)) Loty Fun(C, CMon(Span(Fin))).

It thus remains to prove part (1). For this, recall from Construction 5.2.4 that C! is semiadditive. It
thus follows from results proved last semester that the forgetful functor CMon(E) — E induces two
vertical equivalences in the following commutative diagram:

Fun*(CY, CMon(E)) — Fun(C,CMon(CMon(E)))

:l l:

Fun*(C", E) ———— Fun(C,CMon(E)).

Showing that the bottom functor in this square is an equivalence this reduces to showing that the
top functor is an equivalence. Since a functor between semiadditive co-categories preserves finite
products if and only if it preserves finite coproducts, this top functor may be rewritten as the
restriction functor

¢+ Fun"(CY, CMon(E)) — Fun™~ (Span(Fin)xC, CMon(E)) = Fun(C, Fun" (Span(Fin), CMon(E))).

This is an equivalence by Lemma 5.2.11. O

5.2.3 Classification of cocartesian operads

As a consequence of the results from the previous subsection, we obtain an explicit classification of
oo-operads equivalent to Og for some co-category C.

Definition 5.2.13. An co-operad O is called cocartesian if there exists an equivalence O =~ Og for
some co-category C. We denote by OpZl c Op_, the full subcategory spanned by the cocartesian
co-operads.

Example 5.2.14. The commutative operad Comm is cocartesian: it is equivalent to O;{.

Proposition 5.2.15. Let O be a cocartesian co-operad and let P be an co-operad such that the
oo-category P® is semiadditive. Then the underlying category functor induces an equivalence

Fung,_ (O, P) = Fun(O(1y, P(1y)

between operad maps O — P and functors O(1y — P(1).
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Proof. Picking an equivalence O =~ Og for some C, we may identify O(;y with C. The inclusion

O(1y = O® then corresponds to the composite inclusion C < Span(Fin) x C < CU, where ¢ is
the inclusion from Construction 5.2.9. The functor in question then factors as

Fungp,_ (08, P) = Fun(C, CAlg(P)) — Fun(C, Pay)s

where the first functor is the equivalence from Proposition 5.2.12(2) and the second functor is
induced by CAlg(P) — (1) given by evaluation at (1) € Span(Fin). It thus remains to show that
the latter is an equivalence. Unwinding definitions, we see that this map sits as the left vertical map
in a diagram of fiber sequences in Cat,, as follows:

CAlg(P) —— CMon(P?) m CMon(Span(Fin))

\LeVU) Z\Lev(l) :\LCV“)

P c s PO by > Span(Fin).

Since P® and Span(Fin) are semiadditive, the middle and right vertical maps are equivalences by
results from last semester, and the claim follows. O

Corollary 5.2.16. The functor O Cato, — Opy, is fully faithful and induces an equivalence
Cat,, = OpL.

Proof. Observe that O": Cat,, — Op,, admits a retraction, given by (=)1y: Op,, — Cate. It
follows that for two co-categories C and D, the composite

Homcy, (C, D) — Homg,_(OF, 0p) — Homcy, (C, D)

is the identity. Since the second map is an equivalence by Proposition 5.2.15, the first map is an
equivalence as well, showing fully faithfulness. Since OpL is by definition the image of O, the
second claim follows immediately. O

Corollary 5.2.17. The following conditions are equivalent for an co-operad O:

(1) The oco-operad O is cocartesian,
(2) The co-category O is semiadditive;
(3) The following two conditions are satisfied:

(a) For every color x € O%, the anima O(0; x) of nullary operations is contractible;

(b) For objects {x;}icr,{y;j}jes of O% and a color z € OF, composition with the multimor-
phisms {x;}ier = {xitier U{y;}jes and {y;}jes — {xi}tie1 U{y;}jes obtained from
condition (a) provides an equivalence

O({xi}ier U {Yj}j€J§Z) — O({xi}ier; 2) X O({)’j}jeJ;Z)-
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Proof. The equivalence between (2) and (3) is a simple unwinding of definitions: condition (a) says
that the terminal object of O® is also initial, and condition (b) says that the maps X ~ X X* — X XY
andY =~ x XY — X X Y in O%® exhibit the product also as a coproduct.

Since CY = Span, ,;(Fin(C)) is semiadditive, it is clear that (1) implies (2). To see that (2)

implies (1), let O be such an co-operad, and write C := ()ﬁ>

Proposition 5.2.15, the identity idc : C — Oy extends to a morphism of co-operads Og — 0. It

for its underlying co-category. By

is clear that it induces an equivalence on colors, so it remains to show that it induces equivalences
on all multimorphism animae:

O¢ ({xitiers y) = O({xi}ier; y).

But using condition (3), we may inductively reduce this to the case of the one-point set I = (1),

where it is simply the equality C = Of’b. o

5.2.4 Cocartesian monoidal structures

We will now characterize when the cocartesian operad Og defines a symmetric monoidal structure
on C.

Proposition 5.2.18. Let C be an co-category. Then the following conditions are equivalent:

(1) The co-category C admits finite coproducts;
(2) The cartesian fibration q : Fin(C) — Fin is a cocartesian fibration;

(3) The functor Span(q): C! = Span, ,;(Fin(C)) — Span(Fin) is a cocartesian fibration.

Proof. Recall from Exercise 2.1.12 that every g-cartesian morphism in Fin(C) whose image in Fin
is an isomorphism is itself already an isomorphism. This implies that the following square is a
pullback square:

Fin(C) <= Span (Fin(C)) < Span (Fin(C))

.
| | s

Fin «——— Span. ,,(Fin) ———— Span(Fin).

In particular, (3) implies (2) since cocartesian fibrations are closed under pullback.

If g is a cocartesian fibration, then the covariant pushforward functor associated with the map
V: % U% — = in Fin provides a functor LI: C X C — C which is left adjoint to the diagonal functor
C - CxC, X (X,X), which means that X has finite coproducts. Conversely, assume that C
has finite coproducts, and consider an object {X;};e; € C! together with a morphism f: I — J
of finite sets. Define ¥; = | ;¢ 1) Xi- The canonical inclusions ¢;: X; < Yy(;) determine a
map (f, (¢i)): {Xi}ier = {Y;} ey which lifts f. This morphism is g-cocartesian: unwinding the
definitions this will boil down to showing that for every Z € C precomposition with the inclusions
Xi — Yy(;) induce equivalences Homc (Y}, Z) — [];c -1(j) Home (X;, Z), which is the defining
property of the coproduct. This shows that (1) and (2) are equivalent.
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It remains to show that (2) implies (3). Consider an object X € Fin(C) with I := g(X), and consider

a span [ i K 2 J of finite sets. We need to lift this to a Span(g)-cocartesian morphism in
Span ,; (Fin(C)). Let ¢: U — X be a g-cartesian lift of f, and letyy: U — Y be a g-cocartesian
lift of g. It will now suffice to prove the following:

Claim: The resulting span X Cu Y, Y is a Span(g)-cocartesian lift of the given span (f, g).

To show the claim, we check all conditions from Theorem 5.1.1. Condition (1) holds by construction,
and conditions (2), (3) and (4) are vacuous. It remains to check (5). Consider a commutative square
in Fin(C) of the form

WL)V KL)L
R
UL)Y I 557

and assume that its image in Fin is a pullback square and that &’ is a g-cartesian morphism. We must
show that then the morphism ¢’ is g-cocartesian if and only if £ is g-cartesian (since then the square
is automatically a pullback square by Lemma 5.1.2). Now, if we write U = {u;};cy for I := qU,
then by g-cartesianness of &” and g-cocartesianness of i, we get isomorphisms W = {u () }kex
and Y = {Llieg*l(j) ”i}jeJ‘ If we similarly write V = {v;};cr, then the given diagram in Fin(C)
takes the form

‘7[//
{up ) tkexk ————> {vitier

f'l \L’f

¥
{uitier —— {Uicg1(j) Uitjes-

With this description, we find that:

* The morphism " is g-cocartesian if and only if for each [ € L the maps ¢} : u s (x) — v; for
k € g’~'(I) induce an isomorphism

(Y1) |_| upr(y — vi.

keg'=1(D)

* The morphism ¢ is g-cartesian if and only if for each [ € L the map

E1ivp— I_I u;

ieg~ ' (f(1)

is an isomorphism.

But since the diagram in Fin is a pullback, we have that f’: K — I induces for each [ € L a bijection
g 1) = g~ '(f (1)), and it follows that the composite

(¥) &
u Upr () — Vi = u i
keg'~1(1) ieg 1 (f(1))

of these two maps is an isomorphism. The claim thus follows by 2-out-of-3. O
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Definition 5.2.19 (Cocartesian monoidal structure). Let C be an co-category with finite coproducts.
Then the cocartesian fibration Span(g): C' — Span(Fin) from Proposition 5.2.18 corresponds to
a symmetric monoidal co-category Str°(Span(g)): Span(Fin) — Cat,, which we will denote by
(C, ) and refer to as the cocartesian monoidal structure on C.

Lemma 5.2.20. Let C and D be co-categories with finite coproducts and let F: C — D be a functor.
Then F preserves finite coproducts if and only if the induced map Span(F): Span ,,(Fin(C)) —
Span, . (Fin(D)) preserves cocartesian morphisms over Span(Fin).

Proof. It is always an operad map, so the condition is about preserving cocartesian fibrations over
the forward spans. This may be checked after pullback along the inclusion Fin < Span(Fin), so
it remains to show that F preserves finite coproducts if and only if the functor Fin(F): Fin(C) —
Fin(D) preserves cocartesian morphisms. This readily follows from the coproduct description of
the cocartesian morphisms in Fin(C) and Fin(D) given in the previous proof. O

Definition 5.2.21. Let Cat®! ¢ Cat® denote the full subcategory spanned by the symmetric
monoidal oco-categories of the form (C, ) for some oco-category C. We say that a symmetric
monoidal co-category (D, ®) is cocartesian monoidal if it is equivalent to (C, L) for some oo-
category C with finite coproducts.

Corollary 5.2.22. The equivalence O": Cat., => Opl from Corollary 5.2.16 restricts to an
equivalence

Cat! = Cat[?;’u.

(S

Proof. We need to check that the equivalence from Corollary 5.2.16 restricts to objects and mor-
phisms. On objects this is the content of Proposition 5.2.18. On morphisms this is the content of
Lemma 5.2.20. o

Lemma 5.2.23. A symmetric monoidal oo-category (D, ®) is cocartesian monoidal if and only if
the following two conditions are satisfied:

(1) The monoidal unit 1 € D is an initial object;

(2) For any two objects X and Y of D, the twomaps X ~X®1 - X®YandY ~1®Y —- X®Y
induced by the maps 1 — X and 1 — Y from (a) exhibit the tensor product X ® Y as a
coproduct of X and Y.

Proof. In light of the equivalence

Mp ({xi}rer; y) = Homp ((X) x5 ),

iel

this is an immediate consequence of Corollary 5.2.17. O

5.3 Cartesian monoidal structures

The definition of cocartesian monoidal structures may be dualized:
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Definition 5.3.1 (Cartesian monoidal structure). Let C be an co-category with finite products. Then
we may equip C°P with the cocartesian monoidal structure (C°P,1I). We define the cartesian
monoidal structure on C as the composite
., (cor.1 (=)
Span(Fin) —— Cat,, —— Cat,.

Since (—)°P is an equivalence and hence preserves finite products, this is indeed a commutative
monoid in Cat.,, which we will denote by (C, X). Its underlying co-category is (C°P)°P ~ C, and its
tensor product is given by the cartesian product in C. This assignment C +— (C, X) determines a
functor CatX, — Cat®, whose essential image we denote by

Cat®™ C Cat®.

We also denote by OF := M(c,x) the multimorphism operad of (C, x), and let C* := (OF)® be
the total co-category of Of.

Corollary 5.3.2. The functor CatX — Cat%™, C — (C, X) is an equivalence.

Proof. The equivalence (—)°P: Cat,, — Cat,, induces vertical equivalences in the following com-

mutative diagram:
C—(C,X)

Cat} S Cat*
(—)"Pl~ ~l(—)"p
Cat! P01 s Cat®
Since the bottom functor is an equivalence by Corollary 5.2.22, so is the top functor. O

Lemma 5.3.3. A symmetric monoidal co-category (D, ®) is cartesian monoidal if and only if the
following two conditions are satisfied:

(1) The monoidal unit 1 € D is a terminal object;

(2) For any two objects X andY of D, the twomaps X ®Y — X®1 = Xand X®Y —» 1QY =Y
induced by the maps X — 1 andY — 1 from (a) exhibit the tensor product X ®Y as a product
of XandY.

Proof. This is an instance of Lemma 5.2.23 applied to D°P. O

5.3.1 Cartesian operads via iterated spans

Note that our definition of the cartesian monoidal structure on C is somewhat indirect: rather than
directly writing down the co-operad Of encoding this structure, we first pass to opposites and
consider the cocartesian operad of C°P. The main reason for this is that the cartesian monoidal
structure is not as easy to describe in terms of operads as the cocartesian one: operads are good for
describing maps out of tensor products, while the universal property of products is in terms of maps
into them. That being said, we will now give a description of the total category C* in terms of the
span category of (C°P)M. I thank Sil Linskens for useful discussions about this approach.
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The process we will apply is sometimes called dualization of cocartesian fibrations. Let p: E — B
be a cocartesian fibration of co-categories, corresponding to a functor F = Str*“(p): B — Catc.
We may then compose with (—)°P: Cat,, — Cat,, and unstraighten to get back another cocartesian
fibration p: E — B, i.e., p = Un®((-)°? o F). We may think of E as obtained from E by taking
fiberwise opposites. It turns out that E admits an explicit description as a span category of E°P:

Proposition 5.3.4 (Barwick, Glasman, and Nardin [BGN18]). Let p: E — B be a cocartesian
fibration classifying F: B — Cat,. Then the cocartesian fibration classified by (=) o F: B —
Cat, is given by

Span(pop): Spancart,fw(EOp) - Spanall,:(Bop) ~ B.

The construction of E happens in two steps. As a first step, we turn the cocartesian fibration
p: E — B into a cartesian fibration p°P: E°? — B°P; this is the cartesian fibration classifying
(-)°PoF. Asasecond step, we then need to pass from the cartesian unstraightening of (—)°Po F to the
cocartesian unstraightening; this process is called dualization and is given by (=)" = Span ¢, ().

If C is an co-category with finite products, the cocartesian fibration C* — Span(Fin) is by con-
struction the dualization of the cocartesian fibration (C°P) — Span(Fin). The proposition thus
allows us to identify the total category C* as a span category of ((C°P)1)°P. We will now provide
an independent proof that does not rely on Proposition 5.3.4.

Notation 5.3.5. Let C be an co-category with finite products. Since C°P then admits finite coproducts,
its cocartesian co-operad (C°P)! := Span ,,; (Fin(C?)) — Span(Fin) is a cocartesian fibration.
We will use the following notation:

e We write C := ((C°P)1)or ~ Span, (Fin(C°P)).  We write g := Span(q)°: Cc -
Span(Fin)°P for the resulting cartesian fibration.

* We denote by
CqacC and Cqw CC
the two wide subcategories spanned by the g-cartesian morphisms and the morphisms inverted

by ¢, respectively.

« Applying Proposition 5.1.3 to g, we see that the triple (C, Ce, Cty) is an adequate triple, and
¢ is a morphism of adequate triples to (Span(Fin)°P, all, iso).

Proposition 5.3.6. Let C be an co-category with finite products. Then the functor

_  Span(g
Spang, s, (€) —=Z, Span,y, - (Span(Fin)®) ~ Span(Fin)

is a cocartesian fibration which exhibits Span (C) as an oo-operad. Furthermore, there is an

ct,fw
equivalence

C* =~ Spanct,fw (6)

of co-categories over Span(Fin).

Proof. Step 1: We first show that Span(gq) is a cocartesian fibration. For this, we apply Theorem 5.1.1

to the map g: (C, Ce, Cw) — (Span(Fin)P, all, iso). Consider a span I <i K 25 J of finite sets,
and let X € Cj live in the fiber over /. We may then form the following data:
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* First, we may find a g-cartesian morphism ¢: ¥ — X in Fin(CP);
* Second, we pick a g-cocartesian morphism ¢ : ¥ — Z in Fin(C°P).
By the claim in the proof of Proposition 5.2.18, the resulting span
x&yLz

is a Span(g)-cocartesian morphism in (CP)! = Span, (Fin(C°P)). By passing to opposite
categories, this means that the span

W.o):ZLy 5 x

is a g-cartesian morphism in C. By Theorem 5.1.1, the span

X (l//,(ﬁ) Z = Z

in C is then a Span(g)-cocartesian morphism in Span,, ¢, (C) lifting the given span ( f, g), as desired.

ct,fw

Step 2: We now show that Span(gq): Spanct’fw(a) — Span(Fin) defines an oo-operad. By
Lemma 4.2.2, it suffices to show that the cocartesian straightening

Str“(Span(g)) : Span(Fin) — Cate,

preserves finite products. Since the inclusion Fin®® < Span(Fin) is essentially surjective and
preserves finite products, this may be checked after precomposition with this inclusion. We now
observe that the pullback of Span(g) along this inclusion is given by

Span, g, (Fin(C°)°P) < Span, 4, (C)

SPan(Q)l B lSpan@

Fin®® = Span,, .(Fin) <—— Span(Fin),

By functoriality of unstraightening, we must therefore show that the fiber of Span(gq) over a finite
set I is the I-fold product of the fiber over (1). But indeed, the fiber of Span(g) over I is the fiber of
Fin(C°)°P — Fin®? over I, which is ((C°P)!)°P ~ .

Step 3: By steps 1 and 2, we now know that Spanct’fW(E) — Span(Fin) defines a symmetric
monoidal structure on (C°P)°P = C. For the equivalence C* = Span, g, (C), it thus remains to
show that this symmetric monoidal structure is a cartesian monoidal structure, i.e., that it satisfies
the conditions from Lemma 5.3.3. But unwinding definitions reveals that the monoidal unit is the
initial object of C°P, hence is terminal in C, and similarly that the maps X ® Y - X and X ®Y — Y
in C correspond to the canonical inclusions X < X UY and Y < X UY for the coproduct in C°P,
hence exhibit X ® Y as a product of X and Y in C. O

All in all, we see that we may think of morphisms in C* as consisting of diagrams in Fin(C°P) of

the form .
¢ v I’
{xitier — {xr) thexk — A l—[ Xraoy}jes —— {yj}jess

keg='(j)
where ¢ is a g-cartesian morphism (corresponding to an inert morphism in C*),  is a g-
cocartesian morphism (corresponding to a cocartesian active morphism in C*) and the maps
®j [lkeg-1(j) *f(k) — y; aremorphismsin C (corresponding to morphisms y; — [xcq-1(j) X £ (k)
in C°P).
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5.3.2 Algebras in cartesian monoidal structures

Let C be an oo-category with finite products, and let O be an co-operad. We have previously
introduced two a priori different algebraic structures associated to O:

» We may consider O-monoids in C: finite-product-preserving functors M: O® — C;

* We may also consider O-algebras in C with respect to the cartesian monoidal structure (C, X):
operad maps M: O — Mc x).

At an informal level, these two notions encode precisely the same structure: an object M, for every
color x € O™ and a multimorphism

Ppy: My, XMy, X -+ - XMy, — M,

for every multimorphism P € O((xi,...,x,);y). This makes it plausible that O-monoids and
O-algebras define equivalent co-categories. This heuristic is made precise by the following result:

Proposition 5.3.7 ([Lurl7, Proposition 2.4.1.7]). For an co-category C with finite products, there
exists a finite-product-preserving functor ¢ : C* — C such that for every co-operad O composition
with ¢ induces an equivalence of co-categories

Algy((C, %)) = Fungp_(0,0f) = Fun* (0%, C) = Mong(C).

In particular, the functor Op,, — Catl,O — O% is left adjoint to the cartesian operad functor
O0*: Catl — Op,..

Since I did not manage to find a simple proof of this result, I will treat it as a black box and refer
to Lurie’s treatment (which unfortunately is of rather technical nature). Informally, the functor
II¢c: C* — C is given on objects by

He({xi}ier) := l_lxi-

iel
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6 The tensor product of spectra

Last semester, we introduced the stabilization Sp(C) of an co-category C with finite limits, which
is the universal stable co-category with a left exact functor to C, or equivalently is the cofree stable
oo-category generated by C. The question we will address in this chapter is the following: if C admits
a symmetric monoidal structure, does Sp(C) naturally inherit a symmetric monoidal structure as
well?

Our discussion will follow that of Nikolaus [Nik16], who not only addresses this question for the
stabilization Sp(C), but also for the co-category C, of pointed objects, the co-category CMon(C)
of commutative monoids, and the co-category CGrp(C) of commutative groups. As a first step, we
will define operadic analogues of these constructions: For an co-operad O with sufficient (co)limits,
we will construct:

* The stable co-operad Sp(O) of spectrum objects in O;

The additive co-operad CGrp(QO) of commutative group objects in O;
* The semiadditive co-operad CMon(O) of commutative monoid objects in O;

* The pointed co-operad O. of pointed objects in O.

Each of these constructions comes with a universal property, exhibiting it as the cofree operad with
the corresponding algebraic structure obtained from Q. If O = M is the multimorphism operad of
a symmetric monoidal co-category and the required (co)limits in C are compatible with the tensor
product, then the resulting four co-operads are again symmetric monoidal co-categories.

As a key application, applying these four constructions to the cartesian symmetric monoidal oco-
category (An, x) (or more precisely, its multimorphism operad O ) will equip the co-categories
An,, CMon(An), CGrp(An) and Sp = Sp(An) with symmetric monoidal structures.

The chapter is structured as follows. We start in Section 6.1 by introducing the notion of an operadic
(co)limit, which will allow us to formulate the universal properties the four constructions listed above
should have. The trick for obtaining monoidal structures on these four algebraic constructions is
by writing them in terms of functor categories. For spectrum objects, this will use the description
of Sp(C) in terms of reduced excisive functors, which we explain in Section 6.2. We then discuss
the Day convolution monoidal structure on functor categories in Section 6.3. We then deduce the
symmetric monoidal structure on Sp in Section 6.4, and bootstrap to the case for arbitrary Sp(O) in
Section 6.5.
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6.1 Operadic (co)limits

For our upcoming discussion of stable co-operads, we will need a suitable notion of limits and
colimits that respects the operadic structure. It will not suffice for the underlying co-category Oy of
an oo-operad O to admit finite limits; we also need these limits to interact suitably with the operad’s
composition rules. This leads to the notion of operadic limits, which are defined by requiring that
the multimorphism animae O((x,...,X,); —) preserve these limits. A similar, dual notion exists
for operadic colimits.

Definition 6.1.1. Let O be an co-operad and let F': I — Oy be a functor.

(1) Aconen: const, — Fin Oy is called an operadic limit if for all colors xy, ..., x, € O the
induced map
O((x1,...,xp);y) = limie; O((x1, ..., xn); F(i))

is an equivalence of animae.

(2) A cocone g: F — const, in Oy is called an operadic colimit if for all colors x5, ...,x,,y €
O~ the induced map

O((x,x2,...,xn);y) = limies O((F (i), X2, . . ., Xn)3 ¥)
is an equivalence of animae.

Remark 6.1.2. By taking n = 1 in the definition of an operadic limit, we see that an operadic limit is,
in particular, a limit in the underlying co-category O1y. Similarly, by taking n = 1 in the definition
of an operadic colimit, we find that an operadic colimit is a colimit in O;y. For this reason, we will
generally assume that certain (co)limits exist in O(1y and then ask whether they are in fact operadic.

The envelope construction allows for an alternative formulation: a cone in Oy is an operadic
limit if and only if, after applying the inclusion O(;y < Env(O), it becomes a limit cone in the
usual sense. Similarly, a cocone in Oy is an operadic colimit if and only if applying the functor
(=) ®@{x2} ® - ® {x,}: Opy — Env(O) results in a colimit cone in Env(O) for all choices of
colors x7, ..., x,.

Example 6.1.3. If O = M for a symmetric monoidal co-category C, then any limit in C is
automatically operadic. This is because the tensor product provides a natural equivalence

Mc((x1, ..., xn);—) = Home (X1 ® -+ - ® X, —),
and the functor Hom¢ (X, —) preserves limits for any object X.

Example 6.1.4. The claim from the previous example does not hold for general operads. For instance,
consider the trivial operad 7riv. Its underlying co-category is the terminal category *, which has all
limits, and in particular a terminal object. However, for n # 1, we have Triv((xy,...,Xx,);—) = 0,
so this terminal object is not operadic terminal.

Example 6.1.5. If O = M for a symmetric monoidal co-category C, then a colimit in C is operadic
if and only if it is preserved by the functor x ® —: C — C for every object x € C; the argument is
similar to Example 6.1.3.
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This brings us to the key definitions for this chapter, which are direct analogues of the corresponding
notions for co-categories:

Definition 6.1.6. An co-operad O is called:

(1) Pointed if O(;y has a zero object which is both operadic initial and operadic terminal.
(2) Semiadditive if O1y is semiadditive and all finite products and coproducts are operadic.
(3) Additive if Oy is additive and all finite products and coproducts are operadic.

(4) Stable if O,y is stable and all finite limits and colimits are operadic.
This allows us to define various subcategories of the co-category Op,, of co-operads:

* We define Op’, € Op,, as the (non-full) subcategory spanned by co-operads with an operadic
terminal object and maps preserving them. We denote by Op® C Op?, the full subcategory
spanned by pointed co-operads.

» We define OpZ < Op,, as the (non-full) subcategory spanned by oco-operads with finite
operadic products and maps preserving them. We denote by Op%2d, Op?dd c OpX the full

(o8]

subcategories spanned by semiadditive and additive co-operads, respectively.

« We define Op'®™ C Op,, as the (non-full) subcategory spanned by co-operads with finite
operadic limits and maps preserving them. We denote by Op. C Op!* the full subcategory
spanned by stable co-operads.

The goal of the remainder of this chapter is to show that the four fully faithful inclusion functors

Op’ — Op},
Opsadd PN Opx

[Se]

Opi! < Opy,

(o9

Opst PN OpleX
all admit right adjoints, which will correspond to ‘cofreely adding’ the respective algebraic structure
to an co-operad.

6.2 Stabilization via excisive functors

Last semester, we defined the stabilization Sp(C) of an co-category C with finite limits as the inverse
limit of a tower of loop spaces. We will now explore an alternative, equivalent characterization due
to Lurie, which defines spectrum objects as ‘homology-like’ functors. This perspective will be the
key to constructing the tensor product of spectra, and more generally the stabilization Sp(Q) of an
oo-operad Q. Our main goal in this section is to establish the equivalence of these two viewpoints.
The material in this section is largely based on the presentation in [Lurl7, Section 1.4.2].

We begin by recalling the oo-category of pointed finite animae: the smallest full subcategory
Anf,:ln C An, that contains the 0-sphere SO := % U x and is closed under finite colimits. It has the
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following universal property: for any pointed co-category D with finite colimits, evaluation at S°
induces an equivalence
Fun™*(Anf", D) = D,

where Fun!™ denotes the full subcategory of functors that are pointed and preserve finite colimits.

Definition 6.2.1. Let F: C — D be a functor between oco-categories.

(1) If C admits pushouts, we say that F is excisive if it sends pushout squares in C to pullback
squares in D.

(2) If C admits a terminal object, we say that F is reduced if it sends the terminal object of C to
a terminal object of D.

We write Exc(C, D) C Fun(C, D) for the full subcategory of excisive functors, Fun,(C, D) C
Fun(C, D) for the full subcategory of reduced functors, and Exc.(C, D) for their intersection.

Exercise 6.2.2. Show that for any spectrum E the functor Homgp(E, S[~]): An — An is reduced
and excisive.

With these definitions, we can state the alternative construction of stabilization.

Definition 6.2.3. Let C be an co-category with finite limits. The co-category of spectrum objects
in C, denoted Sp; (C), is the full subcategory of Fun(An™, C) spanned by the reduced, excisive
functors:

Sp; (C) := Exc.(Anf", C).

Our goal is to show that this definition is equivalent to the tower-based definition of Sp(C) from last
semester. We will do this by establishing the universal property of Sp; (C):

Theorem 6.2.4. Let D be a stable co-category and let C be an oo-category with finite limits.
Composition with the evaluation functor Q% : Sp; (C) — C, given by F + F(S°), induces an
equivalence of co-categories

Fun'**(D, Sp, (C)) = Fun'*(D, C).

Before proving this, let us deduce the desired comparision:

Corollary 6.2.5. For an oco-category C with finite limits, there is a natural equivalence Sp; (C) —
Sp(0).

Proof. In light of the natural equivalences
Homg,es (D, Spy,(C)) = Homg,iex (D, C) =~ Homgyes (D, Sp(C)),
this follows directly from the Yoneda lemma. O

The proof of the theorem will require some preparation. We will break down the argument into a
series of lemmas.
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Lemma 6.2.6. Let C be a pointed oo-category and let D be arbitrary. Then the oo-category
Fun, (C, D) is pointed.

Proof. Let %¢ and *p denote the zero objects of C and D, respectively. Let Fo: C — D be the
constant functor with value *p. Since Fj is clearly reduced, it defines an object in Fun..(C, D). The
functor Fp is a terminal object in Fun(C, D), and thus also in the full subcategory Fun..(C, D). To
show that it is a zero object, it remains to prove that it is also an initial object. For any other object
G € Fun,(C, D), we need to show that the mapping anima Homgy,, (c,p)(Xo,Y) is contractible.
Since the inclusion Fun,(C, D) — Fun(C, D) is fully faithful, this is equivalent to showing that
Homgy,(c,p)(Xo,Y) is contractible.

Evaluation at the zero object ¢ € C induces a functorev..: Fun(C, D) — D. We haveev., . (Fp) =
*p and, since G is a reduced functor, ev,.(G) = *p. Thus, the mapping anima in D between these
evaluated objects is contractible. The proof is concluded by showing that the restriction map

Homgy,(c,p) (Fo, G) — Homp (Fo(*¢), G(x¢))

is an equivalence. This follows from the observation that the constant functor Fy is a left Kan
extension of its restriction along the fully faithful inclusion {*¢c} — C. O

Corollary 6.2.7. Let C be a pointed oco-category with finite colimits, and let D be an co-category
with finite limits. Then the co-category Exc.(C, D) is pointed and admits finite limits.

Proof. The zero object Fy € Fun,(C, D) from Lemma 6.2.6 is clearly excisive, so is also contained
in Exc,.(C, D), showing that the latter is pointed. The existence of finite limits in Exc, (C, D) follows
from the fact that limits in functor categories are computed pointwise, and the properties of being
reduced and excisive are preserved under such limits. O

Corollary 6.2.8. Let C be a pointed oco-category with finite colimits, and let D be an co-category
with finite limits. Then the forgetful functors

Fun.(C, D,) — Fun,(C, D) and Exc.(C,D.) — Exc.(C, D)
induced by D, — D are equivalences.

Proof. Recall from last semester that the functor category Fun(C, D..) is equivalent to Fun(C, D)..
By restricting to reduced (excisive) functors, this identifies the forgetful functor in the statement to
the forgetful functors Fun,(C, D), — Fun,(C, D) and Exc.(C, D), — Exc.(C, D). But these are
equivalences since Fun,(C, D) and Exc.(C, D) are pointed. m|

Remark 6.2.9. For the equivalence Fun,(C, D,) = Fun,(C, D) we in fact only need C to be
pointed and D to have a terminal object.

We will now prove an alternative criterion for excisive functors. This criterion is closely related to
the criterion that a pointed co-category is stable if and only if it has an invertible loop functor.

Construction 6.2.10. Let C be a pointed co-category with finite colimits, let D be a pointed co-
category with finite limits and let F: C — D be a reduced functor. Given an object X, applying F
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to the pushout square defining £c X gives a commutative diagram in D of the form
X
0

using that F(0) = 0. This induces a map nx: F(X) — QpF(ZcX) by the universal property of
Qp.

0 . F(X) —— 0
Ao l

—
—> Zc 0 —— F(EcX),

Proposition 6.2.11 (Excisiveness criterion). Let C be a pointed oco-category with finite colimits and
let D be a pointed co-category with finite limits. A reduced functor F: C — D is excisive if and
only if for every object X € C, the canonical map nx: F(X) — QpF(ZcX) is an isomorphism.

Proof. The implication (=) is straightforward: if F is excisive, it sends the pushout square defining
Y X to a pullback square in D, which exhibits F(X) as the loop space Qp F(Zc X).

For the converse (&), assume that nx: F(X) — QpF(ZcX) is an equivalence for all X € C. Let

z 1y x

Lo

Yy 25w

be a pushout square in C. We want to show that its image under F is a pullback square in D, or
equivalently that the induced map F(Z) — F(X) Xp(w) F(Y) is an isomorphism. To this end, we
extend the pushout diagram in C as follows:

f

VA > X > 0
4 u
r v r W
Y LN 1 > cofib(g) ——— 0
\L ~ r ~ r
0 — cofib(f) y XcZ S oY
v r v r \L
0 > 2cX > 2cW.

Applying F, this results in the analogous diagram in D, and by composing some of the maps we
obtain:

Fz) 2% px) ——— 0 0% 0

1w !

F(Z) —— F(W) —— F(ZcZ) — F(ZcX) XpEew) F(ECY)

Tt T i

Fz) 24 pyy —— 0 0% 0.
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Passing to pullbacks along the vertical direction, we thus obtain the following commutative diagram

F(Z) —— F(X) xXpw) F(Y)

X Xnw 1Y
nz

QpF(2cZ) —— QpF(ZcX) XaprEew) LpF(EcY).

By inspection, the two diagonal composites are the maps 1z and nx X, ny, which by assumption
are isomorphisms in D. The claim thus follows by 2-out-of-6. O

Lemma 6.2.12. Let C be a pointed co-category with finite colimits and let D be an co-category with
finite limits. Then the co-category Exc.(C, D) is stable.

Proof. We saw in Corollary 6.2.7 that Exc.(C, D) is pointed and has finite limits, computed point-
wise. By the characterization of stable co-categories from last semester, it suffices to show that
its loop functor Q: Exc.(C,D) — Exc.(C, D) is an equivalence. The loop functor on a functor
category is given by post-composition, so for a functor F' € Exc.(C, D), its loop is Q(F) = Qp o F.

Let us define a ‘shift’ endofunctor on Exc.(C, D) by pre-composition with suspension: Shift(F) :=
FoZXZc. Since X¢ preserves pushout squares, we see that Shift(F') is excisive whenever F is, resulting
in a functor Shift: Exc,.(C, D) — Exc.(C, D).

The excisiveness criterion now provides us with a natural isomorphism
nrp: F — Qp o (FoZ¢) = Q(Shift(F)) = Shift(Q(F))

for F € Exc.(C, D). This defines natural isomorphism of functors id = Q o Shift and id —
Shift o Q, showing that Q is an equivalence. This finishes the proof. O

Lemma 6.2.13. If C is a stable co-category, the evaluation functor Q% : Sp; (C) — C is an
equivalence.

Proof. An object of Sp; (C) is a reduced, excisive functor F: Anf® — C. Since C is a stable
co-category, a functor into it is excisive if and only if it preserves finite colimits. Therefore, the
subcategory of reduced, excisive functors coincides with the subcategory of reduced, finite-colimit-
preserving functors:

Sp; (C) = Exc.(An™, C) =~ Fun™(Anf", C).

By the universal property of Anf", the evaluation functor at the O-sphere, ev 50, induces an equivalence
evgo: Fun'™(Ani", C) = C.

The functor Q is, by definition, this evaluation functor. The result follows. O

We are now equipped to prove the main result of this section:

Proof of Theorem 6.2.4. Since the co-category D is stable, a functor with domain D is left-exact
if and only if it is reduced and excisive. We therefore need to prove that composing with
evgo: Sp; (C) — C induces an equivalence

Exc.(D, Sp; (C)) =~ Exc,.(D,C).
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Plussing in the definition of Sp; (C), we get
Exc, (D, Sp; (C)) = Exc,(D, Exc,(An™, C)) ~ Exc,(An", Exc,(D, C)) = Sp; (Exc.(D, C)),

where in the middle equivalence we use currying/uncurrying and observe that both sides correspond
to functors D X Anf" — C that are excisive in both variables separately. We thus need to show that
evaluation at S induces an equivalence

Sp; (Exc, (D, C)) — Exc.(D,C).

But this is an instance of the previous lemma, since Exc.. (D, C) is stable by Lemma 6.2.12. O

6.3 Day convolution

Let C and D be symmetric monoidal co-categories. It is natural to wonder whether the co-category
Fun(C, D) of functors from C to D inherits a symmetric monoidal structure. The Day convolution,
first introduced by Brian Day for ordinary symmetric monoidal categories, provides an affirmative
answer to this question under suitable assumptions on C and D.

Let us first recall the classical construction. Let (C,®c,1¢) and (D,®p,1p) be symmetric
monoidal categories, and assume that C is small and that D admits all small colimits. For any two
functors F, G : C — D, their Day convolution F ®p,y G is a functor C — D defined as the left Kan
extension of the composite functor

cxc % pxp 22 p

along the tensor product functor ¢ : C X C — C. More explicitly, for an object X € C, the value
of F ®pay G is given by the colimit

(F ®pay G)(X) = colimyecx,—x F(Xo) ®p G(X1),

where the colimit is taken over the category of morphisms into X whose source is of the form
Xo ®c X for Xp, X; € C. This construction has two key features:

(a) If the tensor product ®p : D X D — D preserves small colimits in each variable separately,
then the Day convolution equips the functor category Fun(C, D) with a symmetric monoidal
structure.

(b) Under this monoidal structure, the category of commutative algebra objects CAlg(Fun(C, D))
is equivalent to the category of lax symmetric monoidal functors from C to D.

The goal of this section is to discuss an co-categorical analogue of Day convolution. A first version

of such a construction was proved by Glasman [Glal6], which was subsequently generalized by
Lurie [Lurl7, Section 2.2.6].
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6.3.1 Day convolution operads

Lurie’s construction of the Day convolution monoidal structure on Fun(C, D) has a nice feature,
characterizing it as an internal hom in the co-category of co-operads. We will take this universal
property as the defining property of Day convolution operads:

Definition 6.3.1. Let O and P be co-operads. An co-operad Day(O, P) is called a Day convolution
operad for O and P if it comes equipped with a morphism of co-operads

ev: Day(0O,P)x0 — P

satisfying the following universal property: if Q is another co-operad, the composite

Funop_ (Q. Day(0,P)) =2 Funop_(Q x 0, Day(0, P) x 0) <= Fung,_ (Q x O, P)

is an equivalence. Informally, this means we have the following classification of operad morphisms
into Day(O, P):

{Operad morphisms Q — Day(0,P)} «» {Operad morphisms Q X O — P}.
Note that this property determines Day(O, P) up to contractible choice, if it exists.

Remark 6.3.2. Let O be an co-operad for which Day(O, P) exists for all £. Then the functor
- x0: Op,, — Op,, admits a right adjoint

Day(0,-): Op,, — Op,, .

The universal property of Day(O, P) allows us to deduce most of its basic structure. Let us first
describe its underlying co-category.

Lemma 6.3.3. Assume Day(O, P) exists. Then the underlying oo-category of Day(O, P) is the
oco-category of functors Oy — P 1y between the underlying co-categories of O and P:

Day(O,?D)m =~ Fun(0<1>,¢)<1>).

Proof. Recall from Exercise A.34 that the underlying co-category Oy of an co-operad O is equiv-
alent to the co-category Fung,_ (77iv, O) of operad maps 77iv — O. By adjunction, we thus get

Day(0,P)1y = Fungp_ (Triv, Day(O, P)) =~ Fungy_(Triv X O, P).

Recall that 77iv® = Fin°P and that p g, : Fin°®® < Span(Fin) is the inclusion. The product operad
Triv X O is thus given by the diagonal functor in the following pullback square:

Fin® Xgpan(pin) 0¥ —— O®
T
Fin®® <% Span(Fin).

Essentially by definition of O being an co-operad, the left vertical map in this square is a cocartesian
fibration, and its cocartesian straightening Fin®® — Cat,, preserves finite products. In particular,
this cocartesian straightening is equivalent to

Fin°® — Catc, I— O<Il>,
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and it follows that the left vertical map is of the form ¢°P: Fin(O(y)°? — Fin?. In other words, we
have an identification of co-operads 77iv X O =~ Trivo,,,- We thus conclude

Day(0, P)(l) ~ Funopm (Trivx O, P) =~ Funopm (‘77’iv0<1>, P) ~ Fun(0<1>, P(l)),
where the last equivalence is another instance of Exercise A.34. O

As another consequence of the universal property, we may describe the commutative algebras in
Day convolution operads:

Lemma 6.3.4. Assume Day(O, P) exists. Then commutative algebras in Day(O, P) correspond
to operad morphisms O — P:

CAlg(Day(0,P)) = Fung,_ (O, P).
Proof. Since Comm is the terminal co-operad, we have O ~ Comm X O, and so

CAlg(Day(0,P)) = Fungp_(Comm, Day(O, P))
=~ Fungp_(Comm x O, P)
=~ Fung,_ (O, P). i

A result by Lurie, which we leave as a black box, shows that Day convolution operads always exist
if O = M is a multimorphism operad of a symmetric monoidal co-category C:

Theorem 6.3.5 (Lurie [Lurl7, Theorem 2.2.6.2]). Let C be a symmetric monoidal co-category. For
every oco-operad P, there exists a Day convolution operad Day(Mc, P). In particular, the functor
- X Mc: Op,, — Op,, admits a right adjoint

‘Z)ay(MC’_): Opcx) - Opoo . O

Remark 6.3.6. In fact, Lurie proves a much more general result: if f: Q" — O is a cocartesian
fibration of co-operads, then the pullback functor f*: (Op,,);0 — (Op,,);o’ admits a right adjoint

Nmo0: (Opy)/00 — (Opy);0-

By precomposing this functor with f*, it then follows that the product functor O’ X —: (Op,,);0 —
(Ope)/0 admits a right adjoint

Day,o(0",-): (Ops,)/0 — (Ops)/0-

If O = Comm is the terminal co-operad and O’ ~ M for some C, this specializes to Theorem 6.3.5.

As a consequence of the theorem, if C and D are symmetric monoidal co-categories, we may form
the Day convolution operad Day(Mc, Mp). This co-operad has the following properties:

* By Lemma 6.3.3, the underlying co-category of Day(Mc, Mp) is the co-category of functors
from C to D:
Day(Mc, Mp)ay = Fun(C,D).

In particular, the colors of Day(Mc, Mp)1y may be identified with functors C — D.
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* By Lemma 6.3.4, commutative algebras in Day(Mc, Mp) are lax symmetric monoidal
functors from C to D:

CAlg(Day(Mc, Mp)) =~ Fun®'(C, D).

Our goal will be to show that, under suitable conditions on C and D, the co-operad Day(Mc, Mp)
defines a symmetric monoidal structure on Fun(C, D). For this, we need a short digression.

6.3.2 Hinich’s model for Day convolution operads

While the universal property of Day(Mc, Mp) gives us access to some of its abstract properties, it
does not provide an explicit description of it. In this subsection, we will make this operad concrete by
discussing a model for it given by Hinich [Hin20]. We will follow the recent ‘synthetic’ exposition
of it by Winges [Win25].

The main ingredient for this is an explicit description of the unstraightening of the functor
(Cat®)°P x Cat® — Cat, (C, D) — Fun®'®(C, D).

Definition 6.3.7. We denote by
ArPPIax c (Catm)/[l]

the full subcategory spanned by the cocartesian fibrations £ — [1].

Note that the objects of Ar°P'® correspond under straightening to functors [1] — Cate,, i.e., to
functors F: C — D between small co-categories. Since the morphisms in Ar°P'™* do not need to
preserve the cocartesian edges, they correspond to laxly commutative squares of the form

cC — C

e l"

D —— D

Observe that Ar"™ is closed under finite products in (Cate)/[1], and that pulling back along the
inclusions {0} < [1] and {1} < [1] provides a finite-product-preserving functor

(s,1): ArP™ 5 Caty, X Cateo.

Theorem 6.3.8 (Winges [Win25, Theorem 2.7]). Let O be an oo-operad, and consider the induced
functor
(s,1): Mong (Ar®"™) — Mon (Cate) X Mong (Cat,).

Then:

(1) The fiber over a pair (C, D) of O-monoidal co-categories is the oo-category Fun®'®(C, D)
of lax O-monoidal functors C — D.

(2) For fixed C, the restriction of (s, t) to {C} xMong(Caty) is a cocartesian fibration classifying

Fun®'®(C, -) : Mong(Cate,) — Cate,.
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(3) For fixed D, the restriction of (s, t) to Mongp(Cate) X {D} is a cartesian fibration classifying
Fun?'® (=, D): Mong(Cate)®® — Cate.

Remark 6.3.9. Winges in fact shows the stronger claim that this identification of the fibers is natural
in both C and D simultaneously. Formulating this precisely requires the notion of orthofibrations,
which are functors of the form E — C x D that correspond under a generalized form of straightening
to functors C°? X D — Cat,,. What Winges shows is that the functor (s, #) from Theorem 6.3.8 is
the orthofibration classifying the assignment (C, D) — Fun?'®(C, D).

With this result at hand, we may now prove the explicit description of Day(Mc, Mp):

Theorem 6.3.10 (Hinich [Hin20, Proposition 2.8.9], Winges [Win25, Theorem 1.1]). Let C and D
be symmetric monoidal co-categories, which we identify with commutative algebras in Caty, with
the cartesian monoidal structure. Then the Day convolution operad Day(Mc, Mp) exists, and is
given by the following pullback square:

Day(Mc, Mp) —— OZr‘)PlﬂX

|
l \L(SJ)

(C,D) «
Comm ——» .
0 OCatoo><Catoo

Proof. Let us write D for this pullback. We will show directly that D satisfies the defining
universal property of Day(Mc, Mp), in particular proving its existence without relying on Lurie’s
Theorem 6.3.5. It will suffice to produce for any co-operad # a natural equivalence

Fungp (P, D) =~ Fungp (P X Mc, Mp).

For the left-hand side, note that Fung,_ (%, —) commutes with pullbacks. Since Comm is the terminal
oco-operad, we have Fungp (%, Comm) ~ . Since operad morphisms from # into a cartesian operad
correspond to P-monoids by Proposition 5.3.7, we obtain equivalences

Fung,_ (P, O:roplax) ~ Mongp (Ar°P'®), Funo,_ (P, Oy xcar,) = Monp (Cate, X Cate).
It follows that the co-category Fungp,_ (%, D) is equivalent to the fiber of the map
Mongp (ArP'®) — Mongp (Cateo) X Mongp (Cateo)

over the pair (Cp, Dp), where Cp and D p are obtained from C and D by precomposition with the
operad map pp: P — Comm. By Theorem 6.3.8, this fiber is the co-category Fun” " (Cp, Dp) =
Funop,, ), (Mcp/ps Mpyp) of lax P-monoidal functors Cp — Dp. By the definition of Cp and
D p we have

MCP/P =~ P Xcomm Mc and MDp/SD =~ P Xcomm Mp,

hence

Fun(Opm)/p (MC;D/P, MDw/P) = Fun(Opm)/rp (PXcommMc, PXcommMp) = FunOpw (PXcommMc, Mp),

where the second equivalence uses the universal property of pullbacks. This was precisely what we
wanted to show. m]

104



Remark 6.3.11. The above description of Day(Mc, Mp) immediately generalizes to a description
of the O-monoidal Day convolution operad Day,o(Mcj0, Mp/o) € (Opy,);o for O-monoidal co-
categories C and D (cf. Remark 6.3.6). The proof is essentially identical, up to replacing Op,, with
(Op)/0 everywhere. It is this generality in which Hinich and Winges state and prove the result.

As a consequence of this result, we may explicitly compute the multimorphism anime of Day(Mc, Mp):

Proposition 6.3.12. Let C and D be symmetric monoidal co-categories, let I be a finite set, and let
{F;: C > D}icy and G: C — D be functors. Then there is an equivalence
O({F}ier;{GY) = Nat ® []F.Go ®)

iel

between the anima of multimorphisms {F;};c; — G in the co-operad O := Day(Mc, Mp) and the
anima of natural transformations « fitting in the following diagram:

nzel F;

23D

®cl 7 l®u

C T) D.
Proof. Let us write O := Day(Mc, Mp) for simplicity. By definition, the anima of multimor-
phisms O ({F;};cr; G) is the fiber of the projection map
po: Hompe ({F;}icr, G) — Homgpan(rin) (1, (1))

over the active span I « I — (1). By Theorem 6.3.10, the operad O sits in the following pullback

square of co-operads:
|
| Jen

Comm —; OCatoo

Because limits in functor categories are computed pointwise, the anima Homgs ({F; }ics, G) is itself
the fiber in a pullback square of mapping animae. Taking the fibers of these mapping animae over
the active span I — (1), we find that O({F;};cs; G) is the fiber in the following pullback square of
animae:

XCatoo *

O({Fi}ier: G) —— OF i {Un(Fi)}ier; Un(G))

.
l \L(S*J*)

(®L,8))

x ————— 0%, ({Clicr; C) X OF, ({D}ic; D).

Here the object Un(F;) € Ar°'® is the unstraightening of F; regarded as a functor F;: [1] — Cate.,
and similarly for Un(G). Since Cat,, and Ar°"'®™ have finite products, we may write the three
multimorphism animae in the right vertical map as Hom animae in Ar°®® and Cat,, out of the
corresponding products, which results in a pullback square as follows:

O({Fi}ic1;G) —— Hom  opiax (Un([1;er Fi)» Un(G))

l ’ Jen ©.1)

(®L.el) J I
Homcy (C', C) X Homcy, (D, D).
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By applying Theorem 6.3.8 to the trivial co-operad, we get that the functor (s,¢): Ar
Cat,, X Cat,, is a cartesian fibration over Cat., X {D} and a cocartesian fibration over {C} X Cat.
The fibers of (s, ) are given by the functor categories Fun(C, D), with functoriality in C given by
precomposition and functoriality in D given by postcomposition. In particular, the pullback (6.1) is
given by

-

O({Fi}ier; G) = Homgyy(c1,p) (®p © 1_[ Fi,G o ®c),
iel

as claimed. O

6.3.3 The Day convolution monoidal structure

With the explicit description of the multimorphism animae of Day(Mc, Mp) at hand, we may now
return to the question of when this co-operad corresponds to a symmetric monoidal structure on the
functor category Fun(C, D):

Proposition 6.3.13 (Lurie [Lurl7, Proposition 2.2.6.16], Winges [Win25, Proposition 4.1]). Let
(C,8c,1¢) and (D, ®p, 1p) be symmetric monoidal co-categories. Let K be the collection of all
relative slice categories (®(.) | defined by the pullback squares

(&%) — Fun([1],C)

for every natural number n > 0 and every object ¢ € C. Assume that the following two conditions
are satisfied:

(1) The oo-category D admits all K-indexed colimits.

(2) The tensor product functor @p: D X D — D preserves K-indexed colimits in each variable
separately.

Then the Day convolution operad Day(Mc, Mp) defines a symmetric monoidal structure ®p,y on
Fun(C, D).

Remark 6.3.14. The conditions in Proposition 6.3.13 are automatically satisfied if C is a small
co-category, D is a cocomplete co-category (i.e., admits all small colimits), and if the tensor product
of D preserves small colimits in each variable.

Proof of Proposition 6.3.13. We wish to show that the Day convolution operad O := Day(Mc, Mp)
defines a symmetric monoidal co-category, i.e., that the functor po: O® — Span(Fin) is a cocarte-
sian fibration. Recall from Lemma 4.2.5 that it is enough to show that the following two conditions
are satisfied:

(a) For every finite collection of functors {F;};cs, there exists a functor G = (X)?g F; and a

multimorphism {F;};e; — G in O inducing for every other functor H: C — D an equivalence
Homg,, (G, H) — O({Fi}; H).
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(b) Foramap f: I — J of finite sets, if we let G := ® F; for all j € J, then the canonical

ief~1())
map
Day Day
-6,
iel jeJ

is a natural isomorphism of functors C — D.

For part (a), we define G as the left Kan extension of the composite functor

ier Fi

[Te 5T 0 20

iel iel
along the tensor product functor ®c: C! — C. Explicitly, for an object ¢ € C, its value is given by
the colimit:

G(C) = COlim{C;}iele(®lc)/c (® Fl(C:)) .
iel

The existence of this left Kan extension is guaranteed by condition (1) of our hypothesis, as the
indexing category (®é) Jc 1s in our collection K. The universal property of this left Kan extension
provides a natural transformation

n: éonFi:Goé,

iel iel iel
which by Proposition 6.3.12 corresponds to a multimorphism 77: {F;};c; — G in O. The universal

property of left Kan extension precisely says that for any other functor H: C — D, composition
with n7 induces an equivalence

1 1
Nat(G, H) = Nat ® o 1_[ Fi,Ho ® =~ Homo,, (G, H),
D iel C

as desired.

We now show that also (b) holds. Let f: I — J be a map in Fin, and write G := (X)]i):]ycf1 ) F; for
all j € J. We need to show that the canonical transformation

Day Day
X F— K6,
iel JjeJ

is a natural isomorphism of functors C — D. To help visualize this, consider the following diagram:

CI HielFi DI

Since left Kan extensions compose, it will suffice to show that the composite ®1{> o[l;esGj: c’/ -
D is the left Kan extension of the composite ®£ o[lie; Fi: C! — D along (®é): c!l — c’/. By
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the pointwise formula for Kan extensions, this amounts to showing that for every tuple (c;)jes € C I,
the map

D
COhm(clf)e(@é)/c ® Fi(c)) = ®jesGj(cj)
iel

is a natural isomorphism. Since the functor ®£ : C! — €’ is a product of the individual functors
®ch : Cli — C, the indexing category (®£) /e on the left is a product over j € J of the relative slice

. I;
categories (®:)/c,. But we also have

D
Gj(cj) = colim F,'(C;/),

I;
e e(®2) .
eeede, &

and since the functor ®?€ IE D’ — D preserves the relevant colimits in each variable separately it
follows that the map is a natural isomorphism. This finishes the proof. O

Remark 6.3.15. The proof of the proposition provides an explicit description of the tensor product

functor
I

®: Fun(C, D)! — Fun(C, D)
Day

for every finite set /. For I = (0) and I = (2), this specializes as follows:

¢ The monoidal unit Ip,y: C — D of the Day convolution monoidal structure is the left Kan
extensionof 1p: * — D along 1¢: = — C.

¢ The Day convolution F ®pay G of two functors F,G: C — D is the left Kan extension of
CXCEDXD®—D>Dalong®C: CxC—-C.
We have the following special case of the proposition:

Corollary 6.3.16. Let C be a small symmetric monoidal oo-category. Then functor category
Fun(C, An) admits a symmetric monoidal structure via Day convolution.

Proof. The proposition applies since An admits small colimits and the functor —X—: AnxAn — An
preserves colimits in both variables. ]

For later use, we will also record the following description of the internal hom of Fun(C, An).

Proposition 6.3.17. Let C be a small symmetric monoidal co-category. Then the Day convolution
monoidal structure on Fun(C, An) is closed: for every functor F: C — An, tensoring with F admits
a right adjoint Homg, . A, (F,-): Fun(C, An) — Fun(C, An). Furthermore, this right adjoint
is pointwise given by the following end expression:

HO_mFun(c,An) (F,G)(X) = / Homa, (F(Y),G(X ®c Y)).
YeC

Here we use the notion of an end from Definition 2.6.2.
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Proof. It will suffice to show that for every third functor H: C — An there exists a natural
equivalence
Nat(H ®@°¥ F, G) ~ Nat(H, Homa, (F(Y),G(X ®c Y))).
YeC
Since the Day convolution is a left Kan extension, the left-hand side is equivalent to the anima

Nat(H(-) X F(-),G(- ®c -))

of natural transformations of functors C X C — An. By Proposition 2.6.5, this anima of natural
transformations may be computed as the following end:

/ Homu, (H(X) X F(Y),G(X ®Y)).
(X,Y)eCxC

Using the Fubini rule for ends, Lemma 2.6.4, we may write this as an iterated end /XE c /Ye c- Using
the adjunction —x F(Y) 4 Homa,(F(Y), —) and using that Homa, (H (X), —) preserves limits, hence
ends, we may transform this expression as follows: may rewrite this end as

/ / Homap, (H(X), Homa,(F(Y),G(X ®Y)))
XeC JYeC

:/ HomAn(H(X),/ Homa,(F(Y),G(X®Y)).
XeC YeC

Using the end-description of animae of natural transformations from Proposition 2.6.5 another time,
this is precisely the anima Nat(H, erC Homa, (F(Y),G(X ®c Y))) we are after. O

6.4 The tensor product of spectra

We will now combine the results from the previous two sections to upgrade the tensor product X ® Y
of spectra introduced last semester to a symmetric monoidal strucure (Sp, ®, S) on the co-category
of spectra.

Let us start by outlining the strategy. In Section 6.2, we established an equivalence Sp =
Exc, (Anf", An) between the co-category of spectra and the co-category of reduced excisive functors
from finite pointed animae to animae. In particular, we may regard Sp as a full subcategory of
the functor category Fun(Anf", An). The results from Section 6.3 allow us to equip this functor
category with the Day convolution monoidal structure. We will then show that Sp can be exhibited
as a symmetric monoidal Bousfield localization of Fun(Anf", An).

As the first step in this plan, we need to equip An" with a monoidal structure. More generally, if
C is a symmetric monoidal co-category, then under mild conditions the co-category C. of pointed
objects in C inherits a symmetric monoidal structure:

Lemma 6.4.1. Let C be a symmetric monoidal co-category that admits finite colimits and assume
that its tensor product ® : C X C — C preserves finite colimits in both variables separately.

(1) The functor category Fun([1], C) admits a symmetric monoidal structure via Day convolution,
whose unit is the canonical map O — 1 from the initial object of C to its monoidal unit, and
whose tensor product is given by the pushout product of morphisms in C:

(f:X->Y) o (f:X >Y) = fof:(XeY)uxex Y®X')— (YY)

109



(2) If C admits a terminal object, then the subcategory C, C Fun([1], C) is symmetric monoidal,
and the localization functor

cofib: Fun([1],C) — C., (f: X—>Y) b (x> cofib(f))
is symmetric monoidal. In particular, the monoidal structure on C, may be described as

(x:x—>X) ® (yirx—Y) = cofib(X®*Lg.*®Y > XQY).

(3) The zero object of C, is operadic terminal and operadic initial, making Mc, a pointed
co-operad.

Definition 6.4.2. Let C be an oco-category with finite products and pushouts such that the functor
X X —: C — C preserves pushouts for all X € C. Then we may apply part (2) of the lemma
to the cartesian monoidal structure on C. We refer to the resulting symmetric monoidal structure
(C., A, 89 on the pointed objects in C as the smash product. The monoidal unit is S° := * LI %, while
the smash product X AY is given by

XAY = cofib(XVY - XxY),

where X VY = X LI, Y.

In particular, this provides smash product monoidal structures on the co-categories An, and Anf" of
pointed animae and finite pointed animae, respectively.

Proof of Lemma 6.4.1. For part (1), we equip [1] = {0 < 1} with the cartesian monoidal structure,
which may more intuitively be thought of as the monoidal structure given by taking the minimum.
To show that Fun([1], C) admits a Day convolution monoidal structure, we must check the two
conditions of Proposition 6.3.13. This follows from the assumption on C, since the relative slices
of the functors min: [1]" — [1] are finite co-categories. By Remark 6.3.15, the monoidal unit
is the left Kan extension of the functor 1: * — C along the inclusion 1: % < [1], which is
® — 1 by the pointwise formula. Similarly the tensor product is given by left Kan extending
[1] x[1] = CxC NV along min: [1] X [1] — [1], and the pointwise formula results in the
pushout product in this case.

For part (2), observe that the inclusion C, < Fun([1],C) admits a left adjoint given by taking
cofibers. By Proposition 4.4.3, it thus remains to show that tensoring in Fun([1], C) with an object
preserves those morphisms (= commutative squares in C) which induce isomorphisms on cofibers.
To see this, consider such a morphism

X — X
1
Yy — Y.

Let us write Z := cofib(f: X — Y) and Z’ := cofib(f’: X’ — Y’), so that the condition on the
square is that the induced map Z — Z’ is an isomorphism. Our task is to show that for every other
morphism (g: A — B) in C the induced commutative square

(X ®B) Uxea (Y ® A) — (X' ® B) Uxga (Y’ ® A)

fon] Ly

Y®B > Y ®B
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again induces an isomorphism on (vertical) cofibers. Since Z — Z’, it will suffice to express the
two vertical cofibers purely in terms of g, Z and Z’. We will do so by showing that the bottom right
square in the following commutative diagram is a pushout square:

X®A > *® A
X®B > *Q B
!
Y®A > ZQ A
(X ® B) Uxan (¥ ® A) s (+® B) Lion (Z® A)
fog
YgB )Zé/B.

But this follows from an iterated application law for pushout squares: the left and right faces of the
diagram are pushouts by definition, while the back square and front rectangle are pushout squares
since — ® A and — ® B preserve the pushout square defining Z as a cofiberof X — Y.

For part (3), the condition for operadic terminality is vacuous by Example 6.1.3, and the condition
for operadic initiality is saying that taking the tensor product with * results in *, which is clear. O

As the next ingredient, we will discuss excisive approximations:

Proposition 6.4.3. Let C be an co-category that admits finite limits, cofibers and sequential colimits,
and assume that the loop functor Q: C. — C, preserves sequential colimits. Then the inclusion

functor Exc, (Anf", C) < Fun(Anf", C) admits a left adjoint
Pi: Fun(An", C) — Exc,(An", C) =~ Sp(C).
Proof. We can write the inclusion as a composite of two fully faithful functors
Exc,(An", C) < Fun,(An™, C) < Fun(Anf", ),

where the first functor is the inclusion of reduced excisive functors into all reduced functors, and
the second is the inclusion of reduced functors into all functors. It is sufficient to show that both of
these inclusions admit left adjoints.

We begin with the second inclusion. Let F: Anf™ — C be a functor. Since the one-point anima * is
an initial object in Anf", there is a unique natural transformation 77: const, — id of endofunctors of
Anf". Applying F yields a natural transformation F(n): constr(,) — F. We define a new functor
Fred: Anf™ — C by taking the pointwise cofiber of this transformation:

F™(X) := cofib(F(n)x: F(x) = F(X)).

The quotient map provides a natural transformation 7 : F — F™. Since plugging in X = = results
in the cofiber of the identity map of F(x), we see that F™ is reduced. If F is already reduced, then
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F(%) = %, so njp is an isomorphism. Furthermore, one can check that applying the construction
()™ to the natural transformation 75 yields a natural isomorphism (F)™©¢ = (Fred)yred By the
recognition principle for Bousfield localizations (Proposition A.2.54 in the notes from last semester),
we conclude that (—)™ defines a left adjoint to the inclusion Fun,(Anf", C) < Fun(Anf", C).

Next, we construct a left adjoint to the first inclusion, Exc,(Anf",C) < Fun,(An™, C). First,
observe that the forgetful functors

Fun, (An™, C,) — Fun,(Anf", C) and Exc.(Anf", C,) — Exc,(An™, C)

are equivalences of co-categories (Corollary 6.2.8), so we may assume without loss of generality that
C is a pointed co-category. Let F: An™ — C be a reduced functor. Recall from Construction 6.2.10
that for any reduced functor G, there is a canonical natural transformation G — Qo G o X. By
iterating this, we obtain a sequence of natural transformations

F—>QoFoY—Q*0FoX?— ...

in the functor category Fun,(Anf", C). Since C admits sequential colimits, so does the functor
category, and we can define a new functor F°*¢ as the colimit of this sequence:

F&° := colim,en(Q" o F o ZM).

We claim that F®*° is excisive. By the excisiveness criterion (Proposition 6.2.11), it suffices to
show that the canonical transformation F*¢ — Q o F®¢ o ¥ is an isomorphism. This follows by
construction, using our assumption that the loop functor Q commutes with sequential colimits:

Qo F* 0¥ = Q(colim,en(Q" o F 0 ")) 0 £ = colim,en(Q"! o F o ) = Fox,

The colimit construction provides a canonical natural transformation ng: F — F¢. If F is already
excisive, then each map in the sequence F — QFX — ... is an isomorphism, which implies
that ng: F — F%C is an isomorphism as well. Moreover, applying the (—)®*¢ construction to
nr results in a natural isomorphism. Another application of the recognition criterion for Bousfield
localizations (Proposition A.2.54) shows that (=) is left adjoint to the inclusion Exc, (Anf", C) —
Fun, (An", C). This completes the proof. m|

Combining everything, we can now construct the tensor product on Sp:

Theorem 6.4.4. The co-category Sp admits a unique symmetric monoidal structure such that the
reduced excisive approximation functor

Pi: Fun(An™, An) — Exc,(An", An) ~ Sp
is symmetric monoidal with respect to Day convolution on its source.

Proof. Equip Anf™ with the smash product monoidal structure from Definition 6.4.2, and equip An
with the cartesian monoidal structure. Since An admits small colimits and — X —: An X An — An
preserves colimits in both variables, Proposition 6.3.13 guarantees that the Day convolution monoidal
structure on Fun(Anf", An) exists.

We saw in Proposition 6.4.3 that the inclusion Sp =~ Exc, (Anf", An) < Fun(Anf", An) admits a left
adjoint P;. We will show that this Bousfield localization satisfies the criterion from Lemma 4.4.4 in
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terms of internal homs. Recall from Proposition 6.3.17 that the Day convolution monoidal structure
on Fun(Anf", An) admits an internal Hom given by

HomFun(Angn’An)(F, G)(X) = / N Homa, (F(Y),G(X AY)).
Y €An"

By Lemma 4.4.4, it now remains to show that this internal hom is reduced and excisive whenever G
is.

We first check that it is reduced. If X = * is the terminal anima, then so is X A Y, hence also
G (X AY) by reducedness of G. Since Homa,(F(Y), —) preserves terminal animae and an end of
terminal animae is terminal (as it is given by a limit), this shows that the internal hom is reduced.

We now check that it is also excisive. Note that — A Y preserves pushouts, and so the functor
G(- AY): Anf™ — An sends pushouts to pullbacks for all Y. The same then holds true for
Homa, (F(Y),G(— AY)), and thus also for the end-expression since its defining limit commutes
with pullbacks. We conclude that Homg, . (anfin,an) (F, G) is excisive, finishing the proof. O

Proposition 6.4.5. The unreduced suspension spectrum functor S[—]: An — Sp lifts to a strongly
monoidal functor S[—]: (An,X) — (Sp,®). In particular, the monoidal unit of Sp is the sphere
spectrum S.

Proof. We will show that Q™ : Sp — An s lax symmetric monoidal and that it has a strong monoidal
left adjoint.

Under the equivalence Sp ~ Exc,(Anf", An), we may identify Q% with the composite
f CVS()
Sp < Fun(An,", An) — An.

The first functor is lax symmetric monoidal by construction of the tensor product of Sp. The second
functor is lax symmetric monoidal by the functoriality of Day convolution: any lax symmetric
monoidal functor C’ — C induces a lax symmetric monoidal functor Fun(C, D) — Fun(C’, D) by
precomposition.

We now claim that the left adjoint of this composite is strong monoidal. Again, for the first functor
this holds true by definition of the tensor product on Sp. For the second functor, let us write

F: An — Fun(An®", An)

for the left Kan extension functor along S°: « — Anf". To show this is symmetric monoidal, we use
the criterion from Proposition 4.3.5, which tells us it is enough to show that the ‘canonical’ maps

F(x) — 1P and F(X xY) - F(X) @"¥ F(Y)

are isomorphisms. For the monoital unit 1°¥ this is clear from the description of Remark 6.3.15:

it is indeed the left Kan extension of the unit * of An along the unit S° of An". The tensor product
in FOOXF(Y)
_

£

F(X)®P® F(Y) is the left Kan extension of the composite An"xAn AnxAn —— An
along —A—: Anf"xAnf" — Anfi". Butby definition of F(X) and F (Y), it follows that the first functor
is the left Kan extension of (X,Y): * — An X An along the inclusion (5%, §%): * — An™ x Anf" of
the monoidal unit. We conclude that F(X) ®% F(Y) is the left Kan extension of (X XY): * — An
along the composite

(59,59 -
« —— Anfi" x Anf" —= Anf".

But since SO A §O = S0, this is simply the unit of An", resulting in F(X X ¥), as desired. O

113



Proposition 6.4.6. The tensor product on Sp commutes with colimits in each variable separately.

Proof. Since Sp is a symmetric monoidal Bousfield localization of Fun(An™, An), it suffices to
prove the claim for the latter. To this end, let / be a small co-category and let F: I — Fun(An ", An)
be an I-indexed diagram of functors. We need to show that for any other G € Fun(Anf", An), the
comparison map

colim;e; (F; ®°% G) — (colim;es F;) @°% G

is an equivalence. This follows from the Yoneda lemma: for every functor H: An™ — An we have
natural equivalences

Nat(colim;c; (F; @ G), H) ~ lim;e; Nat(F; @°¥ G, H)
= lim;es Nat(F; (=) X G(=), H(= A -))
= Nat(colim;e; (Fi () X G(-)), H(— A -))
~ Nat((colim;es F;(=)) X G(=), H(—= A —))
~ Nat((colim;e; F;) ™% G, H).

This finishes the proof. O

Corollary 6.4.7. For spectra X and Y, the tensor product X ® Y agrees with the tensor product
constructed last semester.

Proof. This follows from the previous two results: the functor — ® —: Sp X Sp — Sp is completely
characterized by the condition that it commutes with colimits in both variables and that S[ X |®S[Y] =
S[X xY]. O

6.5 Stabilization of co-operads

In Section 6.1, we introduced various classes of co-operads with additional algebraic structure:
pointed, semiadditive, additive, and stable. The goal of this section is to show that each of the four
fully faithful inclusions

Opl = Opl.  Opg* < 0pk.  Opf’—0pl  and  Opl = Opg

[ (o) (o)

admits a right adjoint. These right adjoints can be thought of as cofreely adding the respective
algebraic structure to an co-operad. The constructions will rely on the Day convolution machinery
developed in Section 6.3.

Let us focus on the case for spectrum objects; the other three cases are similar in spirit.

Construction 6.5.1. Let O be an oo-operad that admits finite operadic limits. Consider the oco-
category Anf" equipped with the smash product monoidal structure from Definition 6.4.2. We
denote by

Sp(0) ¢ Day(MAngn, 0)
the full suboperad whose colors are those functors F: Ani" — O(1) that are reduced and excisive.

Note that Sp(O)1y = Sp(O1y) by Corollary 6.2.5, justifying the notation.
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Theorem 6.5.2 (Nikolaus [Nik16, Theorem 4.11, Corollary 4.12]). Let O be an co-operad that
admits finite operadic limits. Then the co-operad Sp(Q) is stable, and the resulting functor

Sp: Opg’ — Op%,

is right adjoint to the inclusion functor.

Proof sketch. The most subtle part of the proof is verifying that Sp(Q) is indeed stable. This requires
showing that the relevant (co)limits are operadic. We do this in various steps:

6]

2

The presheaf case: First, one proves the theorem for an operad of the form O = M¢ where
C = PSh(D) = Fun(D®P, An) is a presheaf category of some symmetric monoidal co-category
D equipped with the Day convolution monoidal structure. In this case, the tensor product on
PSh(D) preserves colimits in both variables. It thus follows from Proposition 6.3.13 that the
functor category Fun(Anf", PSh(D)) admits a symmetric monoidal structure given by Day
convolution. The inclusion

Sp(PSh(D)) — Fun(An™, PSh(D))
admits a left adjoint. Note that we may identify this inclusion with the functor
Fun(D, Sp) — Fun(D®, Fun(Anf", An)).

By the case for spectra, Theorem 6.4.4, we thus know that this inclusion has a symmetric
monoidal left adjoint. We also conclude that the tensor product on Fun(D°P, Sp) commutes
with colimits in both variables, so that Sp(PSh(D)) is a stable co-operad.

The general case: For an arbitrary operad O, consider its envelope D := Env(Q). The unit
of the adjunction Env 4 M provides an operad map O < Mg,y (o) which is fully faithful, in
the sense of inducing equivalences on multimorphism animae. Moreover, by Remark 6.1.2 O
admits finite operadic limits if and only if Env(Q) admits finite limits (which in that case are
automatically operadic).

We now consider the Yoneda embedding Y: Env(O) = D < PSh(D). This also preserves
finite limits. Moreover, it can be equipped with a symmetric monoidal structure. Indeed, by
the universal property of the Day convolution monoidal structure on PSh(D), equipping Y
with a lax symmetric monoidal structure is the same as providing a lax symmetric monoidal
functor D°? x D — An. Equivalently, by the universal property of cartesian operads, this is in
turn the same as a finite-product-preserving functor (D x D)® — An. To this end, we use
that the twisted arrow category functor Tw: Cat,, — Cats, preserves finite products, hence
induces a functor
Tw: Cat® — Cat®.

Moreover, the two projections s: Tw(D) — D and ¢: Tw(D) — D are natural in D
and thus also refine to symmetric monoidal functors. We thus obtain a functor Tw(D)® —
(D°P x D)®, which one can check is a left fibration. Its straightening is the desired functor
(D°? x D)® — An.

All in all, we get fully faithful inclusions of co-operads

Sp(0) — Sp(Env(0)) — Sp(PSh(Env(0))).
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Since each of these inclusions preserves finite operadic limits, this reduces the general case to
the presheaf case.

Next, we argue that the assignment O +— Sp(O) is aright adjoint. As usual, we apply the recognition
principle for Bousfield colocalizations: the construction of Sp(Q) immediately provides an operad
map Q%: Sp(O) — O given by evaluation at S°, and it will suffice to show the following two
conditions:

* Q%: Sp(0) — O is an equivalence whenever O is a stable co-operad,;

* The map Sp(Q%): Sp(Sp(0)) — Sp(0) is an equivalence for arbitrary O.
But the former is clear from Lemma 6.2.13, and the latter can be reduced to the former by using the
self-equivalence Sp(Sp(0)) =~ Sp(Sp(0)) given by swapping the two copies of An". m|

Definition 6.5.3. We say a symmetric monoidal co-category C is stably symmetric monoidal if C is
stable and — ® —: C X C — C preserves finite colimits in both variables, or equivalently if Mc¢ is a
stable co-operad.

Corollary 6.5.4. Let C be a symmetric monoidal co-category with finite limits. Then Q% : Sp(C) —
C admits a canonical lax symmetric monoidal structure. Furthermore, for every stably symmetric
monoidal oco-category D, composition with Q> induces an equivalence of co-categories

-0 Q®: Fun®'™(D, Sp(C)) = Fun®™(D, C).

The pointed, semiadditive and additive cases work similarly.
Definition 6.5.5. If O is an co-operad with an operadic terminal object, we denote by
0. ¢C Z)ay(M[l],O)

the full suboperad whose colors are those functors F': [1] — Oy satisfying F(0) = *. If in addition
O has finite operadic products, then we denote by

CGgrp(0) < CMon(O) < Day(Mspan(Fin)» O)
the full suboperads whose colors are those functors F': Span(Fin) — Oy that are commutative
groups or commutative monoids in Oy, respectively.
It is immediate from the definitions that the underlying co-categories of these co-operads are given
by
0y = (Oay)s,  CMon(0)(1y =~ CMon(O1y) and CGrp(0)qy = CGrp(Oqyy),
justifying the notation.

Theorem 6.5.6 (Nikolaus [Nik16, Theorems 4.11 and 5.7]). Let O be an object in Op, or OpZ
respectively. Then the operads O., CMon(O) and CGrp(O) are pointed, semiadditive, and additive,

respectively. Moreover, the resulting functors
(-)«: Op:, — Op~:, CMon: OpX — Opdd and CGrp: OpX — Op*dd

(o) (o)

are right adjoint to the respective inclusion functors.
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Proof. To show O. is pointed, we use the embeddings O. — (Mg (0))« — (Mpsh(Env(0)))« tO
reduce to the presheaf case, where the claim follows from part (3) of Lemma 6.4.1. The operad map
O.. — O then satisfies the criterion for Bousfield colocalizations, showing that O — O, is a right
adjoint to the inclusion.

The proofs for CMon(QO) and CGrp(0O) are similar. The only difference is that in the presheaf case
the left adjoint to the inclusions CMon(C) < Fun(Span(Fin), C) and CGrp(C) — Fun(Span(Fin), C)
are no longer easy to write down explicitly; their existence is guaranteed by the adjoint functor the-
orem. O

Proposition 6.5.7. The lax symmetric monoidal functors
f
Sp 2, CGrp(An) < CMon(An) —> An, =5 An

admit strongly monoidal left adjoints:

(An, ><) % (An,, /\) (CMon(An) ®) (CGrp(An) ®) (Sp, ®).
Here, (=), is the functor that adjoins a disjoint basepoint, FEM" is the free commutative monoid
functor, (—)&7P is the group completion functor, and B* is the Eilenberg-MacLane spectrum functor,

identifying CGrp(An) with the full subcategory Sp=° of connective spectra.

Proof. The argument for each of these functors is analogous to that of Proposition 6.4.5. O
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7 Other topics in operad theory

In this chapter, we give a quick overview of some other topics in operad theory. We will not provide
all the proofs.

This chapter is not part of the exam material.

7.1 The envelope construction

Recall from Section 1.3 that every colored operad O has an envelope Env(QO), which is a symmetric
monoidal category with a symmetric monoidal functor to Fin which captures all the operad structure
of O. Also recall from Exercise 1.3.7 that the construction O — Env(Q) is left adjoint to the
assignment C +— M of the multimorphism operad to a symmetric monoidal category C. In
particular, O-algebras in C correspond to symmetric monoidal functors A: Env(O) — C.

In this section, we will introduce the analogous envelope construction for co-operads, and show that
there exists a similar adjunction
Env: Op, 2 Cat® : M.

We will further show that Env induces a fully faithful functor Env/Fin Op., — (Cat)/(Fin,u1) and

characterize its image.

Definition 7.1.1 (Envelope of an co-operad). Let O = (O%, pp) be an co-operad. We define its
envelope, denoted Env(0), as the following pullback in Cat®:

(Env(0),®) —— (0%, %)
l lpo

(Fin, LI) —~—— (Span(Fin), ®).

Here we equip O® and Span(Fin) with the cartesian monoidal structure, and we equip Fin with
the cocartesian monoidal structure. Since Span(Fin) is semiadditive, its monoidal structure is also
cocartesian monoidal. Since p o preserves finite products, it induces a symmetric monoidal functor
with respect to the cartesian monoidal structures. Similarly, since the inclusion i : Fin < Span(Fin)
preserves finite coproducts, it induces a symmetric monoidal functor with respect to the cocartesian
monoidal structures.

The assignment O® +— Env(0O) is clearly functorial in O and thus defines a functor

Env: Op, — Cat®.
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Since pullbacks in Cat® are computed as the pullback of their underlying co-categories, the oo-
category Env(O) admits an explicit description: its objects are unordered tuples {x;};e; of colors
x; € O7, while the morphisms {x;};c; — {y;}jes are pairs (f, (¢;)) consistingof amap f: I — J
of finite sets together with a J-indexed collection of multimorphisms ¢; € O({x;}ics;;y;). The
symmetric monoidal structure is given by unordered concatenation of tuples. Note that this is entirely
analogous to the definition of the envelope of a colored operad in Definition 1.3.3.

Our definition of the envelope is different from the one usually given in the literature. This makes
sense: our definition only works because we work with a model for co-operads in which the
total categories O® admit finite products, and thus can be equipped with the cartesian monoidal
structure. The usual definition from [Lurl7] instead directly writes down the cocartesian fibration
Env(0)® — Span(Fin) associated to Env(0Q). We will now give such a description in our setting
as well.

As a first step, we will explicitly compute the co-category Fin™.

Lemma 7.1.2. There is an equivalence

Fin(Fin) ———— Ar(Fin)

\q\‘Fin/

of cartesian fibrations over Fin.

Proof. 1t suffices to provide a natural isomorphism Fin(™) = Fin,(_y of functors Fin®® — Cat,,
after straightening. This is implemented via the coproduct functor: Fin! = Fin /1> (Sier = S =

Lier Si = Lierli} =1 O
Construction 7.1.3. We consider the full subcategory
Ar*'(Span(Fin)) C Ar(Span(Fin)) := Fun([1], Span(Fin))
spanned by the ‘active’ spans [ =1 i> J. Sending such span to its target J gives a functor
Ar*'(Span(Fin)) — Span(Fin).

Corollary 7.1.4. There is an equivalence

Fin! ——= % Ar*(Span(Fin))

Span(Fin)
over Span(Fin).

Proof. By the previous lemma, we have Fin!! = Span ,, (Fin(Fin)) ~ Span . (Ar(Fin)). To
construct a functor to Ar(Span(Fin)), consider the following composite:

Fin'! x [1] = Span,, y (Ar(Fin)) x Span. y ([1]) = Spang .~ o (Ar(Fin) x [1]) < Span(Fin).

This results in a functor Fin" — Ar(Span(Fin)), which one can check restricts to the required
equivalence. O
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Corollary 7.1.5. Let O be an co-operad. Then the cocartesian fibration Env(Q)® — Span(Fin)
encoding the symmetric monoidal co-category Env(Q) sits in a pullback diagram as follows:

Env(0)® —— 0°
Lo
Ar®(Span(Fin)) —— Span(Fin)

&

Span(Fin).

Proof. By definition of Env(Q), we have the following pullback square of co-categories over
Span(Fin):
Env(0)® —— (0®)*

A
\L \L(Po)x

Fin" —— 3 Span(Fin)®.

By the corollay we have Fin™! ~ Ar**(Span(Fin)). Finally, we observe that there is a pullback square

(0®)X ; 0®

.
(PO)X\L \LPO

Span(Fin)* —— Span(Fin).
TO DO: Is this really true? Perhaps one should argue differently... O

Proposition 7.1.6 (Envelope adjunction). The envelope functor Env: Op., — Cat® is left adjoint
to the multimorphism operad functor M : Cat® — Op,, from Definition 4.2.3:

Env: Op,, 2 Cat® : M.

Proof. Step 1: We start by constructing a unit map 79: O — Mgy (o) for every co-operad O.
Informally, the colors of Mg,y (o) are given by unordered tuples {x; };c; of colors of O, and the map
no will include O as a full suboperad of Mg,y (o) spanned by the one-element-tuples {x}. More
formally, we define 70: O® — Env(Q)® as the unique map fitting in the following commutative
diagram:

-
) L I
Span(Fin) m Ar*'(Span(Fin)) — Span(Fin).

Step 2: We now construct the counit map ec: Env(Mc) — C for every symmetric monoidal
oo-category C. Informally, ec will send an unordered tuple {x;};c; of objects of C to their tensor
product (X),; x; in C. More formally, consider the operad map

MM Mc = Mewme)
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constructed in Step 1. We may regard this as a lax symmetric monoidal functor from C to Env(Mc).
We argue that it admits a strong symmetric monoidal left adjoint. For this, we apply the criterion
from Proposition 4.3.5. First we show that the underlying functor C — Env(Mc¢) admits a left
adjoint. By definition, it sits in a pullback square as follows:

— Env(M¢) ——— C®

I

S Fin «—X— Span(Fin).

C
|
|
|
<
*

(H

Since pc is a cocartesian fibration, so is Env(M¢) — Fin. We now claim that a left adjoint
ec: Env(M¢) — C is given by cocartesian transport along the unique map I — = in Fin.
More precisely: if {x;};e; is an arbitrary object of Env(Mc), we may find a cocartesian lift
{xi}ier = ®icrx; in C® over the span [ =1 (1). The universal property for this cocartesian
lift then says that (X),; x; is a left adjoint object to {x;};e;. By the pointwise criterion for adjoints,
this assembles into a functor ec: Env(Mc¢) — C. It is clear from its description that ¢ sends
concatenation of tuples in Env(M(c) to tensor products in C, so the condition from Proposition 4.3.5
is satisfied, turning &c into a strong symmetric monoidal functor.

Step 3: We now check that the triangle identities are satisfied. The identity

MEnw(Me)

TIV \AAZC

Mc MC

commutes via the counit en — id of the adjunction & 4 7, using fully faithfulness of 7. : C —
Env(Mc). For the identity

Env(MEny(0))

Env(0) Env(0),

this can be checked after passing to operads: we need to show that we have the following commutative
diagram over Span(Fin):

EnV(MEl’lV(O))®

Env(W W)

Env(0)® Env(0)®.

Using the explicit description of the total category Env(Q)® from Corollary 7.1.5, we claim that we
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may explicitly describe the functor egyy (o) as the following map induced on pullbacks:

EEnv(0)

Env(Mgn(0))® ——---——-==----- > Env(0)®

l l

Ar**(Span(Fin)) Xspan(rin) Ar*'(Span(Fin)) —— Ar*(Span(Fin))
pry lt
Ar*(Span(Fin)) Span(Fin)

t
~

Span(Fin),

where — o — denote the composition functor. Indeed, &gny(0) is a left adjoint to 1, ), Which
is similarly induced by the inclusion functor Ar*“‘(Span(Fin)) — Ar*‘(Span(Fin)) Xspan(Fin)
Ar*®'(Span(Fin)) sending (I — J) to (I — J = J), and — o — is a left adjoint to this inclu-
sion functor. The relation egny(0) © Env(9)® = id thus follows from the fact that the bottom map
in the following diagram is the identity:

Env(770)® EEnv(0)

Env(0)® ——-——-——2T0_____ 5> Env(Meny(0))® ——-----—222_____% Env(0)®

Env(n0) ®\L \L l

AraCt(Span(Fin))fﬂ;)AraCt(Span(Fin)) Xspan(Fin) Ar*“'(Span(Fin)) ——> Ar**(Span(Fin)).
\_/—///

This finishes the proof. The exposition in this proof should probably be improved at some point... O

The following result by Barkan, Haugseng and Steinebrunner implies that this functor is an equiva-
lence of co-categories.

Theorem 7.1.7 ((BHS22, Proposition 4.2.1, Theorem 4.2.6]). There exists a functor Env'"¢: QpLurie —
Fun®# (Fin,, Cat..) that makes the following diagram commute:

Op., _Ev Cat® = Fun*(Span(Fin), Cat,)

- ><Span(Fin)Fin*\L \L:

. E Lurie ’ .
Opgourle L} Funsegdl(Fln*,Catoo).

Moreover, taking slices over the termain co-operad Comm and using that Env(Comm) = (Fin, L),
the both horizontal functors induce fully faithful functors

Opo, — (Cat?)(Fin, 11 Op® < (Cat2) (Fin, 1)

whose essential images consist precisely of those symmetric monoidal functors . (C,®) — (Fin, II)
that are equifibered, meaning that for every pair of finite sets S,T € Fin, the tensor product in C
induces an equivalence

CsxCr = Csuyr, (X, Y)H—>XQ®Y

on fibers. In particular, the functor Op,, — OpL™® is an equivalence.

122



7.2 More operadic constructions

In this section, we briefly introduce several other ways to build new operads from old ones. These
constructions will not play a big role in the remainder of these notes, and are mainly provided for
completeness. We will state the main definitions and universal properties, referring the interested
reader to the literature for detailed proofs.

Monoidal structures on slice categories

Let C be a symmetric monoidal category and let A be a commutative algebra object of C. Then the
overcategory C,4 inherits the structure of a symmetric monoidal category: the tensor product of a
map X — A withamap Y — A is given by the composition

XQY 5 A®A S A,

where m denotes the multiplication on A. This has the following co-categorical analogue:

Definition 7.2.1. Let O be an co-operad, and let A: Comm — O be a commutative algebra in O.
We define the slice operad O 4 as the following pullback:

(0/4)® — Fun([1],0%)

4
Po / A\L evi

Comm® — 2 08,

Theorem 7.2.2 (cf. Lurie [Lurl7, Theorem 2.2.2.4]). Let A be a commutative algebra in an oo-
operad O. Then the pair Oy = ((O/A)®,p0/A) is an o-operad. Moreover, if O = Mc is the
multimorphism operad of a symmetric monoidal co-category, then O, 4 corresponds to a symmetric
monoidal structure on the slice category C)a.

Observation 7.2.3. It follows straight from the definition of O, 4 that it admits the following universal
property: for every other co-operad, there is a natural equivalence

Fungp_ (P, O/A) =~ Fungp_ (P, 0)/A1),

A .
where Ap is the composite P 22, Comm = 0. In particular for O = M¢ and P = Comm we get

CAlg(C)a) = CAIg(C), 4.

Coproducts of co-operads

The co-category Op,, admits finite coproducts that admit the following explicit description:

Construction 7.2.4. Let O and # be co-operads. We define a functor ppge as the composite

0® x p& LoXrr, Span(Fin) x Span(Fin) - Span(Fin),
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where the second functor is the coproduct in Span(Fin) (given by disjoint unions of finite sets).
Since the co-categories 02» and P(%) are contractible, we obtain pullback squares

08— 5 0 xpe Pe 5 0 x PO
A -
\L \Lpo Xpp and \L \Lpo Xpp
Span(Fin) Iﬂ)) Span(Fin) x Span(Fin) Span(Fin) Iﬂ)) Span(Fin) x Span(Fin).

Theorem 7.2.5 (cf. Lurie [Lurl7, Theorem 2.2.3.6]). The pair O 8 P := (0% X P®, pomp) is an
oo-operad. Moreover, the maps ip and ip define morphisms of co-operads ip: O — O B P and
ip: P — O &P that exhibit O B P as a coproduct of O and P in Op,,.

Note that the anima of colors of O B P is the disjoint union O~ LI P= of the colors of O and the
colors of #. The multimorphism animae are given by

O({xi}ier;y) ye€e O andx; € O foralli € I,
O 8P){xiticr;y) =3P {xitiersy) ye P andx; € P=foralli €I,

0 otherwise.

Tensor products of co-operads

Given oo-operads O and P, there exists an co-operad O ®gy £ which encodes objects that admit
compatible O-algebra and $-algebra structures.

Construction 7.2.6. We define the tensor product functor on Span(Fin) as the composite

S
Span(Fin) x Span(Fin) ~ Span(Fin X Fin) m Span(Fin),
where the second functor is induced by the cartesian product functor X : Fin X Fin — Fin.

Definition 7.2.7. Let O, O, and P be co-operads. A bifunctor of oo-operads from (O, 0;) to P is
a product-preserving functor f: Of’ X Of — P® fitting in a commutative diagram of the form

08 x 08 N

Po, Xl’ozl lpf(’

Span(Fin) x Span(Fin) ——3 Span(Fin).

We denote by
BiFun((O1, 02); P) € Fun/span(rin) (OF X O3, P°)

the full subcategory spanned by the bifunctors of co-operads.
Informally speaking, a bifunctor f: (O;, Q) — P consists of the following data:

* For every pair (x, y) of colors x € O} and y € O we get a color f(x,y) € P~;
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* For every pair (¢, ) of multimorphisms ¢ € O1({x;}ics;z) and ¢ € Or({y;}jes;w), we get
a multimorphism

flo, ) € PHSf(xi,y) i, jyerxas f(zw)).

* The assignment (¢, ) — f (¢, ) preserves composition of multimorphisms in ¢ as well as
composition of multimorphisms in .

Definition 7.2.8. We say that a bifunctor f: (O, 0;) — P of co-operads exhibits P as a tensor
product of Oy and O, if for every other co-operad Q, precomposition with f induces an equivalence
of co-categories

f*: Fung,_ (P, Q) — BiFun((01,0,); Q).

Remark 7.2.9. More generally, if [ is a finite set and if {O; };<y is an I-indexed family of co-operads,
we may define a notion of a multimorphism of co-operads f: {O;}ic; — P. For I = (1), this simply
reduces to the notion of a morphism of co-operads. It is not difficult to see that such multimorphisms
compose, and that they equip the co-category of co-operads with the structure of an co-operad.

Theorem 7.2.10 ([Lurl7, Proposition 2.2.5.6]). Let O; and O, be co-operads. Then there exists a
tensor product O ®gy O» of O and O,.

In fact, the co-operad of multimorphisms of co-operads corresponds to a closed symmetric monoidal
structure (Op,,, ®pv).

This tensor product of operads is classically known as the Boardman-Vogt tensor product and was
first written down by Boardman and Vogt [BV73]. Informally speaking, O; ®gy O, is the oo-
operad whose colors are pairs (x, y) of colors of O; and O,, and whose multimorphisms are ‘freely
generated’ by multimorphisms of the form ¢ ® y: {(x;,y)}ier — (z,y) for ¢ € Oy ({x;}icr; z) and
x@y: {(x,y)}jes = (x,w) fory € Or({y;}jessw).

The fact that (Op,,, ®gv) is closed symmetric monoidal means that for co-operads O and # there
exists an internal hom Fung,_ (O, P) which comes with an equivalence

Fung,_(Q ®y O, P) = Fung,_(Q, Funop_ (O, P))

for every co-operad Q. If P = M is a multimorphism operad of a symmetric monoidal co-category,
we set
Algo(C) := Funop,_ (0, Mc),

so that we get an equivalence
Algp(Algp(C)) = Algp,,,0(C).

The tensor product on Op_, admits the following interaction with the product on Cat, and the tensor
product on Cat®:

Proposition 7.2.11 ([Lurl7, Proposition 2.2.5.15]). The trivial operad functor Triv: Cats, — Op,,
can be refined to a symmetric monoidal functor

Triv: (Cate, X) — (Opy, ®BV).
In particular, the tensor product of two trivial co-operads Trive and Trivp is Trivexp.
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Proposition 7.2.12 ([BS23, Theorem E]). The operadic envelope functor Env: Op,, — Cat® can
be refined to a symmetric monoidal functor

Env: (Op,,, ®sv) — (Catl,®).

Finally, we record the famous Dunn additivity theorem, proved in the classical setting by Dunn
[Dun88] and Fiedorowicz and Vogt [FV15]:

Theorem 7.2.13 (Dunn additivity, Lurie [Lurl7, Theorem 5.1.2.2]). For n,m > 0, there exists a
bifunctor (&, En) — Envm which exhibits E,,4,, as a tensor product of &, and &,,.

In particular, since &; ~ Assoc, we see that &,, is the n-fold tensor power of the associative operad

Assoc for all n > 1. Consequently, we may think of &, -algebras as objects that admit n compatible
associative algebra structures.
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Part 11

Higher algebra
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8 Algebras and modules

Having established the symmetric monoidal structure on the co-category of spectra, the remainder
of this course will be devoted to the study of the resulting ‘higher algebra’ of spectra. In this
chapter, we lay the abstract groundwork, developing the general theory of algebras and modules in
an arbitrary symmetric monoidal co-category C that will be specialized to the spectral setting in
Chapter 9. We begin by formally defining left modules over an associative algebra in C using the
left module operad, LMod. We then establish some of the most fundamental constructions from
classical algebra in this general context, like the free-forgetful adjunction between modules and their
underlying objects. A central part of the chapter is dedicated to the relative tensor product, M ®4 N,
which is key to defining the restriction and extension of scalars functors associated with a morphism
of algebras.

The theory developed in this chapter is deep and often technically demanding. For reasons of time
and space, we will frequently refer to Jacob Lurie’s foundational text, Higher Algebra, where these
topics are treated in exhaustive detail.

8.1 Basic definitions and properties

In order to talk about modules over associative algebras, recall from Example 1.2.8 the ‘left module
operad’ LMaod. It comes equipped with the following morphisms of co-operads:

Assoc —5 LMod <2 Triv

|

Assoc.
We may describe their total co-categories Assoc® and LMod® as follows:
e The objects of Assoc® are finite sets . A morphism from / to J consists of a span
1Lkt

of finite sets together with a collection of linear orders (<) ;< on the fibers g~ '(j). Compo-
sition is given by composition of spans and the canonical ordering.

e The objects of LMod® are pairs (14, I37) of finite sets. A morphism from (14, Ips) to (Ja, Jar)
is a span

IaUly & K5 100 Ty
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together with a collection of linear orders (<X;);es, on the fibers g2~ '(j), such that g induces
a bijection between f~!(Iy;) and Jyy.

The inclusion a: Assoc® — LMod® sends I to (I, 0), while the inclusion m: 77iv® — L Mod®
sends I to (0, I). The map LMod® — Assoc® sends (14, Ipr) to I U Ipy.

Definition 8.1.1. Let C be a symmetric monoidal co-category. We denote by
LMod(C) := Alg rp,4(C)

the co-category of LMod-algebras in C. Restriction along a defines a functor a*: LMod(C) —
Alg(C) = Algz.,.(C). For an associative algebra A € Alg(C) we define the oco-category
LMod A (C) of left modules over A as the fiber

LMod,(C) — LMod(C)

| e

« —A % Alg(C).

Definition 8.1.2. An associative ring spectrum is an associative algebra of the symmetric monoidal
co-category Sp. A commutative ring spectrum is a commutative algebra of Sp. We write

Alg := Alg(Sp) and CAlg := CAlg(Sp)
for the resulting co-categories. For an associative ring spectrum A, we write
LMod4 := LMod4(Sp)
for its co-category of left modules.

Remark 8.1.3. We will often drop the word ‘spectrum’ and simply say ‘algebras’ and ‘commutative
algebras’ when it is clear from context that we are working with spectra. This is especially convenient
in the relative setting when talking about A-algebras for a ring spectrum A.

Remark 8.1.4. Because of the adjunction Env: Op_, 2 Cat®, an associative algebra contains the
same data as that of a symmetric monoidal functor Env(Assoc) — C. This operadic envelope is
equivalent to the category whose objects are finite sets / and whose morphisms I/ — J are pairs
(f,=;) ofamap f: I — J and a collection of linear orders <; on each of the preimages f “1(j) of
f. The symmetric monoidal structure is disjoint union. In particular, if A is an associative algebra
in C, then the maps (0) — (1) and (2) — (1) corresponding to the canonical ordering {1 < 2}
provide structure maps
e: 1 - A and m: AQA — A.

Furthermore, the following two diagrams commute:

Aol A% Ao £29 4 ASA®A ™A A g4

A®A —2 5 A.
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Similarly, a module over A is given by a symmetric monoidal functor Env(£Mod) — C which on
Env(Assoc) restricts to A. The map ((1), (1)) — (0, (1)) in Env(LMod) coming from the fold
map (1) LI (1) — (1) gives rise to a map

act: A M — M,

and the relations in Env(LMod) ensure that the following two diagrams commute:

ToM 29% A g M ARA®M U8 Ao M

x \Lact and meid M\L \Lact
M

AM —* s M.

For future purposes, it will be convenient to introduce left modules the more general setting of
oco-categories that are ‘left-tensored’ over C.

Definition 8.1.5. Let C be a monoidal co-category. We say that an co-category D is left-tensored
over C if there exists an LMod-monoidal co-category, given by a cocartesian fibration of co-operads
pp: D® — LMod®, satisfying the following two properties:

* The underlying monoidal co-category a*(pp): a*(D®) — Assoc® is equivalent to C;

* The underlying riv-monoidal co-category m*(pp): m*(D®) — 7Triv® corresponds to D
under the equivalence Algg;,(Cate) =~ Catw.

Definition 8.1.6. Let D be left-tensored over C. Pullback along a defines a forgetful functor
a*: Alg poa(D®) = Alg 4., (C) = Alg(C). Given an associative algebra A € Alg(C), we define
the co-category LMod4 (D) of A-modules in D as the fiber of this functor over A.

Remark 8.1.7. By pulling back along the operad map LMod — Assoc, every monoidal co-category
C may be canonically regarded as left-tensored over itself. In this case, Definition 8.1.6 reduces to
Definition 8.1.1.

Remark 8.1.8. All the definitions we just made also make sense for modules over commutative
algebras, where we would replace the co-operad LMod by its commutative version Mod from
Example 1.2.7. It sits in a commutative diagram of co-operads as follows:

Assoc —— Comm

! l

Jriv —— LMod ——> Mod

l l

Assoc —— Comm.

In particular, restriction along the inclusion Comm — M od defines a forgetful functor Mod(C) :=
Alg r(,4(C) — CAlg(C), allowing us to define an co-category Mod4(C) for every commutative
algebra A in C. It turns out this co-category only depends on the underlying associative algebra of
A:
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Proposition 8.1.9. Let C be a symmetric monoidal co-category. Then the following commutative
square is a pullback square:

Mod(C) ~2% 1 Mod(C)

- |C0mm\L \L_ |§’{xmc

CAlg(C) =25 Alg(C).

In particular, passing to vertical fibers over R € CAlg(C) induces an equivalence
MOdR(C) = LMOdR'(C),
where we denote the underlying associative algebra of R by R’.

Proof. This follows by combining Glasman [Glal4, Proposition 7] with [Lur17, Proposition 4.5.1.4].
O

8.1.1 Trivial algebras

We will now show that the monoidal unit 1 € C is always a commutative algebra, and modules over
it are simply objects of C. In fact, we may do this more generally for unital co-operads:

Definition 8.1.10. An co-operad O is called unital if its total co-category O® is pointed, i.e., if the
terminal object (given by the empty tuple 0o := {}) is also an initial object. Equivalently, O is unital
if we have

O({};x) ==

for every color x € O~.

Example 8.1.11. The co-operads Comm, Assoc and &y are unital. The co-operads T7iv, Mod and
LM od are not unital.

Example 8.1.12. If O and P are unital co-operads, then so are their product O x $ and tensor
product O ®gy P.

Definition 8.1.13. Let O be a unital co-operad and let C: O® — Cat,, be an O-monoidal co-category.
For every color x € O, the unique multimorphism e, € O({};x) defines a functor

Ly:+=C({}) = C({x}) = Cy.
We refer to the corresponding object 1, € C, as the monoidal unit of C.

Note that every O-algebra A comes equipped with ‘unit maps’ e,: 1, — Ay in C, for every
color x € O%: this map is the unique lift of the map {} — {A,} along the cocartesian morphism
{} — {1.}. The following result by Lurie shows that, convesely, the monoidal units 1, € C, can
always be assembled into an O-algebra 1 ¢ for which the maps 1, — (1¢), are isomorphisms:

Proposition 8.1.14 ([Lurl7, Proposition 3.2.1.8]). Let O be a unital oo-operad and let C be an O-
monoidal co-category. Then the oo-category Alg,o(C) of O-algebras in C admits an initial object
1c € Alg,o(C). Furthermore, an O-algebra is initial if and only if the unit maps ex: 1, — Ay
are isomorphisms for all x € O~.
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The proof for this uses the theory of operadic left Kan extensions, which I do not want to introduce
at this point as that would take too much time. But let me at least give the construction of 1 as an
O-algebra of C, following an argument I learned from Ferdinand Wagner [HW21, Lemma I1.45a].
It will suffice to define a cocartesian functor

of cocartesian fibrations over O®. By straightening-unstraightening, we may equivalently define a
natural transformation of functors const, — Str°(p¢) of functors O® — Cats. Since O® admits
an initial object 0o, there is a natural transformation constg, — idpe of functors 0% — O®. As
the fiber of pc over @p is the terminal co-category, composing this transformation with Str*(p¢)
gives the desired map const, — Str°“(p¢). It is clear from this construction that this O-algebra 1 ¢
satisfies the condition that the maps 1, — (1 ¢)y are isomorphisms.

Corollary 8.1.15 ([Lurl7, Corollary 3.2.1.9]). Let C be a symmetric monoidal co-category. Then
a commutative algebra R is initial in CAlg(C) if and only if the unit map e: 1 — R is an
equivalence in C. In particular, the underlying object of the commutative algebra 1¢ € CAlg(C)
from Proposition 8.1.14 is the monoidal unit of C.

8.1.2 Free modules

Let A be an associative ring and let My be an abelian group. The tensor product M := A ® M
admits the structure of a left A-module, given by

meM,
AIM=AR(A®My)) ~(AQA)®My ——> AQ My =M.

Moreover, M comes equipped with a morphism ¢: My =~ 1 @My oMo, AQ® My = M that exhibits M
as the free A-module on My: for every other left A-module N, composition with ¢ induces a bijection
Homu (M, N) = Homa,(My, N), where Hom4 (M, N) is the set of A-module homomorphisms
from M to N.

This admits the following co-categorical refinement:

Proposition 8.1.16 ([Lurl7, Proposition 4.2.4.2, Corollary 4.2.4.4]). Let C be a monoidal oo-
category and let D be an co-category left tensored over C.

(a*,m")

(1) The forgetful functor LMod(D) ——— Alg(C) x D admits a left adjoint
F: Alg(D) x C — LMod(D), (A, M,) — Fa(My)
satisfying a*Fa(My) — A and m*"Fa(Mp) — A ® M.

(2) For an associative algebra A € Alg(C), the forgetful functor m*: LMods (D) — D admits a
left adjoint

where the underlying object of Fa(My) is A ® M.
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Remark 8.1.17. Let C = D = Sp, and take M to be the sphere spectrum. Then we see that for
a ring spectrum R, its underlying spectrum can be equipped with a canonical structure of a left
R-module which satisfies the property that Homy modg (R, M) =~ Homgp (S, M).

As a consequence, we may deduce that modules over a trivial algebra are simply objects of D:

Corollary 8.1.18 ([Lurl7, Proposition 4.2.4.9]). Let C be a monoidal c-category and let A €
Alg(C) be an algebra object such that the unit map e: 1 — A is an isomorphism in C. Then for
every left C-tensored co-category D the forgetful functor LModa(D) — D is an equivalence of
co-categories.

Proof. By the previous proposition, the forgetful functor admits a left adjoint F4 : D — LMod (D).
Since the forgetful functor is conservative, it suffices to show that the unit map My — A ® My is an
isomorphism. Since this map is given by tensoring the map e: 1 — A by M), this follows from the
assumption on A. O

8.2 A simplicial model for algebras and modules

While the operadic definition of algebras and modules is conceptually powerful and places them
within a unified framework, they admit an alternative description in terms of simplicial objects that is
more concrete and computationally convenient. This alternative perspective will allow us to directly
analyze how limits and colimits behave in module categories by relating them to limits and colimits
in the underlying category. We will now explain this in more detail, referring to Lurie’s work for
proofs.

8.2.1 Associative algebras as simplicial objects

Recall from last semester the functor
Cut: A® — Span(Fin) = Comm®, P — Cut(P),

where for a non-empty finite linear order P we write Cut(P) for the set of Dedekind cuts of P,
defined as non-trivial partitions (Py, Py) of P satisfying pg < p; for all pg € Py and p; € Py. Given
a morphism ¢: P — Q of linear orders, the span Cut(¢) of finite sets is given as:

Cut(Q) — {(Q0.01) | ¢~1(Qo) # 0,971 (Q) # 0y 222 Q0 O, yy(p),

Note that Cut(P) admits a canonical ordering by saying that (Po, P1) < (P, P}) if and only if
Py C P, In particular, we obtain canonical orderings on each of the fibers of the right-pointing map
in the span Cut(¢), so that Cut canonically refines to a functor

Cut: A”® — Assoc®.

Definition 8.2.1. Let C be a monoidal co-category. We define an A-algebra object of C to be a
commutative diagram of the form

Aop % C®

S b

Assoc®
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such that A sends (the dual in A°? of) each map ¢;: [1] = {i — 1 < i} — [n] in A to an inert
morphism A, — A; in C®. We denote by

AlgADo (C) < Fun/ﬂssoc@’ (Aop’ C®)

the full subcategory spanned by the A -algebras in C.

Note that Cut sends e; to the span (n) < {i} N {i}, so in essence the condition is demanding that
Ay, € C2 =~ (C" is the n-tuple all of whose components are identified with A;.

Theorem 8.2.2 ([Lurl7, Proposition 4.1.3.19]). Let C be a monoidal oco-category. Then restriction
along Cut: A’ — Assoc® induces an equivalence of co-categories

Cut”: Alg(C) = Alg 4,,,.(C) — Alg, (C).

While we will not prove this theorem, this description of associative algebras is perhaps not surpris-
ing: for cartesian monoidal structures this was precisely how we defined monoid objects in C last
semester!

8.2.2 Left modules as simplicial objects

The simplicial model extends nicely to describe left modules over an associative algebra. For this,
we need the following analogue of Cut:

Construction 8.2.3. We define a functor LCut: AP x [1] — LMod® as the following composite:

A% x [1] ALIEIN Assoc® x [1] = LMod®,

where the second functor sends (7, 1) to (/,0) and (Z,0) to (1, {m}), with the maps (1, {m}) — (1, 0)
given by the span (1, {m}) < (1,0) — (I, 0).

Definition 8.2.4. Let C be a monoidal co-category. We define an A-module in C to be a commu-
tative diagram of the form

AP x [1] —E— ¢®

LCut\L \LPC

L Mod® —— Assoc®

such that the functor F satisfies the following conditions:

(1) The restriction F|A""><{1} : A’ — C?® is an A-algebra in C;

(2) The morphism F([n],0) — F([n],1) is an inert morphism in C® for all [n] € A°P;

(3) Ifa: [n] — [m] is an inert! morphism in A satisfying a(n) = m, then the induced morphism
F(a®,idy): F([m],0) — F([n],0) is inert in C®.

We write LMod“~(C) C Fun ) Assoce (AP x [1], C®) for the resulting full subcategory.

'An inert morphism in A is the inclusion of an interval, i.e. an injective order-preserving map a: [n] — [m]
satisfying a(i + 1) = a(i) + 1.
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Theorem 8.2.5 (Lurie [Lurl7, Proposition 4.2.2.12]). Let C be a monoidal co-category. Then
restriction along LCut defines an equivalence of co-categories

LCut*: LMod(C) = Alg ;y(,a(C) = LMod*=(C).

Again, we will not prove this theorem, but we will give some intuitions. Given such a functor
F: A x [1] — C®, we obtain objects A := F([1],1) and M := F([0],0). Condition (1)
guarantees that the restriction of F to A°? x {1} corresponds to an algebra structure on A. Conditions
(2) and (3) are saying that the object F([n],0) € CS’H ~ C™! is of the form (A4, ..., A, M). The
restriction F|po, o, 0 A% — C® thus encodes the ‘action maps’ A®" @ M — A®™ @ M.

8.2.3 Limits and colimits of modules

This simplicial model for modules has a powerful consequence: it allows us to understand how
limits and colimits behave in module categories.

Corollary 8.2.6 ([Lurl7, Corollary 4.2.3.3]). Let C be a symmetric monoidal co-category and
A € Alg(C) an associative algebra. Let m*: LModa(C) — C be the forgetful functor, which sends
a module to its underlying object in C. Let I be a small co-category.

(1) If C admits I-indexed limits, then the forgetful functor m* creates and preserves I-indexed
limits.

(2) If C admits I-indexed colimits and the tensor product functor — @c X: C — C preserves
I-indexed colimits for all X € C, then the forgetful functor m* creates and preserves small
colimits.

Lurie’s proof for this uses relative Kan extensions, and I will not explain it. Heuristically, what is
happening is that we are given a diagram M, : I — LMod4(C) of which we wish to construct a limit
or colimit. By Theorem 8.2.5, this corresponds to a diagram of functors M, : I — Fun(A°’x[1],C®)
with compatible identifications M;| o, = A. Informally, this means M; is given by

M;: A x[1] - C®
([n].0) = (A,...,A, M;)
([n],1) = (A,..., A).

The limit and colimit of M, should then be given by the similar functors, but where M; is replaced
by lim; M; or colim; M;, respectively.

Corollary 8.2.7. For any associative ring spectrum A, the oo-category LMod 4 of left A-modules is
stable.

Proof. The co-category of spectra Sp is stable, so it admits all finite limits and colimits. The tensor
product functor — ® X: Sp — Sp preserves colimits in both variables. By Corollary 8.2.6, the
forgetful functor LMods — Sp creates and preserves finite limits and colimits. Furthermore, since
commutative square in LMody4 is a pullback or pushout square if and only if its image in Sp is, the
stability of Sp implies stability of LMod4. O
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8.3 Relative tensor products and change of algebras

If R is a classical commutative ring, then the category Modg (Ab) of R-modules comes equipped
with a symmetric monoidal structure given by the relative tensor product M g N of two R-
modules M and N. Moreover, if f: R — § is a morphism of commutative rings, then the relative
tensor product S ®g M admits the structure of an S-module for every R-module M, resulting in
a symmetric monoidal functor f*: Modgr(Ab) — Modg(Ab) which is left adjoint to the forgetful
functor Modg(Ab) — Modg (Ab).

The goal of this section is to introduce this structure in an arbitrary symmetric monoidal co-category
that admits operadic geometric realizations.

8.3.1 Bimodules

Let A and B be ordinary associative algebras. Then we may speak of (A, B)-bimodules: objects
M that are simultaneously a left A-module and a right B-module in a compatible way. This notion
extends to the co-categorical setting.

Definition 8.3.1. We define a colored operad B8Mod. It has three colors: a_, a; and m. The
multimorphism sets BMod({X;}ier;Y) are then given as follows:

* If Y = a_, then this set is empty unless X; = a_ for all i € I, in which case it is the set of
linear orders on I;

* IfY = ay, then this set is empty unless X; = a4 for all i € I, in which case it is the set of linear
orders on I;

o If Y = m, then this set is the set of linear orders {i; < iy < --- < i,} on I with the following
property: there exists precisely one index ix € I such that X;, = m, X;; = a_ for j < k and
Xi; = a4 for j > k.

Composition in BMod is given by composition of linear orders.

Observation 8.3.2. Note that we may identify the operad LMod with the full suboperad of BMod
spanned by the colors a_ and m. We let RMod € BMod denote the full suboperad spanned by the
colors m and a, giving rise to a commutative diagram of operad maps:

Assoc Triv Assoc
£/\/(0d RMod
m»—>m a— |—>Cl_

A —ay m—m
N 4
BMod
e AN
a_—a_ a_,m—,m
m,a;-m ay—ay
%4 N
L Mod RMod
a,,m% Ag—m
Assoc.
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Notation 8.3.3. For a monoidal co-category we write
RMod(C) := Alggpq(C) and BMod(C) = Alggpq(C).
Similarly, if A and B are associative algebras in C, we write
RModg(C) and ABModg(C)

for the fibers over B and (A, B) of the two forgetful functors a}: RMod(C) — Alg(C) and
(a*,a%): BMod(C) — Alg(C) x Alg(C), respectively.

Observation 8.3.4. There is an operad map BMod — Mod which sends m to m and sends
both a_ and a; to a. Composing it with the inclusion LMod — BMod gives the canonical map
L Mod — Mod, and similarly for RMod. It follows that for a commutative algebra A in a symmetric
monoidal co-category C, restriction along these operad maps define forgetful functors

MOdA(C)
LMOdA(C) $— ABMOdA(C) —_— RMOdA(C).

Here the left diagonal equivalence is the one from Proposition 8.1.9, and the right one is dual.

Observation 8.3.5. There are equivalences of co-operads
rev: Assoc — Assoc, rev: LMod = RMod and rev: BMod — BMod

givenonobjectsby a — a,a_ — a;, a; — a_ and m — m, and on multimorphisms by reversing the
order on the finite set. For a symmetric monoidal co-category C, the functorrev*: Alg(C) — Alg(C)
sends an associative algebra A to its opposite algebra, denoted A™, which has the same underlying
object but whose multiplication is given by

A®A S AA S A,
where the first map is the swap map. For associative algebras A and B we thus get equivalences

LMods(C) = RModrv (C) and ABModp(C) = gresBMod grev (C).

Informally speaking, an (A, B)-bimodule M comes equipped with structure maps
A®"@M @ B - M

for all n,m > O that are compatible with the multiplication maps of A and B. By setting m = 0 or
n = 0 we obtain a left A-module structure and a right B-module structure on M, respectively. These
structures are compatible with each other in a very strong sense: the A-module structure on M can
be upgraded to an A-module structure internal to the co-category RModg(C) and vice versa:

Theorem 8.3.6 ([Lurl7, Theorem 4.3.2.7]). Let A and B be associative algebras in a monoidal
oco-category C.
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(1) The co-category RModg(C) is left tensored over C, and there is an equivalence

ABMod(C) ~ LMod4(RModg(C));

(2) The oo-category LModpg(C) is right tensored over C, and there is an equivalence
ABModp(C) ~ RModg(LMod4(C)).
Corollary 8.3.7. For associative algebras A and B in C, there are equivalences
4BMod{ (C) = LMod4(C) and 1BModg(C) = RModg(C).

Proof. In light of the equivalences RMody (C) = C and LMody (C) = C from Corollary 8.1.18,
this follows directly from the previous theorem. O

8.3.2 The relative tensor product

Let B be a discrete associative ring. A central construction in the theory of modules is the relative
tensor product: Given a right B-module M and a left B-module N, their relative tensor product
M ®p N is obtained as the quotient of M ® N by identifying mb ® n with m ® bn for all m € M,
n € N and b € B. In other words, M ®p N is the coequalizer of the following diagram:

M®@B®N 3 M®N.

In the co-categorical setting, this coequalizer needs to be replaced by the geometric realization of a
simplicial diagram, called the two-sided bar construction. The construction is somewhat subtle, and
is handled by Lurie in [Lurl7, Construction 4.4.2.7]. We will first give the non-coherent description,
and then indicate its coherent version in Remark 8.3.10 below.

Construction 8.3.8 (Bar construction). Let B be an associative algebra in a monoidal co-category
C, let M be a right B-module, and let N be a left B-module. The two-sided bar construction for M
and N over B, denoted Barg(M, N),, is a simplicial object in C described as follows:
e In degree [n] € AP, it is given by Barg(M,N),, := M ® B®" ® N;
* The face maps d;: Barg(M, N),, — Barg(M, N),_ are given by:
- do = acty; ®idgen-1) ®idy: M@ B® BE""D@N —» M ® B®"" D g N.

— For 0 < i < n, d; is induced by the multiplication map m: A ® A — A on the i-th and
(i + 1)-th factors of M®",

- d, = idy ®idgee-1) ®acty: M @ B2V @ BN — M ® B2"") @ N.

* The degeneracy maps s;: Barg(M, N),, — Barg(M, N), 1 are induced by inserting the unit
e: 1 — Bat the (i + 1)-th position.

Definition 8.3.9 (Relative tensor product). Let C be a monoidal co-category. Assume that C admits
geometric realizations and that the tensor product —®—: CxXC — C preserves geometric realizations
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in both variables. For an associative algebra B, a right B-module M and a left B-module N, their
relative tensor product is the object of C given by the geometric realization of the bar construction:

M ®p N := |Barg(M,N).| = colim[n]erp Barg(M, N),.

If M is in fact an (A, B)-bimodule and N is a (B, C)-bimodule, then Barg(M, N), in fact turns out
to be a simplicial object in .BMod¢ (C), so that also M ®g N is an object of ,BMod¢ (C).

Remark 8.3.10. To formally construct Barg (M, N)., Lurie defines in [Lurl7, Definition 4.4.1.1]
an oo-operad Jens, and shows in [Lurl7, Proposition 4.4.1.11] that it sits in a pushout square of
oo-operads as follows:

Assoc i} BMod

£ ]

BMod —— Tens,.

In particular, 7ens; encodes the data of a pair (M, N) consisting of an (A, B)-bimodule M and a
(B, C)-bimodule N: for every monoidal co-category C there is a pullback square

Alg g, (C) —— BMod(C)

l - lai

BMod(C) —=— Alg(C).

For this reason, I will denote the five colors of 7ens; by a, m, b, n and c.

We may construct a functor BCut: A — %ns;9 which sends [n] to the tuple (m,b,b,...,b,1n)
in Tens,, i.e., the object that encodes the tensor product M ® B" @ N. To do this, consider two
copies of the functor LCut: AP x [1] — BMod® from Construction 8.2.3. Using the two inclusions
BMod — Tens, this gives two functors AP x [1] — ‘iénsg’. By construction, their restrictions to
A% x {1} agree with the composite of Cut: A% — Assoc® < Tens], so we obtain a cospan of
functors A®® — Jens5. Unwinding definitions, this is given on [n] € A° by the following diagram:

(m,b,b,...,b)

!

(b,b,...,b,n) —— (b,b,...,b).

Since both maps are inert morphisms, it follows that the pullback of this diagram exists in %ns? and
is given by the tuple (m, b, b, ..., b, n), providing the desired functor BCut: A°? — %ns?.

Now, given an (A, B)-bimodule M and a (B, C)-bimodule N, we may think of this data as defining a
Tens,-algebra in C, which in particular defines a functor '/Ens;b — C®. Precomposing this with BCut
gives a functor A°’ — C®. One can check that this actually factors through the active morphisms.
Using cocartesian transport, we can then turn this into the desired functor Barg (M, N).: A®® — C.

The relative tensor product assembles into a functor
BMod(C) Xajg(c) BMod(C) — BMod(C).

Furthermore, it satisfies the following properties:
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* Associativity: for bimodules sMp, pN¢c and ¢ Pp there is a natural isomorphism
(M®gN)® P=~M®p (N®cP) € sBModp(C).
This is proved in [Lurl7, Proposition 4.4.3.14].

* Unitality: for a bimodule 4 Mg there are natural isomorphisms
AQuM =M and M®& B~M € ABMOdB(C).
This is proved in [Lurl7, Proposition 4.4.3.16]

If we restrict attention to the case A = B = C, we see that the relative tensor product over A takes
the form of a functor

—®4 —: aABMod4(C) X ABMods(C) — sBModa(C)

which satisfies associativity and unitality. Lurie shows that this assembles into a monoidal structure
on 4BMod4 (C):

Proposition 8.3.11 ([Lurl7, Proposition 4.4.3.12]). Let C be a monoidal oco-category. Assume that
C admits geometric realizations and that the tensor product —® —: C X C — C preserves geometric
realizations in both variables. For an associative algebra A, there exists a monoidal structure on
ABModa (C) given by the relative tensor product over A.

We will now specialize to the case C = Sp, equipped with its tensor product. Since the tensor
product of spectra preserves colimits in both variables (Proposition 6.4.6) the same follows for the
relative tensor product. Restricting to the case A = S, and B = C = R an associative ring spectrum,
the relative tensor product takes the form of a functor

- ®r —: RMOdR X RBMOdR - RMOdR

which preserves colimits in both variables. Hence its curried functor becomes a colimit-preserving
functor of the form
rBModg — Fun"(RModg, RModg).

Theorem 8.3.12 ([Lurl7, Proposition 7.1.2.4]). For every associative ring spectrum R, the functor
rBModg — Fun"(RModg, RModg) is an equivalence.

8.3.3 Modules over commutative algebras

Let R be a discrete commutative ring. Given R-modules M and N, the relative tensor product
M ®g N is again an R-module, with the scalar multiplication given by r(m ®n) = rm®n = m @ rn.
In fact, the construction (M, N) — M ®g N equips the category Modg (Ab) of R-modules with a
symmetric monoidal structure. The analogous statement also holds in the co-categorical setting:

Theorem 8.3.13 ([Lurl7, Theorem 4.5.2.1]). Let C be a symmetric monoidal co-category. Assume
that C admits geometric realizations and that the tensor product of C preserves geometric realizations
in both variables. Let R be a commutative algebra in C. Then:
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(1) The co-category Modg (C) admits a symmetric monoidal structure.

(2) The functor Modg (C) — gBModg (C) from Observation 8.3.4 refines to a monoidal functor,
where the target has the monoidal structure from Proposition 8.3.11.

In particular, the tensor product on Modg (C) is given as the following composite:
MOdR(C)XMOdR(C) — RBMOdR(C)XRBMOdR(C) ﬂ RBMOdR(C) e LMOdR(C) - MOdR(C)

Proposition 8.3.14 ([Lur17, Proposition 3.4.1.3, Corollary 7.1.3.4]). Let C be a symmetric monoidal
co-category. Assume that C admits geometric realizations and that the tensor product of C preserves
geometric realizations in both variables. Let R be a commutative algebra in C.

(1) The forgetful functors Alg(Modg(C)) — Alg(C) and CAlg(Modg(C)) — CAlg(C) lift to
equivalence of co-categories

Alg(Modg (C)) — Alg(C)g/ and CAlg(Modg(C)) — CAlg(C)g;,.

(2) Let A be an associative algebra in Modg(C), corresponding under (1) to a morphism of
algebras R — A in C. The forgetful functor Modr(C) — C induces an equivalence of
co-categories

LMod(Modg(C)) ~ LMod4(C).

Proposition 8.3.15. Let R be a commutative ring spectrum. There exists a functor
Homg (-, -): ModORp X Modg — Modg
which comes equipped with a natural equivalence
Homyjoa, (M, Homp (N, P)) ~ Hompjoqr (M ®g N, P)
for M,N, P € Modg. In particular, Hom (N, —) is a right adjoint of — ®g N.

Proof. By the Yoneda lemma, it suffices to show that for all fixed N and P, the assignment M +—
Homygod, (M ®r N, P) is representable. Since the functor —®g N preserves colimits, this assignment
defines a limit-preserving functor Mody — An. The claim is now an instance of the adjoint
functor theorem, which says that if C is a presentable co-category, then any limit-preserving functor
C°® — An is representable; see [Lur09b, Proposition 5.5.2.2]. m]

Remark 8.3.16. It follows directly from the Yoneda lemma and the associativity of — ®g — that the
adjunction equivalence can be internalized to a natural equivalence

Hom,(M,Hom, (N, P)) ~ Hom,(M ®g N, P).
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8.3.4 Restriction and extension of scalars

Let f: A — B be a morphism of classical commutative rings. Every B-module M may be regarded
as an A-module via the scalar multiplication am := f(a)m, resulting in a functor

f«: Modg(Ab) — Mod4(Ab)
called restriction of scalars®. Furthermore, this functor admits a left adjoint
f*: Mod 4 (Ab) — Modp (Ab)

sending an A-module to the relative tensor product B ® 4 M of B and M over A, where we regard
B as a (B, A)-bimodule. Furthermore, this left adjoint is symmetric monoidal: there are natural
isomorphisms of B-modules

By (M ®4aN) = (B®s M) ®p (B®4 N)
for all A-modules M and N.

It turns out that this structure exists for commutative algebras in an arbitrary symmetric monoidal

oco-category C.

Theorem 8.3.17 ([Lurl7, Theorem 4.5.3.1]). Let C be a symmetric monoidal co-category. Assume
that C admits geometric realizations and that the tensor product ® : C X C — C preserves geometric
realizations in both variables separately. Then there exists a cocartesian fibration

p: Mod(C)® — CAlg(C) x Span(Fin)

such that for every commutative algebra R the pullback along {R} — CAlg(C) x Span(Fin) is the
cocartesian fibration
Pr: Modg(C)® — Span(Fin)

encoding the symmetric monoidal structure on Modg (C) from Theorem 8.3.13.
By straightening-unstraightening, the cocartesian fibration p corresponds to a functor
Str“: CAlg(C) x Span(Fin) — Cat,,

which preserves finite products in the second variable. By currying, this may equivalently be
encoded as a functor
CAlg(C) — Fun*(Span(Fin), Cat,,) = Cat®

from commutative algebras in C to symmetric monoidal co-category. In particular, every morphism
f: R — Sin CAlg(C) induces a symmetric monoidal functor

f*l MOdR(C) - MOds(C).
When R = 1 is the monoidal unit, the resulting symmetric monoidal functor
C ~Modq (C) — Mods(C)

is the free module functor Fs: C — Modg(C) from Proposition 8.1.16.

We will now specialize to C = Sp:

2While this assignment is contravariant in the ring homomorphism, the covariant notation £, comes from the algebo-
geometric perspective: f. is geometrically thought of as the pushforward on quasi-coherent sheaves along the map
f: Spec(B) — Spec(A).
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Proposition 8.3.18. Letr f: R — S be a morphism of commutative ring spectra.

(1) The functor f*: Modgr — Mods admits a right adjoint
f«: Mods — Modg.
For every S-module M, the underlying object of f.(M) is naturally equivalent to M.
(2) The functor f.: Mods — Modg admits a further right adjoint
hom (S, ~-): Modgr — Modg

which satisfies the property that f,homg (S, —) ~ Homg(S, -) as functors Modg — Modg.

Proof. (1) To check that f* admits a right adjoint, we use the adjoint functor theorem, which says
that it suffices to show that f* preserves small colimits. This may be tested after postcomposing
with the forgetful functor Mods — Sp. But this composite is given by the relative tensor product
S ®g —, which preserves colimits.

To see that the underlying object of f.(M) is naturally equivalent to M, we may equivalently pass
to left adjoints and show that for every object M € C we have a natural equivalence f*(Fs(My)) ~
Fr(My). But this is immediate from the functoriality of /* and the fact that Fg and Fg are instances
of this functoriality applied to the unit mapsns: S — Sandng: S — R, which satisfy ng = fong
by initiality of S € CAlg.

(2) To check that f. admits a further adjoint, it again suffices to see it preserves colimits. This
may again be checked on underlying spectra, where it is clear. The fact that f, Homg(S,-) =
Hom,, (S, —) may be checked after left adjoints, where it amounts to the statement that the composite
fef*: Modg — Modgp is the functor S ®g —: Modg — Modg. O

Corollary 8.3.19. The cocartesian fibration m*: Mod(Sp) — CAlg(Sp) from Theorem 8.3.17 is
also a cartesian fibration, hence straightens to a contravariant functor

CAlg(Sp)® — Cate,, A+ Mody, [ fo

Proof. It is a general fact [ref] that a cocartesian fibration p: E — C is also a cartesian fibration if
and only if for every morphism f: A — B in C the induced functor E4 — Ep admits a right adjoint.
In the case of m*: Mod(Sp) — CAlg(Sp), this is precisely the content of Proposition 8.3.18(1). O

8.4 Endomorphism algebras

This section is incomplete. It is not part of the exam material.

Let M be an abelian group, and let End(M) denote the set of group homomorphisms from M to itself.
We may equip End(M) with the structure of an associative ring, where addition is given pointwise,
and multiplication is given by composition of homomorphisms. Moreover, this ring admits the
following universal property: for any other associative ring R, the data of a ring homomorphism
R — End(M) is equivalent to the data of an R-module structure on M.

In this section, we will generalize this idea by replacing the category of abelian groups by an arbitrary
monoidal co-category C. Given an object M € C, we define an endomorphism object for M to be
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an object E € C equipped with a map a: £ ® M — M which satisfies the following universal
property: for any other object X € C, composition with a induces an equivalence Hom¢ (X, E) —
Hom¢ (X® M, M). We will show that if an endomorphism object E exists, then E admits a canonical
structure of an associative algebra in C. Moreover, it is universal among associative algebras that
act on M: given any associative algebra A € Alg(C), there is an equivalence

HomAlg(C)(A, E) - LMOdA(C) Xc {M}

In fact, it will be convenient for applications to work in a higher generality by allowing the object M
to live in an oco-category D which is (weakly) left-tensored over C.

Our approach in this section closely follows the approach taken by Lurie in [Lurl7, Section 4.7.1]:

* Given an object M € D, we will construct an co-category C[M]. Informally speaking, the
objects of C[M] will be pairs (A,n), where A is an objectof C andn: A M — M is a
morphism in D.

* We will then equip C[M] with the structure of a monoidal co-category. The tensor product
on C[M] is given on objects by (A,7) @ (A’,n’) = (A® A’,n”"), where n”’ is the composite

iden’ n
ARA QM —— A M — M.

* Next, we will identify the co-category Alg(C[M]) of associative algebras in C[M] with the
fiber LMod(D) xXp {M}.

* Finally, we will see that an endomorphism object End(M) (together with the map End(M) ®
M — M) is precisely a terminal object of C[M]. Since the terminal object in a monoidal
oo-category always admits a canonical associative algebra structure, the previous point then
equips End(M) with the structure of an associative, and M becomes a left module over
End(M).

Notation 8.4.1. In the co-category LMod®, we have the following two ‘canonical’ morphisms

({a}, {m}) — {m}:
« The ‘projection map’ pr: ({a},{m}) — {m}, given by the span
{a} U {m} < {m} > {m}.
« The ‘action map’ act: ({a}, {m}) — {m}, given by the span
{a} U {m} < {a} u{m} — {m}.

Construction 8.4.2 (cf. [Lurl7, Definition 4.7.1.1]). Let C be a monoidal co-category and let D
be an oco-category which is weakly left-tensored over C; we let pp: D® — LMod® denote the
associated morphism of co-operads. An enriched morphism of D is a diagram

NEX S M

in D® satisfying the following conditions:
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(1) The morphism 3 is pp-cocartesian and the image pp(B) in LMod® is the projection map

pr: ({a}, {m}) — {m};
(2) The image pp (@) in LMod® is the action map act: ({a}, {m}) — {m}.
We denote by
Ar™(D) C Fun; pat0a (™, D®)

the full subcategory spanned by the enriched morphisms of D. There are two forgetful functors
(s,8): Ar®™™(D) - D
given by s(a@,B) := N and t(«, B) := M.

Remark 8.4.3. Letus spell out the data contained in an enriched morphism. The fiber of D® over
({a}, {m}) is equivalent to C x D, hence we may write X = (A, N’) forsome A € C and N’ € D.
Condition (1) is saying that 8 induces an equivalence N’ = N in D. By condition (2), the morphism
a: X — M corresponds to a morphism A ® N — M in D.

Definition 8.4.4. Let D be weakly left-tensored over a monoidal co-category C, and let M € D be
an object. We define the endomorphism category of M as the fiber of (s,1) over (M, M):

C[M] := Ar*™(D) xpxp {(M,M)}.
An endomorphism object of M is defined to be a terminal object of C[M], if it exists.

We will now equip C[M] with the structure of a monoidal co-category.

Construction 8.4.5. TO DO. I expect one can directly write down an co-category C[M]® equipped
with a functor to Assoc®. Here’s a sketch of how I'm hoping this will work: [but please take this
with a grain of salt..!]

* For a finite set 7, consider the poset P(I) of subsets of I, and consider its dual twisted arrow
category Tw" (P(I)). The objects are pairs ([, I1) of subsets of I satisfying Iy C I;. There is

a morphism (/o, I) — (I, I}) if and only if Io C I| and I{ C I;.

* Note that for / = (1) the one-point set, this category looks like a span (0, 0) <« (0, (1)) —
(1), (1)).

e There should be a functor Tw(P (1)) — L Mod® sending (1o, I;) to (I; \ Iy, I). When I = (1)
this should correspond to the span

pr act

(0,{m}) — ({a},{m}) — (0, {m}).
More generally, maps of the form (/y, I;) — (lo, I;1J) should correspond to ‘projection maps’
(Ju(ljuly),I) — (I1uly, I) in LMod®, while maps of the form (IoLJ, Iy UJ) — (1o, I;UJ)
should correspond to ‘action maps’ (J U (I} U Ip), I) — (I} U Iy, I).

* We would then define the co-category C[M ]? as the oo-category of functors Tw" (P(I)) —
D® over LMod® sending the backwards maps (I, I;) — (I, I, U J) to pp-cocartesian
morphisms.

145



e This should then somehow assemble into an co-category C[M]® over Assoc® whose fiber
over I is C[M]5.

Conjecture 8.4.6 (cf. [Lurl7, Proposition 4.7.1.30, Theorem 4.7.1.34]). The functor C[M]® —
Assoc® is a cocartesian fibration, equipping C[M] with the structure of a monoidal co-category.
Moreover, there exists an equivalence of co-categories

Alg(C[M]) =~ LMod(D) xp {M}.

Corollary 8.4.7 (cf. [Lurl7, Corollary 4.7.1.40]). Let D be weakly left-tensored over C, and let
M € D be an object such that the endomorphism object End(M) € C exists. Then End(M) admits
a preferred structure of an associative algebra, and M admits a preferred structure of a left module
over End(M). Moreover, there is an equivalence of co-categories making the following diagram

commute:
Alg(C)/End(m) —==~—=-~ e > LMod(D) xp {M}

fat fgt
Alg(0).

Proposition 8.4.8. Let D be a stable co-category.

(1) The oo-category D is weakly left-tensored over Sp;

(2) For every object M € D, the mapping spectrum mapp (M, M) admits the structure of an
associative ring spectrum.

(3) For every object M € D, the mapping spectrum functor mapp,(M,—): D — Sp admits a lift

mapp, (M, —): D — LModnap,, (M,M)-
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9 Properties of rings and modules

With the general theory of algebras and modules over a symmetric monoidal co-category in hand,
we now turn our attention to the specific case of the stable co-category of spectra. Our goal in this
chapter is to develop homotopical analogues of the fundamental concepts from classical module
theory.

We begin in Section 9.1 by introducing the notion of a t-structure, which provides a powerful
framework for organizing a stable co-category by “homological degree.” This allows us to speak of
connective and coconnective modules, generalizing chain complexes whose homology vanishes in
negative or positive degrees, respectively, or spectra whose homotopy groups vanish in negative or
positive degrees. The intersection of these two classes forms the “heart” of the t-structure, which
we will see is a classical abelian category.

In Section 9.2 and Section 9.3, we study the spectral analogues of projective and flat modules.
Similar to their classical counterparts, these may be characterized by exactness properties for the
mapping spectrum functor mapg (P, —) or the tensor product functor — ®g N.

Next, in Section 9.4, we investigate perfect modules, which are the correct notion of “small” objects
in the world of modules over a ring spectrum. We will characterize them abstractly as the compact
objects in the co-category of modules, as well as the dualizable modules. We also discuss the notion
of Tor-amplitude.

Finally, in Section 9.5, we develop the theory of localization for (modules over) ring spectra. This
construction generalizes the classical process of inverting elements in a ring via its ring of fractions
R[S7!].

9.1 Connective objects and t-structures

Recall that a spectrum X is called connective if the homotopy groups 7 (X) vanish for k < 0; we
write Sp=° C Sp for the full subcategory of connective spectra. Dually, we say that X is coconnective
if 71 (X) vanishes for k > 0, resulting in a subcategory Sp=" C Sp. Spectra that are both connective
and coconnective are called Eilenberg-MacLane spectra: they are spectra concentrated in degree O,
and are precisely those spectra in the image of the fully faithful inclusion B> : Ab — Sp.

The subcategories Sp=" and Sp=’ subdivide Sp into two parts that are in some sense ‘orthogonal’
to each other. More specifically, these subcategories satisfy the following three properties:

(1) (Closure under shifts) The subcategory Sp=? is closed under positive shifts (i.e., suspensions)
while Sp=" is closed under negative shifts (i.e., loops).
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(2) (Orthogonality) If X is a connective spectrum and Y is a coconnective spectrum, then there
are no non-zero maps from X to Y[—1]. Indeed, by the recognition principle for connective
spectra, we may write X ~ B*(A) for some commutative group A € CGrp(An). By
adjunction, morphisms X — Y[—1] of spectra correspond to morphisms A — Q*(Y[-1]) of
commutative groups. But Q*(Y[-1]) is contractible since all its homotopy groups are trivial.

(3) (Decomposition) Given a spectrum X, we may always form its connected cover 150X :=
B*Q>X. This is a connective spectrum that comes equipped with a map 750X — X given
by the counit of the adjunction B® 4 Q. If we further define 7<_1 X as the cofiber of this
map, then it follows from the long exact sequence that 7<_; is concentrated in strictly negative
degrees. In particular, every spectrum can be decomposed into a part living in Sp=° and a
part living in Sp=~!.

It turns out that structures like these are omnipresent in stable homotopy theory and homological
algebra. Since these theories have similar formal properties, it is useful to introduce a general
framework in which these results are phrased. The overarching notion is that of a z-structure on a
stable co-category.! In this section, we will introduce this notion, and establish the t-structure on the
module category LModg for a connective ring spectrum R.

Definition 9.1.1 ([(BBD82]). A t-structure on a stable co-category C consists of a pair (Cxg, C<o)
of full subcategories of C satisfying the following conditions:

(1) (Closure under shifts) We have Cso[1] € Csp and C<o € C<o[1].

(2) (Orthogonality) If X € Csg and Y € C<q, then Hom¢ (X,Y[-1]) = 0.

(3) (Decomposition) Every X e C sits in an exact sequence of the form
20X = X = 1< 1 X,

with Tz()X S CZO and T§7]X S CSO[_I]-

Objects in Cx are called connective (with respect to the t-structure), while objects in C<q are called
coconnective. For n € Z we set Cs, := Cxo[n] and C<,, := C<o[n].

If D is another stable co-category equipped with a t-stucture, then an exact functor F: C — D is
called left t-exact if it sends C<g to D <o, and hence by exactness sends C<,, to D, for all n € Z.
Similarly, F is called right t-exact if it sends Cxq to D g, or equivalently sends Cs,, to D, for all
n. We say F is t-exact if it is both left and right t-exact.

Example 9.1.2. As explained in the introduction, the subcategories Sp=° and Sp=’ equip Sp with a
t-structure, called the Postnikov t-structure.

Example 9.1.3. Let A be a small abelian category. Then one can show that the derived oco-
category D(A) admits a t-structure, where the connective objects are the chain complexes with
trivial negative homology groups, and the coconnective objects are the claim complexes with trivial
positive homology groups.

I'This notion can already be phrased at the level of underlying triangulated categories, and is much older than the
theory of co-categories itself.
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Example 9.1.4. If C admits a t-struture (Csq, C<p), then C°P can be given the opposite t-structure,
in which (C°P)s¢ := (C<)°P and (CP)<p := (Cx0)°P.

Example 9.1.5. If C and D both admit t-structures, then so does their product C X D by setting
(CxD)*":= C29x D=% and (C x D)=0 := =0 x D=0,

Lemma 9.1.6. Let (Cso, C<g) be a t-structure on C, and let n € Z.

(1) The inclusion Cs, — C admits a right adjoint 7>,: C — Csp,.

(2) The inclusion C<,, — C admits a left adjoint T<;,: ¢ — C<p.

Proof. We prove (1); the proof of (2) is dual. By shifting, we may assume that n = 0; in general we
may then set 75, (X) := 759(X[—n])[n]. Using the pointwise formula for adjunctions, it suffices to
show that for every object X € C there exists some 7>0X equipped with a morphism 750X — X
inducing equivalences Hom¢ (Y, 750X) — Homc (Y, X) for every Y € Csq. For this, we consider
the exact sequence 7>0X — X — 7<_1 X provided by (3). This gives rise to a long exact sequence

- — mye1 Home (Y, 7<-1X) — n, Home (Y, 750X) — 7, Home (Y, X) — 7, Home (Y, 7<1X) — ...

Since Hom¢ (Y, 7<-1X) = 0 by assumption, this implies that the map Homc (Y, 750X) —
Hom¢ (Y, X) induces isomorphisms on all homotopy groups, hence is an isomorphism. O

Corollary 9.1.7. The subcategory C<, of C is closed under all limits that exist in C. The subcategory
Cs,, of C is closed under all colimits that exist in C. O

Corollary 9.1.8. Assume C admits I-indexed colimits. Then so does the subcategory C<,: they
are computed as T<,(colim;ey X;). Dually, if C admits I-indexed limits, then so does Cs,, via the
formula 7>, (lim;c; X;). m|

Warning 9.1.9. The notation 7, is sometimes also used for the notion of n-truncation in an oco-
category. This notation is not compatible with the left adjoint 7<,, from the lemma. In fact, the only
n-truncated object in a stable co-category is the zero object.

Exercise 9.1.10. Let C and D have ¢-structures and let F: C 2 D :G be an adjunction. Show that
F is right t-exact if and only if G is left t-exact.

Lemma 9.1.11. Let F: C — D be a t-exact functor between two stable co-categories equipped with
t-structures. Then for all X € C and n € Z, there are natural equivalences

T<nF(X) = F(1<,X) and F(ts2X) = . F(X).

Proof. We proof the first equivalence; the second is dual. Since F is t-exact, applying F to the exact
sequence T>,+1X — X — 7<, X gives another exact sequence

F(TZnHX) - F(X) — F(TSnX)

where the first object lies in D>, and the last one in D <,,. It follows that the second map induces
an isomorphism 7, F'(X) = F(t<,X). O
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9.1.1 t-structures on module categories

For the purpose of this chapter, our primary interest is in establishing the Postnikov t-structure on the
stable co-category LModg of left modules over a connective ring spectrum R. This t-structure will
be inherited from the Postnikov t-structure on Sp from Example 9.1.2. It will rely on the following
compatibility between the t-structure and the monoidal structure:

Definition 9.1.12. Let C be a stably symmetric monoidal co-category equipped with a t-structure.
We say that the symmetric monoidal structure C is right t-exact if the following two conditions are
satisfied:

(1) The monoidal unit 1 of C is connective;

(2) For two connective objects X,Y € Cy, the tensor product X ® Y is again connective.

One may alternatively say that the t-structure is compatible with the symmetric monoidal structure.
In this case, Cs¢ inherits a symmetric monoidal structure making the inclusion Cyo — C into
a symmetric monoidal functor (see Lemma 4.4.2). As a consequence, the truncation functor
Ts0: C — Cy is canonically lax symmetric monoidal (see Proposition 4.3.3).

Warning 9.1.13. While the property implies that the tensor product functor - ® —: C X C — C
restricts to —® —: Co X Cso9 — Csxo, this is not actually an instance of a ‘right t-exact functor’ from
Definition 9.1.1 as it is not exact.

Definition 9.1.14. Let C be a stable co-category equipped with a t-structure and a right t-exact
symmetric monoidal structure. Let R € Alg(Cx¢) be a connective associative algebra in C. We say
that a left R-module M is connective if its underlying object in C is connective, and similarly for
coconnective modules. This defines full subcategories

LModg(C)2°, LModg(C)=® ¢ LModg.

Lemma 9.1.15. Assume C has a t-structure and a right t-exact symmetric monoidal structure, and
let R € Alg(Cso) be a connective associative algebra in C. Then LModg(C) admits a t-structure
given by the connective and coconnective left R-modules.

Proof. We start by establishing that the inclusion LModg(Cs¢) < LModg(C) admits a right
adjoint

T50: LModgr (C) — LModg (Csg)
given on underlying objects by the truncation functor 759: C — Cso. By Proposition 4.3.3, the
adjunction between the inclusion and 7 induces an adjunction of co-operads Mc., 2 Mc, which

then induce adjunctions

LMod(Cso) ;= LMod(C)

Lo
Alg(Cz) , -+ Alg(C)
T>0

Passing to fibers over R € Alg(C5) then produces the desired adjunction on module categories.
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We will now prove that LModg (C) has a t-structure by checking the three conditions from Defini-
tion 9.1.1. (1) is clear, as limits and colimits in LModg (C) are computed in C. For (2), let X and Y
be left R-modules such that X is connective and Y is coconnective. Using the adjunction established
before, we then have

Homy podg (0) (X, Y [=1]) = Hompmodg (c) (X, T20Y [-1]) = 0,

where the second equality comes from the fact that 75>0Y [—1] is zero, as Y[-1] € C<_;. For (3),
consider X € LModg(C). Applying the right adjoint 75¢: LModg (C) — LModg(Csq) provides a
connective R-module 750X equipped with a map to X. Taking 7<_1X to be the cofiber of this map
provides the desired decomposition of X. O

We now wish to apply this to the Postnikov t-structure on Sp.

Lemma 9.1.16. The symmetric monoidal structure on Sp is right t-exact.

Proof. The sphere spectrum is connective. Given two connective spectra X and Y, we need to show
that X ® Y is again connective. If we write X,, := Q7" X and Y,,, := Q™Y for all n,m > 0, then
X, is n-connective and Y,,, is m-connective. By the classical Blakers-Massey theorem it follows that
Xn A Yy, is (n 4+ m)-connective. We then have

X ® Y ~ colim,, colim,,, (X% (X, A V) [-(n + m)].

Since each of the spectra in this colimit are connective and Sp=° C Sp is closed under colimits, it
follows that X ® Y € Sp=Y, as desired. O

Corollary 9.1.17. Let R be a connective associative ring spectrum. Then LModg admits a t-structure
given by the connective and coconnective R-modules.

Proof. In light of the previous lemma, this is an instance of Lemma 9.1.15. O

The subcategory of connective R-modules admits a simple description: it is generated by R under
colimits. In fact, we have the following more refined statement:

Proposition 9.1.18 ([Lurl7, Proposition 7.1.1.13(1)]). Let R be a connective associative ring spec-
trum. Then the co-category LModIZ{,0 is the smallest subcategory of LModg which contains R and
which is closed under colimits.

Proof. 1t is clear that LModIZQ0 contains R and is closed under colimits. Conversely, given a
connective left R-module M, we will show that M can be written as a colimit of a diagram of left
R-modules

M) > M(1) > MQ2) > ...

satisfying the following properties:
(i) The R-module M (0) is a coproduct of copies of R.
(ii) For i > 0, there is an exact sequence
Fli] > M@{) > M@G+1),

where F is a coproduct of copies of R.
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We will construct the modules M (i) inductively, together with their maps f;: M (i) — M. In fact,
we will inductively ensure that these maps satisfy the following third property:

(iii) Leti > 0, and let K (7) be a fiber of the map M (i) — M. Then n;K (i) ~ 0 for j <.

We begin by choosing M (0) to be any coproduct of copies of R equipped with a map M(0) —» M
which induces a surjection moM (0) - moM; for example, we can take M (0) to be a coproduct of
copies of R indexed by moM. Observe that K(0) is connective, by the long exact sequence. Let
us now suppose that the map f;: M (i) — M has been constructed, with K (i) = fib(f;) such that
n;K (i) = 0 for j <i. We now choose F' to be a coproduct of copies of R and amap g: F[i] — K(i)
which induces a surjection 7; F - m;K(i). Let h denote the composite map F[i] — K (i) — M (i),

and let M (i + 1) = cofib(h). The canonical nullhomotopy of K (i) — M (i) EIN M defining K (i)
induces a factorization
M) - MG+ 1) 2 m

of f. We observe that there is a canonical equivalence fib( fi+1) =~ cofib(g), so that 7r; fib(fj4+1) =~ 0
for j <.

Let M(co) be the colimit of the sequence {M(i)}. To show that the map M(c0) — M is an
isomorphism, we may equivalently show that its fiber K is the zero module. Note that this fiber
can be identified with a colimit of the sequence {K(i)};>0. Since the formation of homotopy
groups preserves filtered colimits, we conclude that ;K =~ colim; 7;K (i) ~ 0. We conclude that
M (o) =~ M, hence M is contained in the smallest subcategory containing R which is closed under
colimits. O

Remark 9.1.19. The co-category LModpg also admits a t-structure when R is not connective. In this
case, the subcategory LModI%O may still be described as the smallest subcategory of LModg that
contains R and is closed under colimits. The subcategory LModfeO is still given by those R-modules
whose underlying spectrum is coconnective. We refer to [Lurl7, Proposition 1.4.4.11] for a very
general result for producing t-structures on presentable co-categories.

9.1.2 The heart of a t-structure

Given a t-structure on C, a special role is played by the objects that are both connective and
coconnective.

Definition 9.1.20. Let (Cxq, C<g) be a t-structure on C. We define the heart of the ¢-structure to be
the intersection
CQ? = Cz() N Cs().

The nice feature of t-structures is that the heart is always an abelian 1-category, and that there is
a close relation between exact sequences in CY (in the sense of homological algebra) and exact
sequences in C (in the sense of stable homotopy theory).

Proposition 9.1.21. Let C be a stable co-category equipped with a t-structure.

(1) The heart C* is an abelian 1-category.

(2) Amorphismg:Y — Z in C° is an epimorphism in C° if and only if its fiber in C lies in C*.
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(3) A morphism f: X — Y in C¥ is a monomorphism in C° if and only if its cofiber in C lies in
C®.

(4) Consider a commutative square in C° of the form
q

XL)Y

"] 1#

w—*y 7.

(a) If g and h are epimorphisms in C¥, then the square is a pullback square in C* if and only
if it is a pullback square in C.

(b) If f and k are monomorphisms in C°, then the square is a pushout square in C° if and
only if it is a pushout square in C.

Proof. For (1), first observe that C* is an ordinary category, i.e., that the Hom animae Hom¢o (X, Y)
are sets. Indeed, for k > 1, we have

mr Homeo (X,Y) = o Homeo (X, Y[-k]) =0

since X € Csg and Y € C<_; € C<_;. Further, since both C<g and Cx¢ are closed under direct
sums in C, it is clear C* is additive. We also observe that C¥ admits kernels and cokernels, which
are computed as

ker(Y — Z) = 159 (fib(Y — Z)) and coker(X — Y) = 17<¢(cofib(X — Y)).

Before finishing the proof of (1), let us first address the ‘only if’-directions in (2) and (3). Since
replacing C by C°P translates (2) into (3) and vice versa, it suffices to prove the ‘only if’-direction
in (2). To this end, let g: Y - Z be an epimorphism in C¥. We need to show that fib(g) € Cxo.
(Since C< is closed under limits, the condition fib(g) € C<¢ is automatic.) The assumption on g
implies that the commutative square

y 25 7

S

Z—Z
is a pushout square in C*. Since pushouts in C¥ are computed by first forming the pushout in Cs
and then applying 7<o: C>9 — C7, it follows that the map Z — Z Ly Z obtained by forming the
pushout in C induces an isomorphism Z = 759 — 7>0(Z Uy Z). Passing to cofibers then gives

Ts0(cofib(g)) = 0, or equivalently cofib(g) € Cs;. But then the relation fib(g) =~ cofib(g)[—1]
implies fib(g) € Cxq, which is what we needed to show..

We now prove (4). Again, (a) translates to (b) under replacing C by C°P, so it suffices to prove (a).
By fully faithfulness of the inclusion C¥ < C, it is clear that if the square is a pullback in C then it
is also a pullback in C”. Conversely, if the square is a pullback in C, then it in particular induces
an isomorphism ker(4) — ker(g) on kernels in C¥. But by the direction of (2) that we just proved,
these kernels agree with the fibers in C. We deduce that the induced map fib(k) — fib(g) is an
isomorphism in C, which implies that the square is also a pullback square in C. This finishes the
proof of (4).
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We now return to (1), finishing the proof that C? is abelian. Consider a commutative square

x L5y

-

0—— Z

in CY, and assume that f is a monomorphism in C* and that g is an epimorphism in C¥. We need
to show that this square is a pullback square in C if and only if it is a pushout square C¥. But by
(4) this is immediate from stability of C.

Finally, we prove the ‘if’-directions in (2) and (3). As before, it suffices to do this for (2). Given
a morphism g: ¥ — Z in CY whose fiber lies in C¥, we must show g is an epimorphism. Since
C? is abelian, it suffices to show that its cokernel coker(g) = 7<o(cofib(g)) is zero, i.e., that
cofib(g) € Cs;. But this follows from the relation cofib(g) =~ fib(g)[1] and the assumption
fib(g) € Cxo. O

Corollary 9.1.22. Let C be a stable co-category equipped with a t-structure. For every short exact
sequence
0>X—>Y—>»Z—->0

in C¥, the sequence X — Y — Z is an exact sequence in C.
Proof. This is an immediate consequence of part (4) of Proposition 9.1.21. O

Corollary 9.1.23. Let F: C — D be an exact functor between stable co-categories with t-structures.
Assume F restricts to a functor F: C¥ — DY. Then this restriction is an exact functor of abelian
categories.

Proof. Let0 — X — Y - Z — 0 be a short exact sequence in C*. By the previous corollary, the
sequence X — Y — Z is exact in C, hence induces an exact sequence F(X) — F(Y) — F(Z) in
D. Using the various parts of Proposition 9.1.21, we see:

(i) By (2), the morphism F(Y) — F(Z) is an epimorphism in D, since its fiber F(X) lies in DY;

(ii) By (3), the morphism F(X) — F(Y) is a monomorphism in DY, since its cofiber F(Z) lies in
DY,

(iii) By (4), the exact sequence F(X) — F(Y) — F(Z) in D is also exact in D°.
We conclude that the sequence 0 — F(X) < F(Y) » F(Z) — 0is exact in DY, as desired. O

To identify the heart of a t-structure, the following observation is sometimes useful:

Lemma 9.1.24. Let C be a stable oco-category equipped with a t-structure, and let X € Csq be a
connective object. Then X lies in the heart of C if and only if it is a O-truncated object of C, in the
sense that m Home,, (Y, X) = 0 forallY € Cso and k > 0.

Proof. First assume that X € C°. Then for Y € Csp and k > 0 we have ny Homc (Y, X) =
o Home (Y, X[—k]) = 0 as X[—k] € C<_x € C<_;. Conversely, if X is O-truncated in Csq, then
we have 7y Home (Y, X[—1]) = mp41 Home (Y, X) = O forall Y € Csg and k > 0. It follows that
X[-1] € C<_1, and thus X € C°. i
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Corollary 9.1.25. For a stable oo-category equipped with a t-structure, there is an equivalence
C” = 1<0(Cs0)
between the heart of C and the full subcategory of O-truncated objects in Cx.

Let us compute the heart of the module category LModpg for a connective associative ring spectrum
R. We start with the sphere spectrum R = S.

Lemma 9.1.26. The functor B*: Ab — Sp induces an equivalence
B*: Ab = Sp°.

Proof. By the recognition principle for connective spectra, the functor B> induces an equivalence
B®: CGrp(An) = Sp=°. By Corollary 9.1.25, we may identify Sp” with the subcategory of
CGrp(An) spanned by the O-truncated objects. But since Set ~ 7.o(An), we get Ab = CGrp(Set) =
7<(CGrp(An)). m|

We may bootstrap this lemma to a computation of LMod}. To this end, we observe that the
adjunction 7o 4 B* is a symmetric monoidal adjunction:

Lemma 9.1.27. The functor
mo: Sp=’ 2 Ab

is canonically symmetric monoidal.

Proof. We will first equip 7o with a lax symmetric monoidal structure. The functor Q% : Sp=° — An
is lax symmetric monoidal by the definition of the symmetric monoidal structure on Sp. The functor
mo: An — Set preserves finite products, hence is canonically symmetric monoidal with respect to
the cartesian monoidal structures. In particular, their composite m: Sp=" — Set is lax symmetric
monoidal. By the universal property of the symmetric monoidal structure on Ab = CGrp(Set) from
Theorem 6.5.6, we see that the lift o: Sp= — Ab is lax symmetric monoidal as well.

Next we argue that g is in fact symmetric monoidal: for all connective spectra X,Y € Sp=’, the
comparison map
m0(X) @ mp(Y) > np(X ®Y)

is an isomorphism of abelian groups. But this is clear when X = S, since 7¢(S) = Z and so both sides
are 7mo(Y). Furthermore, the collection of spectra X for which this holds is closed under colimits,
since both sides preserve colimits in X. It then follows from Proposition 9.1.18 (applied to R = S)
that the map is an isomorphism for all X € Sp=". i

Observation 9.1.28. Let R be a connective associative ring spectrum. As a consequence of the
lemma, we see that extracting the g of a connective R-module determines a functor

o: LModz? = LModg (Sp=?) — LMod,(r) (AD).

Furthermore, this functor is compatible with relative tensor products: given a connective right
R-module M and a connective left R-module N, we have an isomorphism of abelian groups

70 (M) @7, gy 10o(N) <> m(M @& N),  [x] @ [y] = [x ® ).
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Indeed, this is an immediate consequence of the description of the relative tensor product in terms
of the two-sided bar construction, together with the fact that o : Sp=® — Ab is symmetric monoidal
and preserves geometric realizations.

Lemma 9.1.29. Let R be an associative ring spectrum. Then the functor mq from Observation 9.1.28
restricts to an equivalence
o - LMOd;?2 - LMOd,TO(R) (Ab)

between the heart of LModg and the abelian category of discrete modules over mo(R).

Proof. Let us first show that the functor is essentially surjective. Every discrete mo(R)-module M
may be written as a coequalizer of free o(R)-modules, and since 7o preserves colimits it suffices
to show that every free mo(R)-module P, mo(R) is in the essential image. This follows from

mo(EP; t<0R) = P, mo(1<0R) = P, mo(R).
We will now show that the functor is fully faithful. Let N € LMod}, and consider the subcategory
Cc LMod§0 spanned by those left R-modules M such that the map

7o Hompmodg (M, N) — Hompniod, ) (Ab) (T0(M), o (N))

is an isomorphism. Note that C contains R and is closed under colimits. It thus follows from
Proposition 9.1.18 that C = LMod=", as desired. O

Notation 9.1.30. Let R be a discrete associative ring. We will from now on denote the category
LModg (Ab) of discrete left R-modules as LModY. This notation is justified by Lemma 9.1.29: this
category agrees with the heart of the t-structure on LModg = LModg (Sp).

Tensor products in Ab will from now on always be denoted by ®”; we reserve ® for the tensor
product in Sp.
9.1.3 Homotopy group objects

We will now define the homotopy group objects of an object X € C: the objects of the heart obtained
by truncating X both from above and below. First observe that this operation is independent of the
order of truncation:

Lemma 9.1.31. Let C be a stable co-category equipped with a t-structure. For n,m € Z, the
canonical natural transformation

T<mTen — To>nT<m

is a natural isomorphism of functors C — C<;, N Csy,.

Proof. The claim is clear if n > m + 1, so assume that n < m. By the Yoneda lemma, it will suffice
to show that for every X € C<;,,, N Cs, and Y € C, the induced map

mapc (X, T<mT2nY) — mape (X, 721 T<mY) = mape (X, 7<mY)
is an equivalence of spectra. To this end, consider the two exact sequences

Tome1Y =Y > 1<, Y and Tomr1TonY = TonY — T<mTsnY.
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Applying map- (X, —), this gives the following diagram of spectra, with exact horizontal rows:

mapC(Xa Toms1TznY) —> mapC(X’ TonY) —> mapC(Xa T<mT>nY)

! l !

map- (X, Tsme1Y) ——> mapo(X,Y) ———— map (X, 7<,,Y).

The left vertical map is an isomorphism Since 75, +1T>nY = Tomaxm+1.nY = T>m+1Y, and the middle
vertical map is an isomorphism by adjunction. It thus follows that also the right vertical map is an
isomorphism, as desired. O

Definition 9.1.32. Let C be a stable co-category equipped with a t-structure and let X be an object
of C. For every n € Z, we define the homotopy group objects n,(X) € C° by

mn(X) == T20t<0(X[-n]) € C°.

Remark 9.1.33. In the context of homological algebra, for example when C is the derived oo-
category of an abelian category, the objects 7, (X) are often denoted by H,, (C) instead, emphasizing
the analogy with the homology groups of a chain complex rather than the analogy with homotopy
groups of a spectrum.

Lemma 9.1.34. Let F: C — D be a t-exact functor between two stable co-categories equipped with
t-structures. Then for all X € C and n € Z, there is a natural isomorphism F(n,X) — n,F(X).

Proof. By Lemma 9.1.11 we have natural isomorphisms

F(mpnX) = F(1207<0(X[-n])) = 7207<0(F(X)[-n]) = 1, (F(X)). O

Just like for spectra, exact sequences in C induce long exact sequences on homotopy groups:

Proposition 9.1.35 (Long exact sequence of homotopy groups) Let C be a stable co-category

equipped with a t-structure. For every exact sequence X —> Y Zin C, we obtain a long exact
sequence of homotopy groups in C°:

i (f) ﬂ'n(g)
s 7Tn+1(Z) _> ﬂ'n(X) I ﬂ'n(Y) ﬂn(z) —> TTp— I(X)

Proof. Since every such exact sequence in C induces exact sequences Z[—-1] — X — Y and
Y - Z — X|[1] and we have n,(Z[-1]) = m,+1(Z) and 7, (X[1]) = n,—1(X), it suffices by
induction to show that the sequence

10(X) 2 20(v) 2 ro(2)

is exact in C¥. We will prove this in progressively more general cases:

Case 1: Assume that X, Y, Z € Cs¢. We claim that in this case, the sequence
mo(X) — mo(Y) — mo(Z) — 0

is exact. To see this, it suffices to show that for every W € CV, the induced sequence of abelian
groups
0 — Homeo (mg(Z), W) — Homee (79(Y), W) — Homeo (7(X), W)
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is exact. Since Z € Cs(, we have mp(Z) = 7<0Z, so by adjunction we obtain isomorphisms
Homeo (m9(Z), W) = moHomce (1202, W) = mo Home (Z, W) = mo map(Z, W),

and similarly for X and Y. Furthermore, we have m; map-(X, W) = momap-(X[1],W) = 0 as
7<0(X[1]) = 0. The claim now follows from the long exact sequence on homotopy groups associated
to the exact sequence of mapping spectra

map(Z, W) — map (Y, W) — map- (X, W).

Case 2: Assume that X € Cxq, but Y and Z are arbitrary. Since 7<_;: C — C<_| preserves cofiber
sequences, we get a cofiber sequence

0271« 1 X > 1< 1Y > 1< 1Z,
showing that 7<_1Y = 7<_1Z. Consider now the following diagram:

720X —> Tx0Y —— 7202

| ! l

X > Y > Z

l l l

0 — 1< 1Y — 7.Z.

Since all three columns are exact and the bottom two rows are exact, it follows that the top row is
also exact. Since mo(X) = mo(750X), and similarly for Y and Z, the exactness of 7o(X) — ng(Y) —
n9(Z) — 0 has thus been reduced to Case 1.

Case 3: Assume that Z € C<(, but X and Y are arbitrary. Using an argument dual to that of Cases 1
and 2, we obtain an exact sequence

0 - mp(X) - mp(Y) - mp(Z2).

Case 4: Finally, we consider the case for general X, Y, Z. Let Q denote the cofiber of the composite
750X — X — Y. We then have the following commutative diagram:

720X > Y > O
X > Y > Z

Lo l

T§_1X —> 0 i) (T§_1X)[1].

The three rows are exact, as are the left two columns, and hence so is the third column. Applying
Cases 2 and 3, we get exact sequences

mo(X) — mo(Y) » np(Q) — 0 and 0 - m9(Q) — m9(Z) » n_1(X).

Gluing them together then gives the desired exact sequence mo(X) — mo(Y) — mo(Z). m]
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9.1.4 Complete and bounded t-structures

One of the primary advantages of having a t-structure on a given stable co-category C is that it often
allows us to reduce questions about arbitrary objects of X to questions about objects of the heart
C?, which may be easier to address. In order for this strategy to work, we need to ensure that the
truncation functors 7<, and 7>, retain enough information about the objects of C. For this purpose,
we now introduce completeness and boundedness conditions on C.

Definition 9.1.36. A ¢-structure on C is left complete if every infinitely connective object X €
Cso = ez Csp is zero. Dually we say C is right complete if every infinitely coconnective object
X € NyezCxy is zero.

Lemma 9.1.37. Let R be a connective associative ring spectrum. Then the Postnikov t-structure on
LModg is both left and right complete.

Proof. Let M be a left R-module. If M € C5,, for all n € Z, then in particular 7r,(M) = 0 for all n,
which implies M = 0. O

Lemma 9.1.38. Let C admit a left complete t-structure that admits countable products, and assume
that Cxq is closed under countable products. Then for every object X € C, there is an equivalence

X =~ lim(- > 1< X 2 1< X > - 2 17X > 10X).

Dually, if the t-structure on C is left complete, admits countable coproducts and C< is closed under
countable coproducts, then we have

X = colim(ts0X 2 1> 1 X - > T 2 X o1 p X > ..0).
Proof. We prove the first case, as the second case is dual. First note that every tower of objects
> Y Y, -

admits a limit, given by the fiber of the map id — shift: [],,cz Y, — [1,,ez Yn, where shift is induced
by the maps Y, — Y,,—. In particular, if we have ¥,, € Cxq, then lim, ¥, € C_;.

Now, to show the equivalence in question, let K denote the fiber of the map X — lim, 7<,X. We
wish to show that K = 0. As C is left complete, it suffices to show that K € Cy,, for all m € Z.
Since limits commute with fibers, we have K ~ lim,, fib(X — 7.,X) = lim, 75,+1X. By cofinality,
we may compute this limit as a limit over only those » satisfying n > m. But then 75,1 X € Csp41,
hence their limit K lies in Cs,+1. This finishes the proof. O

Definition 9.1.39. A t-structure on C is right bounded if every object X € C is contained in C, for
some n € Z. Itis left bounded if every X € C is contained in C<, for some n € Z. It is bounded if
it is both left and right bounded.

Definition 9.1.40. Let C be a stable co-category with a t-structure. We define the subcategory of
bounded objects by

"= J(Caunca cC.
neN
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Observe that C” inherits a t-structure from C which by construction is bounded. One may similarly
define subcategories

C™ = Ucz_ngc and  C*:= chngc
neN neN

of bounded below and bounded above objects, respectively.

We will state without proof a useful universal property for the bounded derived co-category of an
abelian category:

Theorem 9.1.41 (Lurie [Lurl7, Theorem HA.1.3.3.2]). Let A be an abelian category with enough
projectives, let C be a stable co-category with a left complete t-structure, and let

Fun’(D(A)~,C) € Fun(D(A)~,C)

denote the full subcategory of functors D(A)~ — C that are right t-exact and send projective
objects of A to C°. Then restriction along the inclusion i: A — D(A)~ induces an equivalence
of co-categories

Fun’(D(A)~, C) = Fun™* (A, C°).

9.2 Projective objects and Ext-groups

In classical algebra, projective modules are the “well-behaved” building blocks essential for homo-
logical algebra. Their definition makes sense in an arbitrary abelian category A: an object P is called
projective if the Hom functor Hom # (P, —) : A — Ab is an exact functor of abelian categories. This
definition has an immediate analogue in an arbitrary ¢-structure:

Definition 9.2.1. Let C be a stable co-category equipped with a t-structure. An object P € C is
called t-projective if the mapping spectrum functor map (P, —): C — Sp is t-exact.

Observation 9.2.2. Every t-projective object P is connective. To see this, consider the truncation
T<_1P. By exactness, the mapping spectrum map (P, 7<— P) lies in Sp="!, and it follows that

0 = momape (P, 7<-1P) = mo Homc (1<-1P,7<1 P),

where the last identification holds by adjunction. In particular, the identity on 7<_; P is homotopic
to the zero map, forcing 7<_1 P = 0, hence P € Cxy.

Observation 9.2.3. Conversely, if P € Cx( is a connective object, then map(P,—): C — Sp is
always left t-exact: if X € C<g, then for n < 0 we have

np(map. (P, X)) = mo Home (P, X[n]) =0,

since P € Cx( while X € C<._;. So P is t-projective if and only if map (P, —) is also right t-exact.
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9.2.1 Ext-groups

We will next give a formulation of #-projectivity in terms of the Ext-groups in C.

Definition 9.2.4 (Ext-groups). Let C be a stable co-category. For objects X,Y € C and n > 0, we
define the n-th Ext-group to be

Exte(X,Y) 1= m_, mapc(X,Y) = mo Home (X, Y [n]).

Remark 9.2.5. Assume C comes equipped with a t-structure. For objects M, N € C, the Ext-groups
Extg.(M, N) can be described in terms of iterated extensions, explaining the terminology:

* For n <0, we have Ext/.(M, N) = 0, since X € Cxo while Y[n] € C<, € C<_y;

* For n = 0, the set ExtOC(M ,N) = Hom¢e (M, N) is the set of morphisms of R-modules from
M to N;

e For n = 1, the set ExtlC (M,N) = mpHom¢ (M, N[1]) is the set of isomorphism classes of
extensions of M by N, i.e. short exact sequences in C¥ of the form

O0O>N—DSE-»>M-—>D0.

Indeed, given a morphism ¢: M — N[1], we may form the fiber E := fib(¢). The long
exact sequence on homotopy groups (Proposition 9.1.35) for the fiber sequence N — E — M
shows that E is contained in C¥ as well, and it follows from Proposition 9.1.21 that this exact
sequence in C corresponds to a short exact sequence in C”. Reversing this reasoning shows
that the homotopy class of ¢ is determined by E as well.

« If C” has enough projectives?, then one can describe Ext/.(M, N) more generally in terms of
degree n Yoneda extensions, defined as exact sequences in C* of the form

O->N->E,-E,_ > ---—>E—>FE —->M->0.
This will follow from Proposition 9.2.10 below.

Observation 9.2.6 (Ext long exact sequence). Observe that every exact sequence Y’ — Y — Y in
C induces an exact sequence of mapping spectra map-(X,Y’) — map-(X,Y) — map-(X,Y"),
thus giving rise to a long exact sequence of homotopy groups of the form

Ext (X, Y")

Ext 1(X,Y") — ExtZ (X, Y) — Ext (X, Y”)
Ext%(X,Y’) Ext2(X,Y) Ext%(X,Y")

ExtZH(X,Y7)

2 An abelian category is said to have enough projectives if for every object M there exists an epimorphism P - M
from a projective object P.
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Similarly, every exact sequence X’ — X — X" in C induces a long exact sequence of the form

Ext71(X',Y)

TTEREN) - PR — B

Ext!.(X",Y) Ext!.(X,Y) Ext!.(X’,Y)

ExtZH (X”,Y)

As a special case, given an object N € C” and a short exact sequence M’ < P —» M in C?, the
negative Ext-groups vanish, giving a one-sided long exact sequence of the form

0 —— Hom¢o (M, N) —— Homco (P, N) —— Homeo(M', N)

/
Ext..(M,N) Extg. (P, N)

X Ext.(M’,N)

O B B

Exe (M. N) = BXp(P.N) e Extc (M7 N) —
/

Proposition 9.2.7 ([Lurl7, Proposition 7.2.2.6]). Let C be a stable co-category equipped with a
t-structure, and let P € Cxq be a connective object. Then the following conditions are equivalent:

(1) The object P is t-projective;
(2) Forevery Q € Csq and every i > 0, the abelian group ExtiC(P, Q) is zero;
(3) Forevery Q € Cs, the abelian group Extlc(P, Q) is zero;

(4) Given an exact sequence
N/ N N N N/I

in C with N',N,N"" € Cs¢, the map EXt%(P, N) — Ext%(P, N"") is surjective.
If C is left complete, this is further equivalent to:
(5) Forevery Q € CY and every i > 0, the abelian group EXtiC(P, Q) is zero;

Proof. Recall from Observation 9.2.3 that P is t-projective if and only if the mapping spectrum
functor map (P, —): C — Spisright t-exact. By definition, this means that for any object Q € Cs,
the mapping spectrum map. (P, Q) has vanishing negative homotopy groups n_; map-(P, Q) =
Exté (P, Q) for i > 0. This shows the equivalence (1) & (2).

It is clear that (2) implies (3), and the implication (3) = (2) follows by replacing Q by Q[i] for all
i>0.

We next show that (3) & (4). It is clear that (3) implies (4): the exact sequence N’ — N — N”’
induces a long exact sequence in C* of the form

- — Ext% (P, N) — Ext%(P,N”) — Ext;-(P,N) — ...,
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so the vanishing of Extlc(P, N) implies that the first map must be surjective. Assume now that (4)
holds. Given a class i € Ext! (P, Q) = 7o Hom¢ (P, Q[1]), we obtain an exact sequence

P —prLo[
and thus a long exact sequence
. — Ext(P, P') — Ext%(P, P) =5 ExtL(P,0) — ...

Since the first map is assumed surjective, the second map is the zero map. Since it sends idp to 7,
we conclude that = 0. This shows that (3) & (4).

Finally, we show that (2) & (5) whenever C is left complete. It is clear that (2) implies (5),
even without left completeness. Conversely, assume that (5) holds. For any object Q € Csq and
n > 0, we may consider the exact sequence (7,+10)[n + 1] = 7<;,4+10 — 7<,0 in C, which by
Observation 9.2.6 induces a long exact sequence of Ext-groups

- = BExt?" (P, 1,410) — Exte (P, T<n1Q) — Exth(P,7<,0) — Ext (P, 1,01 0) — ...

Assumption (5) then shows that the two outer terms vanish whenever n > —i, and in particular the
middle map is an isomorphism whenever n > 0. Since C is left complete, we have Q =~ lim,,ey 7<,, 0,
and thus

Ext (P, Q) = lim,, Ext, (P, 7<,Q) = Ext(P,7<0Q) = 0,

where the last equivalence holds by (5) as 7<0Q € C”. This shows that (2) < (5), finishing the
proof. O

Remark 9.2.8. Let R be a discrete associative ring. Applying Proposition 9.2.7 to C = LModg, we
see that a discrete left R-module P € LModg is t-projective in the sense of Definition 9.2.11 if and
only if it is projective in the sense of classical homological algebra.

As a consequence of the previous proposition, we may compute Ext-groups in terms of projective
resolutions.

Definition 9.2.9. Let C be a stable co-category equipped with a left-complete ¢-structure, and let
M € C? be an object in the heart of C. A projective resolution of M is a long exact sequence

-—>P,—>P  —>Py»M—>0
in C¥ such that each object P, is t-projective.

Proposition 9.2.10 (Ext-groups via projective resolutions). Let C be a stable co-category equipped
with a left-complete t-structure, and let P, be a projective resolution of M € C*. Then for every
other object N € C° and every n € Z there is an isomorphism of abelian groups

Exte(M,N) = C"(Homce(P.,N))

between the n-th Ext group and the n-th cohomology group of the cochain complex Homeo (P,, N).
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Proof. The claim is clear for n < 0 as both sides are zero: Ext/.(M, N) = no Homc (M, N[n]) = 0
since M € Csgpand N[n] € C<;, € Ccy.

Next, consider the auxiliary objects M_; := M, My := ker(Py - M) and M,, := ker(P, — P,_1)
for n > 1. Each map P,4y1 — P, factors through M,,, and we obtain a decomposition of the
projective resolution P, into a collection of short exact sequences in CV:

0 0 0
N N
M2 MO
AN N
__________ > Py —————=—=-» Py —————=-> P{ —————---> Py
‘/ &Ml\/( & M
AN Ny
0 0 0

For each of these short exact sequences, we obtain a long exact sequence on Ext-groups from Obser-
vation 9.2.6. Since the higher Ext-groups of the projective objects P,, vanish by Proposition 9.2.7,
this long exact sequence takes the form

0 —— Hom¢e (M,,_1, N) —— Hom¢o(P,,, N) —— Homco(M,,, N)

" — LU

-

Using the initial part of this exact sequence, we see that Hom¢o (M,,_, N) is isomorphic to the
kernel of the map Hom¢o (P,, N) — Homco (M, N), and by injectivity of Homeo (M, N)
Homco (Py+1, N) we get an isomorphism

Homeo(M,_1,N) = ker(Homco(P,, N) — Homco (P41, N)).

Note that for n = 0, the left-hand side is Ext% (M, N) while the right-hand side is C°(Hom¢o (P., N)),

showing the statement of the proposition for n = 0.

Using the rest of the long exact sequence, we conclude that Extzrl (My—1,N) = Extic (M,,, N) for all
i > 1, hence by induction Ext’é(M ,N) = EXtIC(Mn_z, N) for all n > 1. Furthermore, we see that
Extlc (M, N) is isomorphic to the cokernel of the map Hom¢o (P,,—1, N) — Homeo (M,,—1, N).
Together with the identification of Homew (M;,—1, N) as a kernel from before, this provides isomor-
phisms

Exts.(M,N) = coker(Hom¢o(P,-1,N) — ker(Hom¢e (P, N) — Homco (Ppqi1, N)))

for all n > 1. Since the right-hand side is isomorphic to the n-th cohomology group of the cochain
complex Homew (P,, N), this finishes the proof. O
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9.2.2 Projective modules

If C is the module category LModg for some ring spectrum R, we may characterize the projective
modules as the retracts of free modules, just as in classical algebra.

Definition 9.2.11 (Projective module). Let R be a connective associative ring spectrum. A left
R-module P is projective if it is is a t-projective object of LModg.

Definition 9.2.12 (Free module). Let R be an associative ring spectrum. A left R-module M is free
if M is a (possibly infinite) coproduct of (unshifted) copies of R, viewed as a left module over itself.
A free left R-module is finitely generated if it is equivalent to a finite coproduct of copies of R.

Warning 9.2.13. This notion of freeness is distinct from the notion of free R-module from Sec-
tion 8.1.2: the free R-modules in the sense of Definition 9.2.12 are those R-modules of the form
R ® X where X = (B, ,; S is a (possibly infinite) coproduct of copies of the sphere spectrum.

Proposition 9.2.14 ([Lur17, Proposition 7.2.2.7]). Let R be a connective associative ring spectrum,
and let P be a connective left R-module. The following conditions are equivalent:

(1) The left R-module P is projective.

(2) There exists a free R-module M such that P is a retract of M.

Proof. Suppose first that P is projective. We can choose a map of left R-modules p: N — P, where
N is free, such that the induced map mo(p): mo(N) — mo(P) is surjective. (For instance, we can
take N to be the free module generated by the set mo(P).) Letting N’ be the fiber of p, it follows
from the long exact sequence on homotopy groups that N’ is connective as well. By part (4) of
Proposition 9.2.7 the map p: N — P then admits a section s: P — N, exhibiting P as a retract of a
free R-module.

For the converse, we observe that the collection of projective left R-modules is stable under retracts.
It will therefore suffice to show that every free left R-module is projective. We check criterion (2)
from Proposition 9.2.7. Since Ext, (€D, R, Q) = [1; Ext, (R, Q), we may assume P = R is free on
a single generator. But then Ext;(R, Q) = moHomg (R, Q[i]) = mo Homs, (S, Q[i]) = n_;Q. Since
Q is connective, this is zero for i > 0, as desired. O

Remark 9.2.15. If R is a discrete associative ring, it follows from the proposition that the projective
R-modules in the sense of Definition 9.2.11 are precisely the projective R-modules in the classical
sense.

9.2.3 Projective objects and geometric realizations

In left complete t-structures, there is an alternative characterization of t-projective objects in terms
of geometric realizations:

Definition 9.2.16. Let D be an co-category with geometric realizations. An object X € D is called
projective if the functor Homp (X, —): D — An preserves geometric realizations.
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Lemma 9.2.17. Assume that the t-structure on C is left complete. Then Csq admits geometric
realizations. If C’ is another stable co-category with a left complete t-structure, then any right-exact
functor F: Csog — CL preserves geometric realizations.

Proof sketch. The assumption that C is left complete implies that the truncation functors 7, induce
an equivalence C»o — lim,(Cs0)<,. Since each co-category (Cxo)<y is a n-category admitting
finite colimits, it admits geometric realizations. (In an n-category, a geometric realization may
be computed as a colimit over (A<,+1)°P, which by [Lurl7, Lemma 1.2.4.17] may be computed
as a finite colimit. In fact, the indexing diagram (A<,.1)°P itself is already finite: see [Cal+23,
Example 6.5.3].) Each of the truncation functors 7, preserves finite colimits, hence geometric
realizations. We conclude that C5o admits geometric realizations as well.

The second part is proved in a similar fashion. O

Lemma 9.2.18. Let C be a stable co-category equipped with a left-complete t-structure, and let
P € Cyg be a connective object of C. Then P is t-projective if and only if it is a projective object in
Cso.

Proof. First assume that P is projective in C»o. We will verify condition (2) from Proposition 9.2.7.
Given an object Q € Cs, observe that the Cech nerve of the morphism 0 — Q[1] is given by the
simplicial diagram

. == 000 == 0 —= 0.

This is a diagram in Cx, so by projectivity of P we see that
Extlc (P,Q) = moHom¢e (P, Q[1]) = colim[n]erp o Home (P, Q™).

It follows that Extlc(P, Q) is a quotient of 7o Home (P, Q°) = 0, hence is zero itself. This shows
that P is t-projective.

For the converse, assume now that P is t-projective, giving a t-exact functor map(P,—): C — Sp.
We get from Lemma 9.2.17 that the restricted functor map~ (P, —): Czo — Sp=? preserves geometric

realizations. Since Q®: Sp=’ =5 CGrp(An) — An preserves geometric realizations as well, it
follows that so does Hom¢ (P, —): Cs9 — An, showing that P is projective in Cx. O

Warning 9.2.19. It is not reasonable to ask for P be projective in the co-category C itself, since the
only projective objects in C are the zero objects. To see this, assume that P is a projective object
of C. For any other object N € C, we may write its shift N[1] as the geometric realization of the
following diagram:

.—= NeN —= N —= 0.

We then obtain equivalences
Homc (M[~1], N) = Home (M, N[1]) = |[n] + Homc (M, N")|.

Since the right-hand side is connected, we see that 7o Home (M [—1], N) = 0. Replacing N by N[-n]
for all n € N then gives that 7, Homc (M [—1], N) = O for all n, hence Hom¢c (M [-1],N) = 0,
showing that M is the zero object.

Corollary 9.2.20. For a connective associative ring spectrum R, a left module R is projective if and
only if it is connective and it is a projective object of LModIZQ0 in the sense of Definition 9.2.16.
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9.3 Flat modules and Tor groups

The notion of projective R-modules has a counterpart, known as flat modules, where we work with
Tor-groups rather than Ext-groups.

Definition 9.3.1 (Tor-groups). Let R be an associative ring spectrum. For a right R-module M and
a left R-module N, we define their Tor groups as

TorR(M,N) := n;(M®gN).

Just like for Ext, we obtain long exact sequences for Tor:

Observation 9.3.2 (Tor long exact sequence). Given an exact sequence N — N — N’ of left
R-modules, we obtain an exact sequence M Qg N’ — M ®g N — M ®g N’ of spectra, and thus a
long exact sequence of homotopy groups of the form

R 17
Torn+1(M,N )

ik ——

TorR (M, N") Tor® (M, N) — TorR (M, N"")

Torﬁ_1 (M,N’)

Similarly, an exact sequence M’ — M — M’ of right R-modules induces a long exact sequence of
the form

TorR (M”,N)

Tor® | (M’,N)

Exercise 9.3.3. Let R = Z be the ring of integers, and let M be an abelian group. Using the short
exact sequence
05257 27Z/nZ,

show that Tor! (M, Z/nZ) is the subgroup of M given by the n-torsion elements, i.e. those x € M
satisfying nx = 0.

Observation 9.3.4. Recall that for a connective right R-module M and a connective R-module N,
the relative tensor product M ®g N is again connective: this is a consequence of Lemma 9.1.16.
Furthermore, in Observation 9.1.28 we observed that there is an isomorphism 7o (M) ®ZO (r) 0 (N) =
mo(M ®g N). In particular, if R is a discrete ring and M and N are discrete R-modules, we have

M@FN = ny(M®rN) = Tor§(M,N).

We start by recalling the definition of flatness in the discrete setting.

167



Definition 9.3.5. Let R be a discrete associative ring and let N be a discrete left R-module. Then N
is called flat if the functor — ®} N: RMod}, — Ab is exact: given a short exact sequence

0->M —>M-»>M" -0
of discrete right R-modules, the induced sequence of abelian groups
0->M @, N—>MeyN-»>M'®;N—0
is again exact.

For the purpose of generalizing this definition to non-discrete rings and modules, we provide a
characterization of flatness in terms of not-necessarily-discrete R-modules:

Proposition 9.3.6. Let R be a discrete associative ring and let N € LMod}, be a discrete left
R-module. Then the following conditions are equivalent:

(1) The left R-module N is flat;

(2) For every injection M’ — M of discrete right R-modules, the morphism M’ ®;§ N-—-M ®;?z N
is again injective;

(3) For every discrete right R-module M, the abelian group Torf (M, N) is zero;

(4) For every coconnective right R-module M and every i > 0, the abelian group Torfe (M,N) is
zero;

(5) The tensor product functor — ®g N: RModg — Sp is left t-exact (hence t-exact).

Proof. The implication (1) = (2) is clear. For (2) = (1), consider a short exact sequence
0> M — M —» M"” — 0 of discrete right R-modules. By Corollary 9.1.22, the sequence
M’ — M — M” is exact in RModg, hence by Observation 9.3.2 and Observation 9.3.4 we obtain
a long exact sequence of the form

-—>Torf(M,N)—>Torf(M”,N)—>M’®}§N;>M®§N—»M"®2N—>O—>O—>....

It follows that (2) implies (1). From this long exact sequence, it also immediate that (3) implies (2).
For (2) = (3), let F = B, R be a free R-module with a surjection F - M (for example, we may
take I to be the underlying set of M). Taking M’ := ker(F —» M), the long exact sequence implies
that the map Torf(F ,N) — Torf(M ,N) is surjective. But since F @ N = (P, N is a discrete
R-module, we have Torf (F,N) =0, implying that also Torf (M,N) =0.

The implication (4) = (3) is clear. For (3) = (4), the same argument from before shows by
induction that if M is discrete we have TorlR(M ,N) =0foralli > 0. If M is coconnective but not
necessarily discrete, we consider the exact sequence Ts,+ 1M — 75, M — m,(M)[n], which results
in a long exact sequence of Tor-groups

ceo TorlR_nH(ﬂn(M),N) — Torf(72n+1M,N) — TorlR(TZnM,N) — Torf_n(ﬂn(M),N) - ...

Since 7, (M) is discrete, the outer two terms vanish whenever i > n. In particular, the middle map
is an isomorphism whenever n < 0. But since M =~ colim,, 7>, M, it follows that

Torf-?(M, N) = colim,, TorlR(Tan, N) = Torf(rzoM, N).

168



But the latter is zero since 7>¢M is discrete.

Finally, the equivalence (4) & (5) is clear: both conditions are saying that if M is a coconnective
R-module, then M ®g N is a coconnective spectrum. (The functor — ®g N is always right t-exact
by Observation 9.3.4.) O

We will now generalize the definition of flatness to the non-discrete setting.

Definition 9.3.7 (Flat module). Let R be an associative ring spectrum. A left R-module N is said to
be flat over R if the following conditions are satisfied:

(1) The homotopy group mo(N) is a flat left 7o ( R)-module in the classical sense (Definition 9.3.5).

(2) For each integer n, the map
7a(R) 87 ) T0(N) = ma(N), [r] ® [n] > [rn]
is an isomorphism of abelian groups.

Observation 9.3.8. The following facts are easily verified:

(a) The subcategory of LModg spanned by the flat R-modules is closed under coproducts, retracts
and filtered colimits.

(b) Every free module is flat. Combining this with (1) and using Proposition 9.2.14, it follows that
every projective module is flat.

(c) If R is a connective ring spectrum, then any flat left R-module is also connective.

(d) If R is a discrete ring, then a left R-module N is flat in the sense of Definition 9.3.7 if and only
if N is discrete and moN is a flat 7o R-module in the classical sense.

In the connective setting, the flatness of N is still equivalent to t-exactness of the functor (—) g N:

Proposition 9.3.9 ([Lurl7, Proposition 7.2.2.13, Theorem 7.2.2.15]). Let R be a connective as-
sociative ring spectrum and let N be a connective left R-module. The following conditions are
equivalent:

(1) The left R-module N is flat.
(2) For every right R-module M and n € Z, the following map is an isomorphism:
Tn(M) ® gy T0(N) = m,(M ®g N), [x] ® [y] = [x®y].

(3) The functor (—) ®g N: RModg — Sp is t-exact.

(4) If M is a discrete right R-module, then M ®g N is discrete. In particular, Tor%(M ,N)=0
fJori> 0.
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Proof. The implication (2) = (3) is clear: if 7 M = 0, then also 1x (M ®g N) = 71 (M) ®xy(R)
mo(N) = 0. Conversely, assuming (3), then by Lemma 9.1.34 the t-exact functor (—) ®g N commutes
with taking n-th homotopy groups. Furthermore, it follows from Observation 9.3.4 that on the heart
RMod}, = RMod?rO (r) it is given by the functor mo(-) ®:0 (r) T0(N). We conclude that we get a
natural isomorphism

70(M) ®, gy T0(N) = 1,(M) ® N = 1,(M ®g N).

This shows (2) & (3). The implication (3) = (4) is clear. Conversely, for (4) = (3), note that
(-) ®r N is always right t-exact (Observation 9.3.4). For left t-exactness, consider M € LModfeO.
Since 7>oM = mgM is discrete, T>oM Qg N is discrete as well by (4). Similarly, (4) implies that the
right-hand term in the exact sequence

TonM @R N = 72y 1M @ N — (ﬂ'n—lM[n_ 1]) ®r N

is concentrated in degree n — 1, so by induction we see that 7>, M ®g N is contained in SpSO for all
n < 0. Writing M as M =~ colim, <o 7>, M gives an equivalence M Qg N = colim,<o(7>, M) ®g N,
implying that also M ®g N € Sp=. This shows that (3) & (4).

We now prove (3) = (1). Assuming (3), the functor — ®g N: RModr — Sp restricts by Corol-
lary 9.1.23 to an exact functor RMody — Ab, which by Observation 9.3.4 is given by the functor
70(—) ®xy(r) o (N). But under the equivalence RModjy, = RModj’rO  from Lemma 9.1.29, this exact
functor corresponds to the functor — ® (g 7o (N). We conclude that 7ro(N) is a flat 719 (R)-module.
The fact that the map 7,(M) ®x,(r) m0(N) — m,(M ®g N) is an isomorphism for M = R is a
special case of (2), which we showed follows from (3). This shows (3) = (1).

Finally, we show that (1) implies (2). Assuming (1), we show that the map in (2) is an isomorphism
for progressively more general M. The isomorphism holds by assumption when M = R, and so it
follows more generally when M = F[i] is the shift of a free right R-module F. We now observe
that given an exact sequence M’ — M — M" of right R-modules, if condition (2) is satisfied
for two of the three modules, then it is also satisfied for the third. Indeed, since my(NV) is a flat
mo(R)-module, the functor — ®, gy mo(N) is exact, hence the long exact sequence on homotopy
groups for M’ — M — M"’ stays exact after tensoring. Comparing this with the long exact sequence
for M @g N - M ®g N — M"” ®g N and using the five lemma then gives the claim. This gives
the claim for an arbitrary connective R-module M: in the proof of Proposition 9.1.18 we saw that
M can be written as a colimit of a sequence M(0) — M (1) — M(2) — ... such that M(0) is a
free R-module, and such that the fiber of each M (i) — M (i + 1) is a shift of a free R-module. By
induction, condition (2) then holds for each M (i), hence for M = colim; M (i). Finally, an arbitrary
module M may be written as a colimit of the modules 7-,, M, each of which is a shift of a connective
module. O

Remark 9.3.10. Let R € CAlg(Sp=°) be a connective commutative ring spectrum. Then the tensor
product of two flat R-modules is again flat. In particular, the subcategory Mod’, € ModlzeO spanned
by the flat R-modules inherits a symmetric monoidal structure (Lemma 4.4.2).

Just like the vanishing of higher Ext-groups for t-projective objects allowed for the computation of

Ext-groups via projective resolutions (see Proposition 9.2.10), the vanishing of higher Tor-groups
for flat R-modules lets us compute Tor-groups via flat resolutions.
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Definition 9.3.11. Let R be a connective associative ring spectrum and let N be a discrete left
R-module. A flat resolution of N is a long exact sequence

o> F > F»N-—>0
in LMod}, such that each object F, is a flat R-module.

Observation 9.3.12. Note that by Observation 9.3.8(b) every projective resolution is in particular a
flat resolution.

Proposition 9.3.13 (Tor-groups via flat resolutions). Let R be a connective associative ring spectrum,
and let F, be a flat resolution of N € LMod}. Then for every object M € RMody, and every n € Z
there is an isomorphism of abelian groups

IR

Tor® (M, N) Cn(Fe ®% N)

between the n-th Tor-group and the n-th homology group of the chain complex F, ®} N.

Proof. The proof is entirely dual to Proposition 9.2.10; we will therefore be rather brief and leave
the details to the reader. The flat resolution may be split up into short exact sequences of the form

0—>N,—>F,>»N,_1 >0,

providing a long-exact sequence on Tor-groups by Observation 9.3.2, in which the higher Tor-groups
of F}, vanish by Proposition 9.3.9. One then concludes that

M ®;§ N,-1 = coker(M ®Z. Fooi— M ®Z, F,)
for all n > 0. Finally, one uses an induction to show that
Tort®(M,N) = ker(M®N,_| > M®F,_1).
Combining all these statements then proves the claim. O

For connective ring spectra, flat modules admit a characterization analogous to Lazard’s theorem
in ordinary algebra, showing that they are precisely the filtered colimits of finitely generated free
modules.

Theorem 9.3.14 (Lazard’s theorem for spectra, [Lurl7, Theorem 7.2.2.15]). Let R be a connective
associative ring spectrum and let N be a connective left R-module. The following conditions are
equivalent:

(1) The left R-module N can be obtained as a filtered colimit of finitely generated free left
R-modules.

(2) The left R-module N can be obtained as a filtered colimit of finitely generated projective left
R-modules.

(3) The left R-module N is flat.
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Proof sketch. The implication (1) = (2) is clear: every free module is projective. The implication
(2) = (3) follows from the fact that projective modules are flat and the class of flat modules is
closed under filtered colimits. For (3) = (1), let C/y € (LModg),n denote the full subcategory
spanned by those maps M — N such that M is a finitely generated free left R-module. There is a
canonical comparison map colimysec,, M — N. It thus remains to show the following two claims:

* This comparison map is an isomorphism;

¢ The oco-category C)y is filtered.

The first claim is a formal consequence of the fact that LModIZeO is generated under colimits by the
finitely generated free left R-modules. The second claim is more tricky. Lurie ultimately reduces it
to an instance of the classical Lazard’s theorem for modules over a discrete ring. O

9.4 Perfect modules

In classical algebra, perfect complexes are those that are quasi-isomorphic to a bounded complex
of finitely generated projective modules. They represent a notion of “finiteness” or “smallness” in
derived categories, analogous to compact objects in topology. In this section, we will introduce
the analogous notion for modules over a ring spectrum, and show that these perfect modules may
alternatively be characterized as the compact objects in the module category, and in the commutative
case as the dualizable objects in the module category. We will also discuss the notion of ‘finite
Tor-amplitude’.

Definition 9.4.1. Let R be an associative ring spectrum. We denote by
Perf(R) € LModg

the smallest thick subcategory that contains R (i.e. it is a stable subcategory closed under retracts).
A left R-module is called perfect if it is contained in Perf(R).

Lemma 9.4.2. Let R be a connective associative ring spectrum and let M be a perfect R-module.
Then M is bounded below: there exists an integer n such that t;(M) = 0 for all i < n.

Proof. This is clear from the fact that R is bounded below and that the bounded below R-modules
are closed under shifts, retracts and cofibers, hence form a thick subcategory of LModg. O

9.4.1 Compact objects

We start by relating perfect modules to compact objects in LModg.

Definition 9.4.3 (Compact object). Let C be an co-category with filtered colimits. An object X € C
is called compact if the functor Homc (X, —): C — An preserves filtered colimits. We write
C® C C for the full subcategory of compact objects.

Corollary 9.4.4. Let C be a stable oo-category with filtered colimits. Then C is a thick subcategory
of C (i.e. it is a stable subcategory closed under retracts).
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Proof. Closure under retracts is clear. For closure under finite colimits, we note that Hom¢ (colim; X;, —) =~
lim; Hom¢ (X;, —), so the claim follows from the fact that finite limits commute with filtered col-
imits in An. It remains to show that C“ is closed under negative shifts, which is clear since
Hom¢ (X [—n],-) = Home (X, (-)[n]), and (=) [n]: C = C preserves all colimits. O

Definition 9.4.5. An co-category C is called compactly generated if C has small colimits, and there
is a set of compact generators G, meaning that each object X € G is compact and that the objects of
G generate C under filtered colimits.?

Proposition 9.4.6 (cf. Hovey, Palmieri, and Strickland [HPS97, Corollary 2.3.12]). Let C be a stable
co-category with small colimits, and let G be a set of compact objects of C satisfying the condition
that the functors Home (Y [n],-): C — An forY € G and n € Z are jointly conservative. Then the
following two statements hold:

(1) Every object of C can be written as a filtered colimit of compact objects. In particular, C is
compactly generated.

(2) An object X € C is compact if and only if it lies in the smallest thick subcategory of C
containing the objects of G.

Proof. For the purpose of the proof, let us say that an object X € C is G-finite if it lies in the smallest
thick subcategory of C containing the objects of G. It is clear that all G-finite objects are compact:
by Corollary 9.4.4 the subcategory C“ C C of compact objects is a thick subcategory containing all
the compact generators G.

For part (1), let X € C be an arbitrary object. Consider the full subcategory Ix C C,x spanned by
the morphisms ¥ — X in C such that Y is G-finite. Note that Iy is closed under finite colimits, hence
in particular is a filtered co-category. The maps ¥ — X are by definition natural in Iy, giving rise
to a map ¢: colimyes, ¥ — X. We will show that ¢ is an isomorphism in C, which in particular
shows (1). By the assumption on G, it suffices to show that for every G-finite object Y’ the induced
map

¢ o—: Hom¢ (Y’, colimyey, ¥) — Home (Y, X)

is an equivalence. We will show that it induces isomorphisms on homotopy groups 7y for all £ > 0.
Replacing Y’ by Y’ [k], it suffices to do this for k£ = 0. Since Y’ is compact, this amounts to showing
that the map

COlimYeIX o HomC(Y’, Y) — T HomC(Y', X)

is an isomorphism of abelian groups. Surjectivity is clear: givenamap f: Y" — X, we may regard
the pair (Y’, f) as an object of Ix, and f is the image of the class [idy’] € 79 Hom¢ (Y’,Y”). For
injectivity, consider an element of the kernel of this map. Since the left-hand side is a filtered colimit,
this element comes from some stage (Y, f) € Ix of the colimit, given by a morphismg: ¥’ — YinC.
The condition that it is sent to zero on the right-hand side means that fog: ¥’ — X is nullhomotopic,
hence factors through the cofiber Y’ := cofib(g: Y’ — Y) via some map h: Y’ — X. Since Y is
again G-finite, the pair (Y”’, k) lies in Ix. The class [g] € 7o Hom¢ (Y’,Y) then gets mapped to zero
in 7o Home (Y7, Y”), and it in particular becomes zero in colimyes, 7o Homc(Y’,Y), as desired.
This finishes the proof of (1).

3More precisely: the smallest full subcategory of C which contains G and is closed under filtered colimits is C itself.
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For part (2), we already argued that all G-finite objects are compact. To show that every compact
object X is G-finite, we use the colimit-description of X we just established. Since I is filtered and
X is compact, the identity map X — X =~ colimy¢, ¥ must factor through some morphismY — X
in the diagram, exhibiting X as a retract of Y. As Y is G-finite and G-finite objects are closed under
retracts, it follows that X is also G-finite, as desired. O

Lemma 9.4.7 ([Lurl7, Proposition 7.2.4.4]). Let R be an associative ring spectrum.

(1) The object R is compact in the module category LModg.
(2) The oco-category LModg is compactly generated R.

(3) A left R-module M is perfect if and only if it is a compact of LModg.

Proof. For (1), note that the mapping spectrum mapg (R, M) for a left R-module M is equivalent to
the underlying spectrum of M, hence Homp moq, (R, —) is given by the composite of two functors

fot Q®
LModg — Sp — An.

Since both functors preserve filtered colimits, R is compact as a left R-module. Parts (2) and (3) are
an instance of Proposition 9.4.6 applied to the co-category LModg: we must show that the functors

Homy modg (R[7], —): LModg — An

are jointly conservative for n € Z, which is clear since we have 7,,(M) = w9 Hom(R[n], M). O

9.4.2 Dualizable modules

Recall from last semester that an object X in a symmetric monoidal co-category C is dualizable if and
only if there is another object X, called its dual, and mapsev: XY ®X — T andcoev: 1 - X®X"
such that the two composites

coevid id ®coev
X —

id
X —— X® X' ®Xid®evX and xV e

XeXe® xV

are homotopic to the respective identities. We will now relate perfect R-modules to dualizable
objects in LModg.

Lemma 9.4.8. Let C be a stably symmetric monoidal co-category. Then the collection of dualizable
objects forms a thick subcategory of C, i.e. it is a stable subcategory closed under retracts.

Proof. Recall that an object X is dualizable if and only if the natural map
Z ® Hom(X,1) —» Hom(X, Z)

is an equivalence for every Z € C. Since both sides are exact functors in X, it follows that the
collection of objects X for which it is an equivalence forms a stable subcategory of C. It is also
closed under retracts since isomorphisms in C are closed under retracts. O
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Lemma 9.4.9. Let C be a symmetric monoidal co-category with geometric realizations, and assume
that the tensor product in C preserves geometric realizations in both variables. If the monoidal unit
1 € C is compact, then every dualizable objects is compact.

Proof. Let X be a dualizable object in C, and let XV denote its dual. Then the functor X®—: C — C
admits a right adjoint of the form XV ® —: C — C. In particular, we have Hom¢ (X, —-) =
Hom¢ (X ® 1, —) ~ Hom¢ (1, XV ® —), and the right-hand side preserves geometric realizations by
the assumptions on C. O

In practice, it frequently happens that the converse direction is also true: all compact objects are
dualizable.

Lemma 9.4.10 (cf. Hovey, Palmieri, and Strickland [HPS97, Corollary 2.3.12]). Let C be a com-
pactly generated symmetric monoidal co-category such that the tensor product preserves colimits in
both variables. Let G be a set of compact generators of C, and assume that each object Y € G is
dualizable. Then every compact object in C is dualizable.

Proof. We showed in Proposition 9.4.6 that an object in C is compact if and only if it is G-finite,
i.e. contained in the thick subcategory of C generated by G. The claim thus immediately follows
from the observation that the Part (2) is an immediate consequence of part (1). Indeed, by part
(1) we need to show that every G-finite object is dualizable. By Lemma 9.4.8, the subcategory of
dualizable objects is a thick subcategory of C. It contains the objects of G by assumption, and thus
it contains all G-finite objects, finishing the proof. O

The situation in which the compact objects agree with the dualizable objects occurs so frequently
that it is useful to give it a name:

Definition 9.4.11. A compactly generated stable symmetric monoidal co-category C is called rigid
if the class of compact objects agrees with the class of strongly dualizable objects.

Corollary 9.4.12. Let C be a presentably symmetric monoidal co-category C and assume that C is
stable and that it is compactly generated with compact generators G. Then C is rigid if and only if
the unit 1 is compact and every object G € G is dualizable.

Proof. This is an immediate consequence of Lemma 9.4.9 and Lemma 9.4.10. O

We now apply this to the module category Modg for a commutative ring spectrum R.

Lemma 9.4.13 ([Lurl7]). Let R be a connective commutative ring spectrum. A left R-module M
in Modg is perfect if and only if it is a dualizable object in the symmetric monoidal co-category
(MOdR, ®R).

Proof. We showed last semester that the subcategory of Modg spanned by the dualizable objects is
a stable subcategory closed under retracts. Since the monoidal unit R is dualizable, it follows that
every perfect module is dualizable. Conversely, let M be a dualizable module. Then the functor
(-) ® M: Modgr — Modg has a right adjoint given by — ®g M, where M" is the dual of M,
giving a natural equivalence

Hompodg (M, —) ~ Hompyodg (R, — ®r MV).
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Since the right-hand side preserves filtered colimits, M is compact. O

9.4.3 Tor-amplitude
We will introduce the notion of Tor-amplitude.

Definition 9.4.14 (Tor-amplitude). Let R be an associative ring spectrum and let M be a left R-
module. We say that M has Tor-amplitude contained in [a, b] for integers a < b if for every discrete
right R-module N, the homotopy groups of the relative tensor product N ®g M are concentrated in
degrees [a, b], that is, Torf(N, M) = n;(N ®g M) = 0 whenever i < a ori > b. If such a and b
exist, M is said to have finite Tor-amplitude.

Proposition 9.4.15 ([AG14, Proposition 2.13]). Let R be a connective associative ring spectrum
and let M and N be left R-module spectra.

(1) If M has Tor-amplitude contained in [a, b], then the shift M [k] has Tor-amplitude contained
inla+k,b+k]foralkeZ.

(2) If M is perfect, then M has finite Tor-amplitude.

(3) If R happens to be a commutative ring spectrum and S € CAlgl,ZQ0 is a connective commutative
R-algebra and M has Tor-amplitude contained in [a, b], then the left S-module S g M has
Tor-amplitude contained in [a, b].

(4) If M and N have Tor-amplitude contained in [a, b], then the fiber and cofiber of amap M — N
have Tor-amplitude contained in [a — 1, b] and [a, b + 1].

(5) If M is perfect with Tor-amplitude contained in [0, b], then M is connective and noM =
) (7T oR®r M )

(6) If M is perfect with Tor-amplitude contained in [a, a], then M is equivalent to Pla] for a
finitely generated projective left R-module P.

(7) If M is perfect with Tor-amplitude contained in [a, b], then there exists an exact sequence
Pla] —» M — Q with P finitely generated projective and Q perfect with Tor-amplitude
contained in [a + 1, b].

Proof. Part(1)is obvious. For (2), since R clearly has finite Tor-amplitude, it remains to show that the
collection of modules with finite Tor-amplitude is a thick subcategory of Modg. It is clearly closed
under shifts and retracts, and closure under cofibers follows from the long exact sequence of Tor
groups (Observation 9.3.2). Part (3) is immediate from the isomorphism N ®s (S®Qr M) = NQr M.
Part (4) is immediate from the long exact sequence of Tor groups. TO DO: finish proof. O

9.5 Localizations of ring spectra

In classical algebra, given a commutative ring R and a multiplicative subset S C R, one can form
the localization R[S~'], a new ring where all elements of S become invertible. This construction
is universal: any ring homomorphism R — R’ that sends elements of S to units in R’ factors
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uniquely through the localization map R — R[S~!]. In this section, we will develop an analogous
construction for ring spectra.

Observation 9.5.1. If R is a ring spectrum, then its homotopy groups 7,.(R) form a graded ring,
where the multiplication of a class [x: S" — R] € n,(R) and aclass [y: S — R] € m,,(R) is
the composite

[S™" ~ §" @ S™ igy—> R®R 4 R] € mpem(R).

Similarly, if M is a left R-module, then x,.(M) becomes a graded left 7. (R)-module. While one can
check this by hand, it also follows formally from the fact that the functor 7, : Sp — Ab” from spectra
to graded abelian groups is lax monoidal. To see this, we first note that the functor 7o: Sp — Ab
is lax symmetric monoidal. Indeed, Q*: Sp — An is lax symmetric monoidal, and mo: An — Set
preserves finite products hence is also canonically symmetric monoidal. Since Ab = CGrp(Set), it
follows from Theorem 6.5.6 that the lift 7o: Sp — Ab is lax symmetric monoidal as well.

To deduce that 7, : Sp — Ab” is lax monoidal, we equip the category Ab® = Fun(Z, Ab) of graded
abelian groups with the Day convolution monoidal structure with respect to addition on the set
Z. Under (un)currying, the functor ., corresponds to the functor Z — Fun(Sp, Ab) given by the
composite

7 222, Fun(Sp, Sp) > Fun(Sp, Ab),
so by the universal property of Day convolution it remains to check both functors are monoidal. But

the first functor is monoidal (as Z is the free monoid on one generator) while the second one is lax
monoidal as previously argued.

Definition 9.5.2. Let R be a ring spectrum, and let § C 7..(R) be a subset of homogeneous elements
(i.e.,every x € Sliesin some 7, (R)). We say that S is multiplicative if it contains the unit 1 € mo(R),
and if for every x, y € § their product xy is also in S.

Definition 9.5.3 (Localization of a ring spectrum). Let R be a ring spectrum and let S C 7. R be a
multiplicative subset. The localization of R at S, denoted R[S~'], is an R-algebra equipped with a
mapn: R — R[S™!] that satisfies the following property: for every ring spectrum A, precomposition
with 7 induces a monomorphism of animae

—on: Homaig(R[S™'], A) = Homaje(R, A)

whose image consists of those commutative R-algebras A for which the image of every element of
S under the induced map n.R — m.A is invertible.

Note that R[S™'] is unique, if it exists. In an analogous way, we may define localization at the level
of modules. Let us first introduce some terminology:

Definition 9.5.4. Let R be an associative ring spectrum and let S C 7..(R) be a multiplicative subset.

(1) A left R-module M is called S-nilpotent if for every element x € m,(M), there exists an
element s € S such that s - x = 0 in 7. (M).

(2) Aleft R-module N is called S-local if for every element s € S, left multiplication by s induces
an isomorphism of graded abelian groups s - —: m.(N) = m.(N).
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We denote by LModISQ'“il and LModII“QOC(S) the full subcategories of LModg spanned by the S-nilpotent
and S-local modules, respectively.

Observation 9.5.5. The subcategories LModf{“il and LMod];eOC(S) are stable subcategories closed
under colimits.

Definition 9.5.6. Let R be a ring spectrum and let S € 7,.R be a multiplicative subset. Given a
left R-module M, its S-localization is an S-local left R-module S~' M equipped with a morphism of
left R-modules : M — S~ M satisfying the property that for every other S-local left R-module N,
precomposition with 77 induces an equivalence of animae

—on: Hompmods (S™'M, N) = Homywode (M, N).

Again, S~' M is unique whenever it exists. In the non-commutative setting, this abstract operation of
formally inverting elements can be poorly behaved. To ensure a good theory, we need an additional
condition on the set S, known as the Ore condition.

Definition 9.5.7 ([Lur17, Definition 7.2.3.1]). Let R be a classical associative ring and let S C R be
a multiplicative subset. We say that § satisfies the left Ore condition if the following hold:

(a) For every pair of elements x € R and s € S, there exist elements y € R and ¢ € S such that
tx =ys.

(b) If xs = 0 for some x € R and s € §, then there exists some ¢ € S such that tx = 0.

This seemingly purely algebraic condition can be conveniently rephrased in terms of S-nilpotent
modules. For an element s € S of degree d, we denote by R/Rs the cofiber of the map of left
R-modules -s: R[d] — R given by right multiplication by s, i.e., the cofiber of the following
composite

s R[] ~R®s! 2% Re R 5 R.

Lemma 9.5.8 ([Lurl7, Lemma 7.2.3.11]). Let R be an associative ring spectrum and let S C m.(R)
be a multiplicative subset. The following conditions are equivalent:

(1) The set S satisfies the left Ore condition.

(2) For every element s € S, the left R-module R/Rs is S-nilpotent.

Proof. Assume first that (1) is satisfied. Let x € x,,(R/Rs); we wish to show that it is annihilated
by some element of S. Using the exact sequence

nn(R/Rs) i> Tn—a-1(R) _S) ma-1(R),

we deduce that ¢(x) € m,—g-1(R) is annihilated by right multiplication by s. Using condition
(b) of the left Ore condition, we deduce that there exists an element ¢ € S of degree d’ such that
0=tp(x) = p(tx) € mp+a—a—1(R). Using the exactness of the sequence

¥ @
Tpsd’ (R) = Tpsar (R/RS) = mniar—a-1(R),
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we conclude that tx = y(y) for some y € m,+4(R). Using condition (a) of the left Ore condition,
we can find an element u € S of degree d”’ and an element 7 € 7,4q'+q” -4 (R) such that uy = zs. It
follows that the image of uy in 7,,+.4:+4~ (R/Rs) vanishes, so that (ut)x = u(tx) = uy(y) = ¥ (uy) =
0. This completes the proof that (1) implies (2).

Now suppose that (2) is satisfied. We will show that § satisfies conditions (a) and (b) of the left Ore
condition. For (a), suppose that x € 7.(R) is a homogeneous element of degree n and s € S has
degree d. We wish to show that there exist y € 7,(R) and 7 € S such that rx = ys. By S-nilpotence,
the image of x in 7,,(R/Rs) is annihilated by multiplication by some homogeneous element ¢ € S
of degree d’. It follows that rx belongs to the kernel of the map ;.4 (R) — m,+ar(R/Rs), and
therefore to the image of the map -s: my+q/—q(R) — mpar (R) given by right multiplication by s.

We now verify (b). It suffices to show that if x € ,(R) is annihilated by right multiplication by
some element s € S of degree d, then fx = 0 for some ¢ € S. The exactness of the sequence

(p .
Tntdst (R/RS) = 70, (R) = Tnsa(R)

shows that x = ¢(y) for some y € m,44+1(R/Rs). Since R/Rs is S-nilpotent, there exists an element
t € S such that ry = 0, from which it follows immediately that tx = to(y) = ¢(ty) = 0. O

Proposition 9.5.9 ([Lurl7, Proposition 7.2.3.14]). Let R be an associative ring spectrum and let
S C n.(R) be a multiplicative subset satisfying the left Ore condition. Let N be a left R-module.
Then the following conditions are equivalent:

(1) The module N is S-local.

(2) For every element s € S and every integer n, the Hom anima Homj ymod, (R/Rs[n], N) is
contractible.

(3) For every S-nilpotent module M € LModg, the Hom anima Homy pmoa,, (M, N) is contractible.

Proof. Lets € S be an element of degree d. The exact sequence
R[d] = R — R/Rs

induces an exact sequence of spectra upon applying the mapping spectrum functor mapy oy, (-, N>
which results in a long exact sequence in homotopy groups=:

> 2N 5 g N — Ext" (R/Rs,N) = n_n N — ...

Here, Extfe (M, N) := mx Homp Modg (M, N). Condition (1) states that the map s- is an isomorphism
for all n, which is equivalent to the vanishing of the Ext groups for all n. This, in turn, is equivalent
to the Hom anima Homp pmod, (R/Rs, N) being contractible. Since this holds for any shift, the
equivalence (1) & (2) follows.

To prove the implication (3) = (2), we observe that since S satisfies the left Ore condition, the
module R/Rs is S-nilpotent for every s € S, as established in Lemma 9.5.8. Thus, condition (3)
applied to M = R/Rs[n] immediately yields condition (2).

We now prove the implication (2) = (3). Let M be an S-nilpotent left R-module. A key result,
which follows from the left Ore condition, is that any such M can be constructed as the colimit of a
sequence of left R-modules

0:M0—>M1—>M2—>--~
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where for each i > 0, the fiber of the map M; — M;;1 is a coproduct of modules of the form
(R/Rsq)[nq] for some elements s, € S. We refer to [Lurl7, Lemma 7.2.3.13] for a proof. Since
Hom animae turn colimits in the first variable into limits, we have

Homy Modg (M, N) = lim; Hompvodg (M, N).

It will therefore suffice to show that each Hom anima Homywoq, (M;, N) is contractible. We
proceed by induction on i. The case i = 0 is clear, since My = 0. For the inductive step, assume that
Homy modg (Mi, N) is contractible. Let K; denote the fiber of the map M; — M;.;. By construction,
we have an exact sequence of modules K; — M; — M;,;. Applying the functor Homy pmodg (=, N)
yields a fiber sequence of animae

Homy Modg (Mi+1, N) — Homymod, (Mi, N) — Homymodg (Ki, N).

By the inductive hypothesis, the middle term is contractible. It therefore suffices to show that the
right-hand term, Hompmod, (K;, N), is also contractible. By construction, K; is a coproduct of
modules of the form (R/Rsy)[nq]. Since Hom animae send coproducts in the first variable to
products, we have

Homy modg (Ki, N) = [ | Homimods ((R/Rsa)[na], N).
a

By condition (2), each factor in this product is contractible. It follows that the entire product is
contractible, which completes the inductive step and the proof. O

We will now show the existence of the S-localizized R-modules S~'M when S satisfies the left Ore
condition, by showing that any left R-module M decomposes into an S-nilpotent part and an S-local
part:

Proposition 9.5.10 ([Lurl7, Proposition 7.2.3.17, Remark 7.2.3.18]). Let R be an associative ring
spectrum and let S C m,.(R) be a multiplicative subset satisfying the left Ore condition. Then for
every left R-module M, there exists an exact sequence in LModg

M = M — MN’
where M’ is S-nilpotent and M"' is S-local.

Sketch of proof. The collection of S-nilpotent modules LModIS{nil forms a presentable co-category,
generated under colimits by the set of objects {(R/Rs)[n] | s € S,n € Z}. Since the inclusion
functor LModISe'nil < LModg preserves colimits, it follows from the adjoint functor theorem that it
admits a right adjoint G. For any module M, the counit of this adjunction gives amap G(M) — M.
We define M’ := G(M) and we let M"’ be the cofiber of this map. It remains to show that M"" is
S-local, for which we use criterion (3) from Proposition 9.5.9. Let N be an S-nilpotent left R-module.
Applying mapy yj0q4,, (N, —) provides an exact sequence of spectra

mapLMOdR (N, M’) e mapLMOdR (N, M) — mapLMOdR (N, M”) .

By adjunction, the first map is an equivalence of spectra, hence it follows that mapy yjoq, (N, M") = 0,
as desired. m]

180



Remark 9.5.11. The previous two results show that the co-category LModgr admits a t-structure
(LModfe'“ﬂ, LModII“QOC(S)) consisting of the S-nilpotent modules and the S-local modules.

Corollary 9.5.12. Let S C n.(R) satisfy the left Ore condition. For every left R-module M, there

Loc(S) , LModg admits a left

exists an S-localization S™'M. In particular, the inclusion LModR

adjoint
$7!(=): LModg — LMod*®®.

Proof. By Proposition 9.5.10 there is an exact sequence M’ — M — M’ of left R-modules such
that M’ is S-nilpotent and M"’ is S-local. We claim that M’ is an S-localization. Indeed, for any
other S-local left R-module N, mapping into N provides a fiber sequence of animae

Homy Modr (M”, N) = Hompmodg (M, N) — Hompmod, (M, N).

But since M’ is S-nilpotent, the anima Homy poq, (M, N) is contractible by part (3) of Proposi-
tion 9.5.9. It follows that the first map is an equivalence, as desired. O

The existence of S-localizations of R-modules can be used to deduce the existence of localizations
of ring spectra. Regarding R as a module over itself, applying the S-localization functor gives an
S-local R-module S~!R € LModg. This object can be endowed with the structure of an associative
ring spectrum, which we denote by R[S™!].

Proposition 9.5.13 ([Lurl7, Remark 7.2.3.26, Proposition 7.2.3.27]). Let R be an associative ring
spectrum and let S C n.(R) be a multiplicative subset satisfying the left Ore condition. The S-
localization S™'R admits the structure of an associative ring spectrum, which we denote by R[S™'].
Furthermore, the canonical map R — S™'R can be enhanced to a morphism of associative ring
spectra

¢: R —> R[S7'].

This morphism exhibits R[S™'] as an S-localization of R, in the sense of Definition 9.5.3.

Proof sketch. The idea is to define R[S™!] as the endomorphism spectrum of S~!R in the stable
co-category LModLOC(S), in the sense of Proposition 8.4.8. Part (3) of that result also defines a

R
functor
Loc(S)

map(S™'R, -): LMod,

—d LMOdR[S—l],

which by definition sends S™'R to R[S™']. One can show that this functor is an equivalence.
Composing it with the S-localization functor thus provides a colimit-preserving functor

LMOdR — LMOdR[S—l IE

A classification result for such functors then gives that this must be of the form f* for some algebra
map f: R — R[S7']. O

Finally, this abstract homotopical construction recovers the classical ring of fractions when applied

to a discrete associative ring. The homotopy groups of the S-localization S~'M can be computed
using a graded version of the classical construction of fractions.
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Proposition 9.5.14 ([Lurl7, Proposition 7.2.3.20, Proof of 7.2.3.5]). Let R be an associative ring
and let S C R be a subset satisfying the left Ore condition. Let M be a (discrete) left R-module. The
S-localization S™'M is a discrete R-module spectrum, and its zeroth homotopy group mo(S™'M) is
naturally isomorphic to the classical left module of fractions, constructed as the set of equivalence
classes of symbols s™'x for s € S and x € M.
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10 Deformation theory

Our goal in this chapter is to develop an co-categorical analogue of the module of Kéhler differentials
Q 4, which for a classical commutative ring A classifies derivations into any A-module. Recall that
a derivation in an A-module M is an A-module homomorphism d: A — M satisfying the Leibniz
rule: d(ab) = ad(b) + bd(a). Derivations are used to studying “infinitesimal” deformations of A.

In the setting of higher algebra, it is usually not a good idea to define structures by writing down
explicit equations: the equalities ought to be replaced by homotopies, which should themselves
satisfy higher coherences. To get around this issue, it is convenient to work with a reformulation
of the definition of derivation in terms of split square-zero extensions. Observe that the abelian
group A @ M admits a canonical commutative ring structure whose multiplication is given by
(a,m) - (a’,m’") := (aa’,am’ + a’m); this ring is called the split square-zero extension of A by
M. Every derivation d then defines a ring map n := (id4,d): A — A & M with respect to this
ring structure. Conversely, for any ring map A — A @ M whose first component is id4, the second
component is necessarily aderivationd: A — M. This allows us to formulate the data of a derivation
purely in terms of morphisms between commutative rings.

We will use this description of derivations in the setting of ring spectra: given a commutative ring
spectrum A and an A-module M, we will construct its split square-zero extension A =< M, and define
the anima of A-derivations in M as Der(A, M) := Homcag A (A, AxM). The higher analogue of the
module of Kéhler differentials is called the cotangent complex L o of A, which classifies derivations
in the sense that for any A-module M there is a natural equivalence

Homy mod, (La, M) =~ Der(A, M).

For a morphism of commutative ring spectra f: A — B, there is also a relative cotangent complex
Lp/a, which is a B-module. It fits into a fundamental cofiber sequence

B®sLy — Lp — LB/A-

A key application, which we will build towards, is that f is an étale morphismif and only if Lg,4 = 0.

To do: expand with explanation of deformation theory

10.1 Split square-zero extensions and the tangent bundle

We start by constructing an analogue of the split square-zero extension A @ M in the world of
ring spectra. To this end, let us have a closer look at this construction in the classical setting for
a commutative ring A and an A-module M. The ring A @ M defined in the introduction comes
equipped with various ring homomorphisms:
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* There is a ‘projection map’ pr: A@ M — A, (a,m)— a;
* Thereisa ‘zeromap’ 0: A > A® M, aw (a,0);

* Thereis an ‘additionmap’ +: (A@M)Xs(A®M) = AdMeM — AdM, (a,mi,mp) —
(a,my + my);

* Thereis a ‘minusmap’ —: A& M - Ae M, (a,m)— (a,—m).

The maps 0, + and — are compatible with the projection maps to A, in the sense that they form
morphisms in CRing, 4. Moreover, they behave like an abelian group structure on the ring A® M: for
x,y,2€ A® M, therelations O+x =x =x+0, (x+y)+z=x+(y+z)andx+ (—x) =0 = (—x) +x
are satisfied. In particular, the assignment M — A @& M refines to a functor

A® —: Mods — Ab(CRing,),

where the right-hand side denotes the category of ‘abelian group objects’ in the category of com-
mutative rings over A. Conversely, given an object R € Ab(CRing, ), we in particular have a ring
map p: R — A, and a zero map 0: A — R over A. The latter turns R into an A-module, and the
map p: R — A into a morphism of A-modules. We may then define M := ker(p: R — A), which
is then also an A-module. It turns out that these two assignments are inverse equivalences:

Exercise 10.1.1. Show that the functor A ® —: Mods — Ab(CRing,,) is an equivalence of cate-
gories, with inverse given by sending R — A to ker(R — A).

This equivalence gives us a recipe for a construction of split square-zero extensions in the context
of ring spectra. For a commutative ring spectrum A, we may consider the slice co-category CAlg, 4
of commutative ring spectra over A. Rather than taking abelian group objects in this slice, we may
consider its spectrum objects, i.e. its stabilization. Just like in the classical setting, the resulting
co-category turns out to be equivalent to the oco-category of A-modules.

Construction 10.1.2. Consider an object of Sp(CAlg,,). Then R in particular has an underlying
pointed object R in CAlg 4, i.e. there is a commutative diagram

A—3R

N

A.

The map s turns R into a commutative A-algebra, hence via restriction of scalars into an A-module.
Similarly, the map p becomes a morphism of A-modules, and in particular the fiber of p inherits the
structure of an A-module. These constructions can be made functorial, resulting in a functor

Sp(CAlg,4) — Moda.

Theorem 10.1.3 ([Lurl7, Corollary 7.3.4.14]). Let A be a commutative ring spectrum. Then the
Junctor Sp(CAlg,,) — Mody is an equivalence of co-categories.

Taking this result as a black box, we immediately obtain a definition of split square-zero extensions
of A-modules:
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Definition 10.1.4. Let A be a commutative ring spectrum. We define the square-zero extension
functor as the composite

A —: Mods <> Sp(CAlg,,) ~— CAlg .

Given an A-module, we refer to the resulting commutative algebra A<M as the square-zero extension
of A by M. The ring map A < M — A is called the augmentation of A < M.

Remark 10.1.5. Let us provide an informal description of the commutative ring spectrum A < M:

It comes with morphisms pr: A<M — Aandng: A — AxM in CAlg fitting in a commutative

triangle

Ay AxM

pr

/

The fiber of pr is the given A-module M.

We in particular obtain a split exact sequence M — A x M — A of A-modules. It follows
that the underlying A-module of A =< M is equivalent to the direct sum A & M.

Under this equivalence, the unit map S — A < M is the composite S 4 A A A M.

Moreover, under this equivalence the multiplication map (A < M) X (Ax M) — Ax M
corresponds to a map

(AM)Q(A®M)~(ARA) D (AM)d (MRA)®(MOIM) - A M
which may be described as follows:

(1) On the summand A ® A, itis given by the multiplication map A ® A — A.
(i) On the summands A ® M and M ® A, it is given by the A-module structure on M.

(iii)) On the summand M ® M, it is nullhomotopic.

Claim (i) follows from the fact that the map (id4,0): A — A & M is a morphism in CAlg.
Claim (ii) follows from the fact that M agrees with the fiber of A ® M — A as an A-module.
For claim (iii), we use the naturality of this map in M, giving a map ¥ y: N ® N — N for
every A-module N. Let M’ and M’ be copies of the A-module M, which we will distinguish
notationally for clarity, and let V: M’ & M" — M denote the “fold” map which is the identity
on each factor. Invoking the functoriality of ¢, we deduce that the map ypy: M @ M — M
factors as a composition

Ymrem’

\Y
MIM=MOIM' > (MaeM')e (M oM") MoM’ — M.

Consequently, to prove that ¢y is nullhomotopic, it will suffice to show that ¢ = Y s er | (M7 em)

is nullhomotopic. Let mp: M' @ M”" — M’ and mp»: M @& M — M denote the projec-
tions onto the first and second factor, respectively. To prove that ¢ g is nullhomotopic, it
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suffices to show that mys o ¢ and mps» o ¢ are nullhomotopic. We now invoke functoriality
once more to deduce that 7y o ¢ is homotopic to the composition

(id,0) , Y

MIM' — MM — M'.

This composition is nullhomotopic, since the first map factors through M’ ® 0 ~ 0. The same
argument shows that 7y~ o ¢ is nullhomotopic, as desired.

The equivalence from Theorem 10.1.3 can be made functorial in the commutative ring spectrum A.
Observe that both sides admit canonical refinements to contravariant functors CAlg®® — Catc:

* The assignment A — Mody4 is contravariantly functorial by Corollary 8.3.19.

* The assignment A — Sp(CAlg,,) inherits its functoriality from the slice functor CAlg® —
Cat'™, A — CAlg /4 by composition with the stabilization functor Sp: Cat'™ — Cat,..

Theorem 10.1.6 ([Lurl7, Theorem 7.3.4.18]). The equivalence Sp(CAlg,,) = Moda from Theo-
rem 10.1.3 refined to a natural equivalence

Sp(CAlg,_) = Mod -

of functors CAlg®® — Cat,.

For the definition of the cotangent complex L4 for a commutative ring spectrum, it is convenient
to work in a certain co-category whose objects are pairs (A, M) consisting of a commutative ring
spectrum A and an A-module M. This will be a special case of a construction known as the tangent
oo-category.

Construction 10.1.7 (Tangent co-category). Let C be an co-category with finite limits. We will
construct an oco-category T¢ together with a commutative diagram

Tc —) Fun([1],C)

N

To this end, recall from Example 2.1.7 that the target functor ev;: Fun([1],C) — C is a cartesian
fibration, hence straightens to a functor C°? — Cat,, which is given on objects by sending X € C
to the slice C;x and on morphisms by forming pullbacks in C. Observe that each slice C;x admits
a terminal object (X,idx), and that it inherits pullbacks from C. In particular, the assignment
X — C/x refines to a functor

C/_: C — Catl®™

into the co-category of left exact co-categories and left exact functors. Composing with the stabi-

tlex

lization functor Sp: Caty' — Cat,, thus provides a functor

Sp(C-): C? — Cat.

We denote by nc: Tc — C the cartesian unstraightening of Sp(C,_). The counit of the adjunction
provides a natural transformation Q% : Sp(C,-) — C,_ of functors C? — Cat,,, which under
(un)straightening corresponds to a cartesian functor Q*: T¢ — Fun([1], C) over C. We refer to T¢
as the tangent co-category of C and to the functor Tc — C as the tangent bundle of C.
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Remark 10.1.8. The terminology ‘tangent bundle’ is inspired by Goodwillie calculus. Goodwillie
[G0090; G0092; Goo03] developed a formalism for taking the ‘derivative’ of a functor between
suitable oo-categories, in analogy to the derivative of a smooth map of manifolds. Under this
analogy, the stabilization of an co-category may be thought of as a ‘linear approximation’ of the
oco-category. In particular, for an co-category C with finite limits, we may loosely think of the
stabilization Sp(C/x) as the ‘tangent space of C at the object X’.

Example 10.1.9. Let C := CAlg be the co-category of commutative ring spectra. There is an
equivalence of co-categories
Tcalg = Mod(Sp)

between the tangent co-category of CAlg and the co-category of modules in Sp. Indeed, by Theo-
rem 10.1.6, the functor Sp(CAlg,_) is naturally equivalent to the funtor Mod-). As a result, the
oco-category Tcajg is equivalent to the unstraightening of the functor A — Mod,4. But the latter is by
definition the forgetful functor Mod(Sp) — CAlg(Sp).

In particular, we have the following informal description of Tcajg:

* The objects of Tcalg are pairs (A, M), where A € CAlg and M € Modx;

* A morphism (A, M) — (B, N) consists of a morphism f: A — B in CAlg together with a
morphism M — f.N of A-modules.

Under this description, the functor Q%: Tca, — Fun([1], CAlg) sends the pair (A, M) to the
augmentation A x M — A.

Corollary 10.1.10. Let f: B — A be a morphism of commutative ring spectra, and let M be an
A-module. Then there is a canonical pullback square in CAlg of the form

Bx fM — AxM
B—7L sa

Proof. The forgetful functor Mod(Sp) — CAlg is a cartesian fibration by Corollary 8.3.19, and the
B-module f,. M is obtained by picking a cartesian lift (B, f.M) — (A, M) of the morphism f: B —
A. The functor Q*: Mod(Sp) — Fun([1], CAlg) from Construction 10.1.7 is by construction a
cartesian functor over CAlg, so the image of the morphism (B, f.M) — (A, M) in Fun([1], CAlg)
is cartesian with respect to the evaluation functor ev;: Fun([1],CAlg) — CAlg. But this is
precisely expressing that the corresponding commutative square in CAlg is a pullback square, see
Example 2.1.7. O

10.2 Derivations and the cotangent complex

Equipped with a spectral analogue of split square-zero extensions, we will now return to the definition
of the cotangent complex L 4.
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Definition 10.2.1 (Derivation). Let A be a commutative ring spectrum, and let M be an A-module.
An M-valued derivation of A is amorphismn: A — A= M in CAlg,,. We denote by

Der(A, M) = HomCAlg/A(A,AxM)

the anima of M-valued derivations of A. More generally, if A is a commutative B-algebra for some
B € CAlg, we may regard A =< M as a commutative B-algebra as well via the composite

B—>A—>AxM.

We then define an B-linear M -valued derivation of A to be amorphismzn: A — AxM in (CAlgg),a.
We denote by
Derg(A, M) := Hom(calg,), (A, A= M)

the anima of B-linear M-valued derivations of A. We may visualize such map as follows:

—> Ax M

B
\L 71//>( \Lpr
AZ .

A

Example 10.2.2 (Zero derivation). By construction, the commutative ring spectrum A < M comes
equipped with a ring homomorphism 7o: A — A < M. This is a section of pr: A=< M — A, hence
corresponds to an M-valued derivation of A, called the zero derivation. Under the equivalence
AxM ~ A& M of A-modules from Remark 10.1.5, this map corresponds to (id4,0): A - A& M.

Similarly, since A =< M lies in the image of the functor Sp(CAlg,,) — CAlg,,, it comes equipped
with a canonical structure of a commutative group object. Since Homcaig, , (A,—): CAlg,4 — An
preserves finite products, it follows that the anima Der(A, M) inherits a canonical structure of a
commutative group object in An, whose zero element is 7. In particular, given two derivations 77,
and 7, we may form their sum 7| + 7, and difference n7; — 75.

Remark 10.2.3. Observe that the assignment M +— Derg(A, M) refines to a functor Mod4 — An:
it is given by the composite

Hom(caigg) 4 (A5-)

Mod, 25 (CAlgg)a An.

Definition 10.2.4 ((Relative) Cotangent complex). Let B — A be a morphism of commutative ring
spectra. An B-linear derivation n4/p: A — A = L,,p valued in some A-module L,/ p is called
universal if for every other A-module M the induced map

Homyu(La, M) — Derg(A, M), [ ((Axf)ona/p)

is an equivalence of animae. This condition determines the A-module L, p up to contractible
choice, if it exists, in which case we refer to it as the relative cotangent complex of A over B. When
B = S is the sphere spectrum, we write Ly := L,/s, and refer to it as the (absolute) cotangent
complex of A.

We will now show that the relative cotangent complex L4, p exists for every morphism B — A.
We start with the absolute case L4. Note that in this case, the A-module L4 should classify
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morphisms A — A = M in CAlg,,, so the existence is guaranteed if we knew that the functor
A= —: LModg — CAlg,, admits a left adjoint. Due to the equivalence LMod4 =~ Sp(CAlg,,)
from Theorem 10.1.3, this is equivalent to the functor Q*: Sp(CAlg,,) — CAlg, 4 admitting a left
adjoint 25 CAlg, 4 — Sp(CAlg,4). This in fact holds in much larger generality:

Proposition 10.2.5. Let C be an co-category with finite limits and small colimits, and assume that
Q: C, — C, preserves sequential colimits. Then the functor Q% : Sp(C) — C admits a left adjoint
X¥: C — Sp(0).

Proof. Recall from Section 6.2 the equivalence Sp(C) = Exc,(Anf", C) between the stabilization
of C and the co-category of reduced excisive functors from finite pointed animae to C. Under this
equivalence, the functor Q> corresponds to the evaluation functor

evgo: Exc.(An", C) — C.

Recall from Proposition 6.4.3 that the inclusion Exc,(Anf", C) < Fun(An", C) admits a left
adjoint P;. It thus remains to show that also evgo: Fun(An™,C) — C admits a left adjoint.
But this is given by left Kan extension along S°: + — Anf", which exists since C admits small
colimits. O

Corollary 10.2.6. The functor Q% : Sp(CAlg,,) — CAlg, 4 admits a left adjoint.

Proof sketch. We will verify the conditions of Proposition 10.2.5. The fact that CAlg, 4 admits finite
limits follows from the existence of finite limits in CAlg, and similarly for colimits. These in turn
follow from the following general facts for a symmetric monoidal co-category C:

(i) Assume that C admits /-indexed limits for some co-category I. Then also CAlg(C) admits
I-indexed limits, and these are preserved by the forgetful functor CAlg(C) — C. A reference
is [Lurl7, Corollary 3.2.2.5] applied to the commutative co-operad;

(i) Assume that C admits /-indexed colimits for a sifted co-category I, and that the tensor product
on C commutes with /-indexed colimits in both variables. Then also CAlg(C) admits /-
indexed colimits, and these are preserved by the forgetful functor CAlg(C) — C. A reference
is [Lurl7, Corollary 3.2.3.2];

(iii) The co-category CAlg(C) always has finite coproducts: the initial object is the monoidal unit
1 (Corollary 8.1.15) while the coproduct of A and B is given by the tensor product A ® B. A
reference is [Lurl7, Corollary 3.2.4.8].

(iv) In particular, if C admits small operadic colimits, CAlg(C) again admits small colimits.

Applying this to C = Sp shows that CAlg admits small limits and colimits. The functorQ: (CAlg ). —
(CAlg, 4)- preserves sequential colimits since both €2 and the colimit are computed on underlying
spectra, where the claim holds. O

Proposition 10.2.7. The relative cotangent complex Ly, g exists for every morphism B — A of
commutative ring spectra.
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Proof. Step 1: We first show that the absolute cotangent complex L4 exists (i.e. the claim when
B = S is the sphere spectrum). In this case, the composite

A —: Mods =~ Sp(CAlg, ) —— CAlg,,

admits a left adjoint by the previous corollary, and we define L 4 to be the image of id4 under this
left adjoint. The unit of the adjunction takes the form of a commutative triangle

A—" 5 AxM

\ 7

and the adjunction equivalence says that for every A-module M the induced composite
Homy(La, M) — Homeayg,, (A < La, M) —=> Homcal,, (A, A = M) = Dera(A, M)

is an equivalence. This is precisely the defining universal property of L 4.

Step 2: For a morphism f: B — A in CAlg, we claim that the A-module f*Lpg corepresents the
functor M +— Homcag A (B, A< M). Indeed, for an A-module M, there are natural equivalences

* M (2) (3)
Homu(f*Lp, M) =~ Hompg(Lg, f.M) ~ Homcalg,, (B, B f,M) =~ Homcayg, ,(B, A= M),

where (1) holds by adjunction, (2) by the defining property of Lg, and (3) because of the pullback
square
Bx fM — AxM

\L ] l
f
B— 3 A
from Corollary 10.1.10. Note that precomposition with f defines a natural map

Homy (L, M) ~ Homcalg, , (A, A< M) — Homcayg,, (B, A< M) ~ Homu(f*Lg, M),

so that by Yoneda we obtain a morphism f*Lp — L4 of A-modules.

Step 3: For an arbitrary morphism f: B — A in CAlg, we define L,,p via the following cofiber
sequence of A-modules:
f*LB — LA e LA/B-

We have to show that for every A-module M there is a natural equivalence Homu (L 4/, M) =
Derg (A, M). To this end, consider the following commutative diagram:

Homy (L 4/, M) ——————> Homu(Ls, M) —————> Homu(f*Lp, M)

-, 5 |

—of
Hom(CAlgB)/A(A,A I><M) — HomCAlg/A(A,A I><M) — HomCAlg/A(B,A ><M)‘

The top sequence is a fiber sequence, due to the definition of L 4,5 as a cofiber. The middle vertical
map is an equivalence by definition of L4 and the right vertical map is the equivalence from Step
2. The right square commutes by definition of the map f*Lp — L4. Now, since we may identify
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the oo-category (CAlgg)/a with the slice category (CAlg,4)p/, the formula for Hom animae in
slice categories tells us that also the bottom sequence is a fiber sequence. This results in a natural
equivalence

Homu(La/p, M) =~ Hom(calg,),, (A, A < M) = Derg(A, M).

By picking na/p: A — A< La/p to be the B-linear derivation corresponding to idz , ,, under this
equivalence, we deduce that L4, p is a relative cotangent bundle for f: B — A. O

We record the following consequence from the proof:

Corollary 10.2.8. For a morphism f: B — A of commutative ring spectra, there is an exact
sequence of A-modules
f*LB_>LA_>LA/B- O

Let us record the basic interaction of relative cotangent complexes with base change and composition:

Proposition 10.2.9. (1) (Base change) For every pushout square of commutative ring spectra

we have an isomorphism of A’-modules Larjpr =~ "L /.
(2) (Composites) For every pair of composable morphisms of commutative ring spectra C 5B i>
A, we have an exact sequence of A-modules

f*Lejc = Lajc = Lays.

Proof. (1) For every A’-module M we have natural equivalences

() g 2 ’
HomMOdAl (LA’/B’7M) ~ Hom(CAlng)/Ar (A ,A X M) ~ HOI’n(CAlgB)/A/ (A,A < M)

(3) (4)

~ Hom(CAlgB)/A (A’A < g*M) ~ HomModA(LA/B, g*M)

(5) *

~ Homwoq,, (" La/B, M),

providing the desired equivalence via the Yoneda lemma. Here (1) and (4) hold by universal
properties, (5) by the adjunction g* 4 g., (2) by the fact that A’ is a pushout of A and B’ over B, and
(3) by the fact that A =< g, M is a pullback of A’ < M along A — A’ (Corollary 10.1.10).

(2) The desired cofiber sequence is obtained by passing to vertical cofibers in the following diagram
of cofiber sequences:

g (f*Le) — (gf)'Le —— 0

l | l

g'Lp > La > La/p.

Here we use Corollary 10.2.8 three times: once to conclude that the bottom sequence is exact, O
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10.3 Square-zero extensions and deformations

Let A be a classical commutative ring. A square-zero extension of A is a commutative ring A’
together with a surjective ring homomorphism ¢: A’ — A satisfying the property that the product
of any two elements in the kernel M := ker(y) is zero. We may think of the ring A’ as an
‘infinitesimal thickening’ of the ring A: its elements can be thought of as elements of A plus an
‘infinitesimal’ part lying in M. In this situation, there is a close connection between (flat) A-algebras
and (flat) A’-algebras. Given an A’-algebra B’, we may form the A-algebra B := A ®4 B’ via
extentension of scalars. In good situations, we can go in the other direction as well: every A-algebra
B arises in this form for some A’-algebra B’. The classification of all such choices of B’ is the topic
of deformation theory.

The classification of square-zero extensions of A is closely related to derivations and the module of
Kihler differentials Q4. To see this, first observe that for every A-module M, the split square-zero
extension A < M defined in the introduction of this chapter is indeed a square-zero extension. In
the other direction, observe that for any square-zero extension 7: A’ — A, the kernel M of & can
be equipped with the structure of an A-module by setting a - m := a’m for any a’ € A’ satisfying
¢(a’) = a; this is independent of the choice of a” due to the fact that (a] — a})m = 0 whenever
¢(a}) = ¢(a’). We say that the extension 7 is split if it admits a section (‘splitting’) o: A — A’.
In this case, the map A" - Ax M, a’ — (n(a),a’ — o(xn(a’))) is an isomorphism of commutative
rings over A. In this way, splittings of & correspond precisely to identifications of the extension A’
with the ‘trivial’ extension A < M.

Not every square-zero extension is split; for example, the morphism Z/p*Z — Z/p Z does not
admit a splitting. Furthermore, if A’ is split, the section o may not be unique. However, as discussed
before, the set of sections of the split square-zero extension AxM — A is precisely the set Der(A, M)
of M-valued derivations of A. In particular, we deduce that the automorphism group of the trivial
square zero extension of A by M can be identified with the group of R-module homomorphisms
Ext%(Qa, M).

In a similar way, the group EXt}A(QA, M) is related to the set of isomorphism classes of square-
zero extensions of A. Given a class 7 € Extk(QA, M) = moHomux (Q4, M[1]), we may form the
corresponding extension of Q4 by M, i.e. the short exact sequence

O—>M°—>M'7—f»QA—>O
of A-modules, where M := fib(n7). We may now consider the pullback
AT —» A

[N
M7 — Qu

in the category of abelian groups, where d is the universal derivation on A. The elements of A" are
pairs (a,m’) with a € A and m’ € M satisfy the equation f(m’) = da. We may equip the abelian
group A7 with a commutative ring structure given by

(ay,m)) - (az,m}) = (ayaz, aymy + aymy).

It is then clear that the morphism A7 — A is a square-zero extension of A by M. However, not
every square-zero extension of A by M can be obtained from this construction. In order to obtain

192



all square-zero extensions of A, we need to replace the module of Kéhler differentials €4 by the
cotangent complex L 4.

In this section, we will generalize this discussion to the setting of higher algebra, following [Lurl7,
Section 7.4].

10.3.1 Square-zero extensions

Let us start by introducing the ‘higher analogue’ of a square-zero extension. The primary example
will be the maps 7<,A — 7<,-1A appearing in the Postnikov tower of a connective commutative
ring spectrum A.

Definition 10.3.1. Let A be a commutative ring spectrum and let M be a left A-module. Given an
M [1]-valued derivation n: A — A < M[1] of A, we define the commutative ring spectrum A" as
the following pullback in CAlg:

AT ——— A
Ll
A —L% AxM[1].

Here the bottom horizontal map is the zero derivation from Example 10.2.2. We say a morphism
A’ — A in CAlg is a square-zero extension by M if it is obtained as the left vertical map in such a
diagram.

Note that the fiber of the map A7 — A is M, so that A” is indeed an extension of A by M.

Remark 10.3.2. If A is a discrete ring and M is a discrete module, then the ring A" is also discrete
and agrees with the previous definition of A".

Let us make precise the way in which the fiber of the map A” — A ‘squares to zero’.

Construction 10.3.3. Let f: A” — A be a morphism in CAlg, and let M := ker(f) denote its fiber.
By regarding f as a morphism in Mod 4/, M inherits a canonical A’-module structure. If we regard
A’ and A as commutative algebras in Mod 4/, we get a commutative diagram

M®AIM—)A’®A1A'MA®NA

. L |

M > A’ > A,

where the right vertical map is the multiplication on A. Since the top composite factors through
0 ®4’ 0, we obtain a ‘multiplication map’ M ®4 M — M.

Remark 10.3.4. Since the composite A’ ®4 A - A ®4 A — A agrees with A" ®4 A —
A’ ®4 A — A, we see that the multiplication map on M may alternatively be described as the
composite

M®AfM—>A/®A/M;>M.

Lemma 10.3.5. Let A’ — A be a square-zero extension, and let M := fib(A’” — A). Then the
multiplication map M @ ,» M — M is nullhomotopic.
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Proof. We may assume that A” = A" for some derivation n: A — A < M[1], i.e. that A’ sits in a
pullback square of commutative ring spectra as follows:

A’_I
Ll
A —5 AxMJ1].

The vertical fibers in this diagram are both M, Regarding this as a diagram of commutative A’-
algebras, the multiplication maps on M coming from the left vertical map multiplication map coming
from the right vertical map, in the sense that it factors as follows:

MOIryM—o>MSM—> M.

It thus suffices to show that the second map is zero. By Remark 10.3.4, this map may be factored
asM ®4 M — A®s M — M, hence it suffices to show that M — A is the zero morphism.
But this holds true since it is the fiber of the map n: A — A < M[1], which admits a retraction
pr: A< M[1] — A. O

In general, a square-zero extension A” — A of A by M may not come from a unique M-valued
derivation on A. However, this is satisfied under some mild assumptions.

Definition 10.3.6. Let f: A’ — A be a morphism of connective commutative ring spectra, and let
n > 0. We say that f is an n-small extension if fib(f) has homotopy groups concentrated in degrees
[n,2n] and the multiplication map fib(f) ®4- fib(f) — fib(f) is zero.

We say that a derivation n: A — A & M[1] is n-small if the associated square-zero extension
AT — A is n-small.

Remark 10.3.7. Let f: A’ — A be amorphism in CAlg=" and assume that fib( f) is concentrated in
degrees [n, 2n]. Then we in particular have fib( f) € Modi/". By connectivity of A’, it then follows

that fib(f) ®4 fib(f) € Modf‘,zn. Since we also assume fib(f) € Modf‘,zn, we get an isomorphism

Homy (fib(f) ®a’ fib(f), fib(f)) = Homa (t<2x (fib(f) ®a- fib(f)), 7524 (fib(f)))
= Homy (1, fib(f) ®° 7, fib(f), w2 fib(f)).

We conclude that the multiplication map fib(f) ®a4- fib(f) — fib(f) is zero if and only if a certain
map
7, fib(f) ®7 7, fib(f) — 72, fib(f)

. . Q?
1S zero in ModﬂO(A,).

In particular, this condition is trivially satisfied if 5, fib(f) = 0.

Construction 10.3.8. The assignment (A, M) — Der(A, M) defines a functor Mod — An given as
the composite

A,M)— (A<M —A (B—A)—H (A,B)
Mod M2t , Fun([1], CAlg) oA An.

We let Der — Mod denote the associated cocartesian unstraightening. We identify the objects
of Der with triples (A, M, n) consisting of a commutative ring spectrum A, an A-module M and
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an M-valued derivation  of A. A morphism (A, M,n) — (B, N,¢) consists of a morphism of
commutative ring spectra f: A — B, a morphism of A-modules ¢: M — f.N, and a commutative
triangle in CAlg, 4 of the form

AxM

2
A Axgp
£ (€) Aw fN.

By functoriality of pullbacks, the assignment (A, M,n) +— (A7 — A) refines to a functor
@: Der — Fun([1], CAlg).
Theorem 10.3.9 ([Lurl7, Theorem 7.4.1.26]). The functor @ restricts to an equivalence
D, sm: Dery g — Fun, ¢ ([1], CAlg)

between the full subcategory Der,,_sm C Der spanned by the n-small derivations and the subcategory
Fun,, s ([1], CAlg) C Fun([1], CAlg) by the n-small extensions.

Proof. [Proof omitted, though it may be added in at some later point. ] O

Corollary 10.3.10. Every n-small extension is a square-zero extension.

Proof. By the theorem every n-small extension is in the essential image of ®,,, hence in particular
in the essential image of ®. O

As mentioned, one of the primary sources of examples of square-zero extensions are Postnikov
towers:

Lemma 10.3.11. Let A € CAlg=° be a connective commutative ring spectrum. For each n > 0, the
map T<nA — T<,-1A Iis a square-zero extension.

Proof. By Corollary 10.3.10, it will suffice to show that the morphism 7<,A — T<;-1A is n-small.
The fiber is 7, (A)[n], which is concentrated in degree n, which is contained in [n,2n]. In light
of Remark 10.3.7, checking that the map is n-small then reduces to checking that a certain map on
homotopy groups vanishes, which is trivial in this case since 7y, (7, (A)[n]) = 0. O

10.3.2 Deformations of commutative ring spectra

We will now introduce an analogue of deformation theory in the setting of higher algebra.

Definition 10.3.12 (Deformation). Let A” — A be a square-zero extension of a commutative ring
spectrum A by an A-module M. Given a commutative B-algebra B € CAlg,, then a deformation
of B to A’ is a pair (B’,a) where B’ € CAlg,, and where « is an equivalence B ~ B’ ®4 A of
commutative ring spectra. In other words, B’ fits into a pushout square in CAlg as follows:

A -3 B

|
A
A— B
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In classical deformation theory, the A-algebra B is usually assumed flat over A, and similarly B’ is
assumed flat over A’. This condition will be automatically taken care of, in light of the following
lemma:

Lemma 10.3.13. Let f: A" — A be a square-zero extension, and consider a deformation B’ of B
to A’, as in the previous definition. Then B is flat as an A-module if and only if B’ is flat as an
A’-module.

Proof. First assume that B’ is flat as an A’-module, so that the functor B’ ® 4 —: Modas — Sp
is t-exact. By associativity of relative tensor products, tensoring with B = B’ ® 4 A is given by
B®s M ~ B’ ®4 M, i.e. the functor B ®4 — factors as

* B, ’—
Mod 4 L Mod 4 L Sp.

Since the t-structures on Mod4 and Mody- are inherited from Sp, it is clear that f, is t-exact, hence
so is B ®4 —, showing that B is flat as an A-module.

Conversely, assume now that B is flat over A. We will show that B’ is flat over A’. By Propo-
sition 9.3.9, it will suffice to show that for any discrete A’-module N € Mod,, =~ Modj’m (ay> the
relative tensor product B’ ® 4 N is again discrete. To this end, let I C mpA’ be the kernel of the

surjective map mgA’ - mpA, giving rise to a short exact sequence of modules over 7gA”:
00— IN<— N -»N/IN — 0.

Tensoring with B’ in Mod 4- gives an exact sequence, and it will suffice to show that B’ ® - IN and
B’ ®4 N/IN are discrete. Since A’ — A is a square-zero extension, we have /> = 0 in m9A’, and
it follows that I acts trivially both on /N and N/IN. Replacing N by IN or N/IN, we can thus
reduce to the case where IN = 0. This implies that N has the structure of a discrete module over
mo(A”) /1 = my(A). We then conclude that B’ ®4- N is isomorphic to B ®4 N, which is discrete by
the assumption that B is flat over A. O

In the situation of Definition 10.3.12, the assumption that A’ is a square-zero extension of A by M
implies that A’ ~ A" for some A-linear morphism 7: L4 — M|[1]. Given a morphism A — B
of commutative ring spectra, this induces a morphism of B-modules ng: f*La — f*M[1]. If we
assume that A, B and M are all connective, then the problem of finding deformations of B to A’ may
be expressed in terms of this map g as follows:

(*) The data of a deformation of B to A’ is equivalent to the data of a factorization of g through
the morphism f*L4 — Lp:

nB

J'La — f*M[1]

L7
-
- ’

Lp.

The deformation B’ corresponding to such a factorization 7’ is the square-zero extension B”" of
B.
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Since the fiber of the vertical map is Lg,4[—1] (see Corollary 10.2.8), the data of such a factorization
n’ is equivalent to the data of a nullhomotopy for the composite

Lpjal-1] > B®a La > By M[1].

Let us now give a precise formulation of this claim.

Construction 10.3.14. Recall from Construction 10.3.8 the co-category Der of derivations, whose
objects may be thought of as triples (A, M,n) where A is a commutative ring spectrum, M is an
A-module and 7: A — A =< M[1] is an M[1]-valued derivation of A. We say a derivation is
connective if both A and M are connective. We define the (non-full) subcategory Der* C Der as
follows:

* The objects of Der" are the connective derivations;

» The morphisms of Der™ are those morphisms (f, ¢, @): (A, M,n) — (B, N, &) such that the
morphism f*M — N induced by ¢ is an isomorphism of B-modules.

Similarly, we denote by
Fun™([1], CAlg) € Fun([1], CAlg)

the (non-full) subcategory spanned by those morphisms A’ — A such that A" and A are both
connective and the fiber fib(A” — A) is connective, and by those morphisms in Fun([1], CAlg) that
correspond to pushout squares in CAlg.

Given an connective derivation (A, M, ), a morphism in Der* out of this object is essentially given
by the data of a morphism f: A — B in CAlg together with a derivation ’: B — B f*M[1] of
B such that the following diagram commutes:

Ax M|[1]
%
A \LAxunit

\
Je(m) Aw £ M[1].

Note that the composite along the top corresponds to the A-linear morphism L 4 XM [1] i
fef*M[1], whichunder the adjunction f* 4 f, isprecisely themapnpg: f*Ls — f*M|[1]. Similarly,

if we identify n’ with a B-linear morphism n’: L — f*M][1], then the derivation f.(n) of A
fnr’

corresponds to the composite morphism Ly — f.Lp —— f.f*M[1], which in turn corresponds
to the composite L4 — Lg SR f*M[1].

If A and M are connective, then so is A” in light of the fiber sequence M — A7 — A. In
particular, the functor ®: Der — Fun([1], CAlg) from Construction 10.3.8 restricts to a functor
®*: Dert — Fun®([1], CAlg).

Theorem 10.3.15 ([Lurl7, Proposition 7.4.2.5, Theorem 7.4.2.7]). The functor ®*: Der" —
Fun*([1], CAlg) is a left fibration.
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Proposition 10.3.16. Let (A, M,n) be a connective derivation. Then the functor ®F induces an
equivalence of co-categories

Der’

P — CAlgS), (B,N[1],7") — B".

Proof. Since @7 is a left fibration, it follows from Proposition 2.3.6 that it induces equivalences
DCI'-(FA’MJ])/ - (Fun+([1], CAlg))(An_)A)/, (B, f*M, 77’) — (B’I’ - B)
on slice categories. It will thus suffice to show that the forgetful functor
(Fun*([1], CAIg))(an—a), — CAlgZ) /

is an equivalence. Indeed, an inverse to this functor is given by sending a morphism A7 — B’ to
the pushout square

Al — B

Lo °

A —— B.

10.3.3 Connectivity results

[To do.]

In the case of classical commutative rings, the cotangent complex encompasses the module of Kéhler
differentials:

Lemma 10.3.17. Let A be a classical commutative ring. Then there is an isomorphism moL s = Q4
of A-modules.

Proof. By the Yoneda lemma, it suffices to show that both objects of Mod, corepresent the same
functor. To this end, note that the fully faithful inclusion CRing < CAlg of commutative rings into
commutative ring spectra induces an equivalence

Der” (A, M) = Homcring, , (A, Ax M) = Homcag,, (A, Ax M) = Der(A, M)

between the set of classical M-valued derivations of A and the anima of M-valued derivations of A
in the sense of Definition 10.2.1. In particular, we get for every M € Mod}, a natural equivalence

Hom, (Ls, M) = Der”(A, M) = Der(A, M) ~ Homu(La, M) ~ Hom}, (7oL, M).

Here the last equivalence holds since L 4 is connective [ref] and M is discrete. O

10.4 Classification of étale algebras

In this section, we introduce a homotopical analogue of the notion of an étale morphism between
commutative rings, and show that étale algebras over a connective commutative ring spectrum A
can be classified in terms of the classical étale algebras over mo(A).
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Definition 10.4.1 (Etale morphism). A morphism f: A — B of commutative rings is called étale
if the following conditions are satisfied:

(1) The commutative ring B is finitely presented as an A-algebra;
(2) The map f exhibits B as a flat A-module;

(3) The multiplication map B®4 B — B is the projection onto a summand, i.e. there exists another
morphism of commutative rings ¢: B ®4 B — R such that p and ¢ induce an isomorphism
B®s B~ BXR.

From a geometric perspective, the étale maps correspond to the (not necessarily surjective) covering
maps in topology.

Definition 10.4.2. Let A be a commutative ring spectrum. A commutative A-algebra B is called:

* Finitely generated and free if there exists a finitely generated free A-module M and an
equivalence B ~ Free(M), where Free: Mods — CAlg, denotes a left adjoint to the forgetful
functor.

* Finitely presented if B is contained in the full subcategory of CAlg, that contains all finitely
generated and free commutative A-algebras and is closed under finite colimits.

Definition 10.4.3. A morphism f: A — B of commutative ring spectra is called étale if the
following conditions are satisfied:

(1) The commutative A-algebra B is finitely presented;
(2) The underlying A-module of B is flat;

(3) The morphism 7o f: mgA — moB is étale in the sense of Definition 10.4.1.
We denote by CAlgit C CAlg, the full subcategory spanned by the étale commutative A-algebras.

Let us state without prove some basic properties of étale maps:

Proposition 10.4.4 ([Lurl7, Remark 7.5.1.7]). Consider a commutative triangle
A
/N
B—"
of commutative ring spectra. If f is étale, then g is étale if and only if h is étale.

Proof. Omitted. O

Proposition 10.4.5 ([Lurl7, Corollary 7.5.4.5]). Let f: A — B be an étale morphism of connective
commutative ring spectra. Then the relative cotangent complex L a vanishes. In particular, the
morphism f*Ls — Lp is an equivalence of B-modules.
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From this result, we deduce the following classification of étale algebras over square-zero extensions:

Proposition 10.4.6. Let f: A’ — A be a square-zero extension of connective commutative ring
spectra. Then the relative tensor product functor

- ®a A: CAlg, — CAlgy

induces an equivalence
—®u A: CAlgg, = CAIg

between étale commutative A’-algebras and étale commutative A-algebras.

Proof. Since A’ is a square-zero extension of A, it is of the form A’ ~ A" for some M[1]-
valued deformation 5: A — A < M[1] of A. Recall from Proposition 10.3.16 that the functor
®: Der — Fun([1], CAlg), (B, N, &) — B¢ induces an equivalence

Der’

Caar, — CAlgZ),  (B,N,n) — B".

Since every étale morphism is flat, it follows that any flat commutative A”7-algebra is connective,
and hence there is a fully faithful inclusion

CAlg¥, < CAlg>2".

We may similarly consider the full subcategory

< Der!

ét
Der (AM.7)/

(A.M.n)/
spanned by those (B, N, n’) such that A — B is an étale map. For every such map, we have a pushout
square

AT — BT

Lol

A — B,

and similar to Lemma 10.3.13 one can show that A — B is an étale morphism if and only if
A" — B is. In particular, the above equivalence restricts to an equivalence

Derf(st‘\,M,n)/ — CAIg},.

It remains to show that the forgetful functor

Der!

(AM.7)/ =5 CAlg‘zt

is an equivalence. Since this functor is obtained from the left fibration Dert — CAlg® by passing
to slices, it is again a left fibration, see Lemma 2.3.5. By Corollary 2.3.2, it suffices to show that the
fiber over every commutative étale A-algebra f: A — B is contractible. Unwinding definitions, we
see that this fiber equivalent to the fiber over i of the map

Der(B, f*M) — Der(A, f.f*M), n - fn.
Equivalently, this is the fiber of the map
Hompg(Lp, f*M) — Homp(f*La, f*M)

given by precomposition with f*L4, — Lp. But since f is étale, this map is an equivalence by
Proposition 10.4.5. This finishes the proof. O

200



In particular, we obtain the following important theorem:

Theorem 10.4.7 ([Lurl7, Theorem 7.5.0.6]). Let A be a connective commutative ring spectrum.
Then the functor
my: CAlgS — CAlg®

TTHA

is an equivalence.

Proof. We claim that an inverse is given by the base change functor
(—) ®nya A: CAlgS , — CAlg§.

Recall from Lemma 10.3.11 that each map 7<,A — 7<,-1A4 is a square-zero extension, hence by
the previous proposition induces an equivalence on étale algebras. It follows that the functor

(=) ®noa T<nA: CAlgS 4 — CAlgY
is an equivalence for all n > n, with inverse given by forming 7. In particular, the functor
mo: lim, CAlgS , — CAlgd ,

is an equivalence. But also the functor (7<;): CAlg‘i\t — lim, CAlgi‘(ﬂ 4 1s an equivalence since
B ~ lim,, 7, B for all B. ) O
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A EXxercises

Here is a collection of exercises related to the content of the course. These exercises do not need to
be handed in.

Classical operad theory

Exercise A.1 (Equivariance conditions). In the definition of an operad, we have not been precise
about the precise way in which the permutation Z,-action on O(n) is supposed to interact with the
composition structure. In this exercise, you will formulate the two missing conditions one should
put on an operad.

Let O be a non-colored operad, and consider operations P € O(k) and Q; € O(n;) fori =1,...,k.

(1) Consider a permutation o € . Using the motivating example of the endomorphism operad
O = Endc(A), write down a rule for expressing the operation

(Po)(Q1,...,0k)

as an operation of the form P(Ry, ..., Ri)7 for certain operations R; and a certain permutation
T € X,, where n := Zf;l n;.

(2) Consider permutations o; € X%, foralli = 1,..., k. Again using O = Endc(A) as motivating
example, write down a rule for expressing the operation

P(Qy01, ..., Qk0%)
as an operation of the form P(Q1, . . ., Q)7 foracertain permutation r € X,,, wheren := Zle n;.

Exercise A.2 (The associative operad). Write out the composition maps and the X, -actions in the
case of the associative operad Assoc.

Exercise A.3 (Lie operad). Look op the definition of the Lie operad Lie over a given field K. Give
a precise description of the sets Lie(n) for all n and of the composition structure of the operad.

Bonus question: Look up the definition of an enriched operad, and explain in what sense the Lie
operad over the field K is enriched in K-vector spaces. Also explain why its algebras in the symmetric
monoidal category Vectg are precisely the Lie algebras.

Exercise A.4. Let C be a symmetric monoidal category. Show that:
* Jriv-algebras are simply objects of C;
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» &p-algebras are ‘pointed objects’ of C, i.e., objects A equipped with a ‘unitmap’ n: 1 — A.

* Comm-algebras are objects A equipped with mapsn: 1 — Aand m: A ® A — A which are
unital, associative and commutative.

» Assoc-algebras are similar but without commutativity.

Exercise A.5 (Initial and terminal operads). Show that the commutative operad Comm is the terminal
operad and that the trivial operad 77iv is the initial operad.

Exercise A.6 (Little cubes operad). Spend some time understanding the 1-dimensional little cubes
operad &;. Explain how we may think of &; as a topological operad, i.e., each & (n) is a topological
space and all the structure maps are continuous. Show that there is an operad morphism &, — Assoc
which induces homotopy equivalences & (n) — Assoc(n) for all n > 0.

Remark: In more classical setups, for example when working with model categories, the homotopi-
cally correct operad to work with is often &;. This is the reason that in older literature you will often
find the phrase ‘€;-algebra’ in places where we would say ‘associative algebra’.

Exercise A.7 (Left module operad). Spell out the composition maps in the left module operad

L Mod.

Exercise A.8. Let O be a colored operad, and let C be a symmetric monoidal category. Recall that
we defined an O-algebra as a morphism of colored operads A: O — M. Spell out in explicit
terms all the data contained in such an O-algebra. In the special case of O = L Mod, verify that
this structure precisely encodes a pair (A, M) of an associative algebra A in C together with a left
module M over it.

Remark: Saying ‘left’ versus ‘right’ is just a convention, the same operad also encodes right actions.

Exercise A.9. Compute the envelope Env(Assoc) of the associative operad, and show that it may
be described as follows:

* The objects are finite sets /;

* The morphisms I — J are tuples (f,=;) consisting of a morphism f: I — J of finite sets
and a collection of linear orders <; on each of the preimages f “1(j) of f;

* The symmetric monoidal structure is disjoint union.

Exercise A.10. Show that the assignment O +— Env(Q) is functorial: every morphism of operads
O — P induces a functor Env(Q) — Env(P).

Exercise A.11. Show that the assignment O — Env(QO) is left adjoint to the assignment C — M
for an operad O and a symmetric monoidal category C, there is a bijection between operad morphisms
O — M and symmetric monoidal functors Env(Q) — C.

Cocartesian fibrations and straightening/unstraightening

Exercise A.12. Let C be an co-category and consider p :=ev;: Fun([1],C) — C.
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(1) Show that a commutative square

X — X

y L5y
is p-cocartesian (when regarded as a morphism in Fun([1], C) from ()f) to ()i)) if and only
if the map X — X’ is an isomorphism. Y Y

(2) Conclude that p is always a cocartesian fibration.

(3) Show that a commutative square like the one above is p-cartesian if and only if it is a pullback
square in C. (Since pullback squares are also called ‘cartesian squares’, this explains the name
‘cartesian morphisms’).

(4) Conclude that p is a cartesian fibration if and only if C admits pullbacks.

Dualize this statement by showing that evg is always a cartesian fibration and that it is additionally
a cocartesian fibration if and only if C admits pushouts.

Exercise A.13. Consider the category VectBund whose objects are pairs (X, E) consiting of a
topological space X and a real vector bundle p: E — X, and whose morphisms are commutative
squares

E Ly E

A
x Ly x

of topological such that F induces R-linear maps E, — E } (x) O fibers. Show that the forgetful
functor VectBund — Top, (X, E) — X is a cartesian fibration.

Exercise A.14. Let p: D — C and g: E — D be two cocartesian fibrations.
(1) Show that pg: E — C is again a cocartesian fibration.

(2) Show that the functor p is a cocartesian functor over C.

Exercise A.15. Consider a pullback square of co-categories of the form

E LIy E
L
ClHCa

where p is a cocartesian fibration. Show that p’ is a cocartesian fibration as well, and a morphism
f:x — yin E’ is a p’-cocartesian morphism if and only if G(f) is a p-cocartesian morphism.

Exercise A.16. For a functor p: E — C, consider the full subcategory
{p-cocart} C Fun([1],C)

spanned by the p-cocartesian morphisms.
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(1) Show that the functor
{p-cocart} — E X, c.evo Fun([1],C), (¢: e —€') — (e, py)
is fully faithful.
(2) Deduce that p is a cocartesian fibration if and only if this functor is an equivalence.

(3) Use this equivalence to show that for every morphism f: x — y, the assignment e — fie
from Notation 2.1.3 can be enhanced to a cocartesian transport functor

hiEx > E,y.

Exercise A.17. A morphism f: Y — X of animae is called a covering if all its fibers are sets, i.e.,
if all their higher homotopy groups vanish. Letting Cov(X) C An/x denote the full subcategory
spanned by the coverings, deduce that the straightening equivalence induces an equivalence

Cov(X) = Fun(IT; (X), Set)

between the category of covering spaces over X and the category of functors IT; (X) — Set. Explain
how this provides a high-tech version of the classical classification of covering spaces.

Exercise A.18. Let / and C oco-categories, and let F = constc: I — Caty be the constant functor
with value C.

« Show that the colimit of F is the product C x |||, where ||I|| := C[all™'] is the geometric
realization of / (obtained by inverting arbitrary morphisms).

* Show that the limit of F is Fun(]|/||, C).
¢ Conclude that for an anima X we have colimy * ~ X.

Exercise A.19. Use the formula for colimits in Cat,, to compute the pushout in Cat,, of the following
diagram:

(You may take for granted that for a 1-category I the unstraightening of a functor I — Cat,, that
happens to land in the subcategory Cat; C Caty, of I-categories is again a I-category, computed by
the Grothendieck construction.)

Categories as complete Segal animae

Exercise A.20. Show that composition in a Segal anima is unital and associative.

Exercise A.21. Consider the functor A — A which sends [n] to the poset [#]°P % [n] = [2n + 1]
that has 2(n + 1) elements n,n — 1,...,1,0,0, 1,...,n with partial order given by

n<n-1<---<1<0<0<1<---<n.
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» Show that this assignment extends to a well-defined functor D: A — A;

* Show that for every co-category C, the simplicial anima NTw(C) € sAn defined as the

composite

D°pP Homcyy,, (-,0)
A® Z—5 AP — Cat®® ———— "5 An

is a complete Segal anima, hence is equivalent to the nerve N(Tw(C)) of some co-category
Tw(C).

* Produce natural transformations s: [n]°P — [n]°? x [n] and ¢: [n] — [n]°P % [n] given by
s(i) =i and £(i) = i. Deduce that there are functors

s: Tw(C) - C® and t: Tw(C) — C.

Show that the fiber of (s,7): Tw(C) — C°P x C over (x, y) is equivalent to Hom¢ (x, y).

In the following two exercises, you may freely use that filtered colimits commute with finite limits
in An.

Exercise A.22. Show that the subcategory CSeg(An) C sAn is closed under limits and filtered

colimits. Deduce that the nerve functor N: Cat,, < sAn preserves filtered colimits and that finite
limits commute with filtered colimits in Cate,.

Exercise A.23. Show that, for every finite category I, the functor Homcy (7, —): Cate, — An
preserves filtered colimits.

Applying this exercise to I = = in particular shows that the core functor (—)~: Cat,, — An preserves
filtered colimits.

Extensive categories

Exercise A.24. Show that the category Fing of finite G-sets is extensive for every finite group G.

Exercise A.25. Show that the categories Top and Sch of topological spaces and schemes, respectively,
are extensive.

Exercise A.26. Show that An is extensive.

Exercise A.27. Let C be an co-category with finite coproducts. Show that C is extensive if and only
if it satisfies the following two conditions:

* Coproducts in C are disjoint: for objects X and Y, the commutative square

Z

NS

—
— XuY

is a pullback square.
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* Coproduct decompositions are stable under pullback: given a morphism f: Z — X UY, the
map Zx U Zy — Z is an isomrphism, where Zx and Zy are defined by the following two
pullback squares:

Zxy —— Z Zy —— Z
L©oboe [
X —— XuY Y —— XuyY.

Exercise A.28. Show that C is extensive if and only if it has finite coproducts and for all n > 0 and
objects X1, ..., X, the coproduct functor

n
l_[ C/Xi - C/Ui X;
i=1

is an equivalence.

Span categories

Exercise A.29. Use the results on commutative monoids in semiadditive co-categories from last
semester to prove that Span(Fin) is the free semiadditive co-category on a single generator: for every
semiadditive co-category C, evaluation at the one-point set (1) € Fin induces an equivalence

Fun™(Span(Fin), C) = C

of co-categories.

co-operads

Exercise A.30. Show that the following functors are examples of co-operads:

¢ Comm = (Span(Fin), id);

* Friv = (Fin®P, inclusion);

e Jrivg = (*,inclusion);

(Fin), inclusion).

* &y = (Span

all,inj

In each case, compute the multimorphism sets and compute the corresponding composition of
multimorphisms, and show that these co-operads do indeed agree with their classical counterparts
discussed in Section 1.1.

Exercise A.31. Show that Comm is a terminal object in Op,,. Show that 77ivg is an initial object in
Op.,-

Exercise A.32. Given a symmetric monoidal co-category C and objects xy,...,x,,y € C~, show
that the anima Mc¢ ((x1,...,x,);y) is naturally equivalent to Homc (x; ® - - - ® x5, y).
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Exercise A.33. Let O be an co-operad. Show that O is (the multimorphism operad of) a symmetric
monoidal co-category if and only if for every n > 0 and every tuple (xy,...,x,) of colors, there

exists a cocartesian lift (x1,...,x;) — x; ® - -+ ® x, over the span (n) «— (n) — (1).

Similarly, given symmetric monoidal co-categories C and D, show that an operad map f: M¢ —
Mp lies in the image of the functor M: Catl, — Op,, if and only if the map f®: C® — D®

preserves the cocartesian lifts (x1,...,x,) = x1 ® - - - @ x,, of the span (n) « (n) — (1) for every
n>0.

Exercise A.34. Let I be an co-category. In this exercise we will construct the co-operad T7iv;.

(1) Let p: Fin(I) — Fin denote the cartesian unstraightening of the functor /(~): Fin° — Cat,,
right Kan extended from the point. Show that Fin(/) admits finite products and is extensive.

(2) Show that the composite
op
Fin(7)°P L2 Fin® — Span(Fin)

is an co-operad. This co-operad is denoted 7riv; and called the trivial co-operad on 1.

(3) Let O be an co-operad. Show that restriction along the inclusion 7°P < Fin(7)°P induces an
equivalence

Fung,_ (7rivy, O) = Fun(I°P, Oﬁ>).

(4) Conclude that for a symmetric monoidal co-category C, Trivy-algebras in C are functors
I°° — C:
Algg;, (C) = Fun(I?, C).

Exercise A.35. Let O be an co-operad. Show that there is an equivalence
Triv X O = Trivg,,
between the product of O with the trivial operad and the trivial co-operad on Oy.

Exercise A.36. During the lecture, we saw the following two statements:

(1) The right adjoint R of a symmetric monoidal functor L: C — D admits a canonical lax
symmetric monoidal structure.

(2) The left adjoint L of a lax symmetric monoidal functor R: D — C admits a canonical
symmetric monoidal structure whenever certain comparison maps

L(® Xi) — ® L(X;)
i-1 i-1

are isomorphisms in D.

Formulate and prove versions of these statements for O-monoidal co-categories for an arbitrary
oo-operad O.
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In the lecture, we proved a criterion for a morphism in a span category to be a cocartesian morphism.
The main application of this result is Barwick’s unfurling construction, which we will now formulate
as a series of exercises.

Definition A.37. Let (C,Cr,Cg) be an adequate triple. A functor p: E — C is called a Beck-
Chevalley fibration with respect to (Cr, Cg) if the following three conditions are satisfied:

(1) For every morphism /: X — Y in C;, and every object ¥ of E lifting Y, there exists a p-cartesian
lift7: X — ¥ of [;

(2) For every morphism r: X — Y in Cg and every object X of E lifting X, there exists a p-
cocartesian lift 7: X — Y of r;

(3) Consider a commutative square

N
L
in E whose image in C is a pullback square satisfying p(I) € Cy and p(r’) € Cg, and for which

7 is p-cocartesian while [’ is p-cartesian. Then the morphism r’ is p-cocartesian if and only if
[ is p-cartesian.

We let Fiblz’CR(C ) € (Catw),c denote the (non-full) subcategory spanned by the Beck-Chevalley
fibrations p: E — C with respect to (Cr,, Cr) and by those functors E — E’ over C which preserve
p-cartesian morphisms over Cy and p-cocartesian morphisms over Cg.

Remark A.38. The three conditions may be interpreted as follows:

(1) Forl: X — Y in Cr, we get a functor [*: Ey — Ex on fibers.
(2) Forr: X — Y in Cg, we get a functor r;: E, — Ey on fibers.

(3) For a pullback square
X 5 X

AN

Y’ ;) Y
in C with [ € Cp and r € Cg, the ‘canonical’ transformation r!’l’* — [*ry is a natural
isomorphism, making the following square commute:

r
Exr —— Ex

T T

Eyr —3 Ey.

Exercise A.39. Prove the equivalence between the two versions of condition (3).
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Exercise A.40. Let (C,Cr,Cg) be an adequate triple and let p: E — C be a Beck-Chevalley
fibration with respect to (Cr, Cr). Show that the functor

Span(p): Span(E,p~'(Cr) N EP", p~!(CR)) — Span(C,Cy,Cg)
is a cocartesian fibration.

Exercise A.41. Let F: C — Cat,, be afunctor with cocartesian unstraightening p : E := Un*“(F) —
C, and let Cy, € C be a wide subcategory closed under base change (i.e. (C,Cr, C) is an adequate
triple). Show that p is a Beck-Chevalley fibration with respect to (C, Cr) if and only if the functor
[y := F(Il) admits a right adjoint [* for every morphism [ in C, and if for every pullback square

X X
1l
Y ——Y
in C with [ € Cf, the canonical ‘Beck-Chevalley transformation
rpre Mooqwq s w ek £ g%
rnl” = Uhnl™ =l —
is a natural isomorphism of functors F(Y’) — F(X).

In particular, the combination of the previous two exercises shows that the functor F we started with
admits a canonical extension

Unf(F): Span; ,;(C) — Cat,

which on backwards maps is given by the right adjoints. This extension is called the unfurling
construction of F, originally due to Barwick [Bar17]. The situation for left adjoints is dual:

Exercise A.42. Let F: C°P — Cat,, be a functor with cartesian unstraightening p: E := Un°'(F) —
C, and let Cr C C be a wide subcategory closed under base change (i.e. (C, C, Cg) is an adequate
triple).

(1) Provide conditions on F such that p is a Beck-Chevalley fibration with respect to (Cg, C).
(2) Conclude that F extends to a functor
Span,; g (C) — Cats

which on forward maps implements the left adjoints to r* := F(R).
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B Recollections on higher category the-
ory

This course is a follow-up of the previous course Introduction to stable homotopy theory, and we
will build upon the theory developed in that course. In particular we will freely use the ‘model-
independent’ language of co-categories, functors, and natural isomorphisms as introduced in that
course. Lecture notes may be found here. For the convenience of the reader, we will quickly recap
the main properties and definitions.

Throughout this course, we will think of co-categories as a primitive notion, just like sets are taken
to be primitive in ordinary mathematics. What this means is that we take for granted that we may
speak of co-categories, functors and natural isomorphisms, without concerning ourselves with any
specific choice of implementation of these notions. In particular, all of our theory will be developed
in this ‘model-independent’ language.

There are various ways of constructing new categories from old ones, described by the following
rules:

(B.1) A terminal oco-category =: for every co-category C there is a functor pc: C — *, and for any
two functors F, G: C — = there is a natural isomorphism F = G.

(B.2) An initial co-category 0: for every C there is a functor § — C, and for any two functors
F,G: 0 — C there is a natural isomorphism F = G.

(B.2’) The oo-category 0 is strictly initial: every functor C — @ is an equivalence.

(B.3) For every two co-categories C and D a product C x D with functors pro: C X D — C and
prp: C x D — D: functors E — C X D are specified by giving the two components £ — C
and £ — D, and natural isomorphisms between functors £ — C x D are specified by giving
natural isomorphisms between the components.

(B.4) Similarly there is a coproduct C U D with functors ic: CU D andip: D — C U D: functors
C U D — E are specified by giving the two components C — E and D — E, and natural
isomorphisms between functors C U D — E are specified by giving natural isomorphisms
between the components.

(B.4’) Coproducts are universal: a functor £ — C U D into a coproduct can essentially uniquely be
written in the form Ec L Ep — C U D for two functors Ec — C and Ep — D.
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(B.5) For functors F: C — E and G: D — E there exists a pullback C Xg D with functors
prc: CXg D — Cand prpp: C Xg D — D and a natural isomorphism F o pr~ = G o prp.
Functors T — C Xg D are specified by giving two components t: T — C and s: T — D
together with a natural isomorphism F of = G o s. One may similarly specify natural
isomorphisms between two functors T — C Xg D.

(B.6) For co-categories C and D there is a functor category Fun(C, D). Every functor F: EXC — D
gives rise to a curried functor F.: E — Fun(C, D) and conversely every functor G: E —
Fun(C, D) gives rise to an uncurried functor G*: E X C — D, satistying F = (F.)*
and G = (G").. We may similarly curry/uncurry natural isomorphisms between functors.
Currying is demanded to be functorial in E.

For every n > 0, there is a poset [n]{0 < 1 < --- < n}. We may regard this poset as a category
(hence an co-category) in which there is a (unique) arrow from i to j if and only if i < j:

[7] = 0O —-1—> ... > n.

The category [0] is equivalent to the terminal category. We are especially interested in the categories
[0], [1] and [2] as they allow us to define objects, morphisms and commutative triangles:

Definition B.1. Let C be an co-category.

(1) An object in C is a functor x: * — C;

(2) A morphismin C is a functor f: [1] — C. Composing withQ: = — [1] and 1: % — [1] define
its source f(0) and its target f(1). We will generally write f: x — y to indicate that the source
of f is (isomorphic to) x and the target is (isomorphic to) y.

(3) For objects x and y of C, we define the Hom anima of C as the following pullback:

Hom¢ (x,y) —— Fun([1],C)

4
l \L(SVO’BVI )

(x,y)

¥ ————% CxC.

Note that the objects of Hom¢ (x, y) are precisely the morphisms f: x — y in C. Given functors
F,G: C — D, we write
Nat(F, G) := Homgyy(c,p) (F, G)

for the Hom anima in the functor category. Its objects a: F — G are called natural transfor-
mations from F to G.

(4) A commutative triangle in C is a functor o: [2] — C. We will generally draw commutative

triangles as
y
o = 7 \gl

xT>z,

where f =0 ody,g=0odyand h =0 od.
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To guarantee that these notions behave as expected, we impose the following three properties:

D)

(E)

(F)

Commutative square axiom: the data of a commutative square [1] X [1] — C is the same as
that of two commutative triangles [2] — C that agree along their diagonal:

xL)

|

L

<
><
/l\

=

© 8 l\lh

w.

S
N
»\L

Segal axiom: for every pair of composable morphisms f: x — y and g: y — z, there is an
essentially unique commutative triangle o: [2] — C of the form

y
Y
X —= g hy f_ - Z.
More precisely, the restriction functor

(dy, d3): Fun([2],C) — Fun([1],C) x¢ Fun([1],C), o (g f)

is an equivalence of co-categories. Inverting this map and passing to fibers results in a compo-
sition map
— o —: Hom¢(y, z) x Homc(x, y) — Home (x, 2)

for all x, y,z € C. One can show that composition is unital and associative: there are natural
isomorphisms

idyof = f=foide and  ho(gof)=(hog)of,
where f:x = y,g:y—>zand h: 7 > w.

Rezk axiom: We say a morphism f: x — y in C is invertible, or an isomorphism, if it has both
a left-inverse and a right-inverse, i.e. there are morphisms g: y — x and &: y — x satisfying
gf = idy and fh = idy. This defines a subcategory Iso(C) € Fun([1],C) consisting of
the invertible morphisms. We then demand that every isomorphism in C is isomorphic to an
identity morphism; or more precisely that the map

C - Iso(C), x> idy

is an equivalence of co-categories.

Definition B.2. The simplex category A is the category of non-empty finite linearly ordered sets and
order-preserving maps between them. A simplicial object in an co-category C is a functor A — C.
We write

sC := Fun(A®, C)

for the co-category of simplicial objects in C.
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Definition B.3. An co-category C is called an anima' or (co-)groupoid if every morphism in C is
invertible.

Proposition B.4. For objects x and y of an co-category C, the Hom anima Home (x, y) is an anima.

(G) Groupoid core axiom: For every oco-category C, there is an anima C~ called the (groupoid)
core of C, which comes equipped with a functor y¢: C= — C. Every functor F': X — C from
an anima X factors through yc, and for functors G, H: X — C~ every natural isomorphism
vc © G = yc o H may be lifted to a natural isomorphism G = H.

Furthermore, the groupoid core of [1] is equivalent to s LI *.

Definition B.5. For co-categories C and D, we write Map(C, D) for the anima Fun(C, D)~.

Definition B.6. A functor F': C — D is called fully faithful if for every pair of objects x and y of
C, the induced map of animae

F: Hom¢ (x,y) —» Homp (Fx, Fy)
is an equivalence.

Definition B.7. A functor F': C — D is called essentially surjective if for every object y of D there
exists an object x of C together with an isomorphism Fx = y.

Theorem B.8 (Joyal, [Lan21, Theorem 2.3.20], [Cis+24, Theorem 6.3.1]). A functor F: C — D is
an equivalence if and only if it is fully faithful and essentially surjective.

Theorem B.9 (Joyal, [Lan21, Theorem 2.2.1], [Cis+24, Theorem 6.2.10]). Let F,G: C — D be
two functors and let a: F = G be a natural transformation. Then « is a natural isomorphism if
and only if for every object x of C the morphism a(x): F(x) — G(x) is an isomorphism in D.

(H) For every oo-category C there is an opposite category C°P. Similarly every functor F: C — D
induces an opposite functor F°P: C°? — D°P_and this process respects composition of functors.
We have equivalences (C°P)°P ~ C and (F°P)°P ~ F,

If C and D are ordinary categories then C°P and F°P agree with the usual constructions of
opposite categories.

If X is an anima then we have an equivalence X°P ~ X.

Since functors [1] — C°P correspond to functors [1] = [1]°? — (C°P)? ~ C, we see that
morphisms in C°P are just morphisms in C but with source and target flipped: for objects x and y
there is an equivalence

Homgop (x, ) = Home (y, x).

Also, since [2] =~ [2]°P, this correspondence between morphisms in C and morphisms in C°P
preserves composition.

Definition B.10 (Limit/colimit). Let / and C be co-categories and let F': I — C be a functor.

I'The plural of ‘anima’ is either ‘anima’ or ‘animae’, depending on taste.
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(1) A cone on F is an object X in C together with a natural transformation £: consty — F of
functors I — C.

(2) A cone (X, ¢) is called a limit cone if for every other object Y of C the composite

t o—
Hom¢ (Y, X) BELN Nat(consty, consty) RN Nat(consty, F)
is an equivalence.

In this case, the object X is called the limit of F. It is unique up to contractible choice, and will be
denoted either by lim; F' or lim;¢; F (7).

Dually, one defines a cocone to be a natural transformation r7: F — consty. It is a colimit cone if
for every Y the composite

t —on
Hom¢(X,Y) =~ Nat(consty, consty) —— Nat(F, consty)

is equivalence.

Definition B.11. We say an oco-category C admits all I-indexed (co)limits if for every functor
F: I — C there exists a (co)limit (co)cone for F. If G: C — D is a functor between co-categories
that admit /-indexed (co)limits, then we say that G preserves I-indexed (co)limits if for every
F: I — D, the functor G sends (co)limit (co)cones of F in C to (co)limit (co)cones of GF in D.

Limits and colimits of the unique functor ) — C can be characterized concretely due to the fact that
Fun(0, C) = =:

Definition B.12 (Initial/terminal objects). An object X of an co-category C is called terminal if for
every other object Y the Hom anima Hom¢ (Y, X) is contractible. We say that Y is initial if for every
other Y the Hom anima Hom¢ (X, Y) is contractible.

Definition B.13. We define the co-category | via the following pushout square of co-categories:

Lo

[1] —

In particular, a functor F: J — C by definition corresponds to a pair of morphisms f: X — Z
and g: Y — Z in C. One can show that a cone constyy — F on F corresponds to a commutative
square in C of the form

X

17

Z.

N =

—
g
—
We say that such a square is a pullback square if the corresponding cone constyy — F' is a limit

cone. In this case we also write W = X X Y.
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The story for pushouts is entirely dual, giving a notion of a pushout square: a commutative square

7z vx

]

Y — W
whose associated cocone F' — consty is a colimit cocone. In this case we write W = X Liz Y.

Definition B.14. A functor F': C — D is called a monomorphism, or an embedding, if the commu-
tative square

C | e— C
I
C — D
is a pullback square, i.e., the functor Ap := (id¢,id¢c): C — C Xp C is an equivalence of co-

categories.

Definition B.15. Let C be an oo-category. A collection of morphisms in C is a monomorphism
M — Map([1],C). We say it is closed under composition if the following two conditions are
satisfied:

* For amorphism f: x — yin C,if f € M then also id, € M and id, € M;
* For morphisms f: x — yandg: y —» zinC,if g, f € M thenalsogo f € M.
(I) Consider an co-category C equipped with a collection of morphisms m: M < Map([1],C)
of C which is closed under composition. Then there exists an co-category (M )¢ equipped

with a functor ips : (M)c — C which is universal among functors D — C whose induced
map Map([1], D) — Map([1], C) on morphisms factors through M.

We refer to (M)¢ as the (non-full) subcategory spanned by the morphisms in M.

We may also form full subcategories in which we only select a collection of objects and then take
all morphisms between those objects:

Construction B.16. Consider an embedding I' <— C=. We define Mr as the following pullback:

My —— Map([1],C)

.
Lo e

'l —— C=xC~.

We refer to {Mr)¢ as the full subcategory spanned by the objects in T".

Another important co-categorical construction is that of localizations, where we formally invert a
collection of morphisms in an co-category:

(I) For every oo-category C and every collection of morphisms W < Map([1], C), there exists
a functor /: C — C[W~!] exhibiting C[W~!] as a localization of C at the morphisms in W:
it sends the morphisms in W to isomorpisms and is universal with this property.
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Example B.17. The functor p[i}: [1] — = exhibits * as a localization of [1] at all its morphisms.

In the case where W consists of all morphisms in C, we denote the localization by ||C|| and call it
the geometric realization of C.

(J) For every co-category C, the geometric realization ||C|| is an anima.

(K) There is an oo-category Cat,, whose objects are called small co-categories. Every object
¢ € Caty, defines an co-category C. For objects ¢, d € Cat,, corresponding to co-categories C
and D, there is an equivalence of animae

Homcy (¢, d) — Map(C, D),
and in particular morphisms in Cat,, correspond to functors of co-categories. Composition in
Cat,, corresponds to composition of functors.
The co-category Cat,, admits all /-limits and /-colimits for every small category 1.

The oo-category Cats, is closed under all constructions of co-categories introduced so far:
initial/terminal co-categories, (co)products, pullbacks, functor categories, groupoid cores, sub-
categories, and localizations. The co-categories [n] are small for all n > 0.

Definition B.18. We define the co-category of animae as the full subcategory
An C Cat,,

spanned by the animae.

The composite functor

| =|:=colim y op

s
I : Top 2™, sSet C sAn = Fun(A®”*, An) ————— An

exhibits the co-category An as a localization of the 1-category of topological spaces at the weak
homotopy equivalences. We may therefore think of An as the co-category that captures the weak
homotopy types of topological spaces (and indeed in the literature it is often called the ‘co-category
of spaces’). It is often much more convenient to formulate constructions directly in An rather than
trying to directly model them at the level of Top.

When X is a topological space, we refer to the anima I, (X) as its fundamental co-groupoid or
underlying anima.

For an co-category C, the Hom animae Hom¢ (X, Y) assemble into a Hom functor
Hom¢: C? x C — An.
In particular every object X € C defines a functor Yy := Hom¢(—, X): C? — An.

Theorem B.19 (Yoneda lemma). For a functor F: C°® — An and an object X € C there is an
equivalence
Nat(Yx, F) = F(X), (p: Yx = F) > ¢(idy).

In particular the Yoneda embedding
Y: C — Fun(C®, An), X — Homc¢ (-, X)
is fully faithful.
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Theorem B.20. The functor Homc(—,—): CP X C — An preserves limits in both variables
separately.

The final aspect of category theory that I wish to introduce is the notion of an adjunction:

Definition B.21. Let F: C — D and G: D — C be two functors. An adjunction between C and D
consists of a natural isomorphism

Homp (F(-),—) = Hom¢ (-, G(-))

of functors C°? X D — An. We often write F 4 G to indicate that such an isomorphism has been
given.

As in ordinary category theory, adjunctions may equivalently be characterized in terms of a unit
n: ide — GF and a counit : FG — idp satisfying the triangle identities (¢F)(Fn) = idr and
(Ge)(nG) = idg. An important feature of adjunctions is that they can be characterized pointwise:
given a functor F': C — D, if one can provide for every object Y of D a suitable object G(Y) of C
equipped with a map gy : FG(Y) — Y satisfying a suitable adjointness condition, then these objects
automatically assemble into a right adjoint G: D — C, and the maps gy assemble into a counit &
for the adjunction.
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