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Introduction

Stable homotopy theory started off as a branch of algebraic topology that emerged in the
mid-20th century as mathematicians sought to understand the behavior of homotopy groups
in high dimensions. The key insight was the Freudenthal suspension theorem [Fre37]: if X
is a CW-complex with one 0-cell and no k-cells for 1 < k < n—1, then the canonical map
X — Q¥ X from X to the loop space of its suspension induces an isomorphism

7 (X) = 7 (QEX) = i1 (2X)

on k-th homotopy groups for all 0 < k < 2n—2 (and a surjection for kK =2n—1). Since 2X
is another CW-complex which now has no k-cells for 1 < k < n, we may apply this theorem
another time to £ X, and proceeding in this fashion we see that the sequence

1 (X) = 1 (QEX) - 1 (Q22%X) - ...

eventually stabilizes for every natural number k. The limiting group in this sequence is
known as the k-th stable homotopy group of X and is denoted by 7}'(X). These stable
homotopy groups, while difficult to compute, contain deep geometric and topological
information.

Given pointed CW-complexes X and Y, we may more generally consider the set [ X, Y] of
(homotopy classes of) stable maps from X to Y, defined as the colimit of the sequence

[X,Y]. - [X,Q2Y], — [X,Q°2%Y], — ...;

note that we have Jth(X ) =[S, X]% as a special case. Finite pointed CW-complexes and
stable maps assemble into a category known as the Spanier-Whitehead category [SW53].

The introduction of generalized (co)homology theories by Eilenberg and Steenrod [ES52]
reinforced the centrality of the notion of stability in homotopy theory: the stability iso-
morphism Ey(X) = Er41(ZX) was taken as one of the core axioms. At the same time, it
also made clear that the Spanier-Whitehead category was not quite the right category to
consider: not every generalized cohomology theory can be represented by an object from
this category. Several solutions were proposed, for example by Boardman, Lima, Kan
and Whitehead. It eventually lead to Adams’ definition of the ‘stable homotopy category’
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[Ada74], which contains the Spanier-Whitehead category as a full subcategory. Its objects
are known as spectra:!

Definition. A spectrum is a sequence of pointed spaces X = { X}, },>0 together with homotopy
equivalences X, ~ QX for all n > 0, where Q denotes the loop space functor. A spectrum
X is called connective if the homotopy groups 7 (X,) vanish for k < n.

Spectra are absolutely fundamental in stable homotopy theory, and their role is best com-
pared with the role of abelian groups in commutative algebra. Indeed, most of the familiar
operations on abelian groups admit ‘homotopical’ reflections at the level of spectra:

* Given two spectra X and Y, we may form their direct sum X @Y, which is both the
product and the coproduct in the category of spectra. In particular, the category of
spectra is additive;

* Given two spectra X and Y, we may form their tensor product X ® Y. This gives
rise to the notion of a ring spectrum: a spectrum R equipped with a multiplication
operation m: R® R — R that is ‘coherently’ associative and unital;

* We may talk about modules over a ring spectrum. Familiar notions for modules over
(commutative) rings, like the properties of being projective, perfect, or flat, admit
generalizations to the setting of ring spectra;

* Given a spectrum X and a prime p, we may form its p-localization X, and its
p-completion X”', which have similar behavior as their analogues for abelian groups;

¢ And so on and so forth...

The techniques and concepts of stable homotopy theory, while rooted in algebraic topology,
have found significant applications in numerous neighboring fields of mathematics, like
(derived) algebraic geometry, algebraic K-theory, geometric topology and representation
theory.

Higher category theory

To fully appreciate the pervasive role of (stable) homotopy theory in modern mathematics,
we must first internalize what I call the ‘fundamental principle of homotopy theory’:

Fundamental Principle of Homotopy Theory: When expressing that two
entities are equal, we must always specify how they are equal by providing a
homotopy/isomorphism between them.

'In the older literature these are often called ‘Q-spectra’.
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This principle is already familiar to most mathematicians when applied to mathematical
objects: for instance, when we want to express that two abelian groups A and B are ‘the
same’, we naturally construct an isomorphism A = B between them. In homotopy theory,
we extend this principle to morphisms between objects; for example, two continuous maps
f,g: X — Y are considered ‘equal’ when equipped with a homotopy f ~ g between them.
More broadly, in homotopy theory, the notion of ‘sameness’ is not a property (abinary yes/no
question) but rather structure that must be explicitly provided (a homotopy, isomorphism,
etc.). This shift in perspective originated in algebraic topology, but has by now become
fundamental in many neighboring fields of mathematics.

While this principle appears straightforward, it rapidly gives rise to intricate ‘coherence
problems’. Consider, for instance, the task of defining a homotopical version of an abelian
group A. Following the Fundamental Principle, expressing the associativity of addition
+: AX A — A requires providing a homotopy between the two maps A X AX A — A given
by (a,b,c) — a+(b+c) and (a,b,c) — (a+b)+c. Once such a homotopy is given, one
can construct two distinct homotopies between the maps (a,b,c,d) — a+(b+(c+d)) and
(a,b,c,d) — ((a+b)+c)+d. Requiring these to coincide necessitates the introduction of
homotopies between homotopies. This process continues indefinitely, leading to an infinite
hierarchy of higher homotopies, as laid out for instance by Stasheff [Sta63].

The modern solution to such coherence problems lies in the theory of co-categories. Con-
ceptually, an co-category behaves like an ordinary category, but one in which we take the
Fundamental Principle to its logical conclusion. Like an ordinary category, an co-category
has objects X and morphisms f: X — Y, but it also allows for homotopies f ~ g be-
tween morphisms f and g, as well as homotopies between these homotopies, and so on
ad infinitum. Homotopical versions of familiar categorical constructions are conveniently
formulated within this framework: for example, we may define for any co-category C with
finite products a new oco-category CGrp(C) of commutative groups in C, where all the
required higher coherences are automatically built into the objects.

As we will see in the course, there are co-categories S and Sp whose objects are spaces and
spectra, respectively, and whose ‘higher homotopies’ are the expected ones. We will discuss
the following theorem, which provides crucial insight into the nature of stable homotopy
theory:

Recognition Principle for Infinite Loop Spaces (Boardman—Vogt, May and Segal). There
is a fully faithful functor of co-categories

CGrp(S) — Sp

ZFor reasons that will be explained, we will call these objects ‘animae’ in the course, and write An rather
than S for the resulting co-category.



whose image consists of the connective spectra.’

In other words, we may think of a connective spectrum as a “homotopy coherent” analogue
of an abelian group. This result is part of a much broader phenomenon: many algebraic
structures have natural “homotopy coherent” analogues in the world of spectra (think for
example of the ring spectra mentioned before).

While coherence problems in homotopy theory can be (and historically have been) handled
without co-categories, the oco-categorical framework provides a natural setting where the
Fundamental Principle is built into the foundations. For this reason, a significant portion of
this course will be devoted to developing the essential aspects of co-category theory, with a
focus on its applications to stable homotopy theory.

Content of the course

This course will cover the following topics:

(1) Spectra, and their fundamental role through Brown representability.

(2) The language of co-categories, building on the Fundamental Principle of Homotopy
Theory discussed above.

(3) Stable co-categories, with the co-category Sp of spectra as our main example.

(4) Algebraic structures in homotopy theory, including monoids, commutative monoids
and symmetric monoidal co-categories. We will prove May’s recognition principle for
infinite loop spaces mentioned above.

(5) Vector bundles and K-theory.

(6) Localization and completion techniques in stable homotopy theory, including Bousfield
localizations, localization at a prime, and arithmetic completion.

There are two further chapters containing additional material not covered during the course:

(7) Thom spectra, and its relation to classical differential topology.

(8) Duality in stable homotopy theory, culminating in Atiyah duality.

Finally, there are two appendices:

3The difference between spectra and connective spectra is similar to the difference between arbitrary
chain complexes and non-negatively graded chain complexes in homological algebra.



(A) Additional background material on co-category theory.

(B) A discussion of the relation between homotopy pushouts/pullbacks in a model category
C and pushouts/and pullbacks in the underlying co-category C[W™'].
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1 Spectra and Brown representability

In this chapter, we will introduce the most fundamental objects in stable homotopy theory:
spectra.

1.1 Homotopy pullbacks and homotopy pushouts

We start with some recollections regarding homotopy pullbacks and homotopy pushouts.

Definition 1.1.1. Consider maps f: X — Zand g: Y — Z of topological spaces. We define
their homotopy pullback X x% Y as

Xxby:=xx,72% %,y
={(x,p.y) e XxZI%UxY | p(0) = f(x),p(1) =g()}.

We denote by pry: X x% Y — X and pry: X x% Y — Y the two projection maps, and we
denote by H: (X xg Y)x [0, 1] — Z the homotopy given by ((x, p,y),t) — p(t). Note that
H satisfies Hy = f opry and H; = g opry, so that it defines a homotopy between the two
outer composites in the following square:

xxhy 25y
pry % ig
X —— 2.

Ty

In fact, observe that this square is in a sense universal with this data: for an arbitrary space
T,amapT — X xg Y is the same as a pairof maps ry: 7 — X and ty : T — Y together with
a homotopy fotx ~ goty. We will discuss the resulting universal property of homotopy
pullbacks in more detail in Chapter 2, see Section 2.3.2.

Example 1.1.2. Given a map f: X — Y, the homotopy fiber of f at a point y € Y is the
homotopy pullback of f along the map y: « — Y.



Example 1.1.3. The loop space QX of a pointed space (X,x) is defined as the homotopy
pullback of the map x: * — X along itself:

QX =Q(X,x):={p: [0,1] - X | p(0) =p(1) =x}.

We regard QX again as a pointed space with basepoint given by the constant loop at x.
Given a pointed map f: (X,x) — (¥,y), we obtain an induced map Qf: QX — QY given
by Qf(p) := f op. This defines a functor

Q: Top, — Top,,

where Top, denotes the category of pointed topological spaces and pointed maps.

Definition 1.1.4. Consider maps f: Z — X and g: Z — Y of topological spaces. We define
their homotopy pushout X I_IZ Y as

XI_IZY XUz (Zx[0,1])uzY
=(XuzZx[0,1]uY)/=,

where the equivalence relation =~ is generated by identifying (z,0) € Zx [0, 1] with f(z) € X
and (z,1) € Zx[0,1] with g(z) € Y forall z € Z. We denote by tx: X < XULY, x — x and
y: Y —X u% Y, y — y the two canonical inclusions, and we denote by H: Z x [0,1] —
X I_I’% Y the homotopy given by (z,7) — (z,1). Note that H satisfies Hy=txo fand Hy =tyog,
so that it defines a homotopy between the two outer composites in the following square:

N

—>

~
N'%%%

e

—)X Y.

Again, note that this square is universal with this data: for another topological space T, a
map X ug Y — T is precisely the data of maps ry: X — T and ty: ¥ — T together with a
homotopy txyo f ~tyog.

Definition 1.1.5. Given a map f: X — Y of topological spaces, we define the homotopy
cofiber C(f) as
C(f)=Yul«=vuy (X x[0,1])/X x{1}.

Given a map g: Y — Z equipped with a nullhomotopy g o f ~ const,, i.e. a map H: X X
[0,1] — Z with Hy = g f and H| = const,, we obtain a canonical map

C(f)—2Z, y—g(y), (x,1) = H(x,1).

We say that the sequence X i> v3 Zisa cofiber sequence if this map C(f) — Z is a
homotopy equivalence.



Example 1.1.6. When f =idyx: X — X is the identity, the cofiber C(idy) is known as the
cone of X and is denoted C(X):

C(X)=(Xx[0,1])/X x{1}.
Note that C(f) =Y Uy C(X).

Remark 1.1.7. If (X,x) is a pointed topological space, we often want to consider the
reduced cone

C(X):=C(X)/{x}x[0,1].
Similarly, if f: X — Y is a pointed map, we may consider the reduced cofiber C(f) =

C(f)=YUuyxC(X). A sequence X L v Zof pointed spaces is called a cofiber sequence
in CW, if the composite g f comes with a null-homotopy H: gf ~ const, such that the
induced map C(f) — Z is a homotopy equivalence.

Example 1.1.8. The suspension SX of a topological space X is the homotopy cofiber of
X — %

SX =Ly (XX[0,1]) Uy *.
The reduced suspension £X of a pointed topological space (X, x) is the quotient
X =8X/({x}x][0,1]).
Note that the latter defines a functor X: Top, — Top, given on a pointed map f: (X,x) —

(Y,y) by (ZN)[(x,0)] == [(f (x),D)].

Lemma 1.1.9. There is an adjunction . Top, & Top, :Q.

Proof. Consider pointed spaces (X, x) and (Y, y). The data of a pointed map £X — Y is that
of amap H: X x[0,1] — Y such that Hy = H; = const, and H,(x) =y forall t € [0, 1]. This
in turn corresponds to a pointed map H: X — Q(Y,y) € Map([0,1],Y), as desired. O

Recall that the homotopy category hTop, is the category whose objects are the pointed
topological spaces (X,x), and whose morphisms are the (pointed) homotopy classes of
pointed maps (X,x) — (¥, y):

Hothop*((X’x)’ (Y’y)) = [X9Y]*
Corollary 1.1.10. There is an adjunction ¥: hTop, 2 hTop, : Q.

Proof. It remains to show that two pointed maps f,g: £X — Y are pointed homotopic if
and only if their adjoint maps f,3: X — QY are, which is clear from chasing through the
previous proof. O



oX N,

Figure 1.1: Illustration of the homotopy pushout, cofiber and suspension.

Remark 1.1.11. Recall that the k-th homotopy group of a pointed topological space (X, x)
is defined as
(X, x) =[S, X]..

The previous corollary thus in particular provides canonical isomorphisms

1 (QX) = [S5,QX]. = [25, X]. = [, X, = 11 (X).

1.2 Spaces versus topological spaces

In homotopy theory, we are interested in topological spaces up to weak homotopy equiv-
alence, i.e. we regard two topolological spaces as ‘the same’ if there is a zig-zag of weak
homotopy equivalences between them. Recall from your previous topology courses the
following two theorems:

Theorem 1.2.1 (CW-approximation). For every topological space X there exists a CW-
complex and a weak homotopy equivalence Z — X.

Theorem 1.2.2 (Whitehead theorem). Let X and Y be CW-complexes. Then every weak
homotopy equivalence X — 'Y is already an actual homotopy equivalence.
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Because of these two theorems, we may safely work with CW-complexes up to homotopy
equivalence. We will now introduce some terminology which emphasizes this perspective.

Convention 1.2.3. We define a space to be a topological space which is homotopy equivalent
to a CW-complex. Similarly we define a pointed space to be a topological space which is
pointed homotopy equivalent to a pointed CW-complex. We denote by

hS € hTop and hS.. € hTop,

the full subcategories of (pointed) spaces. Since any homotopy equivalence X ~ Y becomes
an isomorphism in hTop, the category hS is equivalent to the homotopy category hCW of
CW-complexes, and similarly hS, ~ hCW...

Although this terminology may be quite confusing at first, it is very useful to distinguish
the two different usages of topological spaces in homotopy theory:

* When we say ‘topological space’, we are talking about a specific set X equipped with
a topology. In particular, it makes sense to speak of the set of points of X or the open
subsets of X.

* Whenever we use the word ‘space’ without the adjective ‘topological’, we do not
allow ourselves to say anything that is not invariant under homotopy equivalences.
For example, we may speak of the homology or homotopy groups of a space, but
we do not allow ourselves to speak about the ‘set of points’ of a space, or its ‘open
subsets’, or its ‘dimension’: all of these will change if we replace the space X by a
homotopy equivalent one.

When using the second perspective, we are in a sense forgetting the actual topological
structure of the topological space, and we only remember its purely homotopical ‘spirit’,
also known as its underlying anima.! See also Remarks 2.6.2 and 2.6.39 below.

Let us now check that all the relevant constructions on topological spaces preserve homotopy
equivalences.

Exercise 1.2.4. Consider a diagram of topological spaces

S 8

X N Y
oL
x Ly &y

which commutes up to homotopy, in the sense that we are given homotopies H: yo f ~ f o«
and K: yog~g'op.

I'The word ‘anima’ means ‘soul’ in Latin.
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 Construct a map a X, 8: X xg Y - X xg, Y’. (This map will depend on the choices
of homotopies H and K, though this is not reflected in our notation.)

e Show that @ X, B is a homotopy equivalence whenever @, 8 and y are homotopy
equivalences.

Exercise 1.2.5. Formulate and prove the analogous statement for homotopy pushouts.

Exercise 1.2.6. Show thatif f: Z — X and g: Z — Y are maps of spaces, then the homotopy
pushout X ug Y is again a space.

Hint: use Exercise 1.2.5 and the cellular approximation theorem.

The dual statement for homotopy pullbacks is also true but highly non-trivial:

Theorem 1.2.7 (Mather [Mat76, Lemma 36], Milnor [Mil59, Theorem 3)). If f: X — Z
and g: Y — Z are maps of spaces, then the homotopy pullback X Xg Y is again a space.

As a special case of the above exercise and theorem, we see that for a pointed space X the
reduced suspension X and the loop space QX are again pointed spaces. In particular, the
adjunction from Corollary 1.1.10 restricts to an adjunction

>: hS. 2hS. Q.

1.3 Cohomology theories and Brown representability

Recall from the introduction the following definition:

Definition 1.3.1. A spectrum X is a sequence of pointed spaces X = (X},),>0 together with
pointed homotopy equivalences X,, ~ QX for all n > 0.

Given another spectrum Y = (Y;),>0, a morphism of spectra f: X — Y is a sequence of
pointed maps (f,,: X, — Y,,)n>0 together with homotopies H, making all the following
diagrams commute up to homotopy:

Xn L) QX1

fnl % lszfnﬂ

Yn T> QYn+1-

As we will now discuss, the notion of a spectrum is intimately tied to that of a (generalized)
cohomology theory. Recall that a graded abelian group is a collection (A,),cz of abelian
groups, indexed by the integers. A morphism of graded abelian groups from (A, )yecz to
(Bn)nez is a collection of maps f,,: A, — B,. We let Ab? denote the resulting category of
graded abelian groups.

11



Definition 1.3.2. A (generalized) cohomology theory is a pair (E*,d) consisting of:

* A functor E*: hS»® — Ab?%;

* A natural isomorphism
d: E* (=) = E™(Z(-)

of functors hS.? — AbZ, called the suspension isomorphism.
This pair is required to satisfy the following two conditions:

* (Wedge axiom) For every small collection of pointed spaces { X };cs, the inclusions
ti: X; = \/;¢; Xi induce an isomorphism

Vx

i€l

(¢))ier: E”

5 l—[E*(X,-).

iel

In particular, for I = @ we have E*(x) = 0
* (Exactness) For any cofiber sequence X i> Y 7 of pointed spaces, the sequence
25w D e X
is exact.

Example 1.3.3. For an abelian group A, we have a functor H*(—;A): hS® — Ab" given
by the singular cohomology with coefficients in A. By defining H"(X;A) =0 for n < 0, this
defines a generalized cohomology theory.

Later in the course we will see other cohomology theories, like complex K-theory and
cobordism.

Remark 1.3.4. Given a cofiber sequence X — Y — Z, the cofiber of Y — Z is equivalent to
2(X), and the cofiber of Z — X(X) is X(Y). Proceeding this way, we get a chain of cofiber
sequences known as the Puppe sequence:

xLyrszosx) 2 s 2 s 2) - 22(x) -
Using that E"(XX) = E"~!(X), we thus obtain a long exact sequence

Sy LE 0B S B ) D Erx) — B 2) S e i D

See Exercise 2.3 on page 248 for more details.
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Remark 1.3.5. Every cohomology theory E* in the above sense defines a cohomology
theory on CW-pairs (X, A) by setting

E*(X,A) := E*(X/A),

where we regard the quotient space X /A as a pointed space with basepoint A/A. We then
recover the long exact sequence of a pair by applying the previous remark to the cofiber
sequence

Ay — X, > X/A.

Every spectrum gives rise to a cohomology theory on pointed spaces:

Construction 1.3.6. Let E = (E,),>0 be a spectrum. We define a functor E*: hS;¥ — Ab”

as follows:
X,Ei ] k>0
Ek(X) - [ k]
[ZkX,Ep]. Kk <DO.

Given the homotopy equivalences Ej; ~ QFj,| ~ Q2E} .o, these sets of homotopy classes
admit canonical stuctures of abelian groups via concatenation of loops. We further define
the suspension isomorphism 0 for k > 0 as

d: EX(X) = [X,Ex]s = [X,QErs1]s = [ZX, Exa1 ]« = EFH(2X),

where all these identifications are natural in X. For k < 0 we take §: EX(X) = gl (ZX)
to be the identity map of [ %X, Ey], = [Z~**DXX, Ey]..

Proposition 1.3.7. Let E be a spectrum. Then the pair (E*, ) constructed above defines a
cohomology theory.

Proof. Firstnote that for two homotopic maps f ~ g: X — Y, theinduced maps f*,g*: EX(Y) —
E*(X) are equal, so that the functor EX: hS;” — Ab is well-defined. Given pointed spaces
{Xi}ier, pointed maps from \/;c; X; to E correspond to collections of pointed maps X; — Ey,

and since this process preserves pointed homotopy classes we obtain a bijection

E*O\/ X)) = [\/ X Bl = | | 1% Eele = | | E*(x0;

iel iel iel iel

the argument for k < 0 is analogous, using that =% preserves wedge sums. Finally, if

X i> Y <5 Z is a cofiber sequence of pointed spaces, we claim that for any space E the

sequence
(2.E. 5 V. EQ D (XL B

is exact: the image of g* agrees with the preimage (f*)~!'(const,). Since go f is null-

homotopic, it is clear that im(g*) C (f*)~!(const,). Conversely, let 4: ¥ — E be a pointed
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map such that the composite ho f: X — E is nullhomotopic. Choosing a nullhomotopy
then defines an extension of /4 to the mapping cone C(f) — E, showing that & is in the
image of the restriction map [C(f),E]. — [Y, E].. But by assumption we have Z ~ C(f)
and the claim follows. O

The main goal of this section is to prove a converse of Proposition 1.3.7: using the Brown
representability theorem, stated below, we will show that every cohomology comes from
some spectrum E. Let us start by introducing some terminology.

Definition 1.3.8. Consider a functor F: hS.;* — Set.

(1) We say that F is representable if it is of the form? [—, Z].: hS;¥ — Set for some
pointed space Z. (By the Yoneda lemma the object Z is then uniquely determined up
to isomorphism as an object of hS..)

(2) We say that F satisfies the Wedge Axiom if for every small collection of pointed spaces
{Xi}icr the map
\/ X

iel

F 5 rlF(Xl-)

iel

induced by the inclusions X; < \/,;c; X; is a bijection (equivalently: the functor F
preserves arbitrary products);

(3) We say that F' satisfies Mayer-Vietoris if for every homotopy pushout square

k

— 0

M >

—
J

&=

of connected pointed spaces, the induced map
(i",J"): F(X) = F(A) Xp(c) F(B)
is surjective.

Remark 1.3.9. If F satisfies the Wedge-Axiom, then F(XX) is automatically a group for
every X, and F(X?X) is even an abelian group. To see this, first observe that £X is a
cogroup in hS,: there are pointed maps

XX — pt, pinch: XX —» XX VEX

where the first map is the unique map to the point and where the second map is the
pinch map defined by identifying £X vV XX with the quotient of X X [0, 1] at the subspace

By ‘of the form’ we mean ‘naturally isomorphic to a functor of the form’.
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X x A0, %, 1} U{x0} x[0,1]. We may more abstractly describe this, using the definition of
> X as a homotopy pushout, as the map

X = ptUl pt = ptuf X Ul pt — ptul ptulf pt~ 2x vEX

induced by the unique map X — pt. This map satisfies counitality and coassociativity, and
it has a coinverse map i : XX — XX given by ‘inverting the homotopy’. We leave the details
as an exercise to the reader. (Eventually we will see a much more general statement in the
context of co-categories: see Exercise 7.7 and Remark 7.8 on page 259.)

Applying the contravariant functor F then turns the cogroup object XX into a group F(ZX):

the unit, multiplication and inversion are given by the maps

pt=F(pt) = F(£X),

F (pinch
F(EX)x F(2X) ~ F(EX VEX) 2, posx),

Fei
Fex) 2 Fsx).
The space 22X is a cogroup in two a priori distinct ways, but it follows from the Eckmann-

Hilton argument (see below) that they agree in hS, and are in fact (co)commutative. It
follows that F(X?X) is even an abelian group for every space X.

With similar reasoning one observes that for any natural transformation ' — F’ the induced

map F(XX) — F’'(Z£X) is a group morphism for every pointed space X.

Lemma 1.3.10 (Eckmann—Hilton argument). Let X be a set equipped with two binary unital

operations o and ®: there are elements 1, and 1g satisfying
lcoca=a=aol, and lg®a=a=a®lg
for all a € X. Assume that the two operations commute with each other, in the sense that
(a®b)o(c®d)=(aoc)®(bod)

forall a,b,c,d € X. Then the operations o and ® are the same and in fact commutative and
associative. i

Remark 1.3.11. If F is given as a functor F: hS;* — Ab into the category of abelian
groups, then the Mayer-Vietoris property is equivalent to saying that the sequence

Fx) 22 payx FB) X5 F(0)

is exact. If F also satisfies the Wedge Axiom, then one may use the cofiber sequence

AV B — X — XC to extend this to a long exact sequence
k) —(Z1)* L p
oo 5 FEA)xFEB) 2 psoy S roxy B2 Fayx FB) 25 F(0).

Some hints for obtaining this sequence are provided in Exercise 2.5 on page 248.
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The following is the main theorem of this section:

Theorem 1.3.12 (Brown representability theorem). LethSZ! denote the homotopy category
of connected pointed spaces. Then a functor F: (hSZ')°P — Set is representable if and
only if it satisfies the Wedge Axiom and Mayer-Vietoris.

Remark 1.3.13. Counterexamples to this theorem exist if one either drops the pointedness
or the connectedness assumption.

We will prove this below, after some preparations. First note that for every connected
pointed space Z and every element ¢ € F'(Z) we obtain a natural transformation

T:: [X,Z]. — F(X), (f: X > 2Z) Y€,

where we write f*:= F(f): F(Z) — F(X). (In fact, by the Yoneda lemma every natural
transformation [—,Z], — F(—) is of this form.) We say that an element ¢ € F(Z) is
n-universal for n € N if the map

Te: mi(Z) = [S5,Z]. — F(5)

is a bijection for 1 < k < n and a surjection for k = n. We will say that & is universal if £ is
n-universal for all n > 0. The core ingredient of the proof of Brown representability is the
following statement:

Proposition 1.3.14. Let F: (hSZ1)°P — Set be a functor satisfying the Wedge Axiom and
Mayer-Vietoris. For every pointed space X and every element n € F(X), there exists
a pointed space Zx, a pointed map fx: X — Zx and a universal element ¢x € F(Zx)

satisfying fy(€x) =n.
Proof. Step 1: We start by producing a sequence

X:ZZO£Z]L...

of pointed spaces and pointed maps, together with n-universal elements &, € F(Z,) satisfy-
ing [\ (&ns1) =&n € F(Z,), where &g =n € F(X). We proceed by induction on n. Forn =1,

we define
Zi =XV \/ \/ s
m=1yeF(S™)

By the Wedge Axiom there is a bijection

F(Z) EF(X)XH ]_[ F(s™),

m>1yeF(S™)
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and we let &) € F(Z)) be the element whose first component is n € F(X) and whose
component at y € F(S™) isy € F(S™). Note that for every k > 1 the map

Ty, : [S%,Z1]. — F(SY)

is surjective, and in particular &7 is 1-universal.

Now for n > 1 assume that we have constructed Z, together with an n-universal element
&n € F(Z,) that satisfies the additional condition that T, : [S k Z.]« — F(S¥) is a surjection
for all £ € N; our task is to define Z,,+ and &,+1. Recall from Remark 1.3.9 that F(S") is a
group, which is abelian for n > 2. Consider the set

Ky ={[f1€[8".Z] | f"én=0€ F(S)}.

We may then define the pointed space Z,; by attaching an (n+ 1)-cell to Z, along the
map f: S§" — Z, for every element of [ f] € Kj,, i.e. we consider the following homotopy
pushout:

Viflek,S" ———— Zn

! Js

* = \/[f]eKn Dn+1 —> Zns1.

By assumption we have f*¢, =0 € F(S") for all [ f] € K,, and so by Mayer-Vietoris there
exists an element &,41 € F(Z,41) satisfying f &1 = &, € F(Z,). We claim that &, is
(n+ 1)-universal, i.e. the map

[S5,Zpi1]. = F(SY),  f £ (&)

is a bijection for all 1 < k < n and a surjection for k =n+1. We already know it is a
surjection for all k. By the cellular approximation theorem we further see that the map
fn: Zy — Zue1 induces bijections [S¥, Z,]. = [S¥, Zu41]s for 0 < k < n, and since &, is
n-universal we deduce that also &, is n-universal. It remains to see that the map

[Sn’zn+l]* - F(Sn), g g*§n+1

is injective. By Remark 1.3.9 this is a group homomorphism, and so it suffices to show it

has trivial kernel. Let [g] € [S",Z,+1]. be an element satisfying g*&,+1 = 0. Again by the

. . h fn
cellular approximation theorem we may assume that g factors as a map §" — Z, — Z,41.

But then we have h*¢,, = g*&,+1 =0 hence [ /] € K,,. But then by construction the composite
g=faoh: 8" —> Z, — Z, is null-homotopic, i.e. we have [g] =0 € [§",Z,+1].. We
conclude that &, is (n+ 1)-universal. This finishes the induction, and completes the proof
of Step 1.
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Step 2: We will now define Zy as the homotopy colimit of the sequence {Z,}. Recall that
the homotopy colimit is given by the mapping telescope

Zx :=hocolim,, Z,, :=

\/Zn/\ [n,n+1]+) /~,
neN

where the equivalence relation ~ is given by (x,,n+1) ~ (f(x,),n+1). Note that a map out
of the mapping telescope into some other space T corresponds to a family of pointed maps
ty,: Z, — T together with pointed homotopies between t,,: Z, — T and t,410 f,,: Z, = T.

One can show (see Exercise 2.1 on page 246) that the homotopy colimit may also be given
by the following homotopy pushout:

\/nZO Zn —_— \/kzo Z2k

l l

V>0Z2k+1 — Z =hocolim,, Z,,.

Here the horizontal map uses the identity maps id: Z, — Z,; for n = 2k even, and the
map for+1: Zok+1 — Zok+2 for n =2k +1 odd. The vertical map uses the identity maps
id: Z, = Zoy41 for n =2k +1 odd, and the map for: Zox — Zox+1 for n =2k even. By the
Mayer-Vietoris property, we then obtain an element ¢ € F(Z) that restricts to &, € F(Z,)
for all n > 0, hence in particular to n € F(X). We claim that ¢ is universal. To see this,
consider for k > 0 the following diagram:

[S5,Zole — ... = [S5,Z¢) — [S5,Zkn] = [S5. Zkia]l — ... — [SK,Z]

~N 1 -
Ty, o Tepn X Tern
Y
Te, Te
F(S%)

By assumption, all the maps T, are bijections for n > k. Also, since Z,, is obtained from
Z, by attaching (n+ 1)-cells, the top horizontal maps [S¥,Z,] — [S¥, Z,+1] are bijections
for n > k. It follows that the map 7 is a bijection for every k, as desired. O

We are now ready to prove the Brown representability theorem:
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Proof of Theorem 1.3.12. If F = [—,Z], is representable, then the Wedge Axiom and
Mayer-Vietoris are satisfied by the universal properties of the wedge and the homotopy
pushout, just like in the proof of Proposition 1.3.7.

Conversely, assume that F satisfies the Wedge Axiom and Mayer-Vietoris. To find the
required pointed space Z, we take X = pt, and we let  := 0 € F(pt) be the unique element.
Applying Proposition 1.3.14 we obtain a pointed space Z := Z, and a universal element
& := &p. We have to show that for every pointed space X the induced map

T:: [X,Z]. — F(X), (f: X>2) [

is a bijection.

Surjectivity: Pick an element n € F(X), and consider the space X := X V Z. We let7j € F(X)
be the element corresponding to the pair (77,&) under the bijection F ()? )= F(X)XF(Z)
from the Wedge Axiom. Applying Proposition 1.3.14 to (X,7), we thus find a pointed
space Z,a pointed map f: X — Z and a universal element & € F(Z) such that f*(;c“) =7.In
particular, if weletg: Z — Z denote the composite of fwith the inclusion Z < XVZ =X
we see that g*(g ) =&, and in particular the following diagram commutes for all £ > 0:

8x

y [S5,Z]. = 7 (2)
T > Tz
F(S%).

ne(Z) = [S*, Z].

I3

Since & and & are both universal, the bottom two maps are bijections. The top map is then
also a bijection and it follows that the map g: Z — Z is a weak homotopy equivalence.
Since Z and Z are homotopy equivalent to CW-complexes this means that g is even a
homotopy equivalence (Theorem 1.2.2). It then follows from the commutative diagram

8+

N W

F(X)

that the composite X — Z <> Z is an element in [X, Z], which is mapped to 17 by T¢.
Injectivity: Suppose that f,g: X — Z are two pointed maps satisfying i := f*(&) = g*(£).
Define the pointed space X as the following homotopy pushout:

xvxy — Y& o

(idx,idx)l \L

X —— X=xut  z
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By the Mayer-Vietoris property of F, there exists an element € F (X) which restricts to
n € F(X) along the bottom map and to & € F(Z) along the right vertical map. Applying the
claim to (X, 7) we find a pointed space Z with a pointed map X — Z and a universal element
E € F(Z) which restricts to n. Arguing as before, we see that the composite Z — X—>Z
is a homotopy equivalence. But this implies that there is a map fﬁtting in a homotopy
commutative diagram as follows:

xvx L& 7

A
(idx,idx)l P
L7 f
X.

We conclude that f and g are both homotopic to fand in particular that [ /] = [¢g] € [X, Z].,
as desired. This finishes the proof of the theorem. O

Having established Brown representability, we may now deduce that every cohomology
theory is represented by a spectrum:

Proposition 1.3.15. Let h*: hS;¥ — Ab” be a cohomology theory. Then there exists a
spectrum E such that h* is isomorphic to the cohomology theory E* associated to E as in
Construction 1.3.6.

Proof. Step 1: We start by showing that for n > 0 the functor 4": (hSZ')°P — Ab satis-
fies the hypotheses of the Brown representability theorem. The Wedge Axiom holds by
assumption. For the Mayer-Vietoris property, consider a homotopy pushout square

c %554

|

BﬁX

By the pasting law of homotopy pushout squares (Exercise 2.2), the induced map on cofibers
C(k) — C(j) is ahomotopy equivalence. We thus obtain a diagram of long exact sequences

WC()) — (X)) —L w(B) —2 w(C()))

W(C(K) 2 W(A) —5 w(C) —2 w1(C(k)).

Consider elements @ € h"(A) and 8 € h"(B) such that k*(a) =[*(B) € h"(C). We must
show that there exists an element y € A" (X) satisfying @ =i*(7y) and 8 = j*(y). Because the
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bottom sequence is exact we get /3 = dk*a = 0, and as the first vertical map is a bijection
it follows that 8 = 0. We may thus find an element yo € A" (X) such that 8= j*yy:

@ — kra=1"8 —23 9I*8 =0.
While g might not be mapped to a under i*, we see that
K (@=i"yo) =k a—k*i"yo=1"B—=1"j"yo =0,

and thus we see that @ —i*yq lies in the image of p*: h"(C(k)) — h"(A). Since the left
vertical map is a bijection, we may thus pick some y; € #"*(C(j)) suchthata —i*yy =i*g*y;.
But then the element y :=yo+ g™y satisfies

(y)=i"yo+i"qg"y1 =« and I =j"v+j¢y1=p+0=p.

We may summarize this diagram chase as follows:

q* N j* . o

YI ——> q¢y1 +-=-=>0 Y= y0+q"y ——> B=B+0
T% T[* \L* l*
M p* v k* k*

Y F--> a=i"yo —— 0, a=i"y+(@—i"y) —— k'a.

This finishes the proof that 4" satisfies Mayer-Vietoris.

Step 2: By Brown representability, we obtain pointed connected spaces Z, together with
natural isomorphisms
B'(=) 2 [=,Zy]: (hSZ1)%P — Set,

for all n > 0. Since XX is connected for all X, we then also obtain natural isomorphisms
W'(X) = "N(EX) = [2X, Zoa |s = [X,QZp1] = [X, Ey].,

where we set E, :=QZ,,;. Since representing objects are unique up to isomorphism in
hS.., we then obtain pointed homotopy equivalences E,, ~ QFE,.; which make the following
diagram commute:

(X) ——— "*H(ZX)

[X,En]* __E_'> [X,QEnH]*-

We conclude that the sequence (E,) e defines a spectrum and that the cohomology theory
h* is naturally isomorphic to E*. O
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In a similar way we can show that every morphism of cohomology theories is represented
by a morphism of spectra:

Lemma 1.3.16. Let E and F be spectra and let f*: E* — F* be a morphism of cohomology

theories. Then there exists a morphism of spectra f: E — F that induces f*.

Proof. The map f" has the form of a natural transformation [—,E,]. — [—, F,]., for
n > 0. By the Yoneda lemma, it is given by postcomposition with a certain pointed map
Ju: En — F,. In light of the commutative diagram

[_, En] * i> [_’ QE}HI] *

f"o_\L \Lgfrwlo_

[, Fu)s —— [, QF .

it follows that the diagram
Ey % QEn+1

f nl \Lgf n+l

Fn%QFn+l

commutes in hS.. In particular we may pick a homotopy filling this diagram, turning the
maps ( f,;) into a morphism of spectra. O

Warning 1.3.17. There may be different maps of spectra which induce the same map at the
level of cohomology theories! These are closely related to the famous phantom maps.
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2 Introduction to co-categories

The goal of this chapter is to get the reader up to speed with the theory of co-categories.
The approach we will take is quite different from most other foundational sources on co-
categories: instead of defining oo-categories (e.g. in terms of simplicial sets), we will take
co-categories as primitive objects whose behavior we have to axiomatize (just like how in
ordinary mathematics one cannot define what a ‘set’ is).

2.1 The fundamental principle of homotopy theory

Before introducing co-categories, let me say a word about why I will not define what an co-
category is in terms of more basic structures, like we would do for most other definitions in
mathematics. The reason is that an co-category only becomes a natural concept to consider
when one already has the mindset of a homotopy theorist, which requires a fundamental
shift in perspective on the notion of equality:

Fundamental Principle of Homotopy Theory: When expressing that two
entities are equal, we must always specify how they are equal by providing
a homotopy/isomorphism between them.

In other words, equality in homotopy theory is not a property (a binary yes/no question)
but is additional structure that needs to be provided. This sits in stark contrast with the
perspective of ordinary mathematics, in which equality is merely a property; e.g. two
elements of a set are either equal or they are not equal.

Although it is possible to develop co-category theory entirely within the classical framework
of set theory (for example in terms of quasicategories, see Section 2.5 below) I think doing
this is actually more confusing than helpful: it inherently goes against the Fundamental
Principle. To understand what co-category theory ‘really’ is, it is not very relevant how
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precisely co-categories can be implemented within ordinary mathematics; it is much more
important to become fluent in the ‘language of co-category theory’. For this reason, I have
chosen to take a more axiomatic approach to co-category theory which aims to directly
introduce such a language, building on in-progress joint work with Denis-Charles Cisinski,
Kim Nguyen and Tashi Walde [Cis+24].

We will start introducing this language in the next section. Before that, let us illustrate and
motivate the Fundamental Principle by discussing various instances of it with which you
may already be familiar:

Example 2.1.1 (Algebraic topology). Algebraic topology provides the most natural example
of the Fundamental Principle:

* Two continuous maps f,g: X — Y are considered ‘equal up to homotopy’ if we
provide a homotopy H: X X [0,1] — Y between f and g;

* Two spaces X and Y are then considered ‘homotopically the same’ when equipped
with a homotopy equivalence: continuous maps f: X — Y and g: ¥ — X together
with chosen homotopies g f ~idy and fg ~ idy.

* When studying diagrams of spaces, we similarly replace strict commutativity by
homotopy commutativity. For instance, given a square

x Ly
8 h
Z —t*sw

we do not ask for a strict equality ho f = k o g, but instead require a specified
homotopy H: ho f ~ k o g witnessing how the two compositions are ‘the same’.
This perspective naturally leads to homotopy coherent diagrams, where we must also
specify compatibilities between different choices of homotopies.

* The homotopical viewpoint also changes how we think about uniqueness of a struc-
ture: it means that the space of all such structures is contractible. A key example
appears when studying loop spaces: there are many ways to compose n loops in a
space, corresponding to different ways of subdividing the unit interval, but the space
of all possible n-fold compositions is contractible.

* As a final example, also the notion of quotient gets enhanced. When a group G acts
on a space X, the ordinary quotient X /G simply identifies points in the same orbit.

'More precisely, for each of the n! possible orderings there is a contractible space of parametrizations for
composing n loops in that given order.
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The homotopy quotient X || G instead adds paths between points in the same orbit,
connecting x to gx for each group element g. In particular, points can become ‘equal
to themselves’ in non-trivial ways.

Example 2.1.2 (Homological algebra). The phenomenon of ‘equality as structure’ also
appears naturally in homological algebra, where it leads us to think about chain complexes
not as rigid algebraic objects but as representatives of more flexible homotopical entities:

* Instead of asking whether two chain maps f,g: Co — D, between chain complexes
are equal, we ask whether they are chain homotopic. Recall that a chain homotopy
between f and g is a family of maps H,: C, — D, satisfying f, —g, = P o
H,+H,_100°. Just like in topology, we should keep track of these homotopies as
additional structure.

* The notion of chain homotopy leads to the notion of a chain homotopy equivalence
Co — D,: achain map which admits an inverse up to chain homotopy.

* The analogue in homological algebra of the weak homotopy equivalences is played
by the quasi-isomorphisms: chain maps that induce isomorphisms on all homology
groups. There is also an analogue of Whitehead’s theorem (Theorem 1.2.2) in this
setting: chain map between two projective chain complexes is a quasi-isomorphism
if and only if it is a chain homotopy equivalence. We may think of the projective
chain complexes as the homological analogues of CW-complexes.

* In nice abelian categories, every chain complex C, admits a projective resolution,
1.e., a projective chain complex P, equipped with a quasi-isomorphism to C,. We
may think of this as a homological analogue of the CW-approximation theorem
(Theorem 1.2.1).

* Instead of working with strict pullbacks and pushouts of chain complexes, one often
wants to work with homotopy pullbacks/pushouts. For example, the exact sequences
in the abelian category are replaced by so-called distinguished triangles

c. L.,

where C(f) is known as the mapping cone and is the homological analogue of the
homotopy cofiber from Definition 1.1.5.

Example 2.1.3 (Category theory). Two objects X and Y in a category C are considered ‘the
same’ when equipped with an isomorphism f: X — Y. We need to keep track of these
isomorphisms in our definitions:
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* Two functors F,G: C — D are regarded ‘the same’ if we specify a natural isomor-
phismn: F = G between them: the chosen isomorphisms nx: F(X) — G(X) are
required to be compatible with the functors F" and G.

* Inthe theory of monoidal categories, associativity and unitality are not strict equalities
but rather natural isomorphisms: for objects X, Y, and Z, we have an associator
isomorphism axy z: (X®Y)®Z — X ® (Y ® Z) and unitor isomorphisms Ay : 1 ®
X — X and px: X®1 — X. These must satisfy coherence conditions like the Mac
Lane pentagon.

» Universal properties are typically defined up to unique isomorphism. For instance, a
product of objects X and Y is unique only up to unique isomorphism.

We will get more used to the Fundamental Principle throughout the course, and from my
point of view it is the most important aspect of co-category theory that one needs to learn.

2.2 The language of co-category theory

As explained in the previous section, the theory of co-categories requires a language that
embraces the fundamental principle of homotopy theory. In this section we will introduce
such a language.

Remark 2.2.1. The language we introduce should be regarded as some kind of ‘meta theory’
which mimics the behavior of an co-category of oo-categories. While we use the words
‘axioms’, we do not provide a fully formal axiomatization of co-category theory; this is not
a feasible task for a one-semester course. The main purpose of the axioms is to provide
concrete enough rules for the reader to start working with the theory.

2.2.1 Categories, functors and natural isomorphisms

We start with the basic objects of this language:

Axiom A.1. (0) There exists mathematical structures called co-categories, denoted C, D,
E, etcetera.

(1) Given co-categories C and D, we may speak of functors f: C — D between them. Every
oo-category C has an identity functor idc: C — C. Given two functors f: C — D and
g: D — E, there is a composite functor go f: C — E.
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(2) Given two functors f, f': C — D, we may speak of natural isomorphisms a: f = f’.
We may sometimes display natural isomorphisms diagrammatically as follows:

Every functor f has an identity isomorphismidy: f = f. Every natural isomorphism «
has an inverse isomorphism a~': f’ = f. Given two natural isomorphisms a: f = f’
and B: f’ = f”, there is a (vertical) composite isomorphism Boa: f = f”.

To avoid cluttering of notation, we will frequently work with natural isomorphisms
f = f’ that have not been given an explicit name.

(3) Given two natural isomorphisms «a,a’: f = f’, we may speak of isomorphisms of
natural isomorphisms « = @', also called 3-isomorphisms for short. We may again
speak of identity 3-isomorphisms @ = @, of composite 3-isomorphisms @ = o” and of
inverse 3-isomorphisms o’ = a.

(4+) Proceeding in this way, we demand for every natural n a notion of an n-isomorphism
between two (n — 1)-isomorphisms, and we may speak of identity n-isomorphisms, of
inverse n-isomorphisms, and of composite n-isomorphisms.

We should think of a natural isomorphism f = f’ between two functors as expressing that
fand f” are ‘equal’. Similarly two n-isomorphisms are regarded as ‘equal’ if we are given
an (n+ 1)-isomorphism between them.

Axiom A.2. The composition of functors is unital and associative up to isomorphism: for

functors f: C = D, g: D — E and h: E — F, we have natural isomorphisms?

Apiidpof = f,  psifoide=f  and  apgn: (hog)of=ho(gof).

The composition of (higher) isomorphisms is similarly unital and associative up to iso-
morphism, and for any natural isomorphism «: f = f’ there are preferred isomorphisms
aloa= idy and aoa ! = idsr.

Since we think of isomorpisms as ‘equalities’, we better make sure that all constructions we
do preserve isomorphisms.

Axiom A.3. Composition of functors respects natural isomorphisms: given a natural iso-
morphism a: f = f’ of functors C — D and a natural isomorphism 3: g = g’ of functors
D — E, we obtain a new natural isomorphism Sxa: go f = g’ o f’ of functors C — E,
called the horizontal composite.

2We have given them names to make clear that the axiom provides preferred choices for such isomor-
phisms, but in practice we often don’t write out the names for these isomorphisms each time.
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To be fully precise one needs to write down analogous rules for horizontal composition
of n-isomorphisms for all n, and one needs to express their compatibility with vertical
composition. We will not go into the details here and instead refer to [Cis+24, Section 1.1.2].

Definition 2.2.2. A commutative square of functors

C%D

! 1

Cl f’ } DI

consists of four functors f, g, h and f’ together with a specified natural isomorphism

a: ho f = f'og. A commutative triangle of functors
D
7N
C — E

consists of three functors f, g and & together with a specified natural isomorphism a: h =

g o f. We may similarly define a commutative square/triangle of n-isomorphisms.

Definition 2.2.3. A functor f: C — D is said to be an equivalence if there exists another
functor g: D — C and natural isomorphisms id¢ = g f and idp = fg. In this case we call
g an inverse to f.

Exercise 2.2.4. Show that a functor f is an equivalence if and only if it admits both a
section (i.e., a g such that idp = fg) and a retraction (i.e. an & such that id¢ = A f), and that
in this case we have g = h.

Notation 2.2.5. It follows immediately from the previous exercise that if g and /4 are both
inverses to f, then there is an isomorphism g = A. So up to isomorphism there is a unique
inverse to f, which we will denote by f~': D — C.

Exercise 2.2.6. Show that if f: C — D and f’: D — E are equivalences with inverses
g: D — Candg': E— D, then also the composite f'f: C — E is an equivalence with
inverse gg’: E — C.

Lemma 2.2.7. Equivalences satisfy the 2-out-of-3 property: given functors f: C — D and
g: D — E, if two of the three functors f, g and g f are equivalences, then so is the third.

Proof. 1If g and f are equivalences, then so is gf by Exercise 2.2.6. If f and gf are
equivalences, then we may rewrite g as the composite g = goidp = go fofl=gfo f71,
so that g is the composite of two equivalences and hence itself an equivalence. A similar
argument shows that f is an equivalence whenever g and g f are equivalences. O
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Exercise 2.2.8. Show that equivalences of co-categories satisfy the 2-out-of-6 property:
given functors f: C — D, g: D — E and h: E — F such that g f and hg are equivalences,
also the functors f, g, h and hg f are equivalences.

2.2.2 Objects, morphisms and commutative triangles

Constructions from ordinary category may be imported to the setting of co-categories:>

Axiom C. Every ordinary category is an co-category. Every ordinary functor f: C — D
is a functor of co-categories, and every functor arises in this way. Every ordinary natural
isomorphism «a: f =N S is a natural isomorphism of functors of co-categories, and every
natural isomorphism arises in this way. This process preserves composition of functors and
natural isomorphisms.

The assumption that ordinary categories are co-categories provides a convenient way to
define objects, morphisms and commutative triangles in an co-category C.

Notation 2.2.9. For n > 0, we write [n] for the following partially ordered set:
[n] ={0<1<---<n}.

Forn > 1and 0 <i < n, we define the face map d;: [n—1] — [n] as the unique injective map
of posets whose image leaves outi. Similarly we define the degeneracymap s;: [n+1] — [n]
as the unique surjective map of posets that hits i twice.

Recall that every partially ordered set (P, <) can be turned into a category: given p,q € P
we add a unique morphism p — g between them whenever p < g. The resulting categories
[0], [1] and [2] may be displayed as follows:

0, 0 ——> 1 and /1\

0 — 2.
The five face maps dy,d;: [0] — [1] and dy,d,d>: [1] — [2] and the relations between

3In a fully axiomatic approach, as we do in [Cis+24], one would not introduce such an axiom. In this
course I wish to take a hybrid approach, since developing the full axiomatic theory would take too long.
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them may be displayed as follows:

0
dy 7 N d
v v
1 = 0
/ v “ \/
0 N 1 L 1
0O—> 2
d 7 X do
7 = ~ = N
1 di
|
0 RN 0—— 1 & 0.

The two degeneracy maps sq,s1: [2] — [1] may be interpreted the following ‘projections’:

0 —— 1 0 0

St e A

Definition 2.2.10. Let C be an co-category.

(1) An object of C is a functor x: [0] — C;

(2) A morphism of C is a functor f: [1] — C. We write f(0) for its source/domain and
f (1) for its target/codomain, which are defined as the following composites:

o015 mLe ad S ML

We will also write f: x — y to indicate that f comes with isomorphisms x = f(0) and

y=f(1).

(3) A commutative triangle in C is a functor o: [2] —» C. We will frequently denote
commutative triangles by
y

o = f g

where f =0 od,, g=00dyand h =0 od;. We will often leave commutative triangles
unnamed, and only label their three edges.
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Warning 2.2.11. While we may speak of objects of C, we may not speak of the set of
objects of C! This is similar to how we may speak of points of a space X, but we may not
speak of the set of points, ct. Convention 1.2.3.

Remark 2.2.12. We want to think of a commutative triangle o~ as saying that / is a composite
of f and g. Note that at this stage we do not yet say anything about the existence nor the
uniqueness of composites; we will get back to this in Section 2.4.

Example 2.2.13. Given an object x of C, we define the identity morphism id,: x — x as
the composite [1] — [0] = C. Since the composites

d; S0 dy S0

[0] — [1] — [0] and [0] — [1] — [0]

are naturally isomorphic to the identity functor id[g;, we see that the source and target of
id, are indeed isomorphic to x.

Exercise 2.2.14. Construct for every morphism f: x — y commutative triangles in C of

PN e

x—)y x—)y

the form

After having composition of morphisms available, the exercise will imply the expected
relations f = foid, and f =id,of, see Lemma 2.4.7.

2.3 Basic constructions of co-categories

There are various ways to build new co-categories out of old ones: we may form products,
coproducts, pullbacks and functor categories. We will introduce each of these constructions
via the universal properties they are supposed to satisfy.

Remark 2.3.1. In our meta theory we only impose non-coherent versions of these universal
properties. We will see in Proposition 2.3.34 below that this is good enough: internally the
theory ‘believes’ that coherent forms of the universal properties are in fact satisfied.

2.3.1 Products and coproducts

We start by introducing the terminal and initial co-categories and products/coproducts of
co-categories.
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Axiom B.1 (Terminal co-category). The category [0] is the terminal co-category: For every
oco-category C there is a functor pc: C — [0], and for any two functors f, f': C — [0]
there is a natural isomorphism f = f”.

Notation 2.3.2. We will frequently also write * for [0].

Definition 2.3.3. Let C and D be co-categories and let x be an object of D. We define the
constant functor const,: C — D as the composite xo pc: C — D:

const, : C re, [0] 5D.

Definition 2.3.4 (Contractible category). An oco-category C is called contractible if the
functor pc: C — = is an equivalence.

Remark 2.3.5. Observe that an co-category C is contractible if and only if there exists an
absolute object x: * — C such that the composite const,: C — C is naturally isomorphic
to the identity id¢: C — C. A natural isomorphism H : const, = id¢ is called a contraction
of C onto x.

Axiom B.2 (Initial co-category). The empty category 0 is the initial co-category: For every
oco-category C there is a functor () — C, and for any two functors f, f': O — C there is a
natural isomorphism f = f”.

Axiom B.3 (Product of co-categories). The product of two co-categories C and D is an oco-
category C X D equipped with two functors pro: CXD — C and prp: C XD — D called
the projection functors. Given functors f: T — C and g: T — D, we obtain a functor
(f,g): T — CxD equipped with natural isomorphisms pr-o(f,g) = fandprpo(f,g) = g.
Given two functors A,k : T — C X D and two natural isomorphisms «: prqoh = pr-ok and
B prpoh = prp ok, we obtain a natural isomorphism (a, 8) : h = k satisfying pryo(a, 8) =
« and prpo(a,fB) = .

Remark 2.3.6. Taking 7' =« we see that objects of C x D have the form (x,y), where x is
an object of C and y is an object of D.

Axiom B.4 (Coproduct of categories). The coproduct (or disjoint union) of two oo-
categories C and D is an co-category C U D equipped with two functors ic: C — CL D and
ip: D — CUD called the inclusion functors. Given functors f: C - E and g: D — E,
we obtain a functor (f,g): CU D — E equipped with natural isomorphisms (f,g)ocic = f
and (f,g)oip = g. Given two functors h,k: CLID — E and two natural isomorphisms
a: hoic 2koic and B: hoip = koip, we obtain a natural isomorphism (@,8): h = k
satisfying (@, ) oic = a and {a,B) oip = .

From these simple rules, we may deduce that products and coproducts are commutative,
unital and associative. For commutativity of products, one argues as follows:
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Lemma 2.3.7. For co-categories C and D, the functor (prp,prc): CXD — D XC is an
equivalence, with inverse given by (pre,prp): DX C — CxD.

Proof. We need to provide natural isomorphisms (prq,prp) o (prp,pre) = idexp and
(prp,pre) © (pre,prp) = idpxc. By symmetry, it will suffice to produce the first natu-
ral isomorphism. For this, it will in turn suffice to produce natural isomorphisms after
composing with the functors pr- and prj. For the composition with pr- we compute that

prc o((pre,prp) o (prp, prc)) = (pre o(pre,prp)) © (prp,pre) = prc o(prp,pre) = prc,
which is indeed isomorphic to pr-oidcxp. The case for composition with pry, is analogous.
This finishes the proof. O
Unitality may be argued similarly:
Lemma 2.3.8. For every oco-category C, the projection functor pro: C X+ — C is an

equivalence, with inverse given by the functor (idc,pc): C — C X .

Proof. The composite pryo(idc, pc): C — C is isomorphic to id¢ by the defining property
of (idc, pc). To show that the composite (idc, pc) opro: C X% — C X is isomorphic to
idcx., it will suffice to do so after composing with pr- and with pr,. The case for pr, is
clear, since any two functors C X * — * are isomorphic. In the case of pr- we compute

preo((ide, pe) opre) = (preo(ide, pe)) opre = idcopre = pre = preoidexs,

where the first isomorphism is associativity, the second is the relation proved in the first
paragraph, and the third and fourth are unitality. This finishes the proof. O

Exercise 2.3.9. Formulate and prove the associativity of the product of co-categories.

Exercise 2.3.10. Show that the coproduct of co-categories is associative, commutative and
unital:

(CUD)UE =S CU(DUE), CubD = DucC, PuUC = C = Cuo.

Construction 2.3.11. The formation of products and coproducts of co-categories is func-
torial: given two functors f: C — C” and g: D — D’, we obtain new functors

fxg:=(foprg,goprp): CxD — C'xD’
fug:=(icrof,iprog): CUD - C'uD’.

We leave it to the reader to verify that there are natural isomorphisms

idexidp =idexp  and  (f'xg)o(fxg) = (fof)x(g 0g),
idcUidp =idcup and  (f'Ug)o(fUg) = (ffof)U(g 0g).

for functors f: C - C’, f': C'" > C",g: D —> D’and g': D' — D”.
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2.3.2 Pullbacks of co-categories

We will now axiomatize the pullback of two functors f: C — E and g: D — E of co-
categories. This will be similar to the axiom for the product C X D, but it is more involved
due to the fact that we need to record compatibilities with the structure maps to E.

Axiom B.5 (Pullbacks of co-categories). Consider two functors f: C - Eandg: D — E.
The pullback of f and g, also called the fiber product of C and D over E, is an co-category
Cxg D. It comes equipped with two functors pro: CXg D — C and prp,: CXg D — D
and a natural isomorphism f opr. = g oprj,, or in other words, a commutative square

Prc
CXED — C

prDl lf

D — 3 E
Given functorst¢c: T — C and tp: T — D equipped with a natural isomorphism @ : fotc =
g otp, we obtain a functor t = (¢t¢,tp): T — C Xg D. This functor comes equipped with
natural isomorphisms pr- of = fc and pr, ot = tp. Furthermore, the composite isomorphism
fotc= foprgot=gopryor = gorp
is isomorphic to @. We summarize this with the following diagram:
tc

T
EtC’tD)
>

Prc
CxgD — C

prDl lf

D —% SE.

p

Consider now two functors 7,t": T — C Xg D, and assume we are given two natural isomor-
phisms a: prpoot = proot’ and B: prp ot = prp ot’ such that the following square of natural
isomorphisms commutes:

foprcot f% foprgot

goprpor =25 goprpor.

Then we obtain a natural isomorphism (a, 8) : ¢ = ¢’ satisfying pr-o(a,8) = e and prj o(a, ) =
B, and inducing an isomorphic isomorphism of natural isomorphisms in the previous square.
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Remark 2.3.12. We refer to [Cis+24, Axiom B.5] for a precise formulation of the last
condition.

Remark 2.3.13. While Axiom B.5 may look somewhat complicated, let us point out that it
has the same form as that of Axioms B.1 and B.3:

* An oco-category X is introduced, together with certain additional structure;

* For any other co-category T equipped with the same structure, we are given a functor
T — X that is compatible with this structure;

* If we have rwo functors T — X that are compatible with this structure, then we are
given a natural isomorphism between them that is compatible with this structure.

The Axioms B.2 and B.4 have a similar form, except that they talk about functors out of X.

Exercise 2.3.14. Show that the fiber product is commutative, associative and unital: for
functors C — E, D — E and B — E, there are preferred equivalences

CXED;DXEC, BXE(CXED);(BXEC)XED, CXEE;C.

Construction 2.3.15. The construction of pullbacks of co-categories is functorial: given a
commutative diagram

C f S E < g D

1 Lk

Cl - > El < - DI
f g

there is an induced functor
©X ¥ = (popre,yoprp): CxgD — C' xXp' D',

Exercise 2.3.16. In the above situation, show that if each of the functors ¢, ¥ and y is an
equivalence, then so is ¢ X . (This is essentially identical to Exercise 1.2 on Sheet 1.)

Corollary 2.3.17. Equivalences are closed under pullback: if g: D — E is an equivalence
and f: C — E is an arbitrary functor, then also C Xxg D — C is an equivalence.

Proof. This is a special case of Exercise 2.3.16 by taking C'=C, E’ =D’ =E, ¢ =id¢,
x =1dg and ¢ = g. m|

Pullbacks of categories lead to the notion of a fiber of a functor:
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Definition 2.3.18. Let f: C — D be a functor. For every object x of D, we define the fiber
of f over x as the pullback

Pullback squares

The definition of pullbacks of co-categories naturally leads to the notion of a pullback
square.

Definition 2.3.19 (Pullback square). A commutative square
C

s

E

is called a pullback square if the induced functor (s,¢): T — C Xg D is an equivalence.

ﬂ

N

_t>
—_—

S

8

Lemma 2.3.20 (Pasting lemma for pullback squares). Consider a commutative diagram

81 82
Cy > Co > C3

i e

N N
Dl I 7 D2 Iy 7 D3.

(1) There is a preferred* equivalence D Xp, C3 — D1 Xp, (D2 Xp, C3).

(2) If the right-hand square is a pullback square, then the left-hand square is a pullback

square if and only if the outer rectangle is a pullback square.

Proof. For part (1), we define the functor as (prp,, (hi oprp ,pre,)). We claim that an
inverse is given by the functor

(Pp,sPrey ©PID,xp, ) D1XD, (D2 Xp; C3) = D1 Xp, Cs.

To show that the two composites are isomorphic to the respective identities, it suffices to
construct these isomorphisms after projecting to the two components and verifying that
these isomorphisms agree with composed with the functors to D3. But after unwinding

4Whenever we use the word ‘preferred’, this is meant to indicate that the real content of the statement is
not just that some equivalence/isomorphism exists, but that there is a specific choice of such an equivalence
we are interested in, to be constructed in the proof.
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the definitions, this holds tautologically true by the very construction of the two functors in
both directions. We leave the details to the reader.

Part (2) is an immediate consequence of the 2-out-of-3 property from Lemma 2.2.7 applied
to the following commutative square:

o (f1.81) D1 xp, Cs

(fi 78281)\L \L:
Dy Xp, C3 — D1 Xp, (D2 xp,C3),
where the right vertical map is an equivalence by applying Exercise 2.3.16 to the equivalence

C2;>D2><D3 C3. O

Lemma 2.3.21. Consider a commutative square

c—-L5p

L

E—Lt5F
and assume that h is an equivalence. Then g is an equivalence if and only if the square is a
pullback square.

Proof. Since h is an equivalence, also the projection map prz: D Xp E — E is an equiv-
alence by Corollary 2.3.17. Since the composite of the map (f,g): C — D Xg E with
prg is isomorphic to g, the claim follows from the 2-out-of-3 property of equivalences,
Lemma 2.2.7. O

2.3.3 Universality of coproducts

So far the axioms for products and coproducts of co-categories are symmetric: all statements
for products have dual analogues for coproducts. We will now introduce the universality of
coproducts which breaks this symmetry:

Axiom B.2’ (Universality of initial category). The initial category is strictly initial: every
functor C — 0 is an equivalence.

Axiom B.4’ (Universality of coproducts). (1) For functors f: C’— Candg: D’ — D, the
commutative squares

c s crup D -2 c'up
fi lfug and gl lfug
c <5y cup D —25y cubp

are pullback squares.
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(2) For a functor 2: E — C U D, the functor
(prg,prg): (EXcup C)U(EXcup D) = E
is an equivalence.

Remark 2.3.22. To make sense of these two axioms, we may think of them as the categorical
versions of the following two facts about sets:

(1) If aset S admits a map S — 0 to the empty set, then it must itself be empty;

(2) If aset S admits a map S — ToU T to a disjoint union of two sets, then we may write S
as the disjoint union of the preimages of 7y and 7.

Lemma 2.3.23. For functors f: C —>1T,g: D - T'and ¢: " — T, the commutative square

(CxrT")U(DxrT") — CUD

l l(f,g>
s T

r L

is a pullback square.
Proof. We need to show that the induced functor
(C xr F,) L (D Xp F,) — (CUD)Xr r

is an equivalence. But this is a special case of Axiom B.4’ applied to the functor f =
pri: (CuD)xrI” — CLU D: by the pasting law of pullback squares there are equivalences

CxXcup (CUD)XprI" = CxrI” and D Xcup (CUD)XpI" =~ D xp I,
This finishes the proof. O
Corollary 2.3.24 (Distributivity). For co-categories C, D and E, the functor

(EXic,Exip): EXCUExXD — Ex(CLUD)
is an equivalence.

Proof. This is an instance of the previous lemma by taking I'=*, " =E, f =pc: C — x,
g=pp:D—-*,andp=pg: E — *. i
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2.3.4 Functor categories

Given two oo-categories C and D, we are interested in forming the functor category
Fun(C, D) whose objects are precisely the functors from C to D.

Axiom B.6 (Functor category). The functor category between two oco-categories C and
D is an oo-category denoted by Fun(C, D). Given another co-category E, we obtain for
every functor f: EXC — D a functor f,: E — Fun(C, D) obtained from f by currying.
Conversely, there is for every functor g: £ — Fun(C, D) a functor g*: E X C — D obtained
by uncurrying. These operations come equipped with natural isomorphisms f = ( f,)" and
g = (g")c. In other words, currying and uncurrying determine a ‘one-to-one correspon-
dence’ between functors E — Fun(C, D) and functors E X C — D.

The operations of currying and uncurrying respect natural isomorphisms: given a natural
isomorphism a: f = f’ of functors f: E X C — D, we obtain a natural isomorphism
a¢: f. = f! between their curried functors. Conversely, an isomorphism S: g = g’ gives
B g% = (g)*. Again, we demand that’ (e.)" = @ and (8%). = B.

By considering the case of the terminal category E = *, we observe that objects * —
Fun(C, D) of the functor category correspond to functors C ~ C X * — D from C to D,
justifying the notation.

Axiom B.7 (Functoriality uncurrying in E). The operation of uncurrying is assumed to be
functorial in E. More precisely, given functors g: E — Fun(C,D) and h: E’ — E, then the
uncurrying of the composite go h: E’ — Fun(C, D) comes with a preferred isomorphism

hxid u
to the composite E' x C S Exc S . Similarly, given an isomorphism g: g = g/,
the uncurrying of the isomorphism o h: goh = g’ o his isomorphic to 8o (hxid¢): g“o

(hxide) = (g')* o (hxidc).

Exercise 2.3.25. Show that also the operation of currying is functorial in E: given functors

f: EXC — D and h: E’ — E, there is a preferred isomorphism between the currying of

hxid h .
the functor E’ x C e, ExC L D and the composite £’ — E f—> Fun(C, D).

Construction 2.3.26 (Evaluation functor). Given co-categories C and D, the evaluation
functorev: Fun(C,D)xC — D is defined as ev := (idgun(c,p))", i.€. as the functor obtained
by uncurrying the identity functor idpyn(c,py: Fun(C,D) — Fun(C, D). Given an object
x € C, we write ev,: Fun(C, D) — D for the composite

evy: Fun(C,D) ~Fun(C,D) X i, Fun(C,D)xC D,

and refer to it as the evaluation functor at x.

>These isomorphisms should really be interpreted as commutative squares of natural isomorphisms.
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Definition 2.3.27 (Arrow category). Let C be an co-category. We refer to the functor
category Fun([1],C) as the arrow category of C. Observe that objects of Fun([1],C) are
precisely morphisms (‘arrows’) in C.

Definition 2.3.28 (Hom anima). Let C be any co-category. Given objects x and y of C, we
define the hom anima Hom¢(x,y) via the following pullback square:

Hom¢ (x,y) —— Fun([1],C)

4
l \L( VO,CV])
(x,y)

* — CXxC.

Observe that the objects of Hom¢ (x, y) are triples ( f, @, 8), where f: x” — y’ is amorphism
inCanda: x=x"and B: y =y are isomorphisms in C. We will often abuse notation and
pretend that x =x" and y = y’.

The use of the word ‘anima’ will be explained below, see Exercise 2.6.3.

Exercise 2.3.29. Let C and D be co-categories and let x,x" € C and y,y’ € D be objects.
Produce an equivalence

HomCXD((-x,y)’ (X,, )”)) = HomC(-x’x/) XHOI’I’ID ()’»y’)

Exercise 2.3.30. Let f: C —» E and g: D — E be functors, and let x,x" € C Xg D be
objects. Show that there is a pullback square

Homcy, p (x,x") —————> Homc (pre(x),pre(x”))
L !
Homp (prp (x),prp (x')) ——> Homg(f pre(x), fpre(x')).
Definition 2.3.31 (Natural transformations). If C and D are co-categories, we define a
natural transformation of functors C — D to be a morphism in Fun(C, D). By (un)currying,

this may equivalently be encoded as a functor [1] X C — D. We denote the hom anima in
Fun(C, D) by Nat(f,g):

Nat(f,g) := Hompyn(c,p)(f,8)-

The functoriality of the product naturally provides functoriality for the functor categories:

Construction 2.3.32 (Functoriality of functor categories in C and D). Given a functor
g: D — D’, we define the functor g o —: Fun(C, D) — Fun(C, D’) as the currying of the
composite

Fun(C,D)xC D5 D
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Similarly, given a functor f: C" — C, we define the functor —o f: Fun(C’, D) — Fun(C, D)
as the currying of the composite

id
Fun(C’, D) x C 24, Fun(c’, D) x " & D.

In a completely analogous way, every natural isomorphism g: g = g’ of functors D —
D’ induces a natural isomorphism (@ o—): (go—) = (g’ o—) of functors Fun(C,D) —
Fun(C, D’), and similarly for the construction — o f.

Alternative notations for these functors that we will frequently use are g, and f*:
g+ :=go—: Fun(C,D) — Fun(C,D’), f*:=—=of: Fun(C’,D) — Fun(C, D).

Exercise 2.3.33. Formulate and prove that the assignments g — (go—) and f + (—o f)
are functorial, in the sense that they respect identity functors and composition of functors.

Proposition 2.3.34. Let T, C, D and E be co-categories, andlet f: C > Eandg: D - E
be functors.

(1) The functor prun(r«) : Fun(T,*) — * is an equivalence.
(2) The functor
(prco —prpo—): Fun(T,Cx D) — Fun(T,C) xFun(T, D)

is an equivalence.

(3) The functor
(prco —,prpo—): Fun(T,C xg D) — Fun(T, C) Xpyn(r,£) Fun(T, D)

induced by the isomorphism (f o —)o (proo —) = (go —) o (prp o —) is an equivalence.
(4) The functor Fun(0,T) — = is an equivalence.
(5) The functor

(—oi¢, —oip): Fun(CuD,T) — Fun(C,T) xFun(D,T)

is an equivalence.

(6) The functor ev.: Fun(x,C) — C is an equivalence.

(7) The functor
Fun(7T,Fun(C, D)) — Fun(T xC, D)

obtained by currying the composite
id
Fun(T,Fun(C, D)) xT x C —2°% Fun(C, D) x C -5 D.

is an equivalence.
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Proof. Each of these claims is a direct (though somewhat tedious) consequence of the
universal properties of all the constructions involved. Because of time reasons, we will not
prove most of these claims and instead refer the reader to [Cis+24, Section 1.4]. But to give
just a flavor of the proof, let us show how to prove (1).

We will show that an inverse to the functor Fun(7', %) — = is given by the functor (p.xr).: * —
Fun(7, %), obtained by currying the functor p.xr: *XT — *. The composite prun(r,s) ©
(psxT)c: * — * is automatically isomorphic to id,: * — =, hence it remains to show that
the composite (p.xr)c © Prun(r,+) 1 Fun(T, *) — Fun(7, %) is isomorphic to idgun(7 +). It will
suffice to prove that the two uncurried functors Fun(7',*) X T — = are isomorphic. But this
is again automatic by the universal property of x*. O

2.3.5 Pushouts of co-categories

Using functor categories, we may dualize the definition of a pullback square of co-categories:

Definition 2.3.35 (Pushout square). A commutative square of co-categories

c 25 C

T

D' —— D
is called a pushout square (or cocartesian) if, for every co-category E, the induced square

Fun(D,E) VH Fun(D’,C)

f*l \L(f’)*

Fun(C,E) —~ Fun(C",E)
is a pullback square.

Lemma 2.3.36 (Pasting lemma for pushout squares). Consider a commutative diagram

81 82
Ci > Cy > C3

fl\L \sz \Lfa

N N
D] h 7 D2 hy 7 D3.

If the left-hand square is a pushout square, then the right-hand square is a pushout square
if and only if the outer rectangle is a pushout square.

Proof. This follows immediately from Lemma 2.3.20. m|
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2.3.6 Summary

Here is a brief summary of the constructions of co-categories we have introduced so far:

Axiom B. We demand the existence of the following co-categories:

(B.1)

(B.2)

(B.2")

(B.3)

(B.4)

(B.4%)

(B.5)

(B.6)

A terminal co-category *: for every C there is a functor pc: C — #, and for any two
functors f,g: C — = there is a natural isomorphism f = g.

An initial co-category (: for every C there is a functor 0 — C, and for any two
functors f,g: 0 — C there is a natural isomorphism f = g.

The co-category 0 is strictly initial: every functor C — 0 is an equivalence.

For every two oco-categories C and D a product C x D with functors pro: C XD —
C and prp: CxD — D: functors E — C X D are specified by giving the two
components £ — C and E — D, and natural isomorphisms between functors £ —
C x D are specified by giving natural isomorphisms between the components.

Similarly there is a coproduct C L D with functors ic: C - CUD and ip: D —
C U D: functors C LD — E are specified by giving the two components C — E and
D — E, and natural isomorphisms between functors C LI D — E are specified by
giving natural isomorphisms between the components.

Coproducts are universal: a functor E — C U D into a coproduct can essentially
uniquely be written in the form Ec LU Ep — CU D for two functors E¢c — C and
ED — D.

For functors f: C — E and g: D — E there exists a pullback C Xg D with functors
prc: CXg D — C and prp: CXg D — D and a natural isomorphism f o pr =
goprp. Functors T — C Xg D are specified by giving two components : 7 — C
and s: T — D together with a natural isomorphism f ot = g os. One may similarly
specify natural isomorphisms between two functors 7 — C Xg D.

For co-categories C and D there is a functor category Fun(C, D). Every functor
f: ExXC — D gives rise to a curried functor f.: E — Fun(C, D) and conversely
every functor g: E — Fun(C, D) gives rise to an uncurried functor g*: EXC —
D, satisfying f = (f;)* and g = (g").. We may similarly curry/uncurry natural
isomorphisms between functors. Currying is demanded to be functorial in E.
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2.4 The commutative square, Segal and Rezk axioms

In Section 2.2.2 we introduced the notions of morphisms and commutative triangles in
an oo-category C. We will now impose three additional axioms that guarantee that these
notions behave as expected, which may informally be stated as follows:

(D) Commutative square axiom: the data of a commutative square [1] X [1] — C is the
same as that of two commutative triangles [2] — C that agree along their diagonal;

(E) Segal axiom: for every pair of composable morphisms f: x — y and g: y — z, there
is an essentially unique commutative triangle o : [2] — C of the form

y
f 8
* Z§5f>z '

This leads to a composition map —o —: Hom¢ (y,z) X Home(x,y) — Home (x, z).

(F) Rezk axiom: the data of an isomorphism x = y between two objects x and y is the same
as that of a morphism f: x — y that admits an inverse g: y — x satisfying gf = 1d,
and fg =id,.

In the next three subsections we will provide precise formulations of these three axioms.

2.4.1 The commutative square axiom

Throughout, C denotes an co-category.

Definition 2.4.1 (Commutative square). We define a commutative square in C to be a
functor [1] X [1] — C. We will often display commutative squares as follows:

x%y

gl i

radis

Remark 2.4.2. Once we have the co-category of co-categories available, see Section 2.6.8
below, the meta-theoretical notion of a commutative square of functors from Definition 2.2.2
will be an instance of Definition 2.4.1 applied to C = Cat,.

Definition 2.4.3. We define two functors jo, ji: [2] — [1] X [1] as
Jo = (50, 51) and J1:=(s1,50)-
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These two commutative triangles in [1] X [1] may be visualized as follows:

(0,00 —— (0,1) (0,0)
Jo = \ l Ji = i \
(1,1), (1,0) — (1,1).

The simplicial relations sg o dy = id[1} = 51 o d; provide an isomorphism making the fol-
lowing square commute:

] —4— 2]

d ijo

[2] —— [1]x[1].

J1

Axiom D (Commutative square axiom). For every co-category C, the commutative square

Fun([1]x [1].C) — Fun([2].C)

il I

Fun([2].C) —— Fun([1].C)

is a pullback square.

In other words, providing a commutative square in C is the same as providing two commu-
tative triangles that agree on their diagonals:

X ! y x—)y
>

i ! l N/

T W T W,

Corollary 2.4.4. For every co-category C the restriction functors
Jo: Fun([1] x[1],C) — Fun([2],C) and Ji: Fun([1] x [1],C) — Fun([2],C)
admit sections

po: Fun([2],C) — Fun([1] x [1],C) and p5: Fun([2],C) — Fun([1] x [1],C)

x—)y L>y X x—h>z
DV N T
Tﬂ y gl Yy g &
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Proof. Under the equivalence Fun([1] x [1],C) — Fun([2], C) Xgun([1],c) Fun([2],C), we
take one of the components to be the identity of Fun([2],C) and we take the other one to
be given by the degenerate triangle, i.e. given by precomposition with

PENNEN D D EN N O

Remark 2.4.5. Applying the corollary to C = [2], we in particular obtain functors
po = po(idp) = [1]1x[1] = [2] and  py:=p,(idpy): [1]1x[1] — [2],

and in fact p; and p} are given by precomposition with po and p», respectively. We may
pictorially represent these two commutative squares in [2] by the following diagrams:

N~

2,

0

0

2

2.

|/

2.4.2 The Segal axiom

Given a commutative triangle o : [2] — C we may extract two morphisms f := o od, and

y
o = f g

By the simplicial identities we have dy ody =dyod;: [0] — [2], so that the target of f does

g :=0ody:

indeed agree with the source of g.
Axiom E (Segal axiom). For every co-category C, the restriction functor
(dy.d;): Fun([2],C) — Fun([1],C) XcFun([1],C), o (g, f)

is an equivalence of co-categories. In fact, we require more generally that for n > 2 the
restriction functor

(d*’ eT) : Fun( [n] s C) - Fun( [n’ - 1] s C) XFUH([O],C) Fun( [1] s C)
is an equivalence of co-categories, where e : [1] = {0 < 1} < [n] is the inclusion.

Given morphisms f: x — y and g: y — z, the axiom provides an essentially unique com-
mutative triangle o: [2] — C satisfying d (o) = f and dj(0) = g. The resulting morphism
go f:=dj(o): [1] — C s called the composite of f and g. The assignment (g, f) = go f
is functorial:
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Construction 2.4.6 (Composition functor). Consider the zig-zag
(di,d3) d;
Fun([1],C) X¢ Fun([1],C) «—— Fun([2],C) — Fun([1],C).

The first map is an equivalence by the Segal axiom, and hence it admits an inverse, providing
a composite functor

- d:
—o—: Fun([1],C) x¢ Fun([1],C) = Fun([2],C) — Fun([1],C).
Passing to fibers over (x,y,z) € C 3 and (x,z) eC 2 respectively, then produces a functor

—o—: Hom¢(y,z) x Home(x,y) — Home(x, 2), (8.f)—gof,

which we call the composition functor.

We will now show that composition in an co-category is unital and associative.

Lemma 2.4.7 (Unitality). For every morphism f: x — y in an oo-category C, there are
natural isomorphisms

idyof = f = foid,
in Fun([1],C). Moreover, these isomorphisms are natural in f, in the sense that they form
natural isomorphisms of functors Fun([1],C) — Fun([1],C).

Proof. For a fixed morphism f, the isomorphisms are an immediate consequence of Exer-
cise 2.2.14, using the degenerate commutative triangles s7(f) := f osy and s;(f) := f o s¢.
For the naturality of the relation f oid, = f we have to show that the composite

lxp*l]

Fun([1],C) =5 Fun([1],C) x¢ € —5 Fun([1],C) x¢ Fun([1],C) —= Fun([1],C)

is isomorphic to the identity functor. This follows from the following commutative diagram:

//:\\

Fun([1].C) s Fun([2].0) —— S Fun([1.C)

[1]
Fun([1],C) x¢ C o Fun([1],C) x¢ Fun([1],C) —— Fun([1],C).

A similar discussion applies to the relation f =idyof. O

Proposition 2.4.8 (Associativity). For composable morphisms f: x — 'y, g: y — z and
h: z — win an co-category C, there is a natural isomorphism

ho(gof) = (hog)o f
in Fun([1],C).
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Proof. Consider the following two morphisms in Fun([1],C), regarded as objects of
Fun([1],Fun([1],C)) = Fun([1] X [1],C):

S hog
X ——>y y ——w
N N
idxl gof |g and gi hog lidw
Y N
X W Z Z T) w.

These morphisms are natural in f, g and 4: we have functors

Py

Fun([1],C) x¢c Fun([1],C) > Fun([2],C) — Fun([1]x[1],C),

x%y x—)y XL))’
\Lg = \l idxl \gOf ig
Z W)Z,

and similarly for the other diagram. Forming the composite of these two morphisms in
Fun([1],C), we thus obtain a commutative square in C of the form

X (hog)o: W

N

X w
ho(gof)

natural in f, g and h. Using Lemma 2.4.7, the diagonal of this square is then naturally
isomorphic to both (hog)o f and ho (g o f), finishing the proof. O

2.4.3 The Rezk axiom

The notions of identity morphisms and composition of morphisms in co-categories, provided
by the Segal axiom, lead to the notion of an isomorphism in an co-category:

Definition 2.4.9 (Isomorphisms). Consider a morphism f: x — y in an co-category C. We
say that f is invertible, or that it is an isomorphism,6 if there are commutative triangles in
C of the form

y%x x%y
&lf \h
y X.

®In the literature these are often called ‘equivalences’. I might sometimes accidentally call them ‘equiva-
lences’ as well.
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A priori, this use of the word ‘isomorphism’ clashes with the other notion of ‘isomorphism’
that we have, namely that of natural isomorphisms between functors x,y: * — C. For
this reason, we will now introduce the Rezk axiom, which enforces that these two notions
of isomorphisms agree with each other. We start by defining the co-category Iso(C) of
1somorphisms in C.

Definition 2.4.10. Given a co-category C, we define the co-category Iso(C) via the following
pullback diagram:

1 s
Fun([2],C) xFun([2],C) Ld;) Fun([1],C) xFun([1],C)

\Ld;*xdf

x,y)—(idy,id,
CxC M Fun([l],C)XFun([l],C)

We may think of the objects of Iso(C) as commutative diagrams in C of the form

(Note that this is not a commutative square!) More formally, an object of Iso(C) consists
of objects x and y of C, a morphism f in C and two commutative triangles o and o in C
together with isomorphisms dj(o) = f = d5(02), dj(o1) = id, and d}(02) = id,.

We denote the composite functor at the top of the diagram by

Tiso - Iso(C) — Fun([1],C).

As one expects, the identity map id, : x — x is invertible in C for every term x of C:

Construction 2.4.11. We construct a functor i: C — Iso(C) lifting the functor C —
Fun([1],C): x — id,. Informally, i is given by sending an object x to the following
commutative diagram in C:

=



More formally, restriction along the map p»;: [2] — [0] induces a functor p”[‘zl: C—
Fun([2],C), giving a functor (p*[‘z],p’EZ]): C — Fun([2],C) Xpun([1],c) Fun([2],C). Since
the two relevant edges of this diagram are both the identity on x, this functor factors through

Iso(C), providing the desired functor i: C — Iso(C).

Axiom F (Rezk axiom). For every co-category C the functor i: C — Iso(C) is an equiva-
lence.

The Rezk axiom expresses that two objects x and y in C may be identified with each other
as soon as we find an invertible morphism f: x — y between them:

Corollary 2.4.12. Let x and y be objects of C and assume there exists an invertible morphism
f:x —y. Then there exists an isomorphism x =y in C.

Proof. Since the functor i: C — Iso(C) is an equivalence, there exists an object z of C
together with an isomorphism i(z) = f in Iso(C). Using the source and target functors
s,t: Iso(C) — C, this isomorphism in Iso(C) produces isomorphisms z = x and z = y in
C. By inversion we obtain x = z and by composition we obtain x = y, as desired. O

Remark 2.4.13. To be completely honest with you: the Rezk axiom doesn’t really identify
the two notions of isomorphisms that we have, it really just says that every isomorphism
in C is isomorphic to an identity map. In the way I have set things up in these lectures,
it is difficult to do much better than that: the notion of “natural isomorphism” is simply a
primitive notion and we cannot really say very much about it. A more satisfying approach
would have been to not just introduce the notion of a natural isomorphism «a: f = g, but
to instead introduce a whole co-category f = g of natural isomorphisms, and then define a
single natural isomorphism as a functor @: * — f = g. If one proceeds this way, one can
just ask this co-category to fit into a pullback square of the form

f =g — Iso(Fun(C, D))

-
\L(evo,evl)

+ —%  Fun(C, D) xFun(C, D),

and then one has truly identified the primitive notion of natural isomorphism with that of
an invertible natural transformation (which is what I had always intended).

I don’t want to change Axiom A.1 anymore so we’ll just leave it like it is, but from now on
it should be understood that the notion of a natural isomorphism is supposed to be just the
same as that of an invertible natural transformation!

Axioms E and F are inspired by Rezk’s notion of complete Segal spaces [Rez01]; see
Appendix A.5 for a definition of these objects.
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2.5 Digression: Quasicategories

So far, we have been treating co-category theory very axiomatically, focusing on the essential
features of the theory itself and ignoring how precisely one might model these objects within
ordinary mathematics. For completeness, we will now discuss the most common choice
of model for co-categories: quasicategories. 1 will give a definition of these objects, give
the main examples, and sketch why these objects do indeed satisfy the axioms we have
introduced so far. This material will not be used in the remainder of the course and will not
appear in the exam (with the exception of Definition 2.5.4, which is important independently
of quasicategories).

Remark 2.5.1. Some words on history are in order. Quasicategories have played a pivotal
role in the acceptance of co-category theory as a legitimate part of mathematics. The con-
ceptual idea of ‘doing category theory up to homotopy’ was around for a while, but a major
difficulty was how to make this idea rigorous within ordinary mathematics. While the defi-
nition of a quasicategory already appeared in the work of Boardman and Vogt [BV73] under
the name ‘weak Kan complexes’, it was through deep insights and important foundational
work by André Joyal [Joy0O8] and subsequently Jacob Lurie [Lur09b; Lur17] that the theory
obtained a rigorous, well-developed and practical form that could immediately be used by
researchers.

Definition 2.5.2. The simplex category A is the category of non-empty finite linearly ordered
sets and order-preserving maps between them.

Observe that any object in A is isomorphic to the linear order [n] = {0 <1 < --- < n} for
some n, and that the isomorphism is unique if it exists. We will therefore frequently denote
general objects of A simply by [n].

Observation 2.5.3. Every morphism in A can be written as a finite composite of face
maps d;: [n—1] — [n] and degeneracy maps s;: [n+1] — [n] (see Notation 2.2.9). The
identities these maps satisfy are known as the simplicial identities.

Definition 2.5.4. Let C be an co-category. A simplicial object in C is defined to be a functor
A°? — C. We will denote the co-category of simplicial objects by

sC := Fun(A",C).

In light of Observation 2.5.3, we may informally think of a simplicial object in C as a
collection of objects X, of C for every natural number n together with face maps d;: X, —
X,—1 and degeneracy maps s;: X,, — X,,, satisfying the simplicial identities. We frequently
draw simplicial objects as follows:

X, X Xo.

51



Since this looks somewhat chaotic, it is common to leave the degeneracy maps implicit and
only draw the face maps:

R —
 —

.3 X, — X T3 Xo.
 —

E—

We will now specialize to C = Set. For a simplicial set X € sSet, we refer to the set X, as
its set of n-simplices.

Definition 2.5.5 (Simplices). For every natural number n, we define the n-simplex A" as
the simplicial set represented by [n]:

A" :=Homy (-, [n]): AP — Set.
By the Yoneda lemma this defines a fully faithful functor
A®: A < sSet.

Again by the Yoneda lemma there is a natural bijection X, = Homgge( (A", X), so that we
may think of an n-simplex in X as a morphism o : A" — X of simplicial sets.

Definition 2.5.6 (Horns). Forn > 1 and 0 < k < n, we define the k-horn Aj as the subsim-
plicial set
Ap C A"

whose m-simplices are those maps ¢: [m] — [n] in A such that there is some element
i € [n] \ {k} which is not in the image of ¢. Equivalently, it is the union inside A" of all of
its faces except for the k-th face.

Example 2.5.7. For n = 1, the two horns A(l) and Ai may be displayed as follows:
0 00— 1 1
Al A 1 Al

0 1

Example 2.5.8. For n = 2 the three horns A2, A% and A% may be displayed as follows:

1 1 1

/ /N \

0 — 2 0 2 0—2
A} A? A3

Definition 2.5.9. Let X be a simplicial set.
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(1) We say that X is a Kan complex if for every n > 1 and 0 < k < n, every morphism of
simplicial sets A} — X extends to a morphism A" — X:

Al —— X

1
Y
1
7
Y

A"

(2) We say that X is a quasicategory if the above condition holds for all » > 1 but only for
0<k<n.

We denote by
Kan C qCat C sSet

the full subcategories on the Kan complexes and the quasicategories, respectively.
We will now give the two main examples of quasicategories:

Example 2.5.10 (Singular complex). Let X be a topological space. We will construct a
simplicial set Sing(X) € sSet called the singular complex of X.

* For every n > 0, let |A"| denote the topological n-simplex:

|A"] := {(x0s....xn) €R™ | xp4-+x,=1, x;>0fori=0,...,n}.

* For every order-preserving map ¢: [n] — [m] we get a continuous map

A?]: [A" = [A"], (X0, Xn) > (Vooee o ¥m)s V= DX,
jee (D)

This defines a functor

|A®]: A — Top, [n] — |A", @ |AY).

* We now define the simplicial set Sing(X) as

Sing(X), := Homrp (|A"], X),

. .. . o |A®] o Homryp (—,X)
i.e. it is the composite A°® — Top®® ———— Set.

You may know this simplicial set from your algebraic topology courses: it is used in the
definition of the singular (co)homology of X. It is not difficult to see that Sing(X) is
functorial in X, so that it defines a functor

Sing: Top — sSet.
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Exercise 2.5.11. Show that the singular complex Sing(X) of a topological space X is a Kan
complex.

Example 2.5.12 (Nerve of a category). Let C be a (small) ordinary category. We define
the nerve of C as the simplicial set N(C) € sSet given by

N(C), :=Homcy([n],C),
. o, . . Ie) 0 HomCat(_yc) .
i.e. itis the composite A°P < Cat®® —————— Set. Here Cat denotes the ordinary category
of small categories. Again this construction is functorial in C, resulting in a functor
N: Cat — sSet.

Exercise 2.5.13. Show that the nerve N(C) of a category C is a quasicategory. Provide an
example for which it is not a Kan complex.

Exercise 2.5.14. Show that the functor N : Cat — sSet is fully faithful, and provide a char-
acterization of its essential image in terms of lifting conditions similar to Definition 2.5.9.

We will now discuss the homotopy-coherent nerve of a Kan-enriched category.

Definition 2.5.15. A Kan-enriched category (resp. a simplicially enriched category) is a
category C such that for all objects x, y of C the hom set Homc (x, y) is the set of vertices of
some Kan complex Hom® (x, y) (resp. simplicial set) and the composition in C is induced
by a morphism of Kan complexes (resp. simplicial sets)

—o—: Hom?(y,z) x Hom”(x,y) — Hom®(x, z)
which satisfy unitality and associativity.

Example 2.5.16. The category sSet has an internal Hom: for a simplicial set X, the functor
X x —: sSet — sSet admits a right adjoint that we denote by

F(X,-): sSet — sSet.
Using this, the category Kan can be turned into a Kan-enriched category Kan by taking
Homg, (X,Y) := F(X,Y),
the internal Hom in Kan.

Example 2.5.17. Similarly, the category qCat can be turned into a Kan-enriched category
qCat by taking
Homgc.,(C,D) := F(C,D)~,

where C~ C C denotes the largest Kan complex contained in C (consisting of those n-
simplices all of whose edges are invertible in C).
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The vertices of the Kan complex Homé (x,y) are simply the morphisms f: x — y in C.
We refer to 1-simplices in Homé (x,y) as homotopies between morphisms, denoted f ~ g.
We would now like to construct a variant of the nerve for a Kan-enriched category in
which the diagrams ‘commute up to homotopy’. For example, the 2-simplices of this
homotopy-coherent nerve should consist of three morphisms

X1

NG

Xg ——— X
0 foz 2

together with a homotopy fo12: fi2 © for = fo2. Similarly, the 3-simplices should consist of
the data of six morphisms

X1
\ J13
fOl flz /, X3
Jo3 \ /'
// .f23
X0 T > X2

together with four homotopies

for2: fizo for = foo,  foi13: fizo for = fo3.  fo2z: fazo for = fos,  fi123: fa30 fi2 = fi3

and a homotopy of homotopies fy123: A' x A" — Hom@ (xg,x3) representing the following
diagram

Sf1230f¢
3o fizo for —= fi30 for

f230f012l/ iﬁm

f3o fo f—> fo3.
023

Definition 2.5.18. For every n > 0, we denote by €[A”"] the simplicially enriched category
defined as follows:

* The objects of €[A”"] are the elements of [n];

* Giveni,j € [n], we define the simplicial set Homga# (i, j) to be empty if j < i, and
otherwise as the nerve of the poset P; ; defined by

Pij={Ic{ii+l,....j-1Lj}|i,jel} CP{i,....j}),

ordered by reverse inclusion.
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» Fori,j,k € [k], the composition map
HOl’Il(g[An] (], k) XHomg[An] (i,j) - HOl’Il(g[An] (i,k)

is induced from taking the nerve of the map of partially ordered sets P; y X P; j — P;
which sends (/1, 1) to the union I} U I5.

This defines a functor
C[A®]: A — Caty

from A to the category of (small) simplicially enriched categories.

Definition 2.5.19 (Homotopy coherent nerve). Let C be a simplicially enriched category.
We define its homotopy coherent nerve N*(C) € sSet by

N%(C), := Homcy, (€[A"],C),

. . ClA®] Homcg, (—,C)
i.e. as the composite A% — (Caty)*®® ————— > Set.

Proposition 2.5.20 (Cordier and Porter [CP86]). Assume that C is Kan-enriched. Then the
simplicial set N*(C) is a quasicategory.

Exercise 2.5.21. Give a proof of Proposition 2.5.20.

We now relate the theory of quasicategories to our axioms of co-category theory:

Proposition 2.5.22. Quasicategories satisfy axioms A-F.

Proof sketch. * A functor of quasicategories is a morphism f: C — D of simplicial
sets. Composition is strictly unital and associative;

* The co-categories * and () are the initial and terminal objects of sSet;

* Products and coproducts are given by categorical products and coproducts of simpli-
cial sets;

* Pullbacks are given by homotopy pullbacks of quasicategories;

* The functor category Fun(C, D) is the internal hom in qCat: the functor Fun(C,-): qCat —

gCat is right adjoint to C X —: qCat — qCat;

* For every quasicategory C we may define an quasicategory Iso(C) just like in Defini-
tion 2.4.10, but where now all the pullbacks are strict pullbacks taken in sSet. It comes
with a forgetful functor (s,7): Iso(C) — C X C. We define a natural isomorphism
a: f=gtobeafunctora: C — Iso(D) suchthats(a) = fand (@) = g. Similarly, we
define an n-isomorphism for n > 3 to be a functor C — Iso" ! (D) =1Iso(...Iso(D)).
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* One can check that commutative square axiom, Segal axiom and Rezk axiom are
satisfied. Since this requires a lot of simplicial combinatorics not relevant to the
actual practice of co-category theory, we will not go into the details here. O

Remark 2.5.23. One can prove that a simplicial set X is a quasicategory if and only if the
morphism of simplicial sets

F(A%X) > F(A2L,X) = F(A', X) xx F(AL, X)

induced by the inclusion A% < A? is a so-called ‘trivial fibration’ of simplicial sets. As a
consequence this morphism is an equivalence of quasicategories for every quasicategory X.
So even though a priori a quasicategory only guarantees the existence of a 2-simplex given
any pair of composable 1-simplices f: x — y and g: y — z, the filling conditions for all
the higher-dimensional horns guarantee that this 2-simplex is in some sense ‘unique up to
homotopy’, which is precisely what the Segal axiom is expressing.

From this point forward, the reader who chooses to do so may think of co-categories as
quasicategories. Nevertheless, I will continue writing everything in a way that does not
refer to simplicial sets and respects the fundamental principle of homotopy theory.

2.6 More aspects of co-category theory

The theory of co-category theory is vast, and I could keep telling you about more things for
the rest of the course if I wanted. But since this course is ultimately about stable homotopy
theory, we do not have the time to go into all possible aspects of the theory. In this section I
will quickly go through the remaining constructions of co-category that we need, and state
various important results as black boxes.

Remark. Later in the course, we will need more advanced concepts in co-category theory,
like adjunctions, Kan extensions and (co)final functors. Readers interested in learning about
abstract co-category theory may find detailed discussions of these notions in Appendix A.

2.6.1 Animae

The notion of a ‘groupoid’ from ordinary category theory has a natural analogue in the
setting of co-categories:

Definition 2.6.1. An co-category C is called an anima, or an co-groupoid, if every morphism
in C is invertible.
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Remark 2.6.2. The plural of ‘anima’ is either ‘anima’ or ‘animae’, depending on taste. (I
personally prefer ‘animae’ but since many people use ‘anima’ I will probably often mix
them up.)

The terminology ‘anima’ was introduced relatively recently by Clausen and Scholze. For
historical reasons, the word ‘space’ is often used for ‘anima’ in the literature: it turns out
that the co-category An of animae can be obtained from the ordinary category of topological
spaces by inverting the weak homotopy equivalences, see Theorem 2.6.38 below. While it
is certainly useful at times to think of animae as spaces (in the sense of Convention 1.2.3) it
is such a fundamental concept in homotopy theory that it definitely deserves its own special
name as well.

Exercise 2.6.3 (See Exercise 6.6 on page 256 for some hints). Let C be an co-category and
let x and y be objects in C. Show that the Hom anima Hom¢ (x, y) is indeed an anima.

Recall that every category C has a largest subgroupoid C~ contained in it, called the core
of C, which has the same objects as C but whose morphisms are only the isomorphisms
in C. It is uniquely characterized by the property that the inclusion C~ < C is universal
among functors from a groupoid into C. We will use this universal property to axiomatize
the co-categorical version of the core:

Axiom G (Groupoid core axiom). For every co-category C, there is an anima C~ called the
(groupoid) core of C, which comes equipped with a functor y¢c: C~ — C. Every functor
F: X — C from an anima X factors through y¢, and for functors G,H: X — C~ every
natural isomorphism y¢c o G = y¢c o H may be lifted to a natural isomorphism G = H.

Furthermore, the groupoid core of [1] is equivalent to LI x.
Definition 2.6.4. For co-categories C and D, we write Map(C, D) for the anima Fun(C, D)~.

Exercise 2.6.5. Show that for an anima X and an co-category C the inclusion C~ — C
induces an equivalence
Map(X,C”) = Map(X,C).

Exercise 2.6.6. Let F': C — D be a functor. Show that the following conditions are
equivalent:

(1) The functor F is an equivalence;
(2) Forevery co-category E the functor Fo—: Map(E,C) — Map(E, D) is an equivalence;

(3) Forevery co-category E the functor —o F': Map(D, E) — Map(C, E) is an equivalence.
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2.6.2 Fully faithful and essentially surjective functors are equivalences

Recall that a functor between ordinary categories is an equivalence if and only if it is both
fully faithful and essentially surjective. The same statement is true for co-categories as well,
but we will treat it as a black box since its proof requires some techniques that we haven’t
introduced.

Definition 2.6.7. A functor F: C — D is called fully faithful if for every pair of objects x
and y of C, the induced map of animae

F: Hom¢(x,y) = Homp (Fx, Fy)
is an equivalence.

Definition 2.6.8. A functor F': C — D is called essentially surjective if for every object y
of D there exists an object x of C together with an isomorphism Fx = y.

Theorem 2.6.9 (Joyal, [Lan21, Theorem 2.3.20], [Cis+24, Theorem 6.3.1]). A functor
F: C — D is an equivalence if and only if it is fully faithful and essentially surjective.

2.6.3 Pointwise natural isomorphisms are invertible

Another statement we will treat as a black box is the following:

Theorem 2.6.10 (Joyal, [Lan21, Theorem 2.2.1], [Cis+24, Theorem 6.2.10]). Let F,G: C —
D be two functors and let a: F = G be a natural transformation. Then « is a natural
isomorphism if and only if for every object x of C the morphism a(x): F(x) — G(x) is an

isomorphism in D.

2.6.4 Opposite categories

Axiom H. For every co-category C there is an opposite category C°P. Similarly every
functor F': C — D induces an opposite functor F°P: C°? — D°P and this process respects
composition of functors. We have equivalences (C°P)°P ~ C and (F°P)°P ~ F.

If C and D are ordinary categories then C°P and F°P agree with the usual constructions of
opposite categories.

If X is an anima then we have an equivalence X°P ~ X.

Note that functors [1] — C°P correspond to functors [1] =~ [1]°P — (C°P)°P ~ (C, so that
morphisms in C°P are just morphisms in C but with source and target flipped. Also since
[2] =~ [2]°P, this correspondence between morphisms in C and morphisms in C°P preserves
composition. In particular C is an anima if and only if C°P is an anima.
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Proposition 2.6.11. The construction C — C°P is compatible with all constructions of

co-categories:

(1) There are equivalences °° ~ % and Q°P ~ ().

(2) For co-categories C and D there are equivalences

(CxD)® = CPx D,
C°°’uD® = (CUD),
Fun(C°?, D°?) ~ Fun(C,D)P.

(3) For functors F: C — E and G: D — E there is an equivalence

(C XE D)Op ~ CP X Eop D°P.

(4) For an co-category C there is an equivalence (CP)~ ~ (C~)°P.

Proof. All of these properties follow readily from the universal properties of these con-
structions. For illustration, let us merely sketch the proof that (—)°P preserves prod-
ucts: functors 7 — (C x D)°P correspond to functors 7°° — C x D, which in turn are
pairs of functors (7°° — C,T°°? — D), which in turn translate back into pairs of functors
(T — C°°, T — D°P), i.c. functors T — C°P x D°P, O

Corollary 2.6.12. For objects x and y in an co-category C we have an equivalence
Homcop (x,y) =~ Home(y,x).

Proof. Applying (—)°P to the pullback square defining Hom¢ (y,x) and using the equiva-
lence Fun([1],C)° =~ Fun([1]°P,C°P) ~ Fun([1],C°P), we obtain a pullback square of the

form
Hom¢ (y,x)°? —— Fun([1],C°P)

N
\L \L(evl ,evo)

% L COP x COP,

where the evaluation at 0 and 1 have swapped roles because of the equivalence [1]°P ~ [1]
that was used. This shows that Hom¢ep (x, y) ~ Home (y,x)°P. But since Hom¢(y, x) is an
anima by Exercise 2.6.3, we have Hom¢(y,x) ~ Hom¢ (y,x)°P, finishing the proof. O
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2.6.5 Subcategories

Next up, we would like to define subcategories.

Definition 2.6.13. A functor F': C — D is called a monomorphism, or an embedding, if
the commutative square

C

C

O 4— O

]

is a pullback square, i.e. the functor Ag := (id¢,id¢): C — C Xp C is an equivalence of
co-categories.

Remark 2.6.14. Note that this means that two functors G,H: T — C are naturally iso-
morphic whenever the functors F' o G and F o H are naturally isomorphic, hence this is a
homotopical version of the usual notion of monomorphisms in a category.

We denote embeddings as F: C < D. If y is an object of D, we say that y is in C,
sometimes written as y € C, if there exists some object x of C satisfying F(x) = y. By
the following lemma this object is then unique up to contractible choice and we will often
abusively again denote it by y.

Lemma 2.6.15. Let F': C — D be a monomorphism, and let y be an object of D which is
contained in C. Then the fiber Cy of F at y is contractible.

Proof. By definition Cy sits in a pullback square as follows:

¢, — C
[
* L} D.
Since y is contained in C, there exists some object x: * — C, of C,. We claim that this

functor is an equivalence between Cy, and *. To this end, consider the following commutative
diagram:

Since the bottom square is a pullback square and Ar is an equivalence, also Ac, is an
equivalence. To show that x: * — C, is an equivalence, it thus remains to show that the top
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left square is a pullback square. But this follows from the pasting law of pullback squares,
since both the top right square and the top outer rectangle are pullback squares. O

Definition 2.6.16. Let C be an co-category. A collection of morphisms in C is a monomor-
phism M — Map([1],C). We say it is closed under composition if the following two
conditions are satisfied:

 For amorphism f: x — y in C, if f € M then also id, € M and id, € M,
* For morphisms f: x —yandg: y—zinC,if g, f € M then also go f € M.

Axiom I (Subcategory axiom). Consider an co-category C equipped with a collection of
morphisms m: M <— Map([1],C) of C which is closed under composition. Then there
exists a co-category (M )¢ equipped with a functor iy;: (M)c — C satisfying:

* The induced functor (iy;).: Map([1],{M)c) — Map([1],C) factors through M,

* The functor iy, is universal with respect to the previous property: every other functor
f: D — C whose induced functor f,: Map([1],D) — Map([1],C) factors through
M admits an essentially unique factorization through (M ).

The last condition means more precisely that there is a pullback square of the form

Map(D,{M)c) > Map(D,C)

l |

Map(Map([1],D),M) —— Map(Map([1],D),Map([1],C)).

We refer to (M )¢ as the (non-full) subcategory spanned by the morphisms in M.

Exercise 2.6.17. Show that the induced functor (i3s).: Map([1],{M)¢c) — M is an equiv-
alence.

We may also form full subcategories in which we only select a collection of objects and
then take all morphisms between those objects:

Construction 2.6.18. Consider an embedding I" <— C~. We define Mr as the following
pullback:
Mr —— Map([1],C)
.

Lo e

I'X' —— C*xC~.
We refer to (Mr)c as the full subcategory spanned by the objects in T.

62



2.6.6 Localizations

Another important co-categorical construction is that of localizations, where we formally
invert a collection of morphisms in an co-category:

Axiom J.1 (Localization axiom). For every oco-category C and every collection of mor-
phisms W < Map([1],C), there exists a functor [: C — C[W~!] exhibiting C[W~!] as a
localization of C at the morphisms in W:

* The functor [ sends the morphisms in W to isomorpisms C[W~!];

* The functor [ is universal with respect to the previous property: for every other
co-category D, precomposition with / induces a fully faithful functor

I*: Fun(C[W~'],D) < Fun(C, D)

whose essential image is the full subcategory of Fun(C, D) spanned by those functors
f: C — D which sends morphisms of C contained in W to isomorphisms in D.

The last condition in particular means that there is a pullback square of the form

MaP(C[W_l],D) % MaP(C’D)
Map(W,Iso(D)~) —— Map(W,Map([1],D)).

Definition 2.6.19. Given a collection of morphisms W in an co-category C, we say that a
functor [: C — D exhibits D as a localization of C at the morphisms in W if it satisfies
properties (1) and (2) of the axiom. In this case, / induces a functor C[W~!'] — D which is
an equivalence.

Example 2.6.20 (Exercise 6.4). The functor pj): [1] — * exhibits * as a localization of
[1] at all its morphisms.

Example 2.6.21 (Exercise 5.2). Recall the functors
po: [1]x[1] — [2] and  po: [1]x[1] = [2]

from Remark 2.4.5, pictorially represented by the following two diagrams:

0 —> 1 0—>2
o= || o= |
0 — 2, 1 — 2.

Then pg exhibits [2] as a localization of [1] X [1] at the morphism (0,0) — (0, 1), while
p2 exhibits [2] as a localization of [1] X [1] at the morphism (0,1) — (1,1).
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In the case where W consists of all morphisms in C, we denote the localization by |C| and
call it the geometric realization of C.

Axiom J.2 (Geometric realization axiom). For every co-category C, the geometric realiza-
tion |C| is an anima.

Remark 2.6.22. The terminology ‘geometric realization’ will be justified in Lemma A.5.6,
where we will show that |C| is equivalent to the geometric realization (i.e. colimit) of the
nerve N(C): A°° — An of C.

Observation 2.6.23. Let C and D be co-categories and let W and W’ collections of mor-
phisms in C and D, respectively. Then the maps (C x D)[(WxW’)~!] — C[W~!] and
(CxD)[(WxW)~'] - D[W’'™!] induced by the projection maps define an equivalence

(CxD)[(WxW)'] = Cc[W 1 xD[W™].

Indeed, this follows immediately from the universal properties of both sides, together with
the fact that a functor F: C X D — E inverts all morphisms in W x W’ if and only if it
inverts all morphisms of the form w xid; for d € D and w € W and all morphisms of the
form id, xw’ forc € C and w’ € W’.

As aspecial case, we see that the projections induce an equivalence
|CxD| = |C|x|D|

on geometric realizations.

2.6.7 Limits and colimits

Very important in category theory are the notions of limits and colimits. When formulated
correctly, their definition immediately provides a definition for limits and colimits in the
oo-categorical setting as well:

Definition 2.6.24 (Limit/colimit). Let / and C be oco-categories and let F': I — C be a
functor.

(1) A coneon F is an object X in C together with a natural transformation €: consty — F
of functors I — C.

(2) A cone (X,¢) is called a limit cone if for every other object Y of C the composite
Hom¢ (Y, X) cond, Nat(consty, consty) SN Nat(consty, F)
is an equivalence.
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In this case, the object X is called the /imit of F. It is unique up to contractible choice, and
will be denoted either by lim; F' or lim;¢; F (7).

Dually, one defines a cocone to be a natural transformation n: F' — consty. It is a colimit
cone if for every Y the composite
const —on
Hom¢ (X,Y) —— Nat(consty, consty) — Nat(F, consty)

is an equivalence.

Observation 2.6.25. Note that a functor F': I — C admits a limit in C if and only if the
opposite functor F°P: [°P — C°P admits a colimit in C°P.

Definition 2.6.26. We say an oco-category C admits all I-indexed (co)limits if for every
functor F': I — C there exists a (co)limit (co)cone for F. If G: C — D is a functor
between oco-categories that admit /-indexed (co)limits, then we say that G preserves I-
indexed (co)limits if for every functor F: I — C, the functor G sends (co)limit (co)cones
of F in C to (co)limit (co)cones of GF in D.

It is sometimes useful to rephrase (co)cones in terms of functors rather than natural trans-
formations:

Definition 2.6.27 (Cocone co-categories). For an co-category I, we define the co-category
I”, called the cocone of I, via the following pushout square of co-categories:

Ix{1} —— Ix[1]
L
x« — I°.

We will often denote the object classified by the bottom morphism as co. Note that a
functor F: I” — C consists of a functor 7 x [1] — C whose restriction to 7 x {1} is constant.
Equivalently, it consists of a functor F := F| 1x{oy: I — C and an object W := F(c0)in C
together with a cocone F — constyy.

We say that a functor F : I — C is a colimit diagram if the associated cocone F — consty
is a colimit cocone.

We dually define 77, called the cone of I, as the following pushout of co-categories:

Ix{0} —— Ix][1]

[

-
* I

A functor F: I* — C consists of a functor F: I — C together with a cone constyy — F. We
say that F is a limit diagram if this cone is a limit cone.
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The notion of limits and colimits are closely related to that of adjunctions, introduced in Ap-
pendix A.2. We discuss the relations between (co)limits and adjunctions in Appendix A.2.3.

Let us discuss some special cases of limits/colimits that will be relevant.

Initial and terminal objects

Definition 2.6.28 (Initial/terminal objects). An object X of an oco-category C is called
terminal if for every other object Y the Hom anima Hom¢ (Y, X) is contractible. We say
that X is initial if for every other Y the Hom anima Hom¢ (X, Y) is contractible.

Lemma 2.6.29. The terminal objects of C are precisely the limits of the unique functor
F:0—C.

Proof. First assume that X is a limit of F: ) — C. Since Fun(0,C) is contractible, it
follows that Nat(consty, F') is contractible for all Y, hence also Hom¢ (Y, X) is contractible.
This shows that X is terminal.

Conversely, assume that X is terminal. Since Fun(@,C) =~ =, there is a unique natural
transformation £: consty — F. We need to show that for every Y the map Hom¢(Y, X) —
Nat(consty, F') is an equivalence. But this is clear since both sides are contractible. |

Pullbacks and pushouts

Definition 2.6.30. Consider the category _| that has three objects 0, 1 and 2 and two
non-identity morphisms 0 — 2 and 1 — 2:

L
Il
P — o

1 —

The two non-identity morphisms induce two functors [1] — J whose targets agree, so that
we get a commutative square of the following form:

[0] -2 1]

doi l (2.1)

[1] —— .

Axiom K (Pullback diagram axiom). The commutative square (2.1) is a pushout square of
co-categories.
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Unwinding definitions, this axiom says that a functor F: _| — C corresponds to a pair of
morphisms f: X - Zandg: Y —» ZinC.

We will now provide an explicit description of limits over _-indexed diagrams. Given a
fourth object W of C, acone on F: _J — C a priori consists of a commutative diagram

% W W
X 1 vze8 y

The following lemma lets us equivalently encode this data as a commutative square:
Lemma 2.6.31. The functor J X[1] — [1] X [1] described informally by the diagram

(0,0) == (0,0) == (0,0)

U

(1,0) — (1,1) <— (0,1)

exhibits [1] X [1] as a localization of J X[1] at the morphisms (0,0) — (2,0) and (1,0) —
(2,0).

Proof. Since J X[1] is a pushout of two copies of [1] X [1] and [1] X [1] is a pushout of
two copies of [2], we may construct such a functor by gluing two copies of the functor
po: [1] x[1] — [2] from Remark 2.4.5. We need to show that for any oco-category C,
precomposition with this functor induces a fully faithful functor

Fun([1] x[1],C) < Fun(J x[1],C)

whose essential image consists of those functors _J X[1] — C inverting the two morphisms
(0,0) — (2,0) and (1,0) — (2,0). Since the oco-categories [1] x [1] and _J X[1] are
pushouts, we may rewrite this map (up to equivalence) as follows:

Poxiapy: Fun([2],C) Xpun([1],c) Fun([2],C) — Fun([1] X [1]) Xgun([1},c) Fun([1] x [1],C).

The claim now follows from the fact that pg: [1] X [1] — [2] is a localization at the
morphism (0,0) — (0,1), see Example 2.6.21. O

Corollary 2.6.32. Consider a functor F: | — C, corresponding to morphisms f: X — Z
and g: Y — Z, and let W be an object of C. Then the functor from the lemma induces an
equivalence of co-categories

W—> X W X
Commutative squares l lf — Nat H lf
Yy -5 7 W=—Ww, yv—L57z
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Proof. By definition, the right-hand side is defined as the Hom anima in Fun(_!, C) between
the diagrams consty and F. Because we have an equivalence

Fun([1],Fun(d,C)) = Fun(d x[1],C),
this means that the right-hand side is equivalent to the fiber over (consty, F) of the functor
Fun(J x[1],C) — Fun(J x{0},C) x Fun(J x{1},C).
By the previous lemma, this fiber is equivalent to the fiber over (W, F)) of the functor
Fun([1] x[1],C) — Fun({(0,0)},C) xFun(J,C),
which is by definition what the left-hand side of the corollary means. m|
Definition 2.6.33. We say a commutative square in C of the form

W —>X

Lol

y 2537
is a pullback square if the corresponding cone constyy — F is a limit cone in C. In this
case, we also write W = X X Y.

The story for pushouts is entirely dual:

Definition 2.6.34 (Pushout squares). We may consider the category  :=_1°P, which we may

display as follows:
0 ——1
r = l
2.
Using Proposition 2.6.11, we see that the commutative square
d
[0] — [1]
@] l
[1] —>r

is a pushout square of co-categories, and hence a functor F': — — C corresponds to a pair
of morphisms f: Z — X and g: Z — Y. By dualizing the argument for cones on _J from
before (replacing the functor po by po: [1] X [1] — [2]) one sees that a cocone F' — consty
may equivalently be encoded as a commutative square in C of the form

Z—)X

|

Y — W.
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We say that it is a pushout square if it corresponds to a colimit cocone. In this case we write
W=XuzY.

2.6.8 The co-categories Cat.,, and An

We will introduce the oco-categories Cat,, and An of (small) co-categories and (small)
animae.

Axiom L. There is an oo-category Cat,, whose objects are called small co-categories.
Every object ¢ € Cat,, defines an co-category C. For objects ¢, d € Cat,, corresponding to
oo-categories C and D, there is an equivalence of animae

HomCatm (C, d) ;> Map(C, D)’

and in particular morphisms in Cat,, correspond to functors of co-categories. Composition
in Cat, corresponds to composition of functors.

The oco-category Cat,, admits all /-limits and /-colimits for every small co-category /.

The oco-category Cat,, is closed under all constructions of co-categories introduced so far:
initial/terminal co-categories, (co)products, pullbacks, functor categories, groupoid cores,
subcategories, and localizations. The co-categories [n] are small for all n > 0.

Remark 2.6.35. Axiom L is a somewhat ad hoc and informal approximation of a ‘true’
axiom that would introduce Cat., via a concept called ‘directed univalence’. Setting up the
required theory here would take too much time, so we will have to do with Axiom L. The
interested reader may consult [Cis+24, Chapter 7] for more details.

Remark 2.6.36. There is a functor qCat — Cat., which exhibits Cat., as the localization
of gqCat at the equivalences of quasicategories.

In terms of quasicategories, the co-category Cat., may be modeled as the homotopy-coherent
nerve N*(qCat) of the Kan-enriched category qCat from Example 2.5.17. We will not use
this perspective.

Definition 2.6.37. We define the co-category of animae as the full subcategory
An C Cat,,
spanned by the animae.

Theorem 2.6.38. The subcategory An C Cat, is closed under all limits and colimits. Each

of the following four vertical functors

si
CW —— Top 2%y Kan — sSet = Fun(A°P, Set)
\ ~ I
M, Il
M —3 ¥ |J:=colim yop
An
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is a localization, inducing equivalences of co-categories

An ~ CW [homotopy equivalences™']
~ Top|weak homotopy equivalences ™ ]

~ Kan[homotopy equivalences ™' ]

[
~ sSet[weak equivalences™'].

When X is a topological space/CW-complex/Kan complex, we refer to the anima I (X)
as its fundamental co-groupoid or underlying anima.

Remark 2.6.39. Since the co-category An is a localization of the category of topological
spaces, it is often called the co-category of spaces in the literature and is denoted either by
S or by Spc. This explains Convention 1.2.3: we use the word ‘topological space’ if we
want to think of X as an object of Top, but if we use the word ‘space’ then it means we are
thinking of it as an object of An. Throughout the rest of the course, we will mostly use the
word ‘anima’ instead of ‘space’, though at times it is certainly useful for intuition to think
of an anima as a space.

We will see in Propositions B.2.8 and B.3.8 below that the localization functor I : Top —
An sends homotopy pushouts/pullbacks of spaces to pushouts/pullbacks in An.

Remark 2.6.40. In terms of quasicategories, the co-category An can be modeled by the
quasicategory N*(Kan), the homotopy-coherent nerve of the Kan-enriched category Kan
from Example 2.5.16. We will not use this perspective.

Remark 2.6.41. The Hom animae Hom¢ (X,Y) assemble into a Hom functor’
Hom¢: C? xC — An.

In particular every object X € C defines a functor Yx := Hom¢(—, X): C°P — An.

The following theorem is again taken as a black box:

Theorem 2.6.42 (Yoneda lemma). For a functor F: C°® — An and an object X € C there
is an equivalence

Nat(Yy, F) = F(X), (p: Yx > F) — ¢(idy).
In particular the Yoneda embedding
Y: C — Fun(C, An), X — Hom¢(—, X)

is fully faithful.

"Formally defining this functor takes some work.
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Theorem 2.6.43. The functor Hom¢(—,—) : C°P X C — An preserves limits in both variables
separately.

Proof sketch. The claim means that for an object X in C the functors
Hom¢(X,-): C — An and Hom¢(—,X): C? - An

preserve limits. Note that the claim for Hom¢ (—, X) may be reduced to that for Hom¢ (X, —)
by replacing C by C°?. For Hom¢ (X, —), we must show that for any functor F': I — C
whose limit exists in C the canonical map

Hom¢ (X, lim;e; F(i)) — lim;e; Home (X, F (7))
is an equivalence. By definition of a limit, we know that the map of animae

Hom¢ (X, lim;¢; F(i)) — Nat(consty, F)

is an equivalence, where the right-hand side denotes the Hom anima in Fun(/,C). The
proof thus essentially boils down to computing Hom animae in functor categories. This is
non-trivial to do, but let us just say that in this case there is an equivalence

Nat(consty, F') = lim;e; Home (X, F (i)

compatible with the two maps from Hom¢ (X, lim;e; (F (7))). O

2.6.9 Adjunctions

The final aspect of co-category theory that I wish to introduce is the notion of an adjunction:

Definition 2.6.44. Let F: C — D and G: D — C be two functors. An adjunction between
C and D consists of a natural isomorphism

Homp (F(-),-) £ Hom¢(—,G(-))

of functors C°? x D — An. We often write F' 4 G to indicate that such an isomorphism has
been given.

As in ordinary category theory, adjunctions may equivalently be characterized in terms
of a unit n: idc — GF and a counit &: FG — idp satisfying the triangle identities
(eF)(Fn) =idp and (Ge)(nG) = idg. An important feature of adjunctions is that they
can be characterized pointwise: given a functor F: C — D, if one can provide for every
object Y of D asuitable object G(Y) of C equipped withamap ey: FG(Y) — Y satisfying a
suitable adjointness condition, then these objects automatically assemble into a right adjoint
G: D — C, and the maps ey assemble into a counit & for the adjunction.

The theory of adjunctions is very interesting and there is a lot to say about it. Details
on the pointwise characterization of adjunctions, along with related concepts such as Kan
extensions, (co)final functors, and Bousfield localizations, can be found in Appendix A.2.
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3 Stable co-categories

In this chapter we introduce the notion of a stable co-category. A good reference for this
material is Chapter 1 of Lurie’s book Higher Algebra [Lurl7].

3.1 Pointed co-categories

Recall from Section 2.6.7 that an object X of an oco-category C is called terminal if
Hom¢ (Y, X) is contractible for all Y € C. Dually, X is initial if instead Hom¢(X,Y) is
contractible for all Y € C.

Definition 3.1.1 (Zero object). We call an co-category C pointed if it has a zero object, i.e.
an object O that is both initial and terminal.

Example 3.1.2. The category of abelian groups is pointed: the zero object is the trivial
group 0. More generally, any additive category is pointed.

There is a universal way to turn an co-category C with a terminal object * into a pointed
co-category:

Definition 3.1.3 (Pointed objects). If C is an co-category with a terminal object *, we define
its co-category of pointed objects via the following pullback square:

C. — Fun([1],C)

[

« ——— 5 (.

In other words, C. is the slice category C,, from Definition A.2.26. Objects of C, are
objects X of C equipped with a map x: * — X from the terminal object. We will frequently
denote such objects by (X, x).

Lemma 3.1.4. Let C be an co-category with a terminal object .
(1) The oco-category C., is pointed;
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(2) The co-category C is pointed if and only if the forgetful functor C. — C is an equivalence.

Proof. (1) Recall from Lemma A.2.27 that the Hom anima in C, between two pointed
objects (X,x) and (Y, y) may be computed as the fiber

Hom¢, ((X,x),(Y,y)) —— Hom¢(X,Y)

|- Tk

* > Homc (%,Y).

It follows immediately from this formula that the pointed object (x,id.: * — ) is both
initial and terminal in C,., and hence a zero object.

(2) The ‘only if” part is clear from (1). Conversely, assume that C is pointed. Then the
object * is also an initial object in C, and hence the target functor C. = C,; — C is an
equivalence by Lemma A.2.29. O

For future purposes, we will record the precise sense in which C, is the ‘universal’ pointed
co-category mapping to C.

Notation 3.1.5. Let Cat’, denote the subcategory of Cat,, spanned by co-categories with a
terminal object and functors which preserve terminal objects. Let Cat?; C Cat}, denote the
full subcategory spanned by the pointed co-categories.

Corollary 3.1.6. The inclusion Cat% < Cat’, admits a right adjoint
Catl, —» Catl, CwC,

with counit given by the forgetful functort: C, — C.

Proof. We will use the (dual of the) criterion from Proposition A.2.63. The construction
C — C, determines a functor R := (-),: Cat’, — Cat,, and the forgetful functors C, — C
determine a natural transformation £: R — idc,,. We need to check that for every C the
two functors

ec,: (Cy) — C, and (g¢)«: (Cy)w — C,

are equivalences. For the first this is an instance of Lemma 3.1.4. The second follows
immediately from the first, using the fact that the ‘swap of components’-map Fun([1] X
[1],C) ~Fun([1]x[1],C) induces an equivalence (C.). =~ (C,). which makes the following
triangle commute:

‘EC*\ Ac)*
C..
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Corollary 3.1.7. Let C, D € Cat, and assume that D is pointed. Then the forgetful functor
t: C. — C induces an equivalence

t.: Fun*(D,C,) = Fun*(D,C),

where Fun®(—, —) denotes the full subcategory of the functor category spanned by those
functors that preserve the terminal object.

Proof. By the Yoneda lemma it suffices to show that
Homgy (E,Fun*(D,C.)) = Homcy (E,Fun*(D,C))

for all E € Cat,. By currying and uncurrying, this is equivalent to the condition that the
map
Homgy¢ (D,Fun(E, C.)) — Homcy,e (D,Fun(E,C))

is anequivalence. Since Fun(E, —) preserves pullbacks we see that Fun(E, C,) ~ Fun(E, C).,
and so this is an instance of the adjunction from Corollary 3.1.6. O

3.2 Stable co-categories

Recall from Section 2.6.7 the definitions of pushouts and pullbacks in an co-category,
defined as colimits and limits along the indexing categories ™ and _J, respectively.

Definition 3.2.1 (Stable co-category). An oco-category C is called stable if:

(1) There exists a zero object 0 € C;
(2) Pushouts and pullbacks exist in C;

(3) A commutative square
X L} Y

o] k 1#
w5z

in C is a pullback square if and only if it is a pushout square.
The squares in (3) are called exact squares.

Important examples of exact squares are the exact sequences:

74



Definition 3.2.2 (Exact sequence). A null-sequence in a pointed co-category C is a com-
mutative square in C of the form

x L5y

Lol

0 —— Z,
where 0 is a zero object. We call it a fiber sequence if itis a pullback square in C and a cofiber
sequence if it is a pushout square. In these cases, we write X = fib(g) and Z = cofib( f),

respectively. We will call it an exact sequence if it is both a fiber sequence as well as a
cofiber sequence. We will frequently use the simplified notation

xLy2z

for null-sequences, leaving the null-homotopy of g f: X — Z implicit in the notation.

Definition 3.2.3 (Loop functor). Let C be a pointed co-category that admits fibers. For an
object X € C we define QX as the fiber of 0 — X:

QX —— 0

iJ l (3.1)

0 — X.

Remark 3.2.4. The assignment X — QX can be upgraded to a functor Q: C — C. To see
this, we will show that sending X to the diagram (3.1) determines a functor C — Fun(,C);
we may then compose with the limit functor to obtain Q. Using the equivalence C ~ C, C
Fun([1],C) from Lemma 3.1.4, the functoriality of (3.1) is then given by the following
composite:

C=CXcC=CiXxcCy = Fun([1],C) Xey, cev, Fun([1],C) = Fun(d,C).

Definition 3.2.5 (Suspension functor). Let C be a pointed co-category that admits cofibers.
For X € C we define the suspension £X of X as the cofiber of X — 0:

X ——0

-

0 — 2X.

The assignment X +— XX assembles into a functor X: C — C just as in Remark 3.2.4.

Exercise 3.2.6. Let C be a pointed co-category that admits fibers and cofibers. Show that
the functor £: C — C is left adjoint to Q: C — C: for all X,Y € C there is a natural
equivalence

Hom¢(ZX,Y) ~ Home (X, QY).
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It turns out that stability may be completely characterized in terms of fibers and cofibers:

Theorem 3.2.7. For a pointed oo-category C, the following three conditions are equivalent:
(1) The oco-category C is stable;

(2) The oo-category C admits both fibers and cofibers, and a sequence X i) Y Zisa
fiber sequence if and only if it is a cofiber sequence;

(3) The co-category C admits fibers and the functor Q: C — C is an equivalence;

(4) The co-category C admits cofibers and the functor X: C — C is an equivalence.

Proof. 1t is clear that (1) implies (2) by taking W = 0 in the defining property of stability.
If we assume (2), then the fiber sequence

QX —— 0

I

0 — X

is by assumption also a pushout square and thus the counit map XQX — X is an equivalence.
Similarly the unit map X — QXX is an equivalence. It follows that £ and Q are inverse
equivalences, so that (3) and (4) hold.

We now show that (3) implies (1); applying the argument to C°P will then show that also
(4) implies (1). We will first show that C admits pushouts and that pushout squares agree
with pullback squares. To this end, consider the full subcategory

P C Fun([1]x[1],C)

spanned by the pullback squares. We then have the following claim:
Claim: The restriction functor P — Fun( ™ ,C) is an equivalence.

Proof of claim: To construct an inverse, consider a diagram z «— x — y in C, and consider
the following pullback diagram (ignoring the dashed morphisms):

Qx > Q7 > 0

\L | |
~ e
Qy > a > b > 0
| N
~ ~
0 > C > X >y
- |
|
e ~ ¥
0 7z ---3 Q7 la.
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The desired inverse functor is now given by

X —— Yy Qx —— Qy
A Y N
z Q7 —— a

Note that this functor does indeed land in P since the equivalence Q~': C = C preserves
pullback squares. Furthermore, it provides an extension of the original diagram, hence
defines a right inverse. Finally, if we start with any pullback square, we may rewrite it in
the form

X ——y
I
ZHQ_I(’L

and we see that the above procedure recovers the original pullback square, showing that it
is also a left inverse. This finishes the proof of the claim. O

We will now use the claim to produce pushouts in C. Consider again a diagram z «—x — y
in C, and extend it uniquely to a pullback diagram:

{— <

=

s
_I
o

N =

We claim that this square is also a pushout square in C. Indeed, for every other object a in

C we have
X—>Y a a X——Y a a
|
Nat l , ‘ ~ Nat l l - H ~ Hom¢(w,a),
Z a Z—— w a a

where the last equivalence holds because [1] X [1] has a terminal object (1,1). This
computation shows that C admits pushouts and that pushout squares agree with pullback
squares.

Note that in particular C admits cofibers and that £: C — C is an equivalence, so applying
the above logic to C°P we see that C also admits all pullbacks, and hence is stable. This
finishes the proof. O

Remark 3.2.8 (Abelian categories). To get some intuition for stable co-categories, observe
that condition (2) in the previous proposition is very similar to the definition of an abelian
category. Recall that an abelian category (A is an ordinary category satisfying:
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(1) A is semiadditive: it admits a zero object 0 and binary biproducts X @Y
(2) A admits all kernels and cokernels;
(3) All monomorphisms and epimorphisms in A are normal:

a) Every monomorphismi: A < B is the kernel of the quotient map B - coker(i);

b) Every epimorphism p: B —» C is the cokernel of the inclusion ker(p) — B.
Note that condition (3) is equivalent to the condition that for every pair of morphisms
AsBSC

satisfying pi =0, if i is a monomorphism and p is an epimorphism then this sequence is a
fiber sequence (i.e. A = ker(p)) if and only if it is a cofiber sequence (i.e. C = coker(7)).
In a stable co-category, the notions of ‘monomorphism’ and ‘epimorphism’ are not well-
behaved, so we simply demand condition (3) for all morphisms i and p. It turns out that
in this case we may weaken the assumption in (1): it turns out that stable co-categories are
automatically additive (see Lemma 3.3.3 below).

Warning 3.2.9. Based on questions during/after the lecture, let me emphasize: when we
regard an abelian category A as an oco-category, it is never stable unless it is the trivial
category (since the loop functor Q: A — A is the zero-functor but by Theorem 3.2.7 it
needs to be an equivalence in order for A to be stable). More generally, an ordinary category
can never be a stable co-category. The previous remark merely illustrates an analogy which
may help to evoke some intuitions.

Something we can do is that we may associate to every abelian category A a stable co-
category D(A) called the derived oco-category of A, obtained from the category Ch(A)
of chain complexes in A by inverting the quasi-isomorphisms:

D(A) := Ch(A)[{quasi-isomorphisms}~!].

It comes with a fully faithful inclusion A < D (A). Usual constructions from homological
algebra (like derived tensor products or derived Hom (a.k.a. Ext) functors) are naturally
formulated within D (A).

Exact functors

When working with stable co-categories, we usually want to restrict attention to exact
functors between them:
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Definition 3.2.10 (Exact and pointed functors). A functor F': C — D between pointed
oco-categories is pointed if it preserves zero objects. If C and D are stable, then a functor
F: C — D is called exact if it is pointed and sends exact sequences to exact sequences.

Proposition 3.2.11. Let F: C — D be a functor between stable co-categories. Then the

following are equivalent:

(1) The functor F is exact;
(2) The functor F preserves initial objects and pushouts;

(3) The functor F preserves terminal objects and pullbacks.

Proof. Since C and D are pointed, it is clear that F is pointed in each of the three cases.
The argument from Theorem 3.2.7 shows that a pointed functor preserves exact sequences
if and only if it preserves pushout squares if and only if it preserves pullback squares. O

Since exact functors are clearly closed under composition, the following definition makes

Sense:

Definition 3.2.12. We define the co-category of small stable co-categories as the (non-full)
subcategory
Cat® C Cat,,

spanned by the stable co-categories and the exact functors between them.

Theorem 3.2.13 ([Lurl7, Theorem 1.1.4.4]). The co-category Cat® admits small limits,
and the inclusion Cat®, < Cat,, preserves small limits.

3.3 The structure of stable co-categories

Let us now establish some general properties of stable co-categories.

3.3.1 Additivity

We start with additivity:

Definition 3.3.1 ((Semi)additive co-category). An co-category C is semiadditive if

(1) It admits finite products and coproducts;

(2) It has a zero-object 0O;
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(3) It admits biproducts: for any X,Y € C, the map

dy O
0 idy

cXUY— X XY

is an equivalence.

In this case, we will write X @Y for the biproduct of X and Y. We call C additive if it is
semiadditive and the following further condition is satisfied:

(4) For any X € C, the “shear map”

th'mX:XuXHXxx

0 idy

is an equivalence.

Remark 3.3.2. As we will see in Section 4.3, the Hom anima Hom¢ (X,Y) of a semiadditive
co-category automatically becomes a commutative monoid. The sum f + g of two morphisms
f,g € Hom¢(X,Y) is given by the composite

S xex B ver Ly,

where A and V denote the diagonal and codiagonal. If C is additive, then Hom¢(X,Y) is
even a commutative group. See Exercise 7.6 for details.

Lemma 3.3.3. Every stable co-category C is additive.

Proof. Products and coproducts are special cases of pullbacks and pushouts, and the zero-
object exists by pointedness of C. To show C has biproducts, let X and Y be objects in C,
and consider the following commutative square:

0 — X

\L \L(id,O)

y M vy,

Since it is a product of the two pullback squares

—

<— o

d and
id

)
P = <
N<4&— o

—
—

~
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it is again a pullback square. Since C is stable, it is also a pushout square. This means that

the map
id 0
XV xuy - xxy
0 ldy
is an equivalence, i.e. that C is semiadditive. For additivity, we consider the commutative
square
00— X
l \L(id,id)
x 29 x e x.

We claim that this is a pullback square as well. To see this, consider the diagram

0 — X

Loy Lo

X — XxX H X
I
0 > X > 0.

The right bottom square, the bottom rectangle and the left rectangle are pullback squares.
By the pasting-property of pullback diagrams, the upper right square is a pullback square
and thus the upper left square is a pullback square. Since C is stable, it means that this is
also a pushout square, and so the map

Wy 1dy) ¥y o xxx
0 ldx
is an equivalence. This finishes the proof that C is additive. O

3.3.2 Functor categories

Proposition 3.3.4. Let C be a stable co-category and I an arbitrary co-category. Then
Fun(1,C) is a stable co-category.

Idea of proof. For this proof, recall from Lemma A.2.23 and Theorem 2.6.10 the following
facts:

(1) If C admits K-indexed (co)limits, then so does Fun(Z,C);

(2) Forevery i € I the functor ev;: Fun(/,C) — C preserves all K-limits and K-colimits;
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(3) The functors (ev;);c; are jointly conservative: a natural transformation @: F — G is a
natural isomorphism (i.e. an isomorphism in Fun(Z, C)) if and only if each morphism
a(i): F(i) — G(i) is an isomorphism in C.

From these facts it follows that the constant functor consty: / — C is both terminal and
initial in Fun(/,C), hence a zero-object. Furthermore, the co-category Fun(/,C) admits
pushouts and pullbacks. Given a commutative square

Q— &

o
o

T<— ™

in Fun(/,C), it is a pushout/pullback square if and only if it is so after evaluating at each
i € 1, and hence by stability of C these two conditions are equivalent. O

3.3.3 Finite limits and colimits

Stable co-categories admit all finite limits and colimits:

Definition 3.3.5 (Finite co-categories). We denote by
Catgf,1 C Caty

the smallest full subcategory which contains the co-categories @, * and [1], and which
is closed under pushouts of co-categories. A small co-category [ is called finite if it is
contained in Cat".

Example 3.3.6. The following co-categories are finite:

* The oo-categories 0, * and [1];

The co-category x* LI x;
* The oco-categories _| and I™;
* The oo-categories [n].

Remark 3.3.7. There is a functor (—)°P: Cat, — Cat,, implementing the assignment
C — C°P. This functor is an equivalence, hence in particular preserves pushouts and full
subcategories. Since each of the co-categories @), = and [ 1] are equivalent to their opposites,
it follows that an co-category C is finite if and only if its opposite CP is finite.

82



Definition 3.3.8. An co-category C is called left exact, or said to admit finite limits, if it
admits all /-indexed limits for all finite co-categories /. Similarly, a functor F: C — D
between left exact co-categories is called left exact if it preserves I-indexed limits for all
I € Cat™. We denote by

Cat'®™ C Catq,

the subcategory consisting of the left exact co-categories and left exact functors.

Theorem 3.3.9 (Lurie [Lur09b, Corollary 4.4.2.4]). (1) Anoo-category C admits finite lim-
its and only if it has a terminal object and admits pullbacks.

(2) A functor F: C — D is left exact if and only if it preserves terminal objects and
pullbacks.

Dually C has finite colimits if and only if it has an initial object and admits pushouts, and
F preserves finite colimits if and only if it preserves initial objects and pushouts.

Idea of proof. One direction is clear. The other direction needs the non-trivial fact that
when the co-category I can be written as a colimit I = colim; I;, we get an alternative
description of lim;e; F'(i) as lim ¢ jor lim;c L F (7). (See Theorem A.2.25 for a more precise
formulation). |

Corollary 3.3.10. Every stable co-category admits finite limits and colimits. Every exact

functor F: C — D between stable co-categories preserves finite limits and colimits. m|

We record an alternative characterization of stable co-categories, due to Moritz Groth
[Grol6]:

Proposition 3.3.11. An oco-category C is stable if and only if it has all finite limits and

colimits and finite limits commute with finite colimits.

Proof. Let C be a stable co-category. If / is a finite co-category, then C has /-indexed
colimits by the previous corollary, hence there is a functor colim: Fun(S,C) — C. Its
domain is also stable and colim preserves finite colimits, because colimits commute with
colimits (exercise). So the functor is exact and hence preserves finite limits as well.

Conversely, assume that C is finitely complete and cocomplete and that finite limits commute
with colimits in C. Considering the empty category, the fact that empty limits commute
with empty colimits expresses that C is pointed. To show that C is stable, consider for every
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X € C the following diagram:

A
~

S —> O &— X
P R X
N —So<&—o

Vi \
N\ I4

Taking pushouts of the rows we get the diagram 0 — XX « 0 whose pullback is QXX.
If instead we take pullbacks of the columns, we get X «— X — X, whose pushout is
X. Pullbacks commuting with pushouts tell us then the canonical map X — QXX is an
equivalence. A similar argument shows that XQX — X is an equivalence, so that C is stable
by Theorem 3.2.7. O

3.3.4 Exercises on stable co-categories

Recall that there are exercise sheets at the end of the notes. Since some of the exercises
from sheet 7 are especially important, I will also state them here as part of the lecture notes.
Solutions to these exercises may be found here.

Exercise 3.3.12. Let f: X — Y be a morphism in a stable co-category. Show that there is
an isomorphism

cofib(f) = fib(f)[1].

Exercise 3.3.13. Let f: X — Y be a morphism in a stable co-category C. Show that the
following are equivalent:

(1) The morphism f is an isomorphism in C;
(2) The cofiber cofib( f) of f is a zero object in C;

(3) The fiber fib( f) of f is a zero object in C.

Recall that the splitting lemma provides equivalent conditions for a short exact sequence in
an abelian category to be a split short exact sequence. In the following exercise we will
prove a splitting lemma for stable co-categories:

Exercise 3.3.14. Let C be a stable co-category and let X LY 2 Z be an exact sequence in
C. Show that the following are equivalent:

(1) The associated morphism fib(i) — X is null-homotopic;
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(2) The associated morphism Z — cofib(p) is null-homotopic;
(3) The map i admits a retract: there is a morphism r: Y — X satisfying ri ~ idy;
(4) The map p admits a section: there is a morphism s: Z — Y satisfying ps ~ idz;

(5) There is an isomorphism Y = X @ Z in C making the following diagram commute:

X — sy vz
(@%lgﬁ

XoZ.

For the following exercise, you may use the fact (to be proved in two different ways in
Exercise 7.6 and Exercise 7.7 below) that in a stable co-category C the set [X,Y] :=
moHom¢ (X,Y) of homotopy classes of morphisms from X to Y in C admits a canonical
abelian group structure, and that the composition maps

—of: [X,)Y] = [X.Y] and  go-:[X.Y] > [X.,Y]
are group homomorphisms for all morphisms f: X’ — X andg: Y - Y in C.

Exercise 3.3.15. Let C be a stable co-category and consider a commutative square in C of

the form

I
-

S
h<

u v

N
=

Show that the following conditions are equivalent:

(1) The square is exact;

(2) The sequence

(fu) (v.-g)
@

is an exact sequence.

3.4 Stabilization of co-categories

Given any oco-category with finite limits, there is a universal way to turn it into a stable
co-category:

85



Definition 3.4.1. Let C be an co-category admitting finite limits. We define its stabilization
Sp(C) as the N°P-indexed limit

sp(C) =lim(... 5. & c. & ¢,
in the (very large') co-category Cat,, of co-categories. An object of Sp(C) is called a

spectrum object in C.

The forgetful functor to the copy of C, indexed by n € N is denoted by
Q™. Sp(C) — C..
We write Q® = Q*0: Sp(C) — C, for the forgetful functor to the final copy.

Definition 3.4.2. We define the co-category Sp of spectra as the stabilization of the co-
category An:

Sp :=Sp(An) =lim(--- LN An, LN An, LN An,).

Remark 3.4.3. By the universal property of the limit, an object X of Sp(C) consists of a
sequence (X, )nen Of objects in C, equipped with isomorphisms o, : X, — QX in C..
For C = An this is precisely the definition of a spectrum we saw in Definition 1.3.1!

Similarly, given spectrum objects X = (X},),en and Y = (¥y,)nen in C, the Hom anima in
Sp(C) may be computed as

Homgp(c)(X,Y) = lim, Homc, (X;,Y,),

so that a morphism X — Y consists of a collection of morphisms f,: X, — Y, in C, together
with a collection of homotopies filling the following squares:

X, — QX

f n\L \Lgf n+1

Y, n i) QY, n+l-
Again for C = An these are precisely the morphisms of spectra from Definition 1.3.1!

Remark 3.4.4. A morphism f: X — Y of spectrum objects in C is an isomorpihsm if
and only if each induced map f,,: X,, — Y, is an isomorphism. Indeed, this is an instance
of the more general claim that for an co-category D of the form D = lim;¢; D; for some
diagram D,: I — Cats, a morphism f: X — Y in D is an isomorphism if and only if
each f;: X; — Y; is an isomorphism in D;. To see this, it suffices by the Yoneda lemma

'T"m sweeping set-theoretical issues under the rug here: since [ want to allow C to be a large co-category,
I should work in a ‘very large’ universe Cat., whose objects are the large co-categories. For those interested,
the key word to look up here is ‘Grothendieck universes’.
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to see that for each Z the induced map Homp(Z,X) — Homp(Z,Y) is an isomorphism.
The Hom animae in D are computed as limits lim; Homp, (X;, Z;), and since each map
Homp, (Z;, X;) — Homp,(Z;,Y;) is an isomorphism it remains to show that isomorphisms
are closed under limits. But this is a consequence of Theorem 2.6.10.

Let us prove that Sp(C) is automatically stable. We start by discussing limits and colimits
in Sp(C):

Lemma 3.4.5. Let I and C be oo-categories and assume C has finite limits.

(1) If C has I-limits, then also Sp(C) has I-limits and the functors Q™" : Sp(C) — C
preserve them for all n > 0.

(2) If C. has I-colimits that are preserved by Q: C. — C., then Sp(C) has I-colimits and
the functors Q*™": Sp(C) — C. preserve them for all n > 0.

Proof. This is a special case of a the more general fact that if Co: K — Cat,, is a diagram
of small co-categories Cy for k € K such that C; admits /-(co)limits for all k¥ and such that
Cy — Cy preserves I-(co)limits for all k — k£’ in K, then also the limit limgcg Cy in Caty,
has 7-(co)limits and each functor limiex Cy — Cy preserves them. By the description of
limits in terms of an adjunction on functor categories from Corollary A.2.17, the claim then
follows by combining the equivalence

Fun(I,limkeK Ck) = limkeK Fun(I, Ck)

with the fact that a limit of adjunctions is an adjunction. We omit the details.

In the case at hand, if C has /-limits then so does C,, and since Q: C, — C, preserves
all I-limits (as it is a right adjoint) also Sp(C) has all limits. For the colimits, we need to
specifically demand that Q preserves them. O

We are now ready to prove that Sp(C) is stable. The proof is a bit more tricky than one
might naively expect, and hence we will provide a more detailed proof than usual. I would
like to thank Marc Hoyois for pointing out to me that my original proof sketch was too

naive.

Theorem 3.4.6. For every oco-category C with finite limits, the stabilization Sp(C) is a

stable co-category.

Proof. By the previous corollary, the co-category Sp(C) has finite limits. The terminal
spectrum object is at each leven n by the terminal object of C,, but since this is also an
initial object and Q: C, — C, preserves initial objects we get from Lemma 3.4.5 that it is
also an initial object, so that Sp(C) is pointed.
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By part (3) of Theorem 3.2.7, it thus remains to show that the functor
Q: Sp(C) — Sp(C)

is an equivalence. Let us start by giving a more explicit description of the spectrum object
Q(X) for X € Sp(C). Since each of the functors Q*~": Sp(C) — C, preserve limits, they
will commute with taking loops, and hence we get

Q(X)n = Q'(Xn)

for all n. We need to be careful with the structure maps though: since Q: C, — C, preserves
limits, we have for all finite categories / a commutative square

lim 7

Fun(I,C,) —— C.

al [

1im]

and in particular there is a commutative square

o s

C* % C*.

We refer to the resulting natural isomorphism swap: Q> = Q? as the swap of coordinates,
since it swaps the roles of the two instances of €. Most importantly: it is not the identity
isomorphism! All in all, we see that the structure morphisms of the spectrum object Q(X)
are given by

)

21 Q(X) = Q(X,) T2 QX)) "D QX)) = ALK D).

Now, to show that Q: Sp(C) — Sp(C) is an equivalence, we claim that an inverse is given
by the ‘shift functor’

[1]: Sp(C) = Sp(C), X+ X[1] = {Xp+1}nen,
where the structure maps for X[1] are the isomorphisms
X[1]. _ Tl _
on s X[ = X T’Q(XMZ)—Q(X[I]MI)

inherited from X. For this, first note that the shift functor is an equivalence of co-categories.
Indeed, consider the other shift functor

[-1]: Sp(C) - SP(C)v X = X[=1] := {Yu}nen, Y, = {
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where the structure maps are the isomorphisms

3

Th-1

o X [=1], = X —5 Q(X,) = Q(X [~ 1]541)

1R

X[-1]

for n > 1, and the identity map o, :=1dgy, when n = 0. Since we are simply shifting

up and down it is easy to produce natural isomorphisms
X = X[1][-1] and X =X[-1][1],

showing that the two shift functors are inverse to one another.

To show that Q is also inverse to the shift functor, it hence remains to construct a natural
isomorphism
a: X = Q(X[1])

of functors Sp(C) — Sp(C); by uniqueness of left-inverses of the shift functor this then
results in a natural isomorphism Q = [—1] and hence Q is also a right-inverse of [1]. To
construct «, note that for any n we have an isomorphism o, : X, N Q(Xpe1) = Q(X[1]),-
However, due to the swap maps that we have in the structure maps of Q(X[1]) these maps
will not immediately define an isomorphism of spectrum objects. Instead we are going to
use the following trick to get rid of the swap maps:

Claim: The forgetful functors Q¥ : Sp(C) — C, induce an equivalence

2 2 2
sp(C) ~lim(... 5 e, L e, L ).

Indeed, this is an immediate consequence of the fact that the even natural numbers are cofinal
in N, so any N°P-indexed limit may be computed as a limit over just the even natural numbers.
In particular, a spectrum object in C may equivalently be described as a collection (X2 )xen
of pointed objects of C together with structure isomorphisms o7, : X 5 Q2X42. The
key fact is now the following lemma:

Lemma 3.4.7. For any pointed category D with finite limits, the natural isomorphism
Q(Q2X) = QX (QX)
coming from the fact that Q commutes with Q2 is homotopic to the identity map on Q3 (X).

Proof sketch. There is a universal pointed co-category with finite limits: the opposite
(Anf")°P of the co-category of finite pointed animae. Universality means that evaluation at
the object S° € Anfi" determines an equivalence

Fun'**((An")°P, D) = D
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between D and the co-category of left-exact functors (Anf")°P — D. Universality is satisfies
essentially by definition of Anf™: it is the smallest subcategory of An, generated under finite
colimits by S°. (See also Proposition A.4.6 for the non-pointed version of this claim, with
C =x.) Given an object X of D, we denote the resulting functor by

X (Ani")°P > D,

and for a pointed anima A we refer to the object X4 as the tensoring of X by A. It will then
suffice to show that the relation is satisfied in (Anf")°P. Passing to the opposite category,
this means that we must show that the canonical comparison map

7 22(2(5%) S =(2(8Y))
is homotopic to the identity map.

Note that both sides of the map 7 are the 3-dimensional sphere S3, hence this pointed map
determines an element of 713(S>). Recall that assigning to a map f: S° — §3 its degree
determines an isomorphism deg: 73(S>) =N Z, and hence it will suffice to show that the
degree of 7 is 1. In order to do this, consider for each pointed anima X the equivalence
ox: 2(2(X)) = Z(Z(X)) obtained from the fact that ¥ canonically commutes with itself
(since both are colimits). We may then rewrite the above comparison map as the following
composite:

Z(og0) T3(s9)
Z(2(Z(S9) — Z(Z(X(5”)) —— Z(Z(2(SY)).
We then conclude that
deg(7) =deg(X(og)) -deg(os(s0)) = deg(og0)? =1,
where the last equality holds since by invertibility of the map o-go we have deg(og0) =+1. O
Now to finish the proof of the theorem, i.e. to produce the natural isomorphism a: X N
Q(X|[1]), we consider the maps
g = 0okt Xok — Q(Xowa1) = QX[ 1)k

We must then produce commutative diagrams as follows:

Xok L Q(Xo+1)
‘Tz)ilg igimu)
Q(Xok+1) Q*(Xax42)
Q(O'ﬁm)le lg(gzsﬁm))

92(0'55( 5)

Q?(Xaks2) — Q3 (Xok+3)-

Unwinding definitions, we see that the two maps differ only by the swap map Q(Q?(X243)) =
Q?(Q(X2x+3)), hence the claim follows from Lemma 3.4.7. O
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Notation 3.4.8. The ‘shift notation’ is actually convenient in an arbitrary stable co-category
C: for n > 0 we write
[n] =2": C > C.

We also write
[-n] :=Q": C = C.

Exercise 3.4.9 (See Exercise 8.1). Show that the assignment C +— Sp(C) can be turned into
a functor
Sp(-): Cat’™ — Cat®

from left-exact co-categories to stable co-categories which is right adjoint to the inclu-
sion Cat® < Cat!®: for every stable co-category C and every left-exact co-category D,
postcomposition with Q*: Sp(D) — D induces an equivalence

Fun'®*(C,Sp(D)) = Fun'®*(C, D).

3.5 The oo-category of spectra

We will now have a closer look at the main example of a stabilization: the co-category of
spectra from Definition 3.4.2.

Proposition 3.5.1. The co-category Sp of spectra admits all small limits and filtered colimits,
which are preserved by the functor Q% : Sp — An. In particular, Sp admits all sequential

(i.e. N-indexed) colimits.

Proof. The statement about limits is an instance of Lemma 3.4.5: An admits all small limits
and colimits. For the statement about filtered colimits, we recall from Theorem A.2.46 the
non-trivial fact that finite limits commute with filtered colimits in An. Since Q: An, — An,
is a finite limit, it thus commutes with filtered colimits, and so we may apply Lemma 3.4.5
to get that Sp admits filtered colimits. m|

Example 3.5.2 (Eilenberg-MacLane spectra). Let A be an abelian group. We define the
Eilenberg-MacLane spectrum HA of A as the spectrum given in degree n by the Eilenberg-
MacLane space

(HA), :=K(A,n),

characterized up to homotopy equivalence by the property that the only non-zero homotopy
group of K(A,n) is m,(K(A,n)) = A. Since the loop space operation shifts homotopy
groups, cf. Remark 1.1.11, we obtain equivalences QK (A,n+1) ~ K(A,n) turning this into
a spectrum.
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Another important class of examples is suspension spectra:

Construction 3.5.3 (Suspension spectrum). Consider the functor Q : An, — An, defined
by the formula
Q(X) :=colim,>(Q"X"X,

where the comparison maps in the diagram are induced by the unit X — QXX of the
adjunction X 4 Q. Again using the fact that Q preserves filtered colimits, we see that

QO (Z(X)) = Q(colim,so Q"Z™! X) = colim,»o Q"' 2™ ~ O (X).
Hence we obtain a spectrum X% (X), called the suspension spectrum of X:
X2(X)n = 0(X"X).
This construction is functorial in X, giving rise to a functor
>%: An, — Sp.

Proposition 3.5.4. The suspension spectrum functor X% : An, — Sp is left adjoint to
Q%: Sp — An,.

Proof. We will show condition (2) from Proposition A.2.2. For a pointed anima X, we have
a map
nx: X = Q20X — colim, Q"X = QX = QCX®(X).

We claim that this is the unit map for an adjunction. In other words, we have to show that
for every spectrum Y the composite

Homsp(Z°X,Y) ~— Homay, (Q°E¥X, Q%Y) —2 Homay, (X, Q% (Y))

is an equivalence. To see this, consider the following commutative diagram of animae:

Homan, (22X,Y>) —2% Homan, (QZ2X,Y)) —2 Homa,, (Q*22X,Y,)

T ] i

Homan, (2X,Y;) —=—% Homa,, (QX,Yo)

Homa,, (X, Y0).

The bottom-right corner is Homa,, (X,Q%(Y)), and since the diagonal maps are all equiv-
alences we see that the limit of the diagonals is also equivalent to Homa,, (X,Q%(Y)). But
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an alternative way of computing this limit is by first taking the limit of the vertical columns
and then taking a limit along the resulting horizontal diagram. For the limit of the k-th
column we have

lim, Homa,_ (Q"2"*X,Y}) =~ Homa, (colim, Q"2"3%X,Y;) ~ Homa,, (QZX(X),Yy).
The resulting horizontal limit then gives

limg Homag, (QZ* (X), Y) = Homjim, an. ((QZF (X)) kerr, (Yi)ken) = Homs, (¥ X, Y).
This finishes the proof. O

Definition 3.5.5 (Unreduced suspension spectrum). Let X be an anima. We define its
unreduced suspension spectrum S| X] € Sp as

S[X]:=2%(X,),
where X, := X U . This defines a functor

S[-]: An — Sp.
We define the sphere spectrum as

S :=S[pt] =Z*(5Y).

By the following corollary, we may think of the unreduced suspension spectrum as the ‘free
spectrum on X:

Corollary 3.5.6. The functor S[—]: An — Sp is left adjoint to Q*: Sp — An.

Proof. This is immediate from Proposition 3.5.4 in light of the observation that the functor
(=)+: An — An,, XX,

is a left adjoint to the forgetful functor An, — An. O

We have the following table with analogies between ordinary algebra and ‘higher algebra’:

Ordinary algebra Higher algebra
Abelian group Spectrum
Integers Z Sphere spectrum S
Underlying set Underlying anima Xy = Q% (X)
Free abelian group Z[S] | Unreduced suspension spectrum S| X].
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Recall that a presentation of an abelian group A is a way to write A as a cokernel of a map
of free abelian groups:

A = coker(Z[T] i) Z[S]).

There is always a standard presentation where we take S to be the underlying set of A, and
take T the underlying set of Z[ A]. We will now discuss an analogous story for spectra.

Definition 3.5.7 (Prespectrum). A prespectrum is a collection (X},),en of pointed animae
together with non-invertible maps o, : X, = Q(X,+1). Amorphism f: X — Y of prespectra
is a collection of pointed maps f,: X,, — Y, together with homotopies making the following
squares commute:

X, ——y,

7| Lo
Q(fnﬂ )

Q(Xn+l) — Q(Yn+l)

We want to think of a prespectrum as a presentation of a spectrum. Note that every spectrum
is canonically a prespectrum. Conversely we can turn every prespectrum into a spectrum
as follows:

Construction 3.5.8. Given a prespectrum X, we define its associated spectrum X as the
following colimit in Sp:

XP :=colim(Z¥ Xy — (ZX)[-1] - (X)) [-2] = (¥ X3)[-3] —...),
where the comparison maps in the colimit are given levelwise by
(Z°X,) [-nli = (E° Xy )ion = QZF "X, = QT QX000 5 OFF WD X0 = (E° X [ (n+ 1),
where ¢ is the counit of the suspension-loop adjunction on An.,.

Remark 3.5.9. One may define an co-category PSp of prespectra, and one can show that
the above construction defines a left adjoint

(—)*P: PSp — Sp
to the inclusion Sp < PSp.

Proposition 3.5.10 (Standard presentation). Every spectrum X is naturally isomorphic to

the spectrum associated to its underlying prespectrum:

colim, ((Z%X,)[-n]) — X.
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Proof. By the Yoneda lemma, it suffices to show that the two functors Sp°®® — An repre-
sented by both sides are equivalent. For a spectrum Y, we have

Homygp (colim, ((Z°X,)[-n]),Y) = lim, Homg, (2% X,,)[-n],Y) = lim, Homg, (X*X,,,Y [n])
~ lim, Homa,, (X, Q%Y [n]) = lim, Homa,, (X,,Y,) ~ Homg,(X,Y).
All of this is natural in Y, finishing the proof. |

Corollary 3.5.11. The co-category Sp admits all small colimits: given a diagram X : I —
Sp, their colimit is given by

colim;c; X (i) = ((colimje; X (i)n)nen)*F,

where the structure maps of the prespectrum are the maps

li i n . .
colim;e; X (i), &fr% colim;ec; QX (i),+1 — Q(colim;e; X (i),41). O

3.6 Tensor products and mapping spectra

Using the standard presentation of spectra, we can now define the fensor product of spectra.
This is supposed to be a functor

-®—: SpxSp — Sp

which preserves colimits in both variables. By resolving every spectrum as a colimit
of suspension spectra via their standard presentations, it thus suffices to define the tensor
product of suspension spectra. Since the functor £ : An, — Spis supposed to be symmetric
monoidal, we wish to define the tensor product on suspension spectra by

TP(X)®EX(Y) := Z°(X AY).

Here the smash product X AY of two pointed animae is defined via the following pushout

square:
XVY —— XXY

[

* ——> XAY.

All in all, we see that the following definition is forced upon us:

Definition 3.6.1. The tensor product X ®Y of two spectra X and Y is defined as the following
colimit in Sp:

X ®Y := colim,en colimy,en (Z° (X, A X)) [-(n+m)]) .
This defines a functor

-®—: SpxSp — Sp.
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We will now prove that —®Y : Sp — Sp preserves colimits for every spectrum Y by producing
an explicit right adjoint:

Construction 3.6.2. LetY and Z be spectra. We define the mapping spectrum map(Y,Z) €
Sp as
map(Y,Z), := Homg, (Y, Z[n]) =~ lim; Homa,, (Y, Zisn),

where the structure maps are given by
Homs, (Y, Z[n]) = Homgp(Y,Q(Z[n+1])) = QHoms, (Y, Z[n+1]).
This defines a functor
map: Sp°® xSp — Sp.

Proposition 3.6.3. For every spectrum Y, the functor map(Y,—): Sp — Sp is right adjoint
to —®Y: Sp — Sp: there is a natural isomorphism

Homs, (X ®Y,Z) = Homgp (X, map(Y, Z))

for spectra X and Y.

Proof. Plugging in the definition of X ® Y and unwinding everything, we get

Homgp (X ®Y, Z) = Homgp (colim,, , 2% (X, AYy) [-(n+m)], Z)
= lim,, ,, Homgp (X% (X, AY,,), Z[n+m])
= lim,, , Homan, (X A Yy Zyim)
= lim,, lim,, Homay, (X, Homan, (Y, Zyim))
= lim, Homay, (X, lim,, Homay, (Y, Zp4m))
= lim, Homap,,, (X,,, map(Y,Z),)
= Homgp (X, map(Y,Z)),

finishing the proof. O

Corollary 3.6.4. For every spectrum Z, the functor map(—,Z): Sp°® — Sp is right adjoint
to map(—,Z): Sp — Sp°P.

Proof. Combining the previous proposition with the symmetry of the tensor product, we
see that

Homs;, (X, map(Y,Z)) ~ Homs,(X ®Y, Z)
~ Homg, (Y ® X, Z)
~ Homgp (Y, map(X, Z))
=~ Homgper (X, map(Y, Z)). O
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Corollary 3.6.5. The functors
Y ®Sp — Sp, map(Y,-): Sp — Sp and map(—, Z): Sp°®® — Sp

are exact for all Y, Z € Sp. O

3.7 Homotopy, homology and cohomology groups

Important invariants of spectra are their homotopy groups:

Definition 3.7.1 (Homotopy groups). For a spectrum X and an integer k, we define its k-th
homotopy group ni(X) € Ab as

mi(X) := [S[k], X] := moHomgp (S[k], X).
Observe that the assignment X — 7, (X) assembles into a functor 775 : Sp — AbZ.
Exercise 3.7.2. Show that we have 7, (X [n]) ~ ny_,(X) for all k,n € Z.

Exercise 3.7.3. Show that for k > n we have 7 (X) = 7,44 (X,). In particular we have
i (X) = mp (Q%X) for k > 0.

Corollary 3.7.4. The functors nty.: Sp — Ab for k € Z are jointly conservative: a morphism
of spectra f: X — Y is an isomorphism if and only if the induced map n;(f): mi(X) —

;. (Y) is an isomorphism.

Proof. By Remark 3.4.4, f is an isomorphism if and only if each map f,: X, — Y, of
animae is an isomorphism. By the Whitehead Theorem for animae, see Proposition 4.2.11
below, this is the case if f,, induces isomorphisms on all homotopy groups. By Exercise 3.7.3
this condition is equivalent to the condition that f induces isomorphisms on all homotopy
groups. O

Proposition 3.7.5 (Long exact sequence of homotopy groups). Let X L Y S Z be an exact

sequence of spectra. Then there is a long exact sequence of homotopy groups of the form
o m(Y) = mi(Z) = no(X) — o (Y) — mo(Z) = -1 (X) = a1 (Y)— ...
Proof. Since every exact sequence of spectra X L Y 25 Z leads to two new exact sequences
Z[-1]1-x5y and vz Xx[1],

itinductively suffices to prove that the sequence 7 (X) L mo(Y) 4, nmo(Z) is exact. Itis clear
that the composite is the zero map. Conversely, consider a class [o] € mo(Y), represented
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by a morphism of spectra o: S — Y, and assume that the class [go o] € mp(Z) is zero.
Then o: S — Y factors through the fiber X of g: ¥ — Z, and hence is of the form f o7 for
some 7: S — X. It follows that [o] is in the image of f: mo(X) — mo(Y), as desired. O

The special case of homotopy groups of tensor products of spectra or of mapping spectra
have a special name:

Definition 3.7.6 ((Co)homology groups). If E is a spectrum and X is an anima, we define
the E-homology of X as the homotopy groups of S[X|® E:

Ex(X) := i (S[X] ®E).

Dually we define the E-cohomology groups of X as the homotopy groups of the mapping
spectrum map(S[X], E):2

E*(X) := n_t(map(S[X],E)).

Exercise 3.7.7. Show that this definition of E*(X) agrees with the one from Construc-
tion 1.3.6.

Corollary 3.7.8. Let E be a spectrum and let X i) Y Z be cofiber sequences of animae.
Then there are long exact sequences of the form

S E(N) 5 EN(Z) > Eo(X) D Eg(Y) 55 Eo(2) > EL(X) D5 EL (v)—> ..
and
.- EY(Y) LN E~Y(2) - E*(X) EAN E°(Y) £, E°(Z) - EY(X) LN E'(Y)— ...

Proof. The functor S[—]: An — Sp is a left adjoint and thus sends cofiber sequences to
exact sequences. The functors —® E and map(—, E) are exact by Corollary 3.6.5 and thus
preserve exact sequences. The claim thus follows from Proposition 3.7.5. m|

2The minus sign is mostly for historical reasons: this expression shows that it would be more natural to
always use homological grading and simply put cohomology in negative degrees.
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4 Algebraic structures in homotopy the-
ory

As discussed in the introduction of these notes, the fundamental principle of homotopy
theory implies that homotopical analogues of familiar algebraic structures often come with
infinite hierarchies of coherence conditions: each time we demand a certain relation to hold,
this relation will be exhibited by some homotopy, and then these homotopies themselves
need to satisfy even higher coherences, ad infinitum. For this reason, we cannot generally
define algebraic structures in homotopy theory by writing down a list of relations that need
to be satisfied; we need to find cleverer ways to encode all this data. In this chapter we will
discuss some example of such algebraic structures: monoids, commutative monoids and
commutative algebras.

4.1 Monoids and groups

We start with the notion of a monoid.

Definition 4.1.1 (Monoid). Let C be an co-category that admits finite products. We define
a monoid in C, also known as an E{-monoid, to be a simplicial object

M: A® - C, [n]— M,:=M([n]),

satisfying the Segal condition: for every [n] € A the map
n

(e My — | [ My
i=1

induced by the n inclusionmaps e;: [1] = {i—1 <i} < [n] isanisomorphism. In particular,
taking n = 0 we see that M is a terminal object of C.

We write
Mon(C) € Fun(A®®,C)
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for the full subcategory spanned by the monoids in C. We refer to M as the underlying
object of M.

Note that the unique map sg: [1] — [0] provides a map
e:=sy: *=My— M

which we will call the unit of M. Similarly, the inclusion d;: [1] = {0 <2} — [2] induces
a map
m::dT: M XM, =M, - M,

which we call the multiplication of M. The unitality and associativity are encoded by the
following commutative diagrams in A:

(1] 22 121

[1]
/ (0.2>\ and (0.2) (0.23)
7N [% S [3l].

2] [1]
Similarly, all the expected ‘higher coherences’ relating the various ways of multiplying four,

[1]

Vi \
10,0,1) 0,1,1§

five, or more elements in M will all follow from suitable higher dimensional diagrams in
the category A by composing with M : A’ — C.

Instead of merely encoding the two-fold multiplication M| X My — M, the monoid M
encodes all n-fold multiplications [];_, x; simultaneously, together with all their compati-
bilities: for amap ¢: [m] — [n] in A we should think of the resulting map ¢*: M" — M™
as follows:

O (X1s s Xn) = (V1see s Ym), Vi = rl X;.
p(i-1)<j<e(i)

Exercise 4.1.2. Let C be an ordinary category. Show that the category Mon(C) is equivalent
to the usual category of monoids in C.

Definition 4.1.3. We say that a monoid M € Mon(C) is grouplike, or a group in C, if the
so-called ‘shear map’

(pry,m): MxM — M XM, (x,y) — (x,xy)
is an isomorphism in C. We denote by
Grp(C) € Mon(C)

the full subcategory spanned by the groups in C.
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Recall from Exercise 7.7 that for an co-category C with finite limits the loop object QX of
a pointed object X admits a canonical structure of a group object in the homotopy category
Ho(C). We will now show that this can be enhanced to a group object in C itself:

Construction 4.1.4 (Group structure on loop space). Let C be an co-category with finite
limits, and consider a pointed object X with base point x: * — X. For an object [n] € A,
denote by 7, the following category:

In other words, I,, consists of n+ 1 non-identity morphisms whose targets agree. We may
consider for every n the functor X,: I, — C which sends each of the n+ 1 non-identity
morphisms of 7, to the map x: * — X, and we define

(QX), :=limX,: I, »C) € C.

Observe that the categories I, are covariantly functorial in [n] € A: foramorphism¢: [n] —
[m] in A we obtain a functor

Itp: In - Im, It,o(l) = ‘)D(l)a IQD(OO) = 0.

It follows that (QX), is contravariantly functorial in [n] € A, and hence defines a functor
QX: A — C. Allin all, we obtain

Q: C, - Fun(A®,0).
Note that we have (ﬁx)l ~ % Xy * = £, so the functor Q lifts the loop functor €.

Lemma 4.1.5. For every pointed object X in C the simplicial object QX is a group object
in C, giving rise to a functor
Q: C, — Grp(C)

which lifts the loop functor Q: C, — C..

Proof. To show that QX is a monoid, we will show by induction that for every n the map
. n
(eD,: (QX), — 1_[ QX
i=1
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is an isomorphism in C. For n =0, (ﬁX )o is the limit of the diagram = — X, but since the
category [1] has O as an initial object this limit is simply given by *, see Lemma A.2.19.
For n > 1, note that we may write 1,1 as a pushout of 7, and I, along /Iy:

lp —— I

Lo

Iy —— I
en+l1
By applying Theorem A.2.25(2) with J =1, we thus obtain a pullback square of the form
im(X i1 Iie1 = C) — lim(X,: I, —» C)
L l
lim(X;: I} » C) — lim(Xo: Ip — C).

By induction, this pullback square is isomorphic to the commutative square

— (e])izin
(QX)ps1 ——5 [T, QX

OX — 3 &,

e

(e?)i:1n+1

[T QX is an
isomorphism, finishing the induction step. This shows that QX is a monoid in C.

and so this being a pullback square means that the map (QX )41

To see that it is even a group, we must show that the shear map (id,m): QX x QX —
QX x QX is an isomorphism in C, or equivalently that it is an isomorphism in the homotopy
category Ho(C). For this we observe that the monoid in Ho(C) induced by the monoid
QX e Mon(C) is precisely the monoid structure constructed on QX in Exercise 7.7 (see
the solution sheet on GRIPS), and it was shown there that QX is even a group object. This
finishes the proof. O

Remark 4.1.6. In practice, the functor Q: C, — Grp(C) is usually simply denoted again
by Q. We will temporarily use the unusual notation Q to distinguish the group object Q(X)
from its underlying pointed object QX.

The loop functor admits a left adjoint:

Construction 4.1.7 (Classifying space of a monoid). Let C be an co-category admitting
geometric realizations (i.e. A°P-indexed colimits). We define a functor!

B: Mon(C) — C.

'T try to use boldface for this functor, but now and then I may accidentally write BM instead of BM.

102



by setting
BM = |M]|:= colim[n]erp M,,

which comes equipped with the canonical basepoint * = My — colim[n] A® My We refer
to BM as the classifying space of M.

Proposition 4.1.8. Assume that C admits both finite limits and geometric realizations. Then
the functors B and Q define an adjunction

B: Mon(C) 2 C, :Q.

Proof. Let A, denote the augmented simplex category, which in addition to the objects [n]
for n > 0 also has an object [—1] = ( that has a unique map to each [n]. There are fully
faithful inclusions

it A=A, and j:[1l1 = A, jO)=[-1], j(1)=][0].

A functor (A;)°P — C is precisely the same data as functor X: A°® — C equipped with a
cocone X — consty. We may now consider the following two adjunctions:

%

0 J
Fun(A®.C)  + Fun((A)™®.C) = Fun([1].C).
% %

o

i Jx

The functors i) and j. are called left Kan extension along i and right Kan extension along
J; T have written down some additional explanations on Kan extensions in Appendix A.2.5.
Unwinding the pointwise formulas for Kan extensions explained in that section, one observes
that:

* The composite j*i; sends a simplicial object X in C to the map Xy — | X| :=colim X;
* The composite i*j, sends a morphism f: ¥ — X in C to its so-called Cech nerve:
C(f): AT —>C,  C(f)n=Y%

(Observe that the categories I, used above are precisely the relative slice categories
for the inclusion [1]°? — A.°P, and the pointwise limits computing the right Kan
extension j, are given by I,-indexed limits, that just as in the proof of Lemma 4.1.5
can be computed to be an n-fold fiber product of Y with itself over X.)

So we see that the functors B and Q are precisely the restrictions of these functors to the
subcategories

Mon(C) C Fun(A®,C) and C. CFun([1],0),

and the adjunction j*i, 4 i* j, accordingly restricts to an adjunction B 4 Q. O
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4.2 The recognition principle for loop spaces

The goal of this section is to prove the following theorem:

Theorem 4.2.1 (Recognition principle for loop spaces, cf. Stasheff [Sta63], May [May72],
Boardman and Vogt [BV73], Lurie [LurO9b, Theorem 7.2.2.11]). Let M be a monoid in An

and let X be a pointed anima.

(1) The unit map M — QBM is an equivalence if and only if M is a group in An;
(2) The pointed anima BM is connected;

(3) The counit BQX — X is an inclusion of the connected component of the basepoint of
X.

The formulation by May was in terms of ‘operads’: it says that if a topological space M
comes equipped with certain algebraic structure making it a ‘grouplike E-space’, then it
is equivalent to QBM. Our formulation above is a refined version of this theorem in the
setting of co-categories, which has the additional advantage that it immediately provides us
with an equivalence of co-categories between groups in An and connected pointed animae:

Corollary 4.2.2. The adjunction B 4 Q restricts to an equivalence of co-categories
B: Grp(An) ﬁ AnZ!' :Q
between groups in An and connected pointed animae.

Proof. The adjunction from Proposition 4.1.8 restricts to groups and pointed connected
animae since Q(X) is always a group and BM is always connected. The unit M — QBM
is always an isomorphism by part (1) of the theorem, while the counit BQLX — X is always
an isomorphism by part (3) of the theorem. This shows that the two functors are in fact
inverse to one another. O

For the proof of the theorem we will need some preliminaries.

Extra degeneracies

Definition 4.2.3. We define the subcategory A% C A as the subcategory consisting of all
objects [n], but with only those morphisms ¢: [n] — [m] satisfying ¢(n) = m. Note that
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there exists a functor (+1) : A, <> Adee given on objects by [n] — [n+1], and on morphisms
by sending ¢: [n] — [m] to the map

i 0<i<n

[n+1] = [m+1], i|—>{(’0()

m+1l i=n+l.

We wish to think of A%# as an enlargement of the augmented simplex category A, in which
there exist ‘extra degeneracies’. Indeed, note that all the face maps that are allowed in A%#
are actually already in the image of the functor (+1): A, < AY%E, but the degeneracy map
sp: [n+1] — [n] is an example of a morphism in A% which does not lie in this image. This
means that we may think of functors ¥ : (A%)°P — C as augmented simplicial objects with
extra degeneracies. We may draw them as follows, with the ‘extra degeneracies’ marked

with dashed arrows:
—

)%) Y =—=— Y.

=== «—-—=

The non-dashed arrows define its underlying augmented simplicial object, obtained by
precomposition with (+1): A, < A%, It is useful in practice to have extra degeneracies,
since it leads to the following easy computation of the geometric realization:

Lemma 4.2.4 (Extra degeneracy argument). Consider an augmented simplicial object
X: AP — C, and assume that it admits ‘extra degeneracies’, in the sense that it is of the
form X,, =Y,41 for some functorY : (A%8)P 5 C, j.e. X is given by the following composite:

A+0p ﬂ) (Adeg)op L C.

Then X is a colimit diagram, in the sense that the corresponding cocone X| o0 = consty_
is a colimit cocone:
cohm[n] A X — X .

Proof. We need to show that the preferred map from colim[ A Xp to X_ induced by the

€
cocone is an isomorphism. "
Observe that the inclusion functor (+1): A < A%2 admits a right adjoint given by the
inclusion A€ < A: for natural numbers n,m > 0, providing a map ¢: [n] — [m] of
partially ordered sets is the same as providing a map ¢: [n+1] — [m] of posets satisfying
the condition that ¢ (n+ 1) = m. It follows from Corollary A.2.43 that the functor (+1): A <—
A% s an initial functor, and hence its dual (+1)°P: A% < (A%#)P j5 a final functor. By
Theorem A.2.38, this means that the geometric realization of X may be computed as

colim[n] AP Xn = colim[n] A® Vi1 = colim[m]€ (A%2)op Y.

But since A% has an initial object given by [0], (A%#)°P has a terminal object, and

so it follows from Lemma A.2.19 that colim Y,, is isomorphic to Yy = X_; as

[m]e(A*E)op
desired. O
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Descent

The oco-category An has a special feature that distinguishes it from other co-categories: it
satisfies descent. In the following statement, we use the notation I” := (I X [1]) Xyx(1} *
from Definition 2.6.27.

Theorem 4.2.5 (Descent for colimits). Let I be a small co-category, let F,G: " > An
be functors and let @: F = G be a natural transformation such that the restriction « :=
a|;: F = G is a cartesian transformation, in the sense that for every morphismi — j in I
the commutative square

F(i) — F())

a(i)l \La(j) 4.1)

G(i) — G())

is a pullback square. Assume that G is a colimit diagram. Then F is a colimit diagram is
and only if @ is a cartesian transformation, i.e. also all the squares

F(i) ———— F()

oz(i)l li(oo)

G (i) —— G(c0) = colim; G.
are pullback squares.
Proof. This is [Lur09b, Theorem 6.1.3.9]. ]

Let us unwind what the above result is saying:

« First assume that both F and G are colimit diagrams, i.e. G(o0) = colim; G and
F(o0) = colim; F. If we assume that each of the squares (4.1) is a pullback square, then
we may recover the whole diagram F (i) from just the map colim; F' (i) — colim; G (i)
on colimits induced by «.

« Conversely, if we only know that G is a colimit diagram, but we assume that @ is a
cartesian transformation, then we may deduce that the value F must be the colimit of
F: I — An.

We do not yet have enough theory to do this, but assume for a moment that we had a functor
of the form

An;_: An”? — Cat,,, X — Anjy, (f: X=Y)=(f": Anjy = Anjx).
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Then the above result will say that this functor preserves small limits: for every functor
G : I — An we have an equivalence of co-categories

An/colim,-eIG(i) — lim;eop An/G(i)'

In other words: the data of an anima X equipped with a map X — colim;¢; G (i) is the same
as a compatible family of animae X; equipped with maps X; — G (7).

Example 4.2.6 (Universality of initial anima). Consider I = 0, so that I* = . In this case @
is just a morphism X — Y of animae, and the condition that G is a colimit diagram means
that Y = (. Since I” has no morphisms, @ is always cartesian, hence by the theorem also F
is a colimit diagram, i.e. we also have X = (). So descent for colimits in this case precisely
boils down to the universality of the empty category from Axiom B.2’.

Example 4.2.7 (Universality of coproducts). Consider / = % LI, so that I” =_I. The trans-
formation @ will thus be a diagram of the form

Xo > Xo < X

\Lao laz \Lm

YO_ % YO|—|Y1 < Yl,

where in the bottom we get a coproduct, reflecting the condition that G is a colimit diagram.
The theorem then expresses that the following two conditions are equivalent:

* The two squares in the diagram are both pullback squares;

* The functor XU X; — X» is an isomorphism.

But the fact that these two conditions are equivalent is precisely an instance of the universality
of coproducts from Axiom B.4’, with the two parts of the axiom corresponding to the two
implications.

Whitehead’s theorem

One final ingredient we will need is a version of Whitehead’s Theorem for An.

Definition 4.2.8. For a pointed anima (X, x) and a natural number n > 1, we define the n-th
homotopy group of X as

7,(X,x) = [S", X]. := mpHoma,, (S, X) = Homge(an,) (S”, X).

Since §" = ¥"(8), this may also be written as the set of path components of the n-fold loop
space of X:
700 (X, %) = 70(Q" X) = Hompo(an,) (S, 2" (X)).
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Since Q"X is a group object in Ho(An.) by Exercise 7.7, it follows that 7, (X, x) is a group.
It is abelian for n > 2 by the Eckmann-Hilton argument (see Lemma 1.3.10).

To prove Whitehead’s theorem for animae, we will need to lift any morphism of animae to
a morphism of CW-complexes. This will be achieved via the following proposition:

Proposition 4.2.9 (Cisinski [Cis19]). For CW-complexes X and Y with underlying animae
X =Io(X) and Y = (Y), there is an equivalence
Homa,(X,Y) ~ colim? - _Homew(X,Z),

—7Z

where the colimit runs over the subcategory of CWy / spanned by the trivial cofibrations

Y < Z, i.e. those cofibrations that are homotopy equivalences.

Proof. This is the dual of [Cis19, Theorem 7.2.8], applied to left calculus of fractions
coming from the class of trivial cofibrations via [Cis19, Corollary 7.2.18]. O

Corollary 4.2.10. The localization functor Il,: CW — An is essentially surjective on

objects and on morphisms:

e Every object in An is isomorphic to Il (X) for some X € CW;

e Every morphism in An is isomorphic to e (f) for some morphism f: X —Y of
CW-complexes.

Proof. For essential surjectivity, note that the essential image I1., again satisfies the univer-
sal property of the localization, hence must be equivalent to An. For essential surjectivity
on morphisms, consider a morphism f: X — Y of animae. We may write X and Y as the
underlying animae of two CW-complexes X and Y. By Proposition 4.2.9 there exists a
trivial cofibration ¥ < Z and a continuous map g: X — Z that induces the map f after
applying Il (—). This finishes the proof. O

Recall also from Proposition B.2.8 that the localization functor Il,: CW — An sends
homotopy pushouts of CW-complexes to pushouts of animae.

Proposition 4.2.11 (Whitehead’s theorem for An). A morphism of animae f: X — Y is an
isomorphism if and only if it induces a bijection no(f): no(X) — no(Y) on sets of path

components, and if for every point x of X the map n,(X,x) — n,(Y, f(x)) is an isomorphism

of groups.
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Proof. By Corollary 4.2.10, we may write f as the map on animae induced by a continuous
map f: X — Y of CW-complexes. Note that the homotopy groups of X are the same as the
homotopy groups of its underlying anima X: we have

ﬂ'n(y) = HomHo(CW*)(SnaY) = HomHo(An*) (Sn’ X) = ﬂn(X),

due to the equivalence Ho(CW..) ~ Ho(An,) from Corollary A.2.15. From the assumptions
on f, it thus follows that the map f: X — ¥ induces isomorphisms on all homotopy groups
(and a bijection between sets of path components), and hence by the ordinary Whitehead
theorem, Theorem 1.2.2, is a homotopy equivalence of CW-complexes. But since the
localization functor 1, (—): CW — An inverts homotopy equivalences, this means that
f =Tl (f) is an isomorphism of animae, as desired. O

Corollary 4.2.12. Let f: X — Y be a morphism of connected pointed animae. Then f is an

isomorphism if and only if the induced map Q. f : QX — QY is an isomorphism of animae.

Proof. The ‘only if’-direction is clear. For the converse, assume that 2 f is an isomorphism.
To show that f is an isomorphism, it suffices by Proposition 4.2.11 to show that the
map mo(f): mo(X) — mo(Y) is a bijection and that each x,(f): 7,(X) — 7,(Y) is an
isomorphism of groups for n > 0. The former is clear, since 7o(X) and mo(Y) are both
assumed to be a point. For the letter we use that 7, (X) = 7,_1(QX), and similarly the
map 7, (f) is isomorphic to the map m,_1(Qf): m,-1(QX) — 7,-1(QY). But this is an
isomorphism since Q f is an isomorphism. O

Proof of the Recognition Principle

We are now ready to prove the recognition principle.

Proof of Theorem 4.2.1. We start with (2): the fact that BM is connected for any monoid
object M in An. By definition, BM is connected if and only if its set of path components
mo(BM) is a single point. Since 7: An — Set is a left adjoint, it preserves colimits by
Lemma A.2.21, and thus 7o(BM) is a colimit in sets of the following simplicial diagram:

YIVIYIY

no(Mr) = nmo(M1) = mo(Mp).

But M = * hence mo(My) = * and since the resulting map * = wo(Mo) — colimy, 7o(M,,) =
mo(BM) is surjective it follows that mo(BM) has a single element.

Let us assume (1) for a moment and use it to deduce (3), the fact that the counit ex : BQX —
X is the inclusion of the path component X of the basepoint of X. Since BCX is connected,
the counit map certainly lands in Xy and we need to show that the resulting map BQX —
Xo is an isomorphism of animae. Since both sides are connected pointed animae, it
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suffices by Corollary 4.2.12 to show that the map Q(ex) : Q(BQX) — Q(Xp) ~ Q(X) is an
isomorphism. By the triangle identities for the adjunction, there is a commutative triangle

of the form
Q(BQX)

A

and so Q(&y) is an isomorphism if and only if 7o : QX — Q(BQX) is an isomorphism.
But since QX is a group object, this is an instance of part (1).

It remains to prove part (1), i.e. that M is a group if and only if the map n7p,: M — QBM is
an isomorphism of monoids. We will deduce this as an application of Theorem 4.2.5. For
this, we need to rephrase both conditions in terms of suitable pullback squares.

First, note that 17,,: M — QBM is an isomorphism if and only if the map (n37);: M; —
(2BM); on underlying animae is an isomorphism: since M, ~ M and (QBM), ~
((QBM);)*" we then get that it is an isomorphism at every level. The map M; — QBM is
induced by the commutative square

M, L)MO:*

g

My~ —— BM

and so is an isomorphism if and only if this is a pullback square of animae.
Second, note that M is a group if and only if the commutative square

M 12 — M,

o l l (4.2)

M, — x

is a pullback square. Let us rephrase this condition a bit. Consider the functor
PM: A°® — An, [n] — My

and consider the natural transformation a: PM — M whose components are the maps
dpy1: My — M,

Claim: M is a group if and only if « is a cartesian natural transformation, in the sense that
for every morphism ¢: [n] — [m] the square

PM,, —<— PM,

am\L \La/n (4.3)

Mm L) Mn

is a pullback square.
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Proof. One direction is clear: by taking ¢ to be the map d;: [0] — [1], the square (4.3)
reduces to (4.2). Conversely, assume (4.2) is a pullback square. We start by showing that
(4.3) is a pullback square for ¢ =d;: [n—1] — [n], where n > 1 and 0 < i < n. In the case
where i = 0, then under the isomorphisms M,, = M| coming from the Segal condition this
square takes the form

Mi1+l N Mn’

(m1,eeestps1 )= (M2, 1)

which is always a pullback square. In the case 0 < i < n, the square (4.3) takes the form

(M52 (M MG Mg 2)
Mi/l+2 EEERTS seeey seeey > M{l+1
(my,..., ’nn+2)'_>(ml7~-smn+l)l/ l(xl ..... Xnt1) > (X15eenXn)
n+1 S MP
I4
L (my,empe) > (myecmimgyecmpiy)

n+2 (ml ----- mn+2)'_>(ml ~~~~~ mn,mn+lmn+@) n+1
M1 > M1
(my,..., mn+2)*—’(m1,-~,mn+l)l \L(XI ..... Xna1 ) (X1, Xn)
Mn+l M".
1 (M1, spg) > (my,..0my)

Note that none of the maps afffect the first n coordinates, and that for the last two coordinates
mp+1 and my4 this is precisely the square (4.2). So this square is a product of a degenerate
pullback square and the pullback square from (4.2) and hence is also a pullback square.
This shows the claim for all maps ¢ of the form d;.

Now, when ¢ is a degeneracy map of the form s;: [n+1] — [n], then it will have a section
of the form d;: [n] — [n+1], and it follows from the pasting law of pullback squares that
the square (4.3) is a pullback square:

s d*
PM, —— PM,., ——> PM,

|
a n\L Ap+ I\L \LQ n
* d*

K *
Mn 41) Mn+1 4l> Mn

This shows the claim when ¢ is either a face map d; or a degeneracy map s;. Since every
map ¢: [n] — [m] is an iterated composite of face maps and degeneracy maps, we then
get the claim for general ¢ by using the pasting law of pullback squares again. O
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We may now finish the proof of the theorem. By taking the colimit of M: A°? — An,
we may extend this simplicial object to an augmented simplicial object M: A,°° — An
with M_; =BM = colim[n] <A® M,. The simplicial object PM then inherits an extension
to an augmented simplicial object PM : A,°® — An via PM,, := M. Since PM has extra
degeneracies, it is a colimit diagram by Lemma 4.2.4. The transformation a: PM — M
extends to a transformation @: PM — M. We are now finally in a position to use descent
for colimits from Theorem 4.2.5:

* First assume that M is a group. By the above claim, this means that a: PM — M is
a cartesian transformation. Since PM and M are colimit diagrams, Theorem 4.2.5
then implies that @ is also a cartesian transformation, hence in particular the square

d -
PMo=M, —> PM_{ =~ My~ *

bk

M() =~k L} M-l ~BM
is a pullback square, expressing the fact that the map M| — QBM is an isomorphism.

* Conversely, if the previous square is a pullback square, then by the pasting law of
pullback squares we get that each outer square

d* _
PM, =M., —2 % PMy=M; — PM_, ~ My~ *

.
dn+ I\L \Ld 1 \Ldo
dy

M, — s My~ — M ~BM

is a pullback square, since the left-hand square is always a pullback square. But then
another application of the pasting law of pullback squares applied to

shows that each of the squares (4.3) is a pullback square, hence M is a group by the
Claim.

This finishes the proof of the Theorem. O
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4.3 Commutative monoids and commutative groups

We now move to commutative monoids in an co-category. Just as for monoids, these will
be defined as functors out of a suitable indexing category that encodes all the operations we
have in a commutative monoid.

Construction 4.3.1 (Span category). There is an co-category Span(Fin), called the span
category of finite sets. Its objects are finite sets, and for finite sets S and 7" its Hom animae
are given by the groupoids

f u 8
HomSpan(Fin)(S’ T) = S / \LE\ T
(f\ U’ /g/,

of spans from S to T’; so the objects of this groupoid are spans S «— U — T and the morphisms
id id
are isomorphisms of spans. The identity span is given by S P N S, and composition

of spans is defined by taking pullbacks:

UxrV

7N
ST N

S T R.

U

Remark 4.3.2. Note that Span(Fin) is not an ordinary category: the Hom animae Homgpa,(rin) (S, 7)
are groupoids rather than sets. (Such co-categories are called (2, 1)-categories.) Since we
haven’t explained yet how to associate an co-category to a (2, 1)-category, the above defini-

tion is strictly speaking not complete.

There is a more general construction, due to Barwick [Barl7], of a span oco-category
Span(C) for an co-category with pullbacks C (which specializes to the above construction
when C = Fin is the ordinary category of finite sets). The idea is to use Theorem A.5.4,
which allows us to write down the simplicial anima N (Span(C)): A°® — An associated to
Span(C):

* For n > 0, there is a partially ordered set Tw([n]) called the twisted arrow category
of [n]. The objects of Tw([n]) are the morphisms in [n], which are given by pairs
(i,j) with 0 <7 < j < n. The ordering is given by demanding that (i, j) < (i, ) if
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and only if either i < i’ or j* < j. We may display this poset as follows:

(0<n)
K N
(1<n)
'd ~ K >
(0<2)
K > K ~ K™
o<1 (1<2)
K > K > g Y K™
(0<0) (1<1) (2<2) (n <n).

* These posets are functorial in [n] € A: given a map ¢: [n] — [m] of posets, we
obtain an induced map of posets

Tw(g): Tw([n]) — Tw([m]), (<)) (e() < 0())).
This determines a functor Tw: A — Cat.,.

* We may now define Q(X): A°? — An by defining Q(X),, as the full subanima

Q(X)n € Map(Tw([n]),C)
spanned by those diagrams Tw([n]) — C in C such that each square

(i<l
K ~
(i<)) (k<)
~ 'S
(k<))

is sent to a pullback square in C, fori < k < j <.

* One can then prove that Q(X) is a complete Segal anima, hence by Theorem A.5.4
is the nerve of some co-category Span(C), see [Barl7, Proposition 5.6] or [Hau+22,
Lemma 2.17].

Lemma 4.3.3. The co-category Span(Fin) is semiadditive, with biproducts given by disjoint
unions of finite sets.

Proof. Consider finite sets S; fori =1,...,n. We have spans of the form

ids; n
S[ «— S[ — u Si.
i=1
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We claim that these morphisms exhibit | |\, S; as a coproduct of the S; in Span(Fin).
Indeed, note that for every map U — | ]I, S; of finite sets we may write U = | |, U;, where
U, is the preimage of S;. This gives the desired equivalence of groupoids

n
. U \u" 18i n
HomSpan(Fin) (T» |_| Si) = = 1 Si (= HomSpan(Ta Si)-

- re l

U/ i= lgl

By dualizing this argument (using that spans from S to 7" are the same as spans from 7 to
S) we see that similarly the spans

n .

lds[
I_I Sl' «— Si — Si
i=1

exhibits | |\, S; also as the product of the S; in Span(Fin). This shows that Span(Fin) is
semiadditive. O

Definition 4.3.4 (Commutative monoid). Let C be an co-category with finite products. We
define a commutative monoid in C to be a product-preserving functor

M : Span(Fin) — C.

We denote by
CMon(C) € Fun(Span(Fin),C)

the full subcategory spanned by the commutative monoids. We refer to the evaluation M ()
at the one-point set as the underlying object of M. We will sometimes abuse notation and
simply refer to M (%) as M

Remark 4.3.5 (Restriction and addition maps). Let M : Span(Fin) — C be a commutative
monoid. Every morphism f: § — T of finite sets determines two ‘half-degenerate’ spans

lds lds

o= (T<—S—>S) and fo = (S<—S—>T)
and hence the functoriality of M provides two maps
5 M(T) — M(S) and fo: M(S) > M(T).

Since products in Span(Fin) are computed as disjoint unions of finite sets, the condition
that M preserves finite products means that for every finite set S the map

(€})ses: M(8) > M* =] [ M(»)

seS
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is an isomorphism, where e, : {s} < S is the inclusion of the element s into S. We will use
this identification from now on to identify M (S) with the S-fold product of M in C. Under
these identifications, we should think of the maps f*: MT — M® and fg: M5 — M7 as the
restriction and the addition maps, respectively:

S (dier = (xp(5))ses and Jo(xs)ses = (Yideer, yi:= Z Xs-
sef~1(1)

Specializing to the case 7' = * and S = * LI ¥, we obtain an addition map
+: MXM=M" > M,

and similarly the map () — * in Fin gives rise to the zero map 0: * — M. Just as with non-
commutative monoids, we are not just encoding the binary addition map +: M XM — M,
but all n-fold addition maps M" — M together will all possible compatibilities between
them.

Remark 4.3.6 (Comparison to usual definition). To state the condition that M (.S) is isomor-
phic to [[,cs M (), one only needs the contravariant functoriality of M along the inclusion
maps e;: {s} — S. Instead of working with the whole span category Span(Fin), we could
then also have worked with its subcategory

Span(Fin, inj,all) C Span(Fin)

which contains all the objects but only those spans of the form S «= U — T where
the left-pointing morphism is an injection. More precisely, if we say that a functor
M : Span(Fin,inj,all) — C satisfies the Segal condition if the induced maps (e5)ses: M(S) —
[1ses M (%) are isomorphisms, then one can show that restriction along the inclusion induces
an equivalence

CMon(C) = Fun*(Span(Fin), C) = Fun®°¢¥(Span(Fin, inj, all), C),

with inverse given by right Kan extension along the inclusion; see [BH21, Proposition C.1].
The category Span(Fin, inj, all) may be thought of as the category of finite sets and partially
defined maps: a morphism from S to 7T in this category is by definition a choice of subset
U of S together withamap U — T.

Note that the category Span(Fin, inj, all) is equivalent to the category Fin, of finite pointed
sets: there is a functor

Span(Fin, inj, all) — Fin,, St S, =SUx

which on objects equips every finite set S with an additional basepoint, and which on
morphisms sends the partially defined map from S to T to the pointed map S — T which
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on U is just given by the given map U — T and on the complement of U sends everything
to the basepoint of 7;. The inverse to this equivalence is given on objects by removing the
basepoint, and on morphisms by taking the partial map defined on those elements of S, that
are not sent to the basepoint in 7.

Warning 4.3.7. The co-category CMon(C) is usually defined as Fun®°¢¥(Fin,, C) in the
literature; this was also the original approach taken by Segal [Seg68] after which this
condition is named. I find the approach with Span(Fin) a bit more conceptual, hence have
chosen to present it this way.

Definition 4.3.8. A commutative monoid M is called a commutative group if the ‘shear
map’ (pr,+): M XM — M x M is an isomorphism. We denote by

CGrp(C) € CMon(C)

the full subcategory spanned by the commutative groups in C.

4.3.1 The underlying monoid of a commutative monoid

As the name suggests, every commutative monoid has an underlying monoid.

Construction 4.3.9. We will construct a functor Cut: A°? — Span(Fin, inj,all) C Span(Fin):

* On objects, it sends [n] to the set (n) :={1,...,n}.
* On morphisms, it sends ¢: [m] — [n] to the span
() <— {p(0)+1,0(0)+2,...,0(m)—1,p(m)} —— (m),

where the left-pointing map is the inclusion and the right-pointing map sends i to the
unique 1 < j < m such that (j—1) <i < ¢(j).

More conceptually, we may think of the set Cut(P) for a poset P as the set of ‘Dedekind cuts’
of P, defined as pairs ( Py, P) of non-empty subposets Py, P C P satistfying P = Py U P and
po < p1 for pg € Py and p; € P;. We want to think of the element k € {1,...,n} = Cut([n])
as the following partition of [n]:

k «» ({0,...,k—=1}{k,...,n}).
On morphisms, Cut(y) is then simply given by taking preimages of the two subsets Py and
Py, which is only defined if both of these preimages are non-empty.

Alternatively, we may think of the set Cut([n]) as labeling the n “inequalities” in the
partially ordered set [n] that we can use to cut [n] into two pieces:

1 2 3
n] = {0<1<2%..%n}
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Exercise 4.3.10. Let M: Span(Fin) — C be a commutative monoid. Show that M o
Cut: A°® — C is a monoid. Show similarly that M o Cut is a group whenever M is a
commutative group.

In particular, we obtain forgetful functors
U := Cut”: CMon(C) — Mon(C) and U :=Cut": CGrp(C) — Grp(C).

Exercise 4.3.11. Assume that C is an ordinary category with finite products. Show that the
forgetful functor U: CMon(C) — Mon(C) is fully faithful.

Warning 4.3.12. For a general co-category, it is not true that the forgetful functor CMon(C) —
Mon(C) is fully faithful! In other words: in the world of co-categories, it is no longer true
that commutativity is a property of a monoid; it is additional structure one needs to provide.

4.3.2 Semiadditivity

Recall that the ordinary category of abelian monoids is semiadditive: the product A X B of
two abelian monoids is also the coproduct, and the resulting biproduct is usually denoted
A ® B. We will now show that CMon(C) is semiadditive for arbitrary C. We start with two
preliminary lemmas:

Lemma 4.3.13. Let C be an oo-category with finite products. Then the oo-category
CMon(C) has finite products and the evaluation map evy: CMon(C) — C preserves finite
products for each T € Fin.

Proof. The functor category Fun(Span(Fin),C) admits finite products (Lemma A.2.23)
which are computed pointwise, and the subcategory CMon(C) is closed under finite prod-
ucts. O

Lemma4.3.14. Let C be an oo-category with finite products. Then there exists a cotensoring
functor

(=) Span(Fin) x CMon(C) — CMon(C), (S,X) - X5,
defined by X3(T) := X(S xT), which preserves finite products in both variables and whose
restriction to {x} X CMon(C) is the identity functor.

Proof. For a finite set S and a commutative monoid X we define the cotensoring by
X5(T) := X(SxT) for T € Fin. The functoriality in S and T comes from the observation
that the product functor — X —: Fin X Fin — Fin induces a functor on span categories by
taking products of spans:

— X —: Span(Fin) X Span(Fin) — Span(Fin), (S,T) — SXT.

(This is no longer the categorical product in Span(Fin)!)
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» Since we have a natural bijection = X T = T, it is clear that the cotensoring is the
identity on {x} X CMon(C).

« Fixing S € Fin, the functor (=)%: CMon(C) — CMon(C) preserves finite products:
we may check this pointwise for every T € Fin, where it is by definition given by the
evaluation X +— X (8§ X T), which preserves finite products.

« Fixing X € CMon(C), the functor X(7): Span(C) — CMon(C) preserves finite prod-
ucts: again we may check this pointwise for every T € Fin, where we may write it as
the composite

Span(Fin) =, Span(Fin) % C.

But X preserves finite products by assumption and — X T preserves finite products since
the functor — X T': Fin — Fin preserves finite coproducts: | [\, S; xT — (||, S;) X
T.

In particular we see that X3 is the S-fold product of X in CMon(C), explaining the notation.
O

Proposition 4.3.15. Let C be an co-category with finite products. Then the co-category
CMon(C) is semiadditive. The subcategory CGrp(C) is even additive.

Proof. The main point is showing that CMon(C) is semiadditive; it is then essentially by
definition true that the subcategory CGrp(C) is even additive.

We first show that CMon(C) is pointed by showing that the constant functor const,.: Span(Fin) —
Cisazeroobject. Note that const, is a terminal object in the functor category (Lemma A.2.23)
and hence also in CMon(C). To see it is also an initial object, consider any commutative
monoid M. Since Span(Fin) has an initial object given by the empty set, limits over
Span(Fin) are given by evaluation at the empty set (see Lemma A.2.19) and henc we get

Homcwion(c) (const., M) ~ Home (%, limgespan(Fin) M (S)) =~ Home (%, M (0)) =~ Homc (x, %) = *,

where we also use that M (0) ~ = because M preserves finite products.

To see that CMon(C) is semiadditive, consider two commutative monoids X and Y. We
need to show that the maps (idx,0): X — X xY and (0,idy) : ¥ — X XY exhibit the product
X XY also as a coproduct. In other words, we need to show that the corresponding natural
transformation

((idy,0), (0,idy)): (X,¥) = (X XY,XXY) = A(XXY)

is the unit of an adjunction between the product functor and the diagonal functor A: CMon(C) —
CMon(C) x CMon(C) (with the product being the left adjoint!). To this end, we have to
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produce for every third commutative monoid Z a compatible counit map
my.: 2 XZ—27Z

satisfying the triangle identities. Using the cotensoring map from Lemma 4.3.14, we may
construct the map my as the following composite:

my: ZXZ =7 57" ~7,

where the middle map uses functoriality of the cotensoring in the forward-ponting span
associated to = LI« — . The triangle identities take the following form:

(ZXZ,ZXZ) (XXY)X(XXY)

(idz,O)x(O,iy %,mz) and (idX,O)x(O,V wxj
XXY.

(2,2) (2,2) XxY

For the right-hand triangle, we use that the cotensoring preserves products, so that the map
myxxy may be rewritten as the product map

myXmy: (XxXX)X(YxY)— XxY.

We then see that to produce both triangles, it suffices to produce for every X € CMon(C)
two natural homotopies between the composites

x B0 x5 x, xS xx I x

and the identity on X. For this, observe that we may write the zero map 0: const, — X
as the map X? — X* induced on cotensorings by the inclusion @ < * in Fin, so the claim
boils down to functoriality of the cotensoring in the Span(Fin)-variable, together with the
fact that the composites

s=x) > xlx —> % and s =0% > *1%x — %

are the identity maps in Fin. This finishes the proof. O

Remark 4.3.16. Observe that there are equivalences CMon(C,) ~ CMon(C). and CGrp(C,) =~
CGrp(C).. Since CMon(C) and CGrp(C) are pointed, it follows from Lemma 3.1.4 that
the forgetful functor C. — C induces equivalences

CMon(C,) = CMon(C) and CGrp(C,) = CGrp(C).
Using a similar argument we find equivalences
Mon(C,) — Mon(C) and Grp(C,) — Grp(C).
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4.3.3 Monoids and commutative monoids in semiadditive co-categories

For a semiadditive co-category C, it turns out every object admits a unique structure of a
commutative monoid. If C is in fact additive, then each object is even a commutative group.
More precisely:

Proposition 4.3.17. Let C be a semiadditive co-category. Then the two forgeful functors
CMon(C) - Mon(C) —» C

are equivalences. If C is additive, then also the two forgetful functors
CGrp(C) — Grp(C) - C

are equivalences.

Proof sketch. Let us first do the case for commutative monoids. Consider the following
subcategories of Span(Fin):

+ < Fin*! < Span(Fin*!) < Span(Fin, inj,all) < Span(Fin).

Here Fin*! C Fin is the full subcategory on sets of cardinality at most 1, i.e. it has objects
0 and * and a single non-identity morphism () — *. We claim that restriction along each of
these inclusions defines equivalences

CMon(C) = Fun*(Span(Fin), C) = Fun®°#!(Span(Fin, inj, all), C)
=5 Fun*(Span(Fin*'), C) = Fun*(Fin*!,C) = C,

with inverses given by right, left, right and left Kan extension, respectively. Here Fun*(—, —)
denotes those functors that send the empty set to the terminal object of C. Each of these
claims is proved in an analogous way, hence let us merely explain the general strategy and
only looking at one case in more detail.

For the general case, one observes that each functor is conservative, that it admits a left/right
adjoint given by Kan extension, and that this Kan extension does not change the value on
the point so that the Kan extension of the restriction of a functor F must be isomorphic to
F via the unit/counit.

Let us spell this out in case of the restriction functor
i*: Fun>*#¥(Span(Fin, inj, all), C) — Fun*(Span(Fin<'), C)

along the inclusion i : Span(Fin=!) < Span(Fin, inj,all). Note that by semiadditivity of C,
afunctor F: Span(Fin,inj,all) — C satisfies the Segal condition if and only if its restriction
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F|pin: Fin — C is left Kan extended from the point. Similarly, a functor G : Span(FinSl) —
C satisfies F(0) =  if and only if its restriction G|, <1 : Fin<! — C is left Kan extended
from the point. We now claim that left Kan extension along i restricts to a functor

i1: Fun*(Span(Fin<"), C) — Fun®®¢ (Span(Fin, inj,all), C).

To see this, let G : Span(Fin=') — C be a functor satisfying F(0) = «. It will suffice to show
that the restriction i (G)|gin of the left Kan extension of G is itself the left Kan extension of
G|p,=1» since then it must be Kan extended from the point. If we let i’: Fin*! — Fin denote
the inclusion, there is a canonical map

1(Glgip=1) = i1(G)Fin-

Using the pointwise formula for Kan extensions, Theorem A.2.34, we may compute both

sides as colimits of G over the relative slices of i and 7, and the previous comparison map is
<1
/S
this inclusion admits a left adjoint (given by taking only the forward map of a span into S,

induced by the inclusion map Fins! — Span(Fin=') ;s of relative slices, for § € Fin. Since

exercise!), this functor is final by Corollary A.2.43, and hence restriction along it does not
change the value of the colimit.

Finally we observe that the Kan extension i;G has the same value on the point as G itself.
From this one concludes that the unit G — i*i)G and counit i;i*F — F of the adjunction
are both natural isomorphisms, and hence these two functors are inverse equivalences.

The claim for Mon(C) is proved similarly, instead using the subcategories

(1) = A = Ay = A,

The claim about groups and commutative groups is an immediate consequence: if C is

semiadditive, the shear map of any (commutative) monoid M in C is simply given by the

map (i%x ix ) : X?> — X2, hence is by assumption an isomorphism if C is additive. O
X

With this at hand, we can now prove universal properties for the assignments C — CMon(C)
and C — CGrp(C).

Notation 4.3.18. Let Cat be the subcategory of Cat,, spanned by those co-categories that
have finite products and the finite-product-preserving functors. We further denote by

Cat®3d c Cat and Cat?d ¢ Cat?
the full subcategories spanned by the semiadditive and additive co-categories, respectively.
Proposition 4.3.19. The two functors
CMon(-): Cat* — Cat®4 and CGrp(-): Cat* — Cat®d

are right adjoint to the respective inclusion functors.
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Proof. We will check the (dual version of the) criterion from Proposition A.2.63. We
will treat the case for CMon(—); the case for CGrp(—) is identical. The forgetful functor
defines a natural transformation £: CMon(—) — idc,x, and we must check that for every
oo-category C with finite products the two forgetful functors

£cMon(c) : CMon(CMon(C)) — CMon(C) and CMon(gc): CMon(CMon(C)) — CMon(C)

are equivalences. Since CMon(C) is semiadditive by Proposition 4.3.15, the claim for
£CMon(c) 18 an instance of Proposition 4.3.17. But now the case for CMon(gc) follows
immediately: the swap map Span(Fin) X Span(Fin) — Span(Fin) X Span(Fin) determines
an equivalence

CMon(CMon(C)) = CMon(CMon(C)), (M) — (M),

and under this equivalence the forgetful functor ecyon(c)((My)m) = (M,)1 corresponds to
the forgetful functor CMon(e¢)((M,),) = (M1)s. O

4.4 The recognition principle for connective spectra

In Section 4.2 we proved the recognition principle for loop spaces: the loop functor
Q: AnZ! = Grp(An)

is an equivalence, with inverse given by the classifying space construction B: Grp(An) —
AnZ!. In this section, we will show that this equivalence can be enhanced to an equivalence

Q*(-): Sp=® =5 CGrp(An)

between the co-category of connective spectra and the co-category of commutative groups
in An. Let us start by recalling the definition of Sp=’:

Definition 4.4.1. An anima X is called n-connected for n > 1 if it is connected and the
homotopy groups 7 (X) are trivial whenever k < n. We write

An*" C An
for the full subcategory spanned by the (n—1)-connected animae. Note that X is n-connected

if and only if it is connected and QX is (n — 1)-connected.

A spectrum X is called connective if its n-th space X,, = Q"X is (n — 1)-connected for
every n. We write
Sp=Y c Sp

for the full subcategory spanned by the connective spectra. Connective spectra are also
known as infinite loop spaces.
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Remark 4.4.2. Since we have 7;(X) = 7m,,,;,(X,) whenever n+i > 0, we see that a spectrum
X is connective if 7;(X) =0 fori < 0.

As an immediate corollary of the recognition principle for loop spaces we obtain a recog-
nition principle for n-fold loop spaces. We need one auxiliary lemma:

Lemma 4.4.3. The functors
|-|: sAn — An and B: Mon(An) — An

preserve finite products.

Proof. The claim for B immediately follows from the claim for |—| since the inclusion
Mon(An) < sAn = Fun(A°P, An) preserves finite products. For |—|, consider simplicial
animae X and Y. Then we compute

. 1 .
| X xY|= cohm[n]erp (X xY,) = cohm([n]’[m])erprop (X, XYy,)

(2

~ colim[ AP colim[m] AP (X XYy)

nle

3 . .
~ cohm[n] AP (X X cohm[m] AP Yim)

4 . .
=~ (cohm[ AP Xn) X (cohm[m]erp Yin)

nle

=X x|Y].

Here equivalence (1) holds because the diagonal functor A°® — A°P X AP [n] — ([n], [n]) is
final, see the exercise below. The equivalence (2) is an instance of Lemma A.2.24. Finally,
the equivalences (3) and (4) hold because for an anima X the functor X X —: An — An
admits a right adjoint Homa,(X,—): An — An and hence preserves all colimits. O

Exercise 4.4.4. Show that the diagonal functor A — A X A is initial: for [n],[m] € A the
relative slice category A XA, A (AXA)/([n],[m]) is Weakly contractible. Hints:

* Show that this relative slice category is equivalent to the full subcategory A;[,)x[m]
of Poset;[,]x[n] consisting of morphisms of posets of the form ¢: [k] — [n] X [m].

* Consider the functor
I Ajiixpm) — [n] x [m]
that sends ¢: [k] — [n] X [m] to ¢(k). Consider also the functor
g: [n]x[m] = Ajpxpm]

that sends a pair (i,j) € [n] X [m] to the map (i,j): [0] — [n] X [m]. Show that
fg =1d and define a natural transformation g f — id. Conclude that f and g induce
equivalences on geometric realizations.
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* Show that |C X D| ~ |C| x| D| for co-categories C and D;
» Show that [n] and [m] are both weakly contractible, cf. Exercise 6.4.

Definition 4.4.5. Let C be an co-category with finite products. For n > 0 we iteratively
define the notion of an E,,-monoid in C:

* For n =0 we define Mong,(C) := Cs;

* For n > 1 we define Mong, (C) := Mon(Mong, ,(C)).

We similarly define Grpg, (C) = C, and Grpg, (C) := Grp(Grpg, ,(C)).

Remark 4.4.6. For n = 1 note that we get Mong, (C) — Mon(C) and Grpg, (C) — Grp(C)
by Remark 4.3.16.

For general n, an E,-monoid has n different multiplication operations that all commute with
each other. In light of the Eckmann-Hilton arument (Lemma 1.3.10) these operations are
all identified in the homotopy category Ho(C) and are homotopy commutative for n > 2.
We should think of higher n as ‘more commutativity’.

Proposition 4.4.7 (Recognition principle for iterated loop spaces). For every n > 0 there is
an adjunction

B": Mong, (An) ﬁ An, : Q"
which restricts to an equivalence

B": Grpy (An) ﬁ AnZ" : Q"

Proof. Consider the adjunction B: Mon(An) 2 An, :Q. Since both functors preserve
finite products, we may apply Mong, ,(—) to get an adjunction

B: Mong, (An) 2 Mong, ,(An) :Q.

By the Recognition Principle, Theorem 4.2.1, this restricts to an equivalence Grpg, (AnZ') ~
Grpg, | (An="*1) foralli > 0. Pasting all these adjunctions together, this gives the claim. O

Corollary 4.4.8. The co-category Sp=" is equivalent to limit of the following diagram of
co-categories:

-+ — Grpg, (An) — -+ — Grpg, (An) — Grp(An) — An,. O
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Proof. By definition, Sp=" is the full subcategory of Sp spanned by those spectra (X,,) such
that the pointed anima X, is (n— 1)-connected for all n, hence is given by the limit of the
following diagram of co-categories:

Q Q Q Q Q
S AR S S An2? S Anz! S An,.

The claim thus follows from the fact that these two diagrams are equivalent to each other,
in light of the following commutative squares:

Q _
AnZ" —= % Apz"!

Q’l\Lz :\Lgn -1 O

f
Grpg, (An) —gt> Grpg, ,(An).

We will now relate this to the co-category CGrp(An) of commutative groups in An.

Proposition 4.4.9. Applying CMon(-) fo the adjunction B 4 Q produces an adjunction
B: CMon(An) ~ CMon(Mon(An)) & CMon(An.) 10 CMon(An) : Q.

Moreover, both functors actually land in CGrp(An) and induce for all n > 0 an equivalence

B: CGrp(An>") Z—2 CGrp(An®"*") : Q.

Proof. For the first claim, it remains to argue that the forgetful functor Mon(An) — An
induces an equivalence

CMon(Mon(An)) = CMon(An).

Since both CMon(—) and Mon(—) are defined as certain limit-preserving functors, there is
an obvious equivalence CMon(Mon(An)) ~ Mon(CMon(An)), and under this equivalence
the previous functor corresponds to the forgetful functor

Mon(CMon(An)) — CMon(An).

But since CMon(An) is semiadditive by Proposition 4.3.15, this forgetful functor is an
equivalence by Proposition 4.3.17.

One can show that a commutative monoid X is a commutative group if and only if its set
of path components my(X) is a group, see Exercise 10.4 on page 264. In particular, every
connected commutative monoid is a commutative group, hence in particular so is BM for
every M. So the adjunction restricts to commutative groups, and by Theorem 4.2.1 we get
that it restricts to an equivalence

B: CGrp(An) ~ CMon(Grp(An)) ﬁ CMon(An=’) ~ CGrp(AnzY) : Q.

Since € shifts homotopy groups, this then gives the claim for arbitrary n as well. O
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Corollary 4.4.10 (Group completion). The inclusion CGrp(An) < CMon(An) admits a
left adjoint
(—)&®: CMon(An) — CGrp(An)

called group-completion. It is given on objects by M — QBM.

Proof. It follows immediately from the proposition that for every commutative group G €
CGrp(An), precomposition with the unit M — QBM defines an equivalence

Homcgp(an) (2BM,G) — Homcwmon(an) (M, G),
since both sides are equivalent to Homgpan) (BM, BG). O

After all this hard work, we are now able to prove the claim that connective spectra are
commutative groups in An, as announced in the introduction to this course:

Theorem 4.4.11 (Recognition principle for connective spectra, cf. May [May72], Boardman
and Vogt [BV73]). The functor Q% : Sp — An uniquely lifts to a functor

Q%: Sp — CGrp(An).
This functor admits a fully faithful left adjoint
B%: CGrp(An) — Sp
whose image is precisely the subcategory Sp=° of connective spectra.

Proof. Since Q% preserves finite products and Sp is additive by Lemma 3.3.3, the fact that
Q% uniquely lifts to CGrp(An) is an immediate consequence of the fact that CGrp(—) : Cat} —
Cat®d is right adjoint to the inclusion functor, see Proposition 4.3.19.

For the left adjoint, we use the equivalence B"”: CGrp(An) — CGrp(An>") from Propo-
sition 4.4.7, with inverse given by the iterated loop space functor €". For a commutative
group G, we may now define the spectrum B™G as follows:

B*G := (B"G,0,: B'"G = QB"'G),

where the structure maps o, are the units of the adjunction B 4 Q. To see that this is a
left adjoint to Q*: Sp — CGrp(An), note that by additivity of Sp we get an equivalence
Sp = CGrp(Sp) =~ Sp(CGrp(An)), so that we may write Sp as the following limit:

Sp =~ lim(--- 2 CGrp(An) =2 CGrp(An) 2 CGrp(An)).
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We may then compute

Homg, (B*G, X) =~ lim, Homcgrp(an) (B"G, X,)
= lim,, HomCGrp(An) (G, Xo)

=~ Homcgrp(an) (G, Xo)-

Since all these equivalences are natural in G and X, this provides the adjunction. From
this computation it also follows immediately that the unit G — Q*B*G of the adjunc-
tion is simply the identity map of G, hence is an isomorphism, showing that the functor
B> : CGrp(An) — Sp is fully faithful. The essential image is the subcategory of the above
limit given by

CGrp(An) =~ lim(--- % CGrp(An=?) % CGrp(An=") % CGrp(An)),

which are precisely those spectra X such that X,, is (n — 1)-connected, i.e. the connective
spectra. O

Corollary 4.4.12. The inclusion Sp=° < Sp admits a right adjoint to: Sp — Sp=" given
by t50(X) =B*¥Q*X. O

4.5 Symmetric monoidal co-categories

Let us briefly say some words about symmetric monoidal co-categories and commutative
algebras in them.

Definition 4.5.1. A symmetric monoidal co-category is defined to be a commutative monoid
in Caty,. In particular, it is an co-category which comes equipped with a tensor product
functor

-®—:CxXC—>C

and a monoidal unit 1 € C, and the tensor product is coherently unital, associative and
commutative. We will often denote symmetric monoidal co-categories as (C,®,1), or
often also just as C. Given symmetric monoidal co-categories C and D, a symmetric
monoidal functor F: C — D is a morphism in CMon(Cat.,). We write Map®(C, D) for
the Hom-anima in CMon(Cat,).

Example 4.5.2. We will state without proof several examples of symmetric monoidal co-
categories:

(1) Let C and D be co-categories and assume that D is symmetric monoidal. Since the
functor Fun(C, ) : Cat,, — Cat,, is a right adjoint, it preserves finite limits, and hence
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2)

3)

“4)

&)

(6)

induces a functor CMon(Cat,) — CMon(Cats). It follows that the functor category
Fun(C,D) admits a canonical symmetric monoidal structure, called the pointwise
symmetric monoidal structure.

Let C be an co-category with finite products. Then C admits a unique symmetric
monoidal structure ® with the following two properties:

* The monoidal unit 1 is the terminal object in C;

* For every pair of objects X and Y in C, the two maps X ®Y — X ®1 ~ X and
X®Y — 1®Y ~Y induce an isomorphism X ® Y — X xY.

This symmetric monoidal structure is usually denoted by (C,X,*) or by C* and is
referred to as the cartesian monoidal structure on C.

Dually, let C be an oco-category with finite coproducts. Then C admits a unique
symmetric monoidal structure (C,L,0) (sometimes also written C") such that the
monoidal unit is the initial object in C, and the tensor product is given by the coproduct
in C. This is known as the cocartesian monoidal structure on C.

The co-category Sp of spectra admits a symmetric monoidal structure ® satisfying the
property that or every spectrum X, the functor X ® —: Sp — Sp preserves colimits.
Furthermore, Sp is universal with this structure: If D is another symmetric monoidal
stable co-category D which admits colimits and in which the tensor product preserves
colimits in both variables, there is a unique colimit-preserving symmetric monoidal
functor Sp — D, i.e. the subcategory of Map®(Sp, D) spanned by the colimit-preserving
functors is contractible.

The oo-categories An,, CMon(An) and CGrp(An) similarly each admit symmetric
monoidal structures which commute with colimits in both variables, and have a similar
universal property where instead of requiring D to be stable on requires it to be pointed,
semiadditive, or additive, respectively. We refer to Gepner, Groth, and Nikolaus
[GGN15] for an excellent discussion. As a consequence, the functors

(=)+ (-)E® B*
An — An, — CMon(An) —— CGrp(An) — Sp

all have unique enhancements to colimit-preserving symmetric monoidal functor.

Let R be a commutative ring. Then the derived oco-category of R, defined as the
localization
D(R) := Ch(R)[{quasi-isomorphisms} ']

of the category of chain complexes of R-modules at the quasi-isomorphisms, admits
a symmetric monoidal structure (D(R),®,R[0]) whose monoidal unit is the chain
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complex R[0] given by putting R in degree 0. The tensor product corresponds to the
derived tensor product of chain complexes.

(7) Recall the full subcategory Cat; C Cat,, from Definition A.2.12 spanned by the ordinary
categories. A commutative monoid in Cat; is precisely that of a symmetric monoidal
category as defined clasically. Since the inclusion Cat; < Cat,, preserves products,
this implies that any symmetric monoidal category defines a symmetric monoidal co-
category.

Definition 4.5.3. Let C and D be symmetric monoidal co-categories. We define the co-
category Fun®(C, D) of symmetric monoidal functors from C to D as the co-category
whose associated complete Segal anima (see Appendix A.5) is given by

N(Fun®(C, D)), = Map®(C,Fun([n], D)).

Here we equip Fun([n], D) with the pointwise symmetric monoidal structure. The fact
that the simplicial anima on the right-hand side is indeed a complete Segal anima follows
immediately from the observation that the Hom-functor Map®(C, —) : CMon(Cats) — An
preserves limits, see Theorem 2.6.43.

Recall from classical algebra that a commutative algebra in a symmetric monoical category
C is an object A of C that comes equipped with a unit 1: 1 — A and a multiplication map
m: A® A — A such that the following diagrams commute:

1®idg

Aol 1%L 4e4 29 4 AARA T84 AgA A®A — 3 A®A

R T

AQA — 2 v A,

Just as in the situation for (commutative) monoids, the co-categorical notion of commutative
algebra is not defined by writing down some relations by hand, but instead builds in all the
required maps and coherences into a suitable indexing category:

Definition 4.5.4 (Commutative algebra). Let (C, ®, 1) be asymmetric monoidal co-category.
We define a commutative algebra in C to be a symmetric monoidal functor

A: Fin - C,

where we equip the category Fin of finite sets with the cocartesian monoidal structure from
Example 4.5.2. We refer to the object A(x) in C as the underlying object of A. We will
frequently abuse notation and simply write A for A(x).

We define the co-category of commutative algebras in C as

CAlg(C) := Fun®(Fin, C).
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Remark 4.5.5. If C has the cartesian monoidal structure, there is an equivalence CMon(C) ~
CAlg(C); see [Lurl7, Proposition 2.4.2.5] for a more general statemet in the setting of co-
operads.

Since for every natural number 7 the finite set {1,...,n} is a disjoint union of the one-point-
sets {i}, the fact that the map A: Fin — C is symmetric monoidal implies that there are

isomorphisms
A({1,...,n}) = A®".

In particular, the unique map {1,...,n} — % determines an n-fold multiplication map
A®" — A for every n. These maps satisfy all kinds of coherence relations, obtained by
taking a commutative diagrams in Fin and looking at its image in C. For example, unitality,
associativity and commutativity follow from the following three commutative diagrams in
Fin:
0,101 01
) — 0,1} +— (1} {012 F=H {012 o1y 20 (0,1

Sleo oml T N

(0,12} —— &,

In a similar way, we may talk about modules over commutative algebras. First recall the
definition in classical algebra: a module over a commutative algebra A is an object M
equipped with an action map act: A ® M — M which is unital and associative, in the sense
that the following two diagrams commute:

. y
ToM 2% Agm ARASM % Ao M

\‘ \Lact and meid M\L \Lact
M

AM —* 3 M.

To translate this to the setting of co-categories, we will again need to encode all the action
maps A®" ® M — M for n > 0, together with all possible coherence relations between them.
As before we will do this by defining a suitable indexing category that encodes all these
compatibilities.

Mod

Definition 4.5.6. We define a category Fin™"°“ as follows:

* An object of FinMd ig a pair (S4,Sy) consisting of two finite sets S4 and Syy;

* A morphisms in FinM¢ from (Sa,Sum) to (T4,Tyy) is @ morphism f: S LISy —
T U Ty of finite sets that restricts to a bijection f|s,, : Sy = Ty

* Composition and identities are defined in the obvious way.
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The category FinM°d

(T4,Ty), we obtain a new object (S4 U T4, Sy UTy). The monoidal unit is (0,0). Note
that there is a symmetric monoidal inclusion functor

is symmetric monoidal via disjoint union: for objects (S4,Sy) and

a: Fin— Fin™,  § (S,0).

Definition 4.5.7. Let C be a symmetric monoidal co-category. We define the co-category

of modules in C as
Mod(C) := Fun® (Fin™*?, C).

Precomposition with a: Fin < Fin™°? defines a functor a*: Mod(C) — CAlg(C) that we
refer to as the underlying commutative algebra functor. If A is a commutative algebra in C,
we define the co-category of A-modules in C as the following pullback:

Mody (C) — Mod(C)

Lok
x —2 % CAIg(C).

Mod

For a module Fin — C, we refer to its value at (0, %) as the underlying object, which we

will frequently denote by M.

Every algebra is canonically a module over itself:

Construction 4.5.8. Consider the symmetric monoidal functor FinM°! — Fin defined by
(Sa,Sy) — SaU Sy on objects, and f +— f on morphisms. Restriction along this functor
produces a map

mod : CAlg(C) — Mod(C).

Observe that the underlying commutative algebra of mod (A) is A, while the underlying
object is also A. The action map A® A — A is simply given by multiplication in A.

Remark 4.5.9. It is possible to obtain versions of Definitions 4.5.4 and 4.5.7 for not-

necessarily-commutative algebras:

 We let Fin!2 denote the category whose objects are finite sets and whose morphisms
are maps f: S — T together with choices of linear orders on each of the fibers £~!(¢)
for t € T. This is symmetric monoidal under disjoint union, which lets us define
Alg(C) := Fun®(Fin*'¢, C).

« We let Fin"M°d denote the category whose objects are pairs (S4,Sy) of finite sets
and whose morphisms are maps f: Sa U Sy — T4 UTy that restrict to bijections
flsy: Su 5 Ty and that are equipped with linear orders on each preimage f~!(¢) N
S4 fort € T. We define LMod(C) := Fun®(Fin*M°d, C) and for an algebra A we write
LMod4 (C) for the fiber over A of the forgetful functor LMod(C) — Alg(C).
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We are now finally ready to introduce the homotopical analogues of rings and modules:

Definition 4.5.10 (Commutative ring spectrum). A commutative ring spectrum R is a
commutative algebra in the symmetric monoidal co-category (Sp,®,S). We denote by

CAlg := CAlg(Sp)

the oco-category of commutative ring spectra. Given a commutative ring spectrum R, we
define the co-category of R-modules as

Modg := Modg(Sp).

Warning 4.5.11. While Definitions 4.5.4 and 4.5.7 are valid and concrete, they are slightly
inflexible since they are formulated in terms of symmetric monoidal functors rather than
arbitrary functors. In particular, it will not be easy to actually construct examples of
commutative algebras and modules using this definition. A more flexible approach to
defining commutative algebras and modules over them uses the theory of co-operads, and is
developed extensively in Chapters 2-4 in [Lurl7]. Unfortunately we will not have the time
to introduce this more flexible theory.
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S Complex K-theory

The goal of this chapter is to introduce a cohomology theory/spectrum known as complex K-
theory. In fact, we will introduce two variants: the connective complex K-theory spectrum
ku and the periodic compex K-theory spectrum KU.

5.1 Vector bundles and complex K-theory groups

Before introducing the spectra ku and KU, we will first introduce the associated zeroth
cohomology group ku’(X) = KU?(X) for a paracompact space X. This group is known as
the complex K-theory group K°(X), and admits an explicit description in terms of vector
bundles over X.

Definition 5.1.1. Let X be a topological space and let k > 0. A complex vector bundle of
rank k over X is a continuous map p : E — X equipped with the structure of complex vector
spaces on all its fibers p~!(x), satisfying local triviality: there is an open cover {U;};c; of
X together with homeomorphisms

@it UixCk = p~l(U))

satisfying p(¢;(x,v)) = x for all x € X, and such that the induced map ¢;(x,-): CF —
p~'({x}) on fibers over x is C-linear, i.e. ¢;(x,Av+uw) = Ag;(x,v) + up;(x,w) for all
v,w e Ck and A, u € C.

Given another complex vector bundle p’: E” — X, a morphism of vector bundles from E
to E’ is a continuous map f: E — E’ over X such that the restriction p~'(x) — p’~!(x) is
C-linear. In particular, we get the notion of an isomorphism of vector bundles. We denote
by 7o Vect (X) the set of isomorphism classes of rank k& complex vector bundles over X.

Definition 5.1.2. A continuous map p: E — X is called a complex vector bundle of its
restriction to each path component of X is a complex vector bundle of some specified rank.
We let g Vect(X) denote the set of isomorphism classes of complex vector bundles over X.
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Let X be a topological space, and let p;: E; — X and p,: E», — X be two complex vector
bundles over X. Their direct sum is defined as the following fiber product:

Ei®E, = EixxEy, = {(e1,e2)|pi(er)=pa(er)}.

Exercise 5.1.3. Show that this construction satisfies the following properties:

(1) The map E| ® E> — X is a complex vector bundle over X;

(2) There are isomorphisms of vector bundles

0E=E=E®Q, EioE,=E,®E;, (E1®E)@E;=E & (E|DE3).

(3) The isomorphism class of E| @ E only depends on the isomorphism classes of E; and
E;.

As aconsequence of the exercise, we see that the direct sum construction defines an operation
— @ —: moVect(X) x moVect(X) — moVect(X)
on the set of isomorphism classes of vector bundles, turning it into an abelian monoid.

Definition 5.1.4 (Complex K-theory). Let X be a compact Hausdorff space. We define
the complex K-theory group K°(X) as the Grothendieck group of the abelian monoid
o Vect(X):

KY(X) := (moVect(X))&P,

In other words, K°(X) consists of equivalence classes formal differences E — E’ of complex
vector bundles over X, where we say that £ — E i =F;— Eé whenever there is an isomor-
phism E1 @ E] ® E3 = E| ® E» ® E3 of vector bundles over X for some E3 € o Vect(X).

Example 5.1.5. For X = pt, a vector bundle is simply a complex vector space, which up
to isomorphism is determined by its dimension. We thus see that the abelian monoid
moVect(pt) is isomorphic to N, and hence K°(pt) = Z.

Note that the abelian group K°(X) is contravariantly functorial in X: given a continuous
map f: X — Y, pullback along f determines a map

f*: moVect(Y) — moVect(X),

which induces a map *: K°(Y) — K°(X) on Grothendieck groups. In particular, the map
X — pt determines a group homomorphism

Z = K°(pt) —» K°(X).
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Definition 5.1.6 (Reduced K-theory). Let X be a compact Hausdorff space. We define the
abelian group K°(X) as the cokernel of the map Z — K°(X). This is called the reduced
K-theory group of X.

The group K 0(X) admits an alternative description as a quotient of the abelian monoid
moVect(X). It relies on the following important result, whose proof will be delegated to
Section 5.1.1.

Theorem 5.1.7. Let X be a compact Hausdorff space. For every complex vector bundle
E — X there exists another vector bundle E' — X such that the direct sum E ® E’ is

isomorphic to a trivial vector bundle CN := X x CN for some N € N.

Definition 5.1.8. Let X be a topological space and let E and E’ be two complex vector
bundles over X. We say that E and E’ are stably isomorphic if there are trivial vector
bundles C" and C" and an isomorphism E & C" = E' ¢ C".

Exercise 5.1.9. Show that this notion defines an equivalence relation on the set o Vect(X)
of isomorphism classes of complex vector bundles over X.

Proposition 5.1.10. Let X be a compact Hausdorf{f space.

(1) The monoid nyVect(X)/~ obtained from nyVect(X) by identifying stably isomorphic
vector bundles is a group.

(2) The map moVect(X) — KO(X) — K°(X) identifies stably isomorphic vector bundles.

(3) The resulting group homomorphism myVect(X)/~— K°(X) is an isomorphism.

Proof. For part (1), consider a complex vector bundle E. Then Theorem 5.1.7 provides
another vector bundle £’ such that E @ E’ is stably isomorphic to the trivial vector bundle
0, which is the neutral element of 7o Vect(X). This implies that [ E’] becomes inverse to E
in the quotient o Vect(X)/~, showing that this quotient is a group.

For part (2), note that the quotient map K°(X) — K°(X) by definition kills all trivial
bundles. This implies that for stably isomorphic vector bundles £ and E’ we have the
following equalities in K°(X):

[E] = [E]+[C"] = [E®C"] =[E'®C"] = [E"] +[C"] = [E"].

Finally, for part (3), it will suffice to show that the group map moVect(X)/~— K°(X) is
both injective and surjective. For surjectivity, let [E] — [E>] be a virtual vector bundle
over X. By choosing some vector bundle E7 such that E; @ E/, = CN, we get [E|] - [E,] =
[E1] +[E)] = [E1 ® EY], showing surjectivity. For injectivity, let £1 and E, be two vector

bundles with the same class in K°(X). Then their formal difference [E1] - [E>] in K°(X)
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lies in the kernel of K°(X) — EO(X), hence in the image of K°(pt) — K°(X). It follows
that there is an equality [E;] — [E2] = [C™] - [C"] in K°(X), which means there is a third
vector bundle E3 and an isomorphism E; ®C" @ E3 = E, @ C" @ E3. By taking the direct

’

sum with yet another vector bundle E satisfying E3 ® £, = CV, we deduce that E| and E,
are stably isomorphic. O

Since the assignment X — K°(X) is supposed to be the zeroth degree of a cohomology
theory, it should in particular be a homotopy invariant of paracompact Hausdorft spaces.
The following result says that this is indeed the case:

Theorem 5.1.11. Every homotopy equivalence f: X — Y between paracompact topological

spaces induces a isomorphisms
f*: moVect(Y) 5 moVect(X) and £ KOY) N KY(X)
of abelian monoids and abelian groups, respectively.

The proof of this result will be delegated to Section 5.1.2. The next two subsections may
be skipped without loss of continuity.

5.1.1 Digression: embedding a vector bundle into a trivial one

The goal of this subsection is to provide a proof of Theorem 5.1.7. A main tool we will use
is the notion of a partition of unity:

Definition 5.1.12. A topological space X is called paracompact if for every open cover
{U,;}ier of X there exists a partition of unity subordinate to this cover, i.e. a collection of
continuous maps p,: X — [0, 1] satisfying the following three conditions:

(1) For each x € X only finitely many p, (x) are non-zero;
(2) The resulting sum satisfies )., po(x) =1 for all x;
(3) For each a, the support p;'((0,1]) of p, is contained in one of the open sets U;.

Example 5.1.13. The following classes of topological spaces are paracompact:

* Every compact Hausdorff space is paracompact [HatO3, Proposition 1.18];

* Every union | J; X; of compact Hausdorff spaces X; C X» C ... is paracompact [Hat03,
Proposition 1.19];

* Every CW-complex is paracompact [HatO3, Proposition 1.20].
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Lemma 5.1.14. Let X be a paracompact Hausdorff space. Then every complex vector
bundle p: E — X admits an inner product, i.e. a map (—,—): E® E — C such that the
restriction E, ® E, — C to each fiber E, := p~'(x) is a (complex) inner product.

Proof. Let {U;}ic; be a trivializing open cover of X with trivializations ¢;: p~'(U;) 5
U; x C". For each i € I, we obtain a local inner product (—,—); on p~'(U;) by pulling back
the standard inner product on C" along ¢;. Picking a partition of unity {p, };c; subordinate
to the cover {U;}, with p,, supported in Uj(,), we may then define a global inner product on
E by setting
VW) = > pa(P(M)V,W)ia).
@

for all v,w € E with p(v) = p(w). This sum is well-defined by local finiteness of the
partition of unity. The resulting form is continuous since the p; and local inner products
are continuous. Moreover, since convex combinations of inner products are again inner
products, the restriction of (—,—) to each fiber E, defines a complex inner product, as
desired. O

Lemma 5.1.15. Let p: E — X and p’: E’ — X be vector bundles over X and let E — E’

be a morphism of vector bundles over X which is fiberwise injective. Then there exists a
vector bundle E+ — X satisfying E® E+ = E’.

Proof. By the previous lemma, we may equip E’ with an inner product (—,—). For each
x € X, let E denote the orthogonal complement of E, in E’ with respect to this inner
product. We claim that the union E+ := | J,cx E;- forms a vector bundle over X.

To see this, let U C X be a trivializing neighborhood for both E and E’, with trivializations
p: Ely S UXC" and ¢ E'y S UxC™. The injection E — E’ is then given by a
continuous family of injective linear maps A(x): C" — C™. The orthogonal complement
E*|y is locally described by the kernel of A(x)*, which varies continuously with x. This
shows that E+ is indeed a vector bundle.

The natural map E & E+ — E’ sending (v,w) to v+w is then a fiberwise isomorphism,
providing the desired decomposition E & E+ = E’. O

Lemma 5.1.16. Let p: E — X be a vector bundle over a compact Hausdorff space X. Then
there exists an embedding of vector bundles E < X xCV for some N.

Proof. Let {U;}icr be a trivializing open cover of X with trivializations ¢; : E|y;, 5 U;xC",
and let {p; };c; be a partition of unity subordinate to this cover. By compactness of X, we
may take the indexing set / to be finite. Foreachi € I, let ;: C" — C" denote the projection
onto the i-th copy of C" in the direct sum ), _, C".
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We define a bundle map ¥: E — X X (€P,.;C") by setting

iel
YY) = (p), (pi(p(v)) - 7i(@i(v)))ier)

for all v € E. This map is well-defined by local finiteness of the partition of unity, and it is
continuous since the p; and ¢; are continuous. To see that WV is fiberwise injective, suppose
v € E is non-zero. Then there exists some i € I such that p;(p(v)) #0 and v € p~1(U)).
Since ¢; is injective on the fiber over p(v), we see that the i-th component of W(v) is
non-zero, hence W(v) # 0. Taking N :=n-|I| then gives the desired embedding. O

Combining all these results, we may now prove our main theorem:

Proof of Theorem 5.1.7. By Lemma 5.1.16, there exists an embedding of vector bundles
E < X xCN for some N € N. Applying Lemma 5.1.15 to this injection, we obtain a vector
bundle E’ over X together with an isomorphism E @ E’ = X x CV, as desired. O

5.1.2 Digression: Homotopy invariance of complex K-theory

The goal of this subsection is to provide a proof of Theorem 5.1.11, the homotopy invariance
of the assignments X — 7o Vect(X) and X — K°(X).

Lemma 5.1.17. Let X be a paracompact Hausdorf{f space and {U;} be an open cover. Then
there exists a locally finite countable cover {V,,},>0 such that every V), is the disjoint union
of open subsets each contained in some U;, and there exists a partition of unity {p, } with

Pn supported in'V,,.

Proof. Let {pq}aca be a partition of unity subordinated to the cover {U;}. For a finite
subset S C A, we define

Vs={xe X |Foralla € Sand 8 ¢ S we have p,(x) > pg(x)}.

Since in the neighborhood of any point only finitely many of the p,, are non-zero, the subset
Vs is defined by only finitely many inequalities near x, hence Vg is open. Note that for every
x € X we have x € Vg where S = {a@ € A | po(x) > 0}, so the Vg form an open cover. Also
note that Vs is contained in some U;: pick some a € § and pick some i such that the support
of p, is contained in U;, then p,(x) =0 for x ¢ U,.

We may now define V,, as the union of the open subsets Vs such that S has precisely n
elements. To prove the claim, it remains to check that Vg N Vyr = @ whenever S and T
are distinct sets with the same cardinality. Indeed, in this case we can find @ € S\ T and
B €T\S, which means that every x € Vs N Vr needs to satisfy both p,(x) > pg(x) and
pp(x) > po(x) simultaneously. This is impossible, hence Vs N Vy = 0. We conclude that
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{Vi.}ns0 is the desired locally finite countable cover where each V,, is a disjoint union of
open subsets contained in one of the U;’s.

For the final claim, let {¢, } be a partition of unity subordinate to the cover {V,}. We may
then define p,, as the some of those ¢, which are supported in V,, butnotin V; for k <n. 0O

Proposition 5.1.18. Let X be a paracompact Hausdorf{f space, andlet p: E — X x [0, 1] be
a rank k complex vector bundle. Let po: Eo — X and p1: E1 — X denote the pullbacks of
p to X x{0} and X x {1}, respectively. Then there exists an isomorphism of vector bundles
Ey=E;| over X.

Proof. By local triviality of p, we may find for each x € X and ¢ € T an open neighborhood
of (x,1) € X x [0, 1] over which p trivializes. Since the interval [0, 1] is compact, we may
for fixed x find open neighborhoods U, ; € X of x and a partition 0 =7 <t <--- <ty =1
such that E is trivial over Uy ; X [t;_1,t;] for each i. By setting U, :=(); U,;, we thus get
local trivializations on each subspace U, X [0, 1] of X x [0, 1].

By Lemma 5.1.17, there exists a countable, locally finite open cover {V,,},,>1 of X subordi-
nate to {U, } such that E is trivial over each V,, X [0, 1], and there exists a partition of unity
{pn}n>1 subordinate to {V,, }. Consider the cumulative functions ¢, = p; +---+p, forn > 0,
which are functions satisfying 0 < ¢, < 1, Y9o=0and ¥, —» 1 asn — oo. Foreachn > 1,
we may then consider the graph X,, := {(x, ¥, (x)) | x € X} of ,,, and we let E,, := p~1(X,,)
denote the restriction of E to X,,. Since the projection maps X,, — X are homeomorphisms,

we may regard E,, as vector bundles over X.

We will now inductively construct isomorphisms #,: E, 5 E,_1 over X, starting with
Eo = E|xx{0}- Since ¥, = Yr,_1 + p,, these to maps only differ on the support of p,,, which is
contained in V,,. Hence outside of V,, we may take 4,, to be the identity map. Since the bundle
E is trivial over V,, X [0, 1] for every n > 1, there exists a fiber-preserving homeomorphism

on: p~ (V% [0,1]) 5 V, x [0,1] xCX,

linear on fibers. Using this homeomorphism, we may identify E,|y, with (V, x[0,1]N
X,) xCK and E,_; lv, with (V,, x [0,1] N X,,—1) X CK. Under these identifications, we then
define hyly, : Enly, — En-1ly, by

hn(x’ wn(-x)7v) = (X, Yn-1 (X),V).

The resulting map h,: E, — E,_; is continuous, linear on fibers, and commutes with
projections. The composition & = --- o hy o hy converges to a well-defined isomorphism
E1 = E|xx{1y — Eo: due to local finiteness we see that around every point in X there is an
open neighbhood such that only finitely many of the /; are non-identity maps. This finishes
the proof. O
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Proposition 5.1.19. Let p: E — X be a vector bundle and let fy,f1:Y — X be two
homotopic maps. Assume that Y is a paracompact Hausdorff space. Then the pullback
bundles f(E) and f{(E) overY are isomorphic.

Proof. Let H: Y x[0,1] — X be a homotopy between fy and fij. Consider the pullback
bundle H*(E) — Y x [0, 1]. Since Y is paracompact Hausdorff, we may apply the previous
proposition to obtain the desired isomorphism

Jo (E) = H"(E)lyx(oy = H*(E)lyx(1y = fi (E). O
We are now finally ready to prove the result we are after.

Proof of Theorem 5.1.11. The homotopy invariance of K°(—) follows immediately from
that of myVect(—). For the homotopy invariance of myVect(—), let g: ¥ — X be a ho-
motopy inverse of f, with homotopies gf ~ idx and fg ~ idy. It them follows from
Proposition 5.1.19 that for every vector bundle E over X we have

E = (idx)"(E) = (8f)"(E) = f"g"(E).

Similarly we have E’ = g* f*(E’), showing that g* is inverse to f*. O

5.2 Classifying vector bundles

The functor hTop®® — Set given by X +— mpVect(X) turns out to be representable: the data
of an isomorphism class of rank k complex vector bundles over X is equivalent to the data
of a homotopy class of continuous maps from X into a certain topological space Gry (C*),
see Theorem 5.2.4. We will also show that it is equivalent to the classifying space BU (k)
of the topological group U (k).

Definition 5.2.1 (Infinite grassmannian). Let C* denote the union of the complex vector
spaces C" for n > 0, along the inclusions C" < C"@C = C"*!. We define the infinite
Grassmannian of k-planes as

Gr; (C™) :={V € C* | V rank k subvector space}.

To equip Gry(C>) with a topology, consider the infinite Stiefel manifold of orthonormal

k-frames
Vi (C) := Embe(CK,C%) = {(vy,...,vx) € (C™) | [vi| = 1,v; Lvj forall i # j} € (C)¥,

where Embc denotes the space of linear isometric embeddings. We give Vi (C®) the
subspace topology from (C®)¥. There is surjective map

7: Vi(C®) — Gri (C™), (p: CF = C™) > p(Ch),
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and we equip Gry (C*) with the quotient topology.

Definition 5.2.2. We define the canonical bundle pyniy: Euniv — Gri (C™) by defining
Euniv := {(V,x) € Gre (C*) XC™ | x € V},

and setting puniv(V,x) :=V

Exercise 5.2.3. Show that the map punv is a complex vector bundle of rank k. Hint:
compare with the proof of Lemma 5.2.15 below.

Let X be a paracompact Hausdorft space. Given a continuous map f: X — Grg(C®), we
may pull back the bundle E;;, along f, providing a vector bundle

f*(Euniv) ={(x,0) € XX Euiv | f(x) = puniv(¢)}.

By Proposition 5.1.19, the isomorphism class of this vector bundle only depends on the
homotopy class of f, providing a map

[X,Gri (C™)] — moVecti (X)), (/1= f*(Euniv)- (G.D)

The following classical theorem expresses that pyniy 1s in some sense the universal rank k
complex vector bundle:

Theorem 5.2.4 (Hatcher [HatO3, Theorem 1.16]). For a paracompact Hausdorff space X,
the map (5.1) is an isomorphism.

Because of this theorem, Gry(C™) is known as the classifying space for rank k complex
vector bundles.

Proof of Theorem 5.2.4. We follow Hatcher’s proof. The key observation is as follows:
given a complex vector bundle p: E — X of rank k, the following two types of data are
equivalent:

(1) A pair (f,¢) consisting of a continuous map f: X — Gry(C*) together with an
isomorphism E = f*(Ey) of complex vector bundles;

(2) A continuous map g: E — C® that is a C-linear injection on each fiber.

To see this, suppose first that we are given an isomorphism E — f*(Eyy) of vector
bundles over X. Then we may define g: E — C to be the top composite in the following
commutative diagram:

E H f (Eumv) —> Eumv % c*

\Lﬂ' univ

X — Ly Gr(C™)
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where 7(V,v) =v. The resulting map g is a linear injection on each fiber, since both f
and 7 have this property. Conversely, given a map g: E — C® that is a linear injection
on each fiber, we may define f: X — Gr;(C™) by letting f(x) be the image of the linear
map g|,-1(y): p~!(x) = C®. The map g then refines to a map f: E — Eniy over f which
induces isomorphisms on all fibers and thus defines an isomorphism E = f*(Eypiy).

We now prove surjectivity of the map [ X, Gry (C™)] — moVecty(X). Let p: E — X be a
complex vector bundle of rank k. Let {U, } be an open cover of X such that E is trivial over
each U,. By paracompactness, we can refine this to a locally finite countable cover {V,, },>0
as in Lemma 5.1.17, with a partition of unity {p,} subordinate to it.

For each n, let h,: p~'(V,,) — V,, xCk be a trivialization, and let g,,: p~'(V,) — C* be the
composition of &, with the projection onto C*. The map (p, o p) - g», which sends v
on(p(v)) - gn(v), extends to a map E — C* that is zero outside p~'(V,,). By local finiteness

ck=cC>
n>0

that is a linear injection on each fiber. By the observation above, it follows that £ = f*( Eypiy)

of the cover, these extended maps define the coordinates of amap g: E — P

for some f, as desired.

For injectivity, suppose we have isomorphisms E = fJ(EuniV) and £ = fl*(EuniV) for two
maps fo, f1: X — Gri(C*®). These give maps go,g;: E — C* that are linear injections on
fibers, as in the first paragraph of the proof. We claim g¢ and g; are homotopic through
maps g, that are linear injections on fibers. If this is so, then fy and f; will be homotopic
via fi(x) = g(p~" (x)).

The first step in constructing a homotopy g; is to compose go with the homotopy L,: C* —
C™ defined by L;(z1,22,...) =(1-1)(z1,22,...) +1(21,0,22,0,...). For each t this is a linear
map whose kernel is easily computed to be 0, so L, is injective. Composing the homotopy
L; with gg moves the image of g into the odd-numbered coordinates. Similarly, we can
homotope g into the even-numbered coordinates. If we abusively denote the modified maps
again by g and g|, we may now define a homotopy between them by g, = (1 —1)go+1g;.
This is linear and injective on fibers for each 7 since gy and g; have disjoint support in their
coordinates and are linear and injective on fibers. O

5.2.1 Classifying spaces revisited

Recall from Construction 4.1.7 that we have previously already introduced a notion of
‘classifying space’ BG for a group object G € Grp(An). Our goal below will be to show
that the infinite Grassmannian Gr (C*) is an example of such. We start by giving another
perspective on classifying spaces at the level of topological spaces.

Lemma 5.2.5. The localization functor Il (=) : Top — An preserves finite products, and
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in particular induces a functor
Mo (—): Grp(Top) — Grp(An)

from the category of topological groups to the co-category of group objects in animae.

Proof. Recall from Theorem 2.6.38 that this localization functor is given as the composite

Sing -]
Top — sSet < sAn — An.

The functor Sing(—) preserves all limits, since for every [n] € A the functor X + Sing(X),, =
Homrop (|A"], X) preserves limits. The inclusion Set < An has a left adjoint 7o(—), so
also the inclusion sSet < sAn preserves limits. Finally, the geometric realization functor
|—|: sAn — An preserves finite products by Lemma 4.4.3. i

In fact, we showed in Corollary B.3.7 that the localization functor Il (—): Top — An
preserves all pullbacks along Serre fibrations. Since the map X — = is a Serre fibration for
any topological space X, this provides an alternative proof of Lemma 5.2.5.

Definition 5.2.6. Let G be a topological group. By Lemma 5.2.5 its underlying anima
[T (G) is a group object in animae, and hence it has a classifying space

BG = BIl.(G) € An.

We will now discuss a concrete way of recognizing topological spaces X whose underlying
anima is isomorphic to BG.

Definition 5.2.7 (Principal bundle). Let G be a topological group and let B be a paracompact
Hausdorff space.! The trivial G-principal bundle is the projection map B x G — B, where
we equip B X G with the canonical right G-action given by (b, g)g’ := (b,gg’).

A G-principal bundle is a continuous map n: P — B such that P is equipped with a
continuous right G-action such that:

(1) The right G-action on P preserves the fibers of 7: we have n(pg) =n(p) forall p € P
and g € G;

(2) The map n is a locally trivial bundle: around every point b € B there is an open
neighborhood b € U C B such that the restriction 7~ (U) — U of « is a trivial G-
principal bundle, i.e. there exists a G-equivariant homeomorphism ¢: UxG — 7~ (U)
over U:

UXG ——% 7' (U) — P

N lﬂuJ ln

U~—— B.

'Paracompactness means that for every open cover there exists a partition of unity subordinate to the
cover.
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We refer to P as the total space, to G as the structure group, and to B as the base space.

Exercise 5.2.8. Show that every principal GL, (C)-bundle P — B defines a complex vector
bundle of rank k over B by taking

E :=PXgL,(c)C" = (PXC")/(p,av)~(pa)»

where the equivalence relation identifies the pair (p, Av) with (pA,v) forall p € P,v e C"
and A € GL;(C). Show that this defines a bijection between the set of isomorphism classes
of principal GL,,(C)-bundles and the set of isomorphism classes of rank k vector bundles.

Remark 5.2.9. Since n: P — B is locally trivial, hence locally a Serre fibration, it follows
from Theorem B.3.2 that every principal bundle is a Serre fibration. In particular, pullbacks
along principal bundles compute homotopy pullbacks by Corollary B.3.7.

Lemma 5.2.10. Let: P — B be a principal G-bundle. Then for every n > 0 the continuous

map

®,: PXG" - PxXpPxp---XpP, (p,&1>----8n) — (P, P&, PE1---8n)

is a homeomorphism.

Proof. By induction we may immediately reduce to the case n = 1, i.e. we must show that
the map ®: PxXG — PXxp P, (p,g) — (p,pg) is a homeomorphism. Observe that this
map fits in a commutative diagram of the form

PXxG —2 s PxyzP

P,

and so it suffices to find an open cover of P such that the given map restricts to a
homeomorphism on the preimages. Since m is locally trivial, we may thus assume
that it is of the form pr: BX G — B. But in this case, the map ®; takes the form
BxGxG — BxGXxG, (b,g,h) — (b,g,gh), which is indeed a homeomorphism with
inverse (b,g, ') — (b,g,87'I). O

Observe that both sides of Lemma 5.2.10 define simplicial objects in Top: the simplicial
structure on the right-hand side is that of the Cech nerve C(x), see the proof of Propo-
sition 4.1.8, a the simplicial structure on the left may be given for ¢: [n] — [m] by the
formula

(,D*ZPXGm—>PXGn, (p,gla---’gn)}_)(pl’g,l""’glln)’

where p” 1= pgogi ... gp(0) and g := [Ty (i—1)<j<p(i) &)
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Lemma 5.2.11. The homeomorphisms ®,, from Lemma 5.2.10 define an isomorphism of
simplicial objects in Top.

Proof. We need to show that the maps ®,, are compatible with the simplicial structure maps
@™ for every morphism ¢: [n] — [m] in A. It will suffice to do this for the face maps d;
and for the degeneracy maps s;:

e Forp=dy: [n—1] — [n] we have

®,_1(dy(p.g1,---.8n) = Pu-1(pg1,82- - -, &n)
=(pg1,rg182,---,P8182---&n)
=dy(p.pg1,pg182,--.,P8182---&n)
=dy®,(p,g1,---18n);

e Forp=d,: [n—1] — [n] we have

®n—1(d;;(pag1"-wgn)) :q)n_l(p,gl,.. "g}’l—l)
=(p,pg1>---P8&1---&n-1)
= d:+1®l’l(p5gl9"~,gn);

* For ¢ =d;: [n—1] — [n] we have

q)n—l(d;(P’gl,---agn)) = q)n—l(P,gl,---,ging,---,gn)
=(P.P81s---sD&1 - 8i=1-P8&1---8itls--->PE1---8n)
= d,*q)n+1 (p7g17'-'7gn+]);

e Finally, for ¢ = s;: [n+1] — [n] we have

¢n+1(s;'k(p$g1"-'agn)) :®n+](p7gl7"-7gi7€7gi+]7'-'7gn)
=(p,pgis-- s P&1---Li»PE1---8i€,PE1 - -8i€&i+1>++-»PE&1---&n)
=5 Du(p,&g1s---18n)-

This finishes the proof. O

We now get to the promised result about recognizing topological spaces of the form BG:

Proposition 5.2.12. Let n: P — B be a principal G-bundle such that P is contractible.

(1) The Cech nerve of oo (1) : Tleo(P) — T (B) is isomorphic to T (G) € Grp(An);
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(2) In particular, passing to colimits provides an isomorphism of pointed animae
Il (B) = BG.

Proof. For part (1), recall that the Cech nerve C (I (7)) is given by the following simplicial
diagram in An:

— s pry
= Lo (P) Xp10(8) oo (P) X110(8) Heo (P) = Theo (P) X118 oo (P) =2 Teo(P).
_- X

Since the functor [1.(—) : Top — An preserves pullbacks along Serre fibrations, we see that
there are equivalences

HOO(P XB:+XpB P) Y HOO(P) XHOO(B) cee XHM(B) HOO(P)

for all n, which assemble into an isomorphism of simplicial animae ITe, (C (7)) = C (I (77)).
By Lemma 5.2.11, the simplicial anima I, (C (7)) is isomorphic to [1] — I (P X G"). By
contractibility of P, the projection maps [1e (P X G") = [1eo(P) X 1o (G") — I (G™) are
isomorphisms, which are compatible with the simplicial structure maps (see Exercise 8.5).
This finishes the proof. O

Remark 5.2.13. There is up to homotopy equivalence a unique space B equipped with a
principal G-bundle n: P — B with P contractible. This principal bundle is often called
EG — BG, and BG is referred to as the classifying space of G (as it classfies principal
G-bundles). The previous proposition thus says that 1, (BG) ~ BIl.(G), justifying the
notation and terminology.

Let us record an immediate corollary of the (proof of the) proposition:

Corollary 5.2.14. Let G be a topological group. Consider a commutative square

of topological spaces, where 1t and i’ are principal G-bundles, and f is G-equivariant (i.e.
F(pg)=f(p)g). Ifboth P and P’ are contractible, then the map Tu (f) : Tleo(B) — Moo (B)
is an isomorphism of pointed animae.

Proof. It will suffice to show that the map C (I (7)) = C (I (x')) of simplicial animae
is an isomorphism. As in the proof of Proposition 5.2.12, these two simplicial animae are
given by [n] - I (P X G") and [n] - [ (P’ X G"). The claim thus follows from the fact
that each map f xidgn: PxG" — P’ xG" is a homotopy equivalence by contractibility of
P and P’. O
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5.2.2 The infinite Grassmannian as a classifying space

We now return to the infinite Grassmannian: we wish to apply Proposition 5.2.12 to the
map 7: Vi (C®) — Grr (C®) to conclude that Gry (C*) is a classifying space for the unitary
group U (k), the group of complex isometries C¥ — C*.

Lemma 5.2.15. The projection map n: Vi (C*) — Gry(C™) is a principal U(k)-bundle.
Here U(k) acts on Vi.(C®) by precomposition: given A € U(k) and ¢: CF < C%, we
define Ag as the composite C* 4 ck % e,

Proof. Since we may write Gry(C™) as a union of open subspaces Gry(C") for n > 0, it
will suffice to show that the map V; (C") — Gry(C") is a principal U(k)-bundle for every
n. Let W be a k-dimensional subspace of C" and define U C Gry (C") as the open subspace
consisting of those k-planes V such that the orthogonal projection W — V is an isomorphism
of complex vector spaces. We claim that there exists a U (k)-equivariant homeomorphism

¢: UxU(k) > n (V)

over U, which will suffice to finish the proof. To construct ¢, fix a preferred k-frame
(wi,...,wy) for W. Given any k-plane V € U, the projection W — V is an isomorphism,
hence sends the k-frame (w1, ..., wy) to some basis for V. Using Gram-Schmidt orthonor-
malization (which is a continuous operation), we may turn this into a k-frame (vy,...,vy)
for V. All in all, we may then define

o(V,A) :=(vi,...,vg) 0 A.

Bijectivity of ¢ holds because two orthonormal frames of a k-plane differ by a unique
unitary (k X k)-matrix. We leave it to the reader to check that this is indeed a well-defined
homeomorphism over U. O

Remark 5.2.16. Under the bijection of Exercise 5.2.8, the principal bundle V;(C*) —
Gry (C*) is in fact the principal associated to the universal rank k vector bundle E;, from
Definition 5.2.2.

Lemma 5.2.17. The topological space Vi (C™) is contractible.

Proof. Consider the space Vk(C ) of all linear injections C¥ < C* which are not neces-
sarily isometries. Equivalently, V; (C®) is the topological space of k-tuples (vi,...,v¢) of
linearly independent vectors in C* which are not necessarily orthogonal to each other. Ob-
serve that the inclusion V (C®) < V,(C®) is a homotopy equivalence: the Gram-Schmidt
orthogonalization procedure provides a deformation retract Vi (C®) = Vi (C®).
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It will thus suffice to show that V (C®) is contractible. To this end, consider the ‘shift map’
Tk C® - C™ given on basis vectors by T*(e,) := ensx. Thisinduces a map Tk Vk (C*®)—
V. (C®). Note that this map is homotopic to the constant map on (e, .. ., ex) via the straight-
line homotopy:

H(v,t):=(t=1)(e1,...,ex) +T* ().

This is well-defined since the first kK components of the vectors T*(v;) are all zero. Similarly,
the map T is homotopic to the identity on Vi (C®), again via the straight-line homotopy:

H(v,1) = (t=1)v+:T*(v).

To see that this is well-defined, assume for contradiction that for some time ¢ the vectors are
no longer linearly dependent. Then there are scalars Ay,...,A; such that Zf‘zl Ai(t=1)vi+
A;tT*(v;) = 0. But then the vector w := A;v; satisfies (r — 1)w +¢T*(w) = 0, which can only
happen if w = 0. This contradicts linear independence of v.

It follows that the identity on Vi (C®) is homotopic to a constant map, and hence this space
is contractible. |

Writing U (k) also for the underlying anima of the topological group U(k), we get:

Corollary 5.2.18. The underlying anima of the Grassmannian Gry(C*) is isomorphic to
the classifying space BU (k).

Proof. Inlightof Lemma5.2.15 and Lemma 5.2.17, this is an instance of Proposition 5.2.12.
]

Corollary 5.2.19. There is a natural bijection
(X, |_| BU (k)] = moVect(X).
k=0

Proof. By writing X as a disjoint union of its path components, we observe that both sides
decompose as disjoint unions and it will suffice to show the claim when X is path-connected.
In this case, every map X — | |2 BU(k) factors through some BU (k) and similarly every
vector bundle over X is of some fixed rank k, and hence see

(o)

[X,|_|BU(k)] ~ |_|[X,BU(k)] ~ |_|710Vectk(X) ~ moVect(X),
k=0 k=0 k=0

using Corollary 5.2.18 and Theorem 5.2.4. O
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5.3 Connective complex K-theory

In this section, we introduce the spectrum ku, called connective complex K-theory.
Definition 5.3.1. Let X be an anima. We define the anima Vect(X) of complex vector

bundles over X as the follow mapping anima:

Vect(X) :=Map(X, |_| BU (k)).
k=0

Remark 5.3.2. The previous definition is a slight abuse of notation, but is justified by
the fact that the set of path components of Vect(X) is naturally isomorphic to the set of
isomorphism classes of complex vector bundles on X, see Corollary 5.2.19.

We would like to upgrade the abelian monoid structure on the set o Vect(X) to a commu-
tative monoid structure on the anima Vect(X). Since the functor Vect(—): An — An is
represented by the anima | |;”, BU(k), this is equivalent to defining a commutative monoid
structure on | _|,>,BU(k). We will do this by using the explicit geometric description of
BU (k) as a Grassmannian manifold from Corollary 5.2.18.

Construction 5.3.3. Recall from Remark 4.3.6 the span category Span(Fin, inj, all), whose
objects are finite sets and whose morphisms are spans of the form S «= U — T where the
left-pointing morphism is an injection. We define a functor

Gr: Span(Fin,inj,all) — Top.

To define it, we first consider the topological space
Gr(x) := |_| Gri (C%)
k=0

of linear subspaces (‘planes’) in C*. We then define Gr on objects by sending a finite set
S to the topological space

Gr(S) :={(V,) € Gr(%)5 | Vy LV for s # s’} C Gr(x)3

of pairwise orthogonal S-tuples of planes in C*, equipped with the subspace topology. On

morphisms, we set a span S <L U-S T to the composite
fr 8o
Gr(S) — Gr(U) — Gr(7),

where f*(Vj) = (Vf(u))ueU and g (W,) = (@ueg—l(r) Wo)ier.
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Lemma 5.3.4. The functor Gr satisfies the Segal condition: for every finite set S, the

inclusion

Gr(S) — Gr(*)’

is a homotopy equivalence.

Proof. Without loss of generality, we may assume that S = {1,...,n} for some n > 0. For
an n-tuple (kq,...,k,) of natural numbers k; > 0, define

Gry,, k,(C®) :={(V1,..., V) | Vi € Gry,(C™),V; LV, fori # j}.

Then we have that
Gr({1,....n = | | Gre,,.h, (C).
Kiyeorkin
By similarly wwriting Gr()S as a big disjoint union over all n-tuples (ki,...,k,), this

reduces the problem to showing that the inclusion

k, (Coo) — Gl‘k1 (COO) XX Grkn (Coo)

.....

is a homotopy equivalence. We will do this by showing that both sides are equivalent to the
classifying space B(U (k) X ---xU(ky)), as an instance of Proposition 5.2.12. Consider
the following commutative diagram:

Vk1+...+kn (Coo) C% Vk1 (COO) XX an (Coo)

l l

k, (C?) —— Gry, (C%) x--- x Gry, (C%),

.....

where the left vertical map sends an isometric embedding ¢: C¥' @ .. @Ckn = Ckit+kn s
C™ to the n-tuple (¢(CK),...,@(Ck)) of orthogonal planes. It follows from Lemma 5.2.15
that the right vertical map is a principal (U(k;) X --- X U(k,))-bundle, and an analogous
argument also shows that the left vertical map is a principal (U (k) X --- X U(k,))-bundle.
Furthermore, by Lemma 5.2.17 the two total spaces are contractible. It thus follows from
Corollary 5.2.14 that both botom map is a homotopy equivalence, as desired. m|

Definition 5.3.5. We define the functor Vect(pt) : Span(Fin,inj,all) — An by
Vect(pt)(S) =T (Gr(S)).

By Lemma 5.3.4, this functor satisfies the Segal condition, hence by Remark 4.3.6 it
corresponds to an object Vect(pt) € CMon(An). Note that its underlying anima is Vect(pt),
justifying the notation:

5.2.18

Vect(pt) (+) = e (Gr (%)) = M (|| Gri(C*))

|_| BU (k) = Vect(pt).
k=0 k=0
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Lemma 5.3.6. The addition map

X —

[|BU(I<) |i|BU(l) |i| BU(m)
k=0 =0 m=0

of Vect(pt) is given by the maps BU (k) x BU(l) — BU (k +1) induced by the inclusions of
groups

U(k)x U(l) — U(k+1), (A,B)H(/é g).

In particular, the induced monoid structure on moVect(x) = N is given by addition of natural

numbers.

Proof. The addition map is given by the maps Gry ;(C*) — Gri4(C%), (V,W) —» Ve W.
The analogous map Vi ;(C*) — Vj4;(C*) covering this map induces the inclusion U (k) X
U(l) — U(k+1) on all fibers, and the claim follows. O

Recall from Corollary 4.4.10 the group completion functor (—)&P: CMon(An) — CGrp(An).

Definition 5.3.7 (Connective complex K-theory). We define the connective K-theory spec-
trum
ku € Sp=°.

as the connective spectrum which under the Recognition Principle Sp=® ~ Grp(An) corre-
sponds to the group completion Vect(pt)e™P of the commutative monoid Vect(pt).

5.4 Bott periodicity and periodic complex K-theory

The spectrum ku admits a variant KU called (periodic) complex K-theory, which we will
introduce momentarily. The spectra ku and KU have the same underlying commutative
group (namely the group completion Vect(x)&™P), but the spectrum KU, unlike ku, also has
homotopy groups in negative degrees.

The main ingredient for the construction of KU is Bott periodicity. To state it, consider the
infinite unitary group

U = U U(n)

n>0

IR

{p: C¥ NG | oy+ =idy: for some fin.-dim. V C C™}.

Bott [Bot59] computed that the homotopy groups of this group are 2-periodic: there are
isomorphisms
me+2(U) = 1 (U)
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for all £ > 0. Bott’s proof of this result was geometric in nature, using Morse theory,
and using similar methods he also proved that 74.4(0) = 1, (Sp) and 74 (Sp) = 7, (0),
providing an 8-fold periodicity of the homotopy groups of the infinite orthogonal group.
Since then, many different proofs of Bott periodicity have been given.

From the purposes of stable homotopy theory, we want to think of Bott periodicity as the
existence of a homotopy equivalence

U ~Q*U),

which then immediately provides a spectrum by considering the sequence (QU,U,QU,U,...)
of pointed animae. The goal of this section is to discuss a short proof of Bott periodicity
due to Harris [Har80], which is very much homotopical in spirit. The proof uses three key
ingredients:

* The group completion theorem due to McDuff and Segal [MS76], which in certain
cases lets us compute the group completion M of a commutative monoid in terms
of a certain felescope construction;

* The spectral theorem which says that every unitary matrix can be diagonalized;

* The fact from Corollary 5.2.18 that the Grassmannian Gry (C) is a model for BU (k).

Let us start with a discussion of the group completion theorem. We will leave it as a black
box and only mention a restricted form of the theorem that is easier to formulate and still
suffices for our purposes. An excellent reference for the full version of the group completion
theorem, written in modern language, is Nikolaus [Nik17].

Construction 5.4.1 (Telescope). Let M € CMon(An) be a commutative monoid. For an
object x € M we define the felescope of M at x as the colimit

T(M,x) ::colim(M;ngM—_—'xa ety

where — - x denotes multiplication with x in M. Now consider the map M — M&P = QBM
to the group completion of M. Since this map sends the element x to an invertible element
in M&™P this map factors uniquely through a map 7(M,x) — ME™P,

Theorem 5.4.2 (Special case of group completion theorem, Nikolaus [Nik17, Proposition 6],
cf. McDuff and Segal [MS76]). In the situation above, assume that the following two
conditions are satisfied:

(1) The commutative monoid ny(M)[x~'] obtained from mo(M) by inverting x is a group;

(2) Each path component of T (m,x) has an abelian fundamental group.
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Then the map T (m,x) — M8 is an isomorphism.

For us, this theorem is of interest since it provides an alternative description of Vect(pt)&™P:

Corollary 5.4.3. The underlying anima of the group completion of the commutative monoid
Vect(pt) € CMon(An) is ZxBU:

QBVect(pt) ~ Vect(pt)®™® ~ ZxBU.

Proof. In M = Vect(pt) = ||} BU(k), consider the point x € BU(1) € Vect(pt) corre-
sponding to the identity matrix. The telescope will then be given by the colimit

T(M,x) = colim UBU(k) - |_|BU(k) - UBU(k) S
k=0 k=0 k=0

Notice how this colimit is a disjoint union of countably infinitely many copies of the colimit
BU = colim(BU(0) - BU(1) > BU(2) — ---),

hence isomorphic to ZxBU. We wish to show that the induced map ZxXBU — Vect(pt)&'P
is an equivalence, for which we check the two conditions from Theorem 5.4.2:

* We have mo(Vect(pt)) = N, and inverting the element 1 € N gives the group Z;

* The fundamental group of BU is isomorphic to the set of path components of the group
U. By connectedness of U this is the trivial group, hence in particular abelian. O

As a consequence, we obtain equivalences U = Q(BU) = Q(ZxBU) = Q>(BVect(pt)). It
thus remains to compare the classifying space BVect(pt) with U. For this, we will recall

the notion of the geometric realization of a simplicial topological space.

Definition 5.4.4. Let X: A°® — Top be a simplicial topological space. We define the
geometric realization of X as the quotient space

x| =

|_|Xn X |A”|) /~ € Top,

n>0

where |A"| = {(y;) € [0,1]™" | 3, y; = 1} is the topological n-simplex from Example 2.5.10
and where the equivalence relation is generated by (¢*(x),y) ~ (x, |A?|(y)) forall ¢: [n] —
[m], x € X;, and y € |A"|. In other words, |S| is the following coequalizer in Top:

IX| = coeq L| X, X |A" =3 L|an|A"|.
¢: [n=[m]

n>0
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Exercise 5.4.5. Explicitly describe the resulting ‘gluing relation’ (¢*(x),y) ~ (x,|A%|(y))
in the following two special cases:

e When ¢ =d;: [n—1] — [n];

* When ¢ =s;: [n+1] —» [n].

Definition 5.4.6. A simplicial topological space X : A% — Top is called good? if for every
n>0and 0 <i < n the face map d;: X,—; — X, is a relative cell complex in the sense of
Definition B.2.3.

Proposition 5.4.7. Let X : A°® — Top be a good simplicial topological space. Then there

exists an equivalence

Mo (X)| = colim[n]erp Moo (X)) = oo (1 X))
between the geometric realization of the simplicial anima Tl o X: A°° — An and the
underlying anima of the geometric realization of X.

Proof. See Proposition B.6.6. O

Assuming this result, the question of producing an equivalence BVect(pt) — U can be
reduced to the question of producing a homotopy equivalence between U and the geometric
realization of the simplicial topological space Gr2 = GroCut: A® — Top. As we will
argue now, it turns out these two topological spaces are in fact homeomorphic.

Construction 5.4.8. Let Gr®: A® — Top denote the following composite
AP £ Span(Fin, inj, all) AR Top,

where Cut is the functor from Construction 4.3.9. Explicitly, GrA( [n]) consists of n-tuples
(Vj);.’:1 of pairwise orthogonal planes V; € C*. For a morphism ¢: [m] — [n] in A, the
map ¢*: GrA([n]) — GrA([m]) is given by
SV=W, W= P Vi
p(k=1)<j<e(k)

We will construct a continuous map
d: |GrA| - U.

To this end, note that sending a tuple (xo,...,x,) € |A"| to the tuple (¢ J')?zl given by

o . .
1 := 2;_, Xi results in a homeomorphism

A" = {(t1,...,1,) €[0,1]"|0<t; <t <--- <1, < 1}

2This terminology is due to Segal [Seg74, Appendix Al.
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We then define a map @, : Gr([n])x|A"| — U by sending a tuple (V1,...,V,,t1,...,1,) to
the unitary transformation

n

O (Visoo s Viitiseosta) 1= ) € Py +P(gy v,
=1

where Py : C* — C* denotes the orthogonal projection onto a subspace W € C®. In other
words, this is the unitary transformation C* — C* which on V; is given by multiplication
by 4; := e?™i and on the orthogonal complement of all the V is the identity.

To check that the equivalence relation is preserved, note that:

¢ We have
(Dn(vla---’Vn;o,tl,---atn—l):(Dn—l(VZ’---,Vn;tl,---atn—l)’
since expz”io Py, =1d;
¢ We have
¢H(V],"'7Vn;tla'"7tn—171):q)l’l—](vla"'vvn—l;tl""at}’l—l)a
since exp?™! Py, =id;
p Vn =1 D)
¢ We have
q)n(Vl,...,Vn;ll,...,tj,tj,...,tn_l):q)n_l(Vl,...,Vj@Vj+1,...,Vn;l‘1,...,tn_l),
since e Py, - eI Py = e Py gy..;
* Finally, we have

(I)n+l(Vl’---,V_/,Oan+l’---’Vn;tl,---atn+1) :(Dn(V],...,Vn;tl,...,tj/;.l,...,tn.'.]).

This ensures that the ®,, assemble into a continuous map P |GrA| - U.

Proposition 5.4.9. The map ®: |GrA| — U is a homeomorphism.

Proof. By writing C* as a colimit of its finite-dimensional subspaces C"', we may also write
both sides as unions of subspaces and it suffices to show that ® restrict to homeomorphisms
between these subspaces for every m:

IGrA (™) S U(m).

Since both sides are compact HausdorfT spaces, it in fact suffices to show that this map
is a bijection. Note that every element of |GrA| can uniquely be represented by a tuple
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(Vi,..., Vst ... ty) € |GrA| such that all the V; are non-zero and the ¢, satisfy the strict
inequalities 0 <ty <1, < --- <t, < 1. Similarly, every unitary matrix A: C" — C” can
uniquely be written as a product ]—[?=1 el Py,, where V; are the eigenspaces of A and
A;= e?™j are the corresponding eigenvalues. It follows that ® is a bijection, finishing the

proof. O

Corollary 5.4.10 (Bott periodicity). There is a homotopy equivalence Q*(U) ~ U given by

the following composite:

Q2(U) % 1, (1GrA)) "2 @2BVect(pt) MR Q(Veet(pt)2P) L Q(ZxBU) ~ Q(BU) ~ U.

Definition 5.4.11. We define the periodic complex K-theory spectrum KU € Sp by setting
KUy, :=ZxBU and KUy, := U for all n € N. The structure maps are provided by the
equivalences

QBUXZ)~U and QU)=BUXZ

as before.
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6 Localization and completion

When studying mathematical objects, we often want to focus attention on certain features
while systematically controlling how we handle others. In algebra, this insight led to
two fundamental operations: localization, which makes chosen elements invertible, and
completion, which adds limits of certain sequences. Both of these operations provide
systematic ways to modify rings/abelian groups to better suit particular questions.

The oco-category of spectra admits analogous operations with similar formal properties. A
nice formalism to capture these kinds of operations is that of Bousfield localizations, which
lets us zoom in at those aspects of spectra that are ‘seen by’ a given homology theory E, (-).
Important examples of Bousfield localizations are rationalization, localization at a prime
p, and completion at a prime p. Bousfield localizations are also fundamental in the field
of chromatic homotopy theory. In this chapter, we will give a brief introduction to these
constructions.

6.1 Bousfield localizations

Let E be a spectrum, taken to be fixed throughout this section. As discussed in Defini-
tion 3.7.1, this leads to a definition of the E-homology groups of an anima:

X E(X) =m.(E®S[X]).

For example, taking E = HA the Eilenberg-MacLane spectrum of an abelian group A results
in singular homology with coefficients in A, while taking E = S the sphere spectrum results
in the stable homotopy groups.

The homology groups E.(X) will generally only see some aspects of the given anima X,
and may completely ignore others. Consider for example the case of the projective space
X =RP?. If we took E to be the Eilenberg-MacLane spectrum of the rational numbers
Q, we would get trivial groups, hence this does not capture any information about RP.
But taking E the Eilenberg-MacLane spectrum of Z/2 does capture interesting information
about RP?. The point of Bousfield localizations is to focus precisely on those parts of an
anima (or spectrum) which are “seen by E”.
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Definition 6.1.1. A morphism f: X — Y is called an E-equivalence if the induced map
E®f: E® X — E®Y is an equivalence. We say that a spectrum X is E-acyclic if the map
X — 0is an E-equivalence, i.e. if £ ® X is the zero spectrum.

Recall that a morphism of spectra is an equivalence if and only if it induces isomorphisms
on all homotopy groups. So if we write E.(X) := m.(E ® X) for the E-homology of X,
generalizing the definition for animae, we see that the E-equivalences are precisely those
maps that induce isomorphisms on E-homology. Similarly, the E-acyclic spectra are those
with trivial E-homology.

Example 6.1.2. For E = Q, the E-equivalences are known as the rational equivalences:
those that induce isomorphisms on rational homology.

We will now introduce a class of spectra that ‘cannot distinguish between E-equivalent
spectra’:

Definition 6.1.3. A spectrum L is called E-local if for every E-equivalence f: X — Y,
the induced map f*: map(Y, L) — map(X, L) on mapping spectra is an equivalence. We
denote by

Spg € Sp

the full subcategory spanned by the E-local spectra.

Exercise 6.1.4. Show the following basic properties of E-local spectra:

(1) A spectrum L is E-local if and only if map(X, L) = 0O for every E-acyclic spectrum X;

(2) Given an exact sequence X — Y — Z, if two of these three spectra are E-local then so
is the third;

(3) In particular, if L is E-local then so are all its shifts E[n];
(4) A limit lim; L; of E-local spectra is E-local;
(5) A retract of an E-local spectrum is E-local.

Exercise 6.1.5. Show that for every spectrum Y, the mapping spectrum map(E,Y) is E-
local. Using this, show that for a morphism f: X — X’ of spectra the following conditions
are equivalent:

(1) The morphism /: X — X’ is an E-equivalence;

(2) The induced map [*: map(X’, L) — map(X, L) is an equivalence for all E-local spectra
L;
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(3) The induced map [*: Homs,(X’,L) — Homg,(X, L) is an equivalence for all E-local
spectra L.

Hint: use that we have m, map(X,Y) = momap(X,Y [n]) = moHoms, (X, Y [n]), and simi-
larly for X'.

Lemma 6.1.6 (“E.-Whitehead theorem™). Let f: L — L’ be a morphism between E-local
spectra. Then f is an equivalence if and only if it is an E-equivalence.

Proof. By passing to fibers, we may equivalently show that an E-local spectrum L is zero
if and only if it is E-acyclic. One direction is clear. For the other direction, assume L is
E-acyclic. Then by assumption we have map(L, L) =0, hence Homg,(L, L) = *, hence the
identity on L is the zero map. This implies that L itself is zero, as desired. O

We will now talk about the universal way of approximating an arbitrary spectrum by an
E-local one:

Definition 6.1.7. A morphism/: X — X’ of spectra is called an E-localization if X’ is local
and the morphism [/ is an E-equivalence.

Corollary 6.1.8. Let X' be an E-local spectrum. A morphism [: X — X' is an E-
localization if and only if for every E-local spectrum Y the induced map

I": Homgp, (X’,Y) — Homg,(X,Y)
is an equivalence.
Proof. This is immediate from Exercise 6.1.5. O

Note that the conclusion of the corollary says that X’ is a left adjoint object of X under the
inclusion Spy < Sp, in the sense of Definition A.2.3. In particular, the E-localization of
X is unique if it exists, and is then denoted by Lg(X).

Theorem 6.1.9 (Bousfield [Bou79, Theorem 1.1]). For every object X, there exists an
E-localization |: X — LgX. In particular, the inclusion Spy < Sp admits a left adjoint

Lg: Sp — Spg
called the E-localization functor.

Very rough proof sketch. Step 1: As a first step, one shows that there exists some regular
cardinal « such that every E-acyclic spectrum X is a colimit of “x-small”! E-acyclic spectra.

LA spectrum is called x-sma
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Step 2: One then shows that there exists an E-acyclic spectrum A with the property that a
spectrum L is E-local if and only if map(A, L) = 0: take A to be the direct sum of all the
k-small E-acyclic spectra (up to iso there is only a set worth of these, not a proper class).

Step 3: One now builds LgX out of X via a transfinite induction process, where in each
step one “’kills off all possible maps from A”: we define Xy := X, given X, for an ordinal «
we define X, as the cofiber of the map

P Al X,

neN,f: Aln]—-Xq

and for limit ordinals A we set X, := colim,, X,. Then one can show that for a sufficiently
large ordinal «’ (depending only on A but possibly larger than the previous k) the map
X — X, is an E-localization. O

Remark 6.1.10. Historically, this important technical result by Bousfield provided the tools
for systematic structure of phenomena in chromatic homotopy theory. Nowadays, the phrase
‘Bousfield localization’ is used not only for localizations of the form Lg: Sp — Spg, as
in Bousfield’s work, but more generally for left adjoints to any fully faithful functor. The
notion of Bousfield localization in this more general sense is discussed in Appendix A.2.8.

6.2 Localization at a prime

As a first example of Bousfield localizations, we discuss the inversion of primes.

Notation 6.2.1. Let n € N be a natural number, and let X be a spectrum. We denote by
‘n: X — X the map obtained by forming the n-fold addition of the map idx: X — X with
itself in the commutative monoid Homg, (X, X). Explicitly, this map may be written as the
following composite:

A \
X - @X — X.
n
We refer to this map as multiplication by n. We will sometimes also denote itby n: X — X.

Construction 6.2.2. Let P C N be a set of prime numbers, and let X be a spectrum. We
define a spectrum X [P~!] as follows:

* If P consists of finitely many primes, we let N := [],cp p, and we define X [P~!] as
the colimit

X[p'1 = colim(Xi>Xi> L) € Sp.
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* If P consists of infinitely many primes, say pi, p2, p3,..., we define X[P‘l] as the
colimit

X[P—l] = COlim(Xi)X ‘P1pP2 X ‘P1pP2pP3 '..) c Sp'

Observe that we have X[P~'] ~ X ® S[P~!] for all X.

Example 6.2.3. We have the following three special cases:

* When P = {p} consists of a single prime, we write X[%] for X[P7'];

* When P consists of all primes except p, we write X, for X [P~!], and refer to it as

the p-localization of X

* When P consists of all primes, we write Xg for X [P_l], and refer to it as the
rationalization of X.
Remark 6.2.4. For an abelian group A, we may similarly consider the colimit

A[P_l] = colim(A&A ‘P1p2 A ‘P1p2p3 ) c Ab

= coeq(EBA = @A).

neN neN

In what follows, we will make use of some basic properties of this construction, that we
will now recall:

(1) For every p € P the multiplication by p map
p: A[P7!] = A[P7!]
is an isomorphism: one can check by hand it is both injective and surjective.

(2) If B is an abelian group such that p: B — B is an isomorphism for all p € P, then we
get B— B[P7'].

(3) In particular, A[P~'] = A[P~1][P!].

It follows that the map A — A[P~!] is universal among morphisms of abelian groups A — B
such that p: B — B is an isomorphism for all p € P.

We wish to show that the analogous universal property is satisfied in the case of spectra.
We start by identifying the S[P~!]-acyclic spectra:
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Lemma 6.2.5. Let X be a spectrum. Then there is an isomorphism
T (X[P7]) = (X [P7].

In particular, X is S[P~']-acycic if and only if the homotopy groups n.(X) are P-power
torsion, in the sense that the order of any element x € n.(X) is a product of primes in P.

Proof. For every n € Z, the functor m,(—): Sp — ADb preserves filtered colimits. To see
this, note that it may be factored as the composite

[-n]

Sp % Sp 225, CGrp(An) 2% CGrp(Set) = Ab.

The first functor is an equivalence so preserves all colimits, the third functor is a left
adjoint so also preserves all colimits, and the middle functor preserves filtered colimits by

Proposition 3.5.1. We thus conclude that

‘P1P2 ‘P1pP2pP3
_

7. (S[P7']® X) = colim(m. (X) 25 . (X) 222 7,(X) ) =X [P

The ‘in particular’ follows since for an abelian group A we have A[P~'] = 0 if and only if
the order of every element of A is a product of primes in P. O

Corollary 6.2.6. Let X be a spectrum. For every prime p € P, the map -p: X[P™'] —
X[P~1] is an isomorphism of spectra.

Proof. We may check this on homotopy groups, where it becomes the statement that the
map p: m.(X)[P!'] = m.(X)[P~!] is an isomorphism, see (1) in Remark 6.2.4. O

Next we will identify the S[P~!]-local spectra:

Lemma 6.2.7. A spectrum X is S[P~']-local if and only if for each prime p € P the map

p: X — X is an equivalence.

Proof. First assume that p: X — X is an equivalence for every p € P. To see that X is
S[P~']-local, consider an S[P~!]-acyclic spectrum Y. We must show that map(Y, X) = 0.
This follows from the following sequence of equivalences:

map(Y,X) = lim(--- % map(Y, X) % map(Y, X) % map(Y, X))

Emap(colim(YﬂYﬂ)Y% ...),X)

=map(Y[P~'],X) = map(0,X) = 0;
here the first equivalence holds because each map p: map(Y, X) — map(Y, X) is an equiv-
alence, as it is induced by the equivalence p: X — X.

Conversely, assume that X is S[P~!']-local. To show that p: X — X is an equivalence, it
suffices by Lemma 6.1.6 to show that the map p: X[P~!]=X®S[P7!] - X®S[P'] =
X[P~'] is an equivalence, which is the content of Corollary 6.2.6. O
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Theorem 6.2.8. For every spectrum X, the map X — X[P~'] is an S[P~"]-localization of
X.

Proof. The spectrum X[P~'] is S[P~!]-local by Lemma 6.2.7, since every p € P acts
invertibly by Corollary 6.2.6. To see the map X — X[P~'] is an S[P~!]-equivalence, we
must show that the induced map X [P~'] — X[P~!][P~!] is an isomorphism. We may check
this on homotopy groups, where by Lemma 6.2.5 it becomes the statement that the map
71.(X)[P7'] = 7.(X)[P~'][P~'] is an isomorphism, which is part (3) in Remark 6.2.4. O

Remark 6.2.9. For E = S[P~!], the previous theorem says that Lg(X) = Lg(S) ® X.
Localizations of this form are called smashing localizations.

Proposition 6.2.10. Let X be a spectrum, let p be a prime number and let n > 1. Then the

spectrum X [/ p™ = cofib(X AN X) is p-local.

Proof. Let g be a prime number different from p. We must show that the map ¢: X/p" —
X /p" is an isomorphism, which we may check on homotopy groups. Let k > 1 be a natural
number such that g¥ = 1 mod p”; such a k exists since g is invertible mod p” and (Z/p")*
has finite order. Let us write g¥ = 1 +ap” for some a € Z. We will show that the map

g~ 7 (X/p") — (X /p") is both injective and surjective for all m, proving the claim.
We may consider the long exact sequence on homotopy groups associated to the exact
sequence

x5 x5 x/pn,
This provides a commutative diagram of the following form, where the top and botton rows
are exact:

A (X) =255 7, (X) —5 70 (X/P") —2% et (X) —25 701 (X)

S

A (X) =255 70(X) —3 20 (X/p") —2% 1 (X) =25 7y (X).

Surjectivity: Given some x € 7, (X /p™"), we wish to show that x = ¢*z for some z. We have
p"-0(x)=0,hencex=1-x+0= (1+ap™)x = g*x. We conclude that 9 (x — g*x) = 0, hence
there exists some y € 7,,(X) such that g(y) =x —g*x. Note that g(y) = g(y) +ag(p"-y) =
2(q*-y) = g*g(y). We conclude that x = ¢*(x + g(y)), showing that x is divisible by ¢* as
desired.

Injectivity: Consider some x € 7, (X/p") such that g¥x = 0. We wish to show that x = 0.
First note that we have

A(x)=0(x)+a0=9d(x)+ap"d(x) =d(¢*x) =0.
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In particular, we may write x = g(y) for some y € 7, (X). But then we have

x=g(y)=g(q"y—ap"y) =q*¢(y) —ag(p"y) =0-0=0,
showing injectivity. O

Theorem 6.2.11 (Serre). The rational sphere Sq is equivalent to the Eilenberg MacLane

spectrum H Q of the rational numbers.

Proof. Consider the map S — H Q corresponding to 1 € Q = my(H Q). Since the homotopy
groups of HQ are rational, we see that HQ is Sg-local, hence this map uniquely refines
to a map Sg — H Q. We have to show that this map induces isomorphisms on homotopy
groups. On 7y we have o (Sq) = mo(S)g =Zg = Q. It thus remains to show that 7,(Sq) =0
for all n # 0. But by a theorem of Serre [Ser53], the stable homotopy groups 7,(S) = 73
are all finite, hence are torsion, and thus get killed by rationalization. O

Definition 6.2.12. We write Spy € Sp for the full subcategory of rational spectra, i.e. the
Q-local spectra, or equivalently the spectra on which all primes act invertibly.

Proposition 6.2.13. For every rational spectrum X, there is an isomorphism

@H(nnX) [n] = X.

nez

Proof. For every integer n € Z, we pick a basis of 7, (X) as a rational vector space. An
element of m,(X) corresponds to a map of spectra S[n] — X. Since X is rational, this
uniquely extends to a map HQ[n] = Sg[n] — X. By taking a direct sum over all basis
vectors, this induces a map H (7, X)[n] = @5 HQ[n] — X which by construction induces
an isomorphism on 7, (X). Taking the direct sum over all n, this provides the isomorphism
P,cz H(m,X)[n] = X. O

Corollary 6.2.14. There is an equivalence KUg ~ P, Q|[2n].

Proof. This follows from the fact that 7; (KUg) = 4 (KU)g is Q for k even and O for k odd,
see ??. |

Remark 6.2.15. The morphism KU — KUg ~ B, Q[2n] induces maps on cohomology:
for every anima X we obtain a map

ch: K(X) = KU (X) — HHZ”(X;Q).

This map is known as the Chern character. It is closely related to the notion of Chern
classes: for a complex vector bundle E over X, the Chern character may be written as

ch(E) :rank(E)+c1(E)+%(CI(E)z—2c2(E))+%(c1(E)3 ~3¢1(E)ca(E)+3c3(E)) +- -,
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where ¢;(E) € H*(E;Z) is the i-th Chern class. We refer to Milnor and Stasheff [MS74]
for an excellent introduction to the theory of characteristic classes.

Corollary 6.2.16. Let X be a finite anima. Then the Chern character induces an isomor-
phism
KU’ (X)g = @HZ”(X;Q).
n

Proof. Since X is finite, the functor map(S[X],—): Sp — Sp commutes with filtered col-
imits, hence with rationalization, hence

map(S[X],KU)qg = map(S[X],KUg) = map(S[X], ) Q[2n]) = H map(S[X],Q[2n]).

Passing to mg on both sides then gives the claim. O

6.3 Completion at a prime

In the previous section we introduced the p-localization X(,) of a spectrum. We will
now introduce another useful operation, known as p-completion. We will also discuss the
arithmetic fracture square.

Definition 6.3.1. Consider the mod p Moore spectrum S/ p, defined as the cofiber
S/p := cofib(p: S—Y).
We refer to an S/ p-local spectrum as p-complete. We write
Sp, € Sp
for the full subcategory of p-complete spectra. The localization functor will be denoted by
(=) :=Lgyp: Sp— Sp),.

Observation 6.3.2. Note that X ® S/p ~ X/p for every X. In particular, a spectrum X is

S/p-acyclic if and only if the map p: X — X is an equivalence, i.e. X is S [[lj]—local.

We would like to get a more explicit description of p-completeness that makes its connection
with p-completion in ordinary algebra clear.

Definition 6.3.3. We define the spectrum S/p™ as the cofiber of the map S — S[p~']:

S/p® = cofib(S— S[p~'=colimS >sDsL ).
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By writing S as the colimit over the identity maps S 5s, we may alternatively write S/p®
as the colimit over the bottom row of the following commutative diagram, where all vertical
sequences are cofiber sequences:

S S S

1 b

S P g AN S SN

|

S/p SN S/p? SN s/p? SN

(This also justifies the notation S/p.)

Theorem 6.3.4. For a spectrum X, the map
X =map(8S, X) — map(S/p~[-1],X)
induced by the map S| p®[—1] — S exhibits its target as a p-completion of X, i.e.

X} = map(S/p~[-1],X).

Proof. We have to show that map(S/p*[-1],X) is p-complete and that the map X —
map(S/p<[-1],X) is an S/p-equivalence. For the latter, we may equivalently show that its
fiberis S/ p-acyclic, or equivalently that its fiber is S [1%] -local by Observation 6.3.2. Because
of the exact sequence S/p®[-1] > S — S [%], this fiber is equivalent to map(S [1%] ,X). But
thisis clearly S [%] -local: forany S [I%] -acyclic spectrum Y we have map(Y, map(S [%] , X)) ~
map(Y®S[%],X) ~map(0,X) =0.

We will now show that map(S/p®[—1], X) is p-complete, i.e. S/p-local. To this end, let
A be an S/ p-acyclic spectrum, i.e. the map p: A — A is an equivalence. We need to show
that 0 = map(A, map(S/p=[-1],X)) *map(AQ®S/p*[-1],X). For this, it will suffice to
show that A® S/p*™ =0. Since we may write S/p™ as a colimit of S/p", we may similarly
write

A®S/p® ~colim,(A®S/p") ~ colim,(A/p").

But as A is S/p-acyclic, the map p: A — A and hence also p”: A — A is an equivalence,
and so A/p" =0. This shows that A® S/p™ ~ 0, as desired. O

As a corollary of the theorem, we may now describe the p-completion of X as a familiar
limit:

Corollary 6.3.5. For a spectrum X, its p-completion is given by the following limit:

X;\ ~ lim(---—>X/p? > X/p* > X/p— X).
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n

Proof. The exact sequence S/p"[-1] — S 2, S induces an exact sequence
map(S, X) z, map(S, X) — map(S/p"[-1],X).

Since map(S, X) =~ X, it follows that map(S/p"[-1],X) =~ X/p" for all n. Furthermore,

n+1 n+1

under these equivalences the maps S/p" s /p"*" induce the canonical maps X/p"*" —
X /p", as these are the ones induced on vertical cofibers in the following commutative

diagram:
P

X
.pn+ \Lpn
X.

|

e

We may then compute that

X2 2 map(s/p®[~1], X) ~ map(colim, §/p"[~1], X)
~lim, map(S/p"[-1], X) ~lim, X /p",

as desired. m|

Corollary 6.3.6. Let p be a prime number. Then every p-complete spectrum is p-local.

Proof. By assumption, the map X — X;,\ = lim, (X/p") is an equivalence. Since p-local
spectra are closed under limits by Exercise 6.1.4, it will suffice to show that each spectrum
X /p" is p-local. This is the content of Proposition 6.2.10. |

Corollary 6.3.7. Let p and q be two distinct primes. If X is both p-complete and q-complete,
then X is the zero spectrum.

Proof. The g-completeness of X means that X is S/g-local. The p-completeness of X
implies, via Corollary 6.3.6, that the map g: X — X is invertible, hence that X is S/g-
acyclic. It then follows from Lemma 6.1.6 that X = 0. O

Lemma 6.3.8. Let p be a prime and let X be a spectrum satisfying X [}%] =0and X/p =0.
Then X =0.

Proof. The condition that X /p = 0 means that the map p: X — X is an equivalence, hence
that X is S[%]—local. Since X is also S[ll?]—acyclic, it follows from Lemma 6.1.6 that
X=0. O
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Theorem 6.3.9 (The p-adic arithmetic fracture square). Let X be a spectrum. Then the
following commutative square is a pullback square:

X%X;
\L .
X[1] — X, [5].

1
P

that its fiber F is the zero spectrum. Note that F [[1—7] =0, since the square

Proof. We have to show thatthe map X — X[--] X XA[L] X I’,\ is an equivalence, or equivalently
p

is a pullback square (as the two vertical maps are equivalences). We claim that also ' /p =0,
so that F by Lemma 6.3.8. To see this, we need to show that the commutative square

X/p — X,/p

| l

1 ATl
X[31/p — X)[L1/p
is a pullback square. The two objects at the bottom are zero, since the maps p: X [%] -
X [117] andp: X [/} [11—7] - X [’,\ [%] are equivalences by Corollary 6.2.6. In particular the bottom
map is an equivalence. But the top map is also an equivalence, since the map X — X 1/7\ is
by definition an S/p-equivalence. This finishes the proof. O

Exercise 6.3.10 (Arithmetic fracture square). Show that for every spectrum X, the commu-
tative square
X —— [1,X,

|

Xg — (H[,XQ)Q

is a pullback square. Here the product is taken over all prime numbers p.
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7 Thom spectra

This chapter is not part of the exam.

In this chapter, we briefly introduce a class of examples of spectra called Thom spectra,
following the modern approach of Ando et al. [And+14]. To motivate this approach, we
will start in Section 7.1 by recalling the classical formulation of a Thom space of a vector
bundle, and providing an alternative description as an co-categorical colimit. We define
abstract Thom spectra in Section 7.2, and show that in various prominent examples, like the
real/complex bordism spectra MO and MU, they can be written as colimits of shifts of Thom
spaces, justifying their name. In Section 7.3 we discuss orientations and in Section 7.4 we
introduce multiplicative structures on Thom spectra.

7.1 Thom spaces and Thom animae

7.1.1 Thom spaces

We start by recalling the classical notion of a Thom space.

Construction 7.1.1 (Fiberwise one-point compactification). Let p: E — X be areal vector
bundle of rank n. We define its fiberwise one-point compactification St as the topological
space obtained from E by forming the one-point compactification fiberwise, replacing R”
with §” = R" U{co} in each fiber. More precisely, given a local trivialization {¢; : U; XxR" —
p~ (Ui }ier of E, we define SE by gluing together the spaces U; x S" along the transition
functions: for x € U;NU;, the map (p]_.l op;: {x} xR" — {x} xR" extends uniquely to a
homeomorphism {x} x S" — {x} X S” fixing the point at infinity.

The space S£ comes equipped with a map S¥ — X. The “points at infinity’ assemble into
a continuous section seo: X — SE.

Remark 7.1.2. The previous construction is independent of the choice of local trivializations
of E — X.
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Definition 7.1.3 (Thom space). Let p: E — X be areal vector bundle. We define the Thom
space Th(E) as the quotient of SE by the points at infinity:

Th(E) := SF /50 (X).

Remark 7.1.4. Given a metric on E, one obtains a homeomorphic description of Th(E) as
the quotient D(E)/S(E), where D(E) and S(E) denote the unit disk and sphere bundles
with respect to the metric. The homeomorphism is given by sending a vector vtov/(1+||v||)
in each fiber. This is often taken as the definition, but has the disadvantage of requiring an
auxiliary choice of metric.

Remark 7.1.5. If X is a compact Hausdorff space, the inclusion E < S¥ — Th(E) induces a
homeomorphism E* — Th(E) between the Thom space and the one-point compactification
of the total space E: both sides are compact Hausdorff spaces and the map is a bijection.

Example 7.1.6. Let E = X XR" be the trivial rank n vector bundle over X. Then Th(FE) =
X A8 =3MN(X,).

Example 7.1.7. Let E — X and E’ — X’ be vector bundles. Then their product £ X E’ —
X X X’ is again a vector bundle (called their external direct sum) and there is an isomorphism
of pointed spaces

Th(E XE’) = Th(E) ATh(E’).

To see this, equip E X E’ with the metric ||(v,w)|| = max(|v|,|w]|). Then the disk bundle
D(E X E’) is homeomorphic to the product D (E) X D(E’), and under this homeomorphism
the sphere bundle S(E X E’) corresponds to the subspace D(E) X S(E)US(E)x D(E) of
the product. Passing to qoutient spaces then proves the claim.

Example 7.1.8. Let us consider the Grassmannian Gr, (R*) of n-dimensional subspaces of
R>. Arguing as for the complex case in Section 5.1, this space is a model for the classifying
space BO(n). The universal bundle vy,, over Gr, (R*) has as total space

E,={(V,v) € Gr,(R®) xR | v € V}

with the projection map sending (V,v) to V. The fiber over a point V € Gr, (R®) is precisely
the n-dimensional vector space V itself.

The Thom space of this universal bundle v, is particularly important - it will show up later
as one of the building blocks for the spectrum MO. In this case, we are looking at pairs
(V,v) where v € V has length < 1, modulo those pairs where v has length exactly 1.
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Construction 7.1.9 (Functoriality of Thom spaces). Consider a fiberwise injective mor-
phism of rank » vector bundles, i.e. a commutative diagram

4
) fx)
amap SE — SE’ on fiberwise one-point compactifications, which preserves the sections at

in which finduces injective R-linear maps E, < E’., . on fibers. Then the map finduces

infinity and hence induces a continuous map

Th(f): Th(E) — Th(E").

7.1.2 Thom animae

The underlying anima of a Thom space admits a purely homotopical description, which we
will discuss now.

Definition 7.1.10 (Spherical fibration). Let B be an anima and let n > 0. A rank n spherical
fibration over B is a functor £: B — An, which lands in the full subcategory spanned by
the n-sphere S”.

Definition 7.1.11 (Thom anima). We define the Thom anima of a spherical fibration¢: B —
An, as its colimit:
Th(¢) := colim(é: B — An,).

Recall from Theorem A.3.5 the straightening-unstraightening equivalence An, g ~ Fun(B, An).
Passing to pointed objects, this provides an equivalence

Fun(B, An,) ~ Fun(B, An), ~ (An/p).,

so that a rank n spherical fibration over B is the same as a pair (p,s) of a morphism
p: A — Bofanimae and a section s: B — A of p such that each fiber A; of p is isomorphic
to the n-sphere S”.

Example 7.1.12 (Sphere bundle). Let X be a topological space and consider an n-dimensional
sphere bundle Y — X over X, i.e. a fiber bundle whose generic fiber is S and whose struc-
ture group is Homeo.(S"). Then the underlying map of animae I (Y) — Il (X) is a
spherical fibration: by Corollary B.3.7 and Corollary B.2.11 the fibers of this map are the
spheres S".
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Example 7.1.13 (Spherical fibration of vector bundle). Given a rank n vector bundle
p: E — X, we may apply the previous example to the fiberwise one-point compactification
SE — X from Construction 7.1.1. We denote the resulting spherical fibration by

¢ép: Mo (X) — An,.

Informally, &g is the functor which sends a point x € X to Il (SF*), where S+ is the
one-point compactification of the fiber E, of p over x.

We wish to show that, in the setting of Example 7.1.13, the underlying anima of the Thom
space Th(E) is the Thom anima Th(&g). We start with an auxiliary lemma.

Lemma 7.1.14. Consider a real vector bundle p: E — X of rank n, equipped with a
fiberwise metric, and assume that X is a cell complex. Then the inclusion S(E) — D(E)

is a relative cell complex, in the sense of Definition B.2.3.

Proof. The approach will be to construct D (E) from S(E) via an inductive attachment of
cells over the k-skeleta X* of X.

For k =0, X is a disjoint union of points, hence S(E)|yo is a disjoint union of (n—1)-
spheres and D (E)|x, is a disjoint union of n-disks. In particular, we obtain D(E)|x, from
S(E)|xo by attaching an individual n-cell for every 0O-cell of X.

For k > 1, assume we have exhibited the inclusion S(E)|yx-1 < D(E)|y«-1 as a relative
cell complex. For each k-cell e c X, the trivialization D(E)|x = e x D" implies that
D(E)|,« = D¥x D", while S(E)|,« = D¥ x §"™!. We thus see that we obtain D(E)|«
from D(E)|5,« US(E)|.x by attaching a (k +n)-cell. The boundary map is constructed by
considering the homeomorphism S¥*"~! = 9(D* x D) = (9D* x D") U (D* x §"~1), and
observing that D* x D" is already attached to D(E)|y«-1, and that D¥ x §"~! = S(E)| «.
Proceeding like this for every k-cell of X, this shows that also the inclusion S(E)|yx —
D(E)|y« as arelative cell complex.

Letting k£ go to infinity then proves the claim. m|

Proposition 7.1.15. For a vector bundle p: E — X over a cell complex X, the underlying
anima of its Thom space is equivalent to the Thom anima of &

I (Th(E)) = Th(&E).

Proof. Choose a metric on E, so that Th(E) is homeomorphic to the quotient D(E)/S(E)
by Remark 7.1.4. By Lemma 7.1.14, the inclusion S(E) < D(FE) is arelative cell complex,
hence by Corollary B.2.7 we obtain a cofiber sequence

Mo (S(E)) = Ho(D(E)) — o (Th(E)).
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Now, recall that under the straightening-unstraightening equivalence An _ (x) — Fun(Ile (X), An)
from Theorem A.3.5, the forgetful functor An p_(x) — An corresponds to the colimit func-
tor

colimpy_(x): Fun(Ile(X),An) — An.

This provides equivalences
[ (S(E)) = colimyerr, (x) S(Ey) and oo (D(E)) = colimye, (x) D (Ey).

Since colimits commute with cofibers, the cofiber of the map Il (S(E)) — [ (D(E))
may thus be computed as

colimyepy, (x) cofib(S(E,) — D(Ey)) = colimyer, (x) SEx = Th(ég).
This finishes the proof. O

For later purposes, we will record an alternative description of the functor &g : Tl (X) —
An,.

Construction 7.1.16 (Unstable J-homomorphism). We construct for every n > 0 a functor
Ju: BO(n) — An,. Consider the topological n-sphere S”, and identify it with the one-
point compactification of R"”. The canonical action of the orthogonal group O(n) on R"
uniquely extends to a continuous O (n)-action on S”. Note that this action preserves the
point at infinity, so that this defines an action in Top,.. By applying the localization functor
1. : Top, — An,, this provides an action of O(n) of S in An., which we may encode as a
functor J,: BO(n) — An,.

Lemma 7.1.17. Let X be a cell complex and let f: X — Gr,(R*) be a continuous map. Let
p: E — X be the rank n vector bundle classified by f. Then the map &g : Tl (X) — An,

is given by the composite

e (f) 52.1

Moo (X) =2 Mo (G, () % Bo(n) 25 An,.

Proof. By definition, p: E — X is the pullback of the universal bundle pyniv: Euniv —
Gr, (R*). Under straightening-unstraightening, pullback of fibrations corresponds to pre-

composition, and so it will suffice t prove the claim in this special case of pyny. TO
DO. O

7.2 Thom spectra

The definition of a Thom anima may immediately be generalized to that of a Thom spectrum.
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Definition 7.2.1. Let Pic(S) C Sp™ denote the full subcategory spanned by shifts S[n] of
the sphere spectrum. For an anima A, we define a stable spherical fibration on A to be a
functor ¢£: A — Sp which lands in Pic(S). For an integer n € Z we say that & has rank n if
it in fact lands in the full subanima of Pic(S) spanned by S[n].

Example 7.2.2. If £: A — An, is arank n spherical fibration, then its suspension spectrum
X2(€): A — Spis arank n stable spherical fibration.

Example 7.2.3. Let X be a topological space, and let E — X be a rank n vector bundle.
Recall that in Example 7.1.13 we assigned to E a rank n spherical fibration &g : 1 (X) —
An,, hence by the previous example also a stable spherical fibration X (¢g).

Definition 7.2.4 (Thom spectrum). Given a stable spherical fibration £: A — Sp, we define
its Thom spectrum as its colimit:

Th(¢) := colim(é: A — Sp).

Since the suspension spectrum functor X*(—) : An, — Sp preserves colimits, it is clear that
the suspension spectrum X% (Th(¢)) of any Thom anima is a Thom spectrum. Let us now
construct an example of a Thom spectrum which is not a suspension spectrum.

Construction 7.2.5 (J-homomorphism). Consider the infinite orthogonal group O :=J,, O (n),
where the union is taken along the canonical inclusions O(n) < O(n+1) sending A to

(49). We will construct a functor J: BO — Sp called the J-homomorphism. Since
BO = colim,, BO(n), it will suffice to provide a sequence of functors J,,: BO(n) — Sp for

all n, together with identifications between J,, and J,.+1|go(»). We proceed as follows:

(1) Consider the topological n-sphere S”, and identify it with the one-point compactification
of R". The canonical action of O(n) on R" uniquely extends to a continuous O (n)-
action on S". Note that this action preserves the point at infinity, so that this defines an
action in Top,. By applying the localization functor Il : Top, — An,, this provides
an action of O(n) of S” in An,, which we may encode as a functor &,: BO(n) — An..
We then define J,, as the composite

BO(n) o, An, =z, Sp ﬂ Sp.

Observe that J,, sends the unique object to X*°(S")[—n], which is indeed isomorphic to
S.

(2) Forn >0, we may consider the functor &, : BO(n+1) — An,, obtained from the O (n+
1)-action on R™!. Its restriction &, |Bo(r) is similarly obtained from the restricted
O (n)-action on R™! = R"xR. Note that the one-point compactification of R” xR is
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S" A S' =X(8"), and under this identification the O (n)-action on S™*! is the suspension
of the O (n)-action on S§". We conclude that &,.1|go(n) = 2(&,), and hence that

Jns1lBo(n) = % (Ens1lBo(m) [—(n+1)] = ZZ(Z(&n)) [-(n+ )] = 2% (&) [-n] = Jn.

This provides the desired functor J: BO — Sp.

Definition 7.2.6 (Real cobordism spectrum). We define the real cobordism spectrum MO
as the Thom spectrum of the J-homomorphism:

MO := Th(J) = colim(J: BO— Sp).

Let us now discuss the relation between Definition 7.2.6 and the classical definition of MO,
going back all the way to Thom [Tho54].

Construction 7.2.7. Recall from Example 7.1.8 the universal bundle y,: E, — Gr,(R%),
of which we may form its Thom space Th(y,). Notice that there is a canonical inclusion

Grp(R®) <= Gy (RXRY) = Gr,p 1 (R®), Vo RaV.

The pullback of y,+; along this inclusion is the product bundle vy, X R, and in particular we
obtain a pointed continuous map

2(Th(y,)) = Th(y, XR) = Th(y,s1).

By adjunction, this defines a map o, : Th(y,) — Q(Th(y,+1)), turning the sequence of

pre

pointed spaces (Th(y,)) into a prespectrum, which we will denote by MOP™,

Lemma 7.2.8. The spectrum MO is the spectrum associated to the prespectrum MOP™ via
Construction 3.5.8:
MO = (MOP™)*P

pre

Proof. Step 1: We start by providing an alternative description of the prespectrum MOP™.
Consider the functor &g, : Il (Gr,(R*)) — An, associated to y, via Example 7.1.13. We
claim that &g, is isomorphic to &,. TO DO. In particular, Proposition 7.1.15 provides an
equivalence

MOEre = Il (Th(ys)) = Th(Zy)

of animae. For the structure maps, note that the identification E, |Gy, r~) = E, XR
corresponds to the identification &,41|go(n) = Z(&,) from Construction 7.2.5. The structure
maps of MOP'™ thus correspond to the following canonical comparison maps:

2(Th(&,)) = Th(Z(&,)) = Th(&rs1lBo(n)) = cOlimpo () Ens1]BO(n) — €OliMpBo (ne1) Ens1 = Th(Epy1).
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Step 2: We now show that the associated spectrum is MO. To see this, we apply Theo-
rem A.2.25 with I = BO = colim,,c;y BO(n). It follows that the colimit MO = colimpp (J)
may be written as an iterated colimit

MO = colim,, colimpg ) J, = colim, X% (colimpo(n) €,) [—n] = colim, 2% (Th(&,))[-n].

Unwinding definitions, one observes that the structure maps in this colimit diagram are
precisely the ones coming from the prespectrum MOP™, so that the right-hand side is
precisely (MOP™)st, i

The spectrum MO has many variations, based on other topological groups.

Definition 7.2.9. Let G be a topological group equipped with a continuous group homomor-
phism G — O. We define the corresponding Thom spectrum MG as the Thom spectrum
of J | BG:

MG = Th(J|gg) = -colim(BG — BO 4 Sp).

This in particular defines the following Thom spectra:
MSO, MU, MSU, MSp, and MSpin.

The spectrum MU is known as the complex cobordism spectrum, and plays an important
role in the field of chromatic homotopy theory.

Exercise 7.2.10. Construct the group homomorphism G — O for each of the five Thom
spectra mentioned above.

7.3 Orientations and the Thom isomorphism

Throughout this section, we fix a ring spectrum R € Alg(Sp).

Definition 7.3.1 (Orientation). Let p: E — X be arank n vector bundle. An R-orientation
of p is a cohomology class 6 € R"(Th(E)) such that for every point x € X, the image
0, € mp(R) of 6 under the composite map

R"(Th(E)) 5 R"(SF%) = R"(8") = R%(5°) = 1(R)

is an invertible element of the ring 7o(R); here the first map is induced by the inclusion
i: SEx < Th(E). The class @ is also called an R-Thom class.

We may rephrase the notion of orientation more conveniently in terms of trivializations of
local systems, as we will explain now.
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Definition 7.3.2 (R-lines). Let R € Alg(Sp) be a ring spectrum. We denote by
Lineg € Modj

the full subanima spanned by those R-modules that are isomorphic to R. An object of Lineg
is called an R-line. Note that Lineg is not a full subcategory of Modg: the morphisms of
R-lines are by definition R-linear isomorphisms.

Remark 7.3.3. The anima Liney, is pointed via the object R € Lineg. It is also connected
by definition, and so by Theorem 4.2.1 we have an equivalence of animae

Lineg ~ BQ(Lineg)

Observe that the underlying anima of Q(Lineg) is the anima Autg(R) of R-linear auto-
morphisms of R; the group operation corresponds to composition of automorphisms. This
means that we may idenfity Lineg with the classifying space of the group of automorphisms
of R.

Example 7.3.4. If R is adiscrete ring, i.e. in the image of the inclusion Alg(Ab) — Alg(Sp),
then the group Autg(R) is also discrete and is simply the classical group of R-linear
automorphisms of R. For example:

* When R =F,, the only automorphism of F, is the identity, i.e. Autg, (Fy) = *. In
particular
Lineg, =~ *.

* When R =7Z, there are precisely two automorphisms of Z, i.e. we have Autz(Z) = C;.
In particular,
Liney ~ BC;.

Example 7.3.5. Consider the ring R = Z of integers. We claim that there is an

Definition 7.3.6 (Local sytem of R-lines). Given an anima A, we define a local system of
R-lines on A to be a functor £: A — Lineg.

Note that every functor A — Sp which is pointwise the sphere spectrum induces a local
system of R-lines on A for every R by composing with the functor —® R: Sp — Modp.

Definition 7.3.7 (Trivialization). A trivialization of alocal system of R-lines £ : A — Modg
is an isomorphism & = R4, where R4: A — Modp, is the contant functor with value R.

Alternatively, we say that an R-line L is trivial if it comes equipped with an isomorphism
L = R of R-modules. We denote by

Trivg = (Lineg)/r
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the anima of trivial R-lines. Then a trivialization of £ : A — Modp, is the same as a lift of
& to Trivg:
Trive

/Wl

A /T> Lineg.

Proposition 7.3.8. Let p: E — X be a rank n vector bundle. Then an R-orientation
6 € R"(Th(E)) is the same as a trivialization R[ép][—n] = Rx, where &g g is the local
system of R-lines given by the composite

(=)= —
I (X) g—E> An, M Lineg oK, Lineg .
Proof. By definition, acohomology class § € R"(Th(E)) is amorphism of spectra Th(E)[-n] —
R, or equivalently a morphism Th(E)[-n] ® R — R of R-modules. Observe that by defini-
tion of Th(E) there is an equivalence

Th(E)[-n] ® R =~ colim(ég g : Il (X) — Lineg — Modg),
and so by adjunction such a morphism corresponds to a morphism a: £g g — Rx of local
systems of R-modules.

It remains to show that 6 is an R-orientation if and only if @ is an isomorphism. By
Theorem 2.6.10 the latter is the case if and only if for every x € X the map ay: (ég.r)x =
X7 (éE)x[—n] ® R — R is an isomorphism of R-modules. This map is given by multiplica-
tion by the element 6, € my(R), and so it is an isomorphism if and only if 6, is invertible in
7o (R). This finishes the proof. O

Example 7.3.9. For R =TF;, the anima Lineg, is contractible, and so every vector bundle
E — X is F,-orientable in a unique way.

Example 7.3.10. For R = Z, there is an equivalence Liney ~ BC;. A Z-orientation of a
vector bundle classified by &: X — BO(n) is the same data as a null-homotopy of the

composite

x5 Bo(n) % B,

where the second map is induced by the determinant det: O(n) — {+1} = C>.

Theorem 7.3.11 (Thom isomorphism). Let E — X be a rank n vector bundle and let
0 € R*(Th(E)) be an R-orientation. Then there are isomorphisms

Th(E)®R = (S[X]®R)|[n] and map(Th(E), R) = map(S[X][n],R),
in Modg, hence in particular

Rin(Th(E)) = Ry (X) and  R"(Th(E)) = R"™(X).
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Proof. By Proposition 7.3.8, the R-orientation provides an isomorphism R[£g][—n] = Ry
of local systems of R-line bundles. Passing to colimits over X on both sides, we thus obtain
the isomorphism

Th(E) ® R =colimy S[ég(—)][-n] ® R = colimy R[ég(—)][—n] = colimy Ry = R[X].

This proves the first isomorphism. For the second isomorphism, we observe that adjunction
Sp 2 Modg produces natural isomorphisms

map(X,Y) = mapy,q, (X ®R,Y)
for X € Sp and Y € Modg, hence in particular
map(Th(E), R) = mapy;,q, (Th(E) ® R, R)

and
map(S[X][n],R) = map(S[X][n] ® R,R) = map(R[X][n],R).

The second isomorphism thus follows from the first one. The third and fourth isomorphisms
are immediate by passing to homotopy groups on both sides. O

7.4 Multiplicative structures

TO DO. (The course has finished, hence it might take a while before I get to this, if ever.)
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8 Duality phenomena

This chapter is not part of the exam.

An important phenomenon in algebraic topology is the concept of duality: we have Poincaré
duality, Alexander duality, Lefschetz duality, Spanier—Whitehead duality, and Atiyah dual-
ity, to name a few. The goal of this chapter is to give an introduction to duality phenomena
in algebraic topology. We start in Section 8.1 with the categorical notion of duality in
a symmetric monoidal co-category C; in the case C = Sp this is also known as Spanier-
Whitehead duality. In Section 8.2, we will provide an explicit description of the dual of (the
suspension spectrum of ) a smooth manifold M: it is given by the Thom spectrum Th(—T7),)
of its negative virtual tangent bundle; this result is known as Atiyah duality as it was first
proved by Atiyah [Ati61]. Combining this with the Thom isomorphism for an orientable
manifold, we then recover Poincaré duality; this will be explained in Section 8.3.

We refer to Becker and Gottlieb [BG99] for a historical overview of duality phenomena in
algebraic topology.

8.1 Symmetric monoidal duality

Throughout this section, we let (C,®, 1) be a symmetric monoidal co-category.

Definition 8.1.1 (Dualizable object). Consider objects X and Y of C. We say that a
morphism ev: Y ® X — 1 exhibits Y as a dual to X if there exists another morphism
coev: 1 — X QY such that the triangle identities are satisfied: there exist commutative
diagrams

XRYeX YeXeY

coeVV \d@ev and id ®CV \v@;id
X X Y Y.

In this case we refer to ev as the evaluation map and as coev as the coevaluation map. We

say that an object X is dualizable if it admits a duality datum (Y, ev).
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The following result guarantees that the duality data (Y,ev) is unique if it exists:

Proposition 8.1.2. Consider objects X andY of C and consider a morphismev: Y — X — 1

in C. The following two conditions are equivalent:

(1) The morphismev:Y ® X — 1 exhibits Y as a dual to X;
(2) For all object Z and W of C, the composite
Home (W, Z®Y) —% Home (W e X, Z®Y ® X) <25 Home (W ® X, Z)
is an equivalence.
(3) The map in (2) is an equivalence for (W,Z) = (1, X) and for (W,Z) = (Y, 1).

Proof. We first show that (1) implies (2). Let coev: 1 — X ®Y be the corresponding
coevaluation map. It then follows directly from the triangle identities that an inverse to the
map in (2) is given by the composite

Home(W® X, Z) =2 Home(W@ X ®Y,Z8Y) —2 Home (W, Z®Y).

It is clear that (2) implies (3). Finally, assume that (3) is satisfied. Taking W =1 and Z = X,
we get that the composite

Home (1, X ®Y) =25 Home (X, X ® Y ® X) 225 Home (X, X)

is an equivalence. In particular, there exists a morphism coev: 1 — X ®Y that is mapped
to idy under this equivalence. In particular, the composite

X coeveid XQY®X id®ev X

is homotopic to idy, showing one of the two triangle identities. To show that the other
triangle identity is also satisfied, consider W =Y and Z = 1, so that the composite

Home(Y,Y) —2% Home (Y ® X, ¥ ® X) <25 Home (Y ® X, 1)

is an equivalence. We claim that both the map idy: ¥ — Y as well as the composite

id® ®id . . .
Y N Y@ X®Y — Yaresenttoev: Y ®X — 1 under this equivalence. This is clear

for idy. For (ev®id) o (id®coev) this follows from the following commutative diagram:

Y®Xid®coev§idy®X®Y®Xev®id®idY®X

S Jweon o

Yox — 3 1.

This shows that also the second triangle identity is satisfied, finishing the proof. O
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Convention 8.1.3. Let X be a dualizable object of C. By the previous proposition, a dual
for X is the same as an object of C representing the functor Hom¢ (- ® X, 1): C°° — An.
In particular, the dual is unique if it exists. In this case we denote it by X".

Definition 8.1.4. An object X of C is called invertible if there exists another object X! and
an isomorphism X ® X~! = 1. Equivalently, X is invertible if the functor X ® —: C — C is
an equivalence.

Lemma 8.1.5. Every invertible object is dualizable.

Proof. Let X be an invertible object and let X! be an inverse with isomorphismev: X' ®
X — 1. We claim that ev exhibits X~! as a dual to X. Using Proposition 8.1.2 we must
show that for all objects Z and W of C the composite

Home (W, Z®Y) -5 Home(W® X, Z® Y ® X) 25 Home (W ® X, Z)

is an equivalence. But both of these maps are already equivalences before composing, since
the functor —: X: C — C is an equivalence and the morphism ev is an isomorphism. O

Corollary 8.1.6. The unit object 1 € C is dualizable.
Proof. 1tis invertible, using 1®1 = 1. O

The notion of duality is closely related to that of internal homs:

Definition 8.1.7. Given two objects X,Z € C, an object ZX € C equipped with a map
ev: ZX® X — Z is said to exhibit Z* as an internal hom-object from X to Z if for every
third object W the composite

Home (W, Z¥) =25 Home(W e X, Z¥ ® X) 225 Home (W ® X, Z)
is an equivalence.

Remark 8.1.8. Note that ZX is an internal hom-object if and only if the map ev exhibits
it as a right adjoint object to Z under the functor —® X: C — C. In particular, internal
hom-objects are unique if they exist. We will often use Hom(X,Y) as alternative notation
for YX.

Lemma 8.1.9. Let X and Y be objects and let ev: Y ® X — 1 be a morphism in C. Then

the following conditions are equivalent:

(1) The morphism ev exhibits Y as a dual to X.

(2) For every object Z of C, the morphism idz®ev: Z®Y ® X — Z exhibits Z®Y as an
internal hom-object YX.
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(3) The functor X ® —: C — C admits a right adjoint Hom(X,—): C — C, and for every
object Z of C the map
Z®Y — Hom(X,Z)

induced by the morphism id®ev: Z®Y ® X — Z is an isomorphism in C.

Proof. The equivalence between (1) and (2) is a reformulation of Proposition 8.1.2. The
equivalence between (2) and (3) is clear. |

We record some basic facts about duals.

Lemma 8.1.10. Let F: C — D be a symmetric monoidal functor. For every dualizable
object X € C, the object F(X) is again dualizable with dual F(X").

Proof. The symmetric monoidal functor F preserves the duality data. m|

Lemma 8.1.11. If X,Y € C are dualizable, then so is their tensor product X Y, with dual
X'evY.
Proof. 1t is easy to verify that the composites

evy®evy

(XY )e(XeY)=(X'eX)e(Y)®Y —— 11 =1

and
12101 X, (xox")@(Yor') = (XeY)® (X orY)
satisfy the triangle identities, and thus provide the desired duality data. O

There is often an a priori candidate for the dual of X, sometimes called the weak dual:

Definition 8.1.12. Assume that C admits internal hom-objects. We define the internal
duality functor D : C°? — C as

D(-) :=Hom(-,1¢): C®* - C.

If X is dualizable, the evaluation map ev: XV ® X — 1 induces an isomorphism X" =
Hom(X,1) = D(X).

Corollary 8.1.13. Let X be an object of C for which the internal hom functor Hom(X,-): C —

C exists. Then X is dualizable if and only if for every Z € C the natural map ZQ D(X) —

z
Hom(X, Z) adjoint to the composite ZQ D(X) ® X 278 1¢c =~ Z is an equivalence.

Corollary 8.1.14. If X € C is dualizable, then for all Y € C the map D(Y)® D(X) —

evy ®evy

D(X®Y) adjointto D(Y)®Y @ D(X) ® X ——— 1 is an equivalence.
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Proof. This follows from the previous corollary by taking Z = D(Y). O

There are other possible characterizations of strongly dualizable objects that are sometimes
used in the literature, for example by Lewis, May, and Steinberger [LMS86, Definition 1.1].

Lemma 8.1.15. For an object X € C, let v: X ® D(X) — Hom(X, X) be the map adjoint
X
to the composite X @ D(X) ® X 28, X @1 ~ X. Then the following are equivalent:

(1) The object X is dualizable;

(2) There exists a coevaluation map coev : 1 — X ® D(X) such that the diagram

e —=— X®D(X)

Hom(X, X)
commutes, where the left vertical map is adjoint to the identity X — X.

Proof. First assume that (1) is satisfied. By Proposition 8.1.2, the dual of X is equivalent
to D (X), with evaluation map givenbyev: D(X)® X — 1. Letn: 1 — X® D(X) denote
the corresponding coevaluation map. Then the diagram in part (2) translates to the first
triangle identity of Definition 8.1.1, hence is commutative.

Conversely, assume that (2) is satisfied. We will prove that the maps ev: D(X)® X — 1
andn: 1 — X ® D(X) exhibit D(X) as a dual to X. As before, the first triangle identity is
equivalent to the diagram from (2), hence it remains to prove the second triangle identity:

D(X)®X®D(X)

D(W Y&D(X)

D(X) D(X).

By adjunction, this is the same as a homotopy betweenev: D(X)® X — 1 and the composite
D(X)®neX D(X)®X
px)ex 21X hxyexep(X) e x X2 by e x & x,

which follows from the first triangle identity. m|

8.1.1 More on internal homs

Lemma 8.1.16. Let Y € C and assume that an internal hom-object Hom(X,Y) exists
for every X € C. Then the functor Hom(—,Y): C°? — C admits a left adjoint given by
Hom(-,Y): C — C°P.
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Proof. For an object X € C, consider the map
n: X - Hom(Hom(X,Y),Y)

adjoint to the evaluation map X ® Hom(X,Y) ~ Hom(X,Y) ® X — Y. This map is natural in
X. We claim that it is the unit transformation of an adjunction between Hom(—,Y): C? — C
and Hom(—,Y): C — C°. To see this, we need to show that for every object Z € C, the
composite

Home (Z, Hom(X, Y)) =, Home(Hom(Hom(X, ), ¥), Hom(Z, Y)) — Homc(X, Hom(Z, ¥))

is an equivalence. But this composite can be seen to be homotopic to the composite
Hom¢(Z,Hom(X,Y)) ~Hom¢(Z® X,Y) ~Hom¢ (X ® Z,Y) ~ Home (X, Hom(Z,Y)),

finishing the proof. O

Corollary 8.1.17. If C admits internal homs, the functor Hom(-,Y): C°°? — C sends
colimits in C to limits.

Lemma 8.1.18. Assume that C admits internal hom-objects. Then for every object X € C,
the adjunction between —® X and Hom(X, —) leads to an internal adjunction: forY,Z € C

there is a natural equivalence
Hom(X ®Y,Z) ~ Hom(X,Hom(Y, Z)).

Proof. This follows from the Yoneda-lemma, and the observation that for every fourth
object W € C there are natural equivalences

Hom¢(W,Hom(X®Y,Z)) ~ Homc(WQ XQY,Z)
~ Hom¢ (W ® X,Hom(Y, Z))
~ Hom¢(W,Hom(X,Hom(Y,Z))). O

Remark 8.1.19. In a similar fashion, one can show that the composition maps o: Hom¢(Y,Z) X
Hom¢(X,Y) — Hom¢ (X, Z) admit internal versions.

8.1.2 Spanier-Whitehead duality

We will now be interested in duality for spectra, known as Spanier-Whitehead duality.

Lemma 8.1.20. Let X and E be spectra and assume that X is dualizable. Then there are

isomorphisms
E.(XY) = ET*(X).
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Proof. This follows from the sequence
E.(X")=zn(E®X") = r.(map(X,E)) = E*(X). |

Definition 8.1.21. A stably symmetric monoidal co-category is a symmetric monoidal co-
category C which is stable and whose tensor product —® —: C — C — C is exact in both
variables.

Lemma 8.1.22. Let C be a stably symmetric monoidal co-category. Then the collection
of dualizable objects forms a thick subcategory of C, i.e. it is a stable subcategory closed
under retracts.

Proof. We start by showing that the collection of objects X € C for which the internal hom
Hom(X,-): C — C exists is a thick subcategory of C. To see that it is closed under finite
colimits, consider a colimit X ~ colim; X;. We then observe that the functor Hom(X, —) ~
lim;e o0 Hom(X;, —) is the required right adjoint. It is clear that this subcategory is closed
under shifts and retracts, showing the claim.

Restricting attention to objects X for which Hom(X, —) exists, recall from Corollary 8.1.13
that such an object X is dualizable if and only if the natural map

Z®D(X) — Hom(X,Z)

is an equivalence for every Z € C. Since both sides are exact functors in X, it follows that
the collection of objects X for which it is an equivalence forms a stable subcategory of C.
It is also closed under retracts since equivalences in C are closed under retracts. O

Corollary 8.1.23. The subcategory of Sp spanned by the dualizable spectra contains the
sphere spectrum S and is closed under finite colimits. In particular every finite spectrum is
dualizable. O

Corollary 8.1.24. Let X be a finite anima. Then the spectrum S| X] is dualizable.

Proof. The collection of animae X for which S[X] is dualizable is closed under finite
colimits and contains * € An; consequently it contains all finite animae. O

8.2 Atiyah duality

Let M be a compact smooth manifold of dimension n. Since M can be given the structure
of a finite CW-complex, it follows from Corollary 8.1.24 that its suspension spectrum S| X |
is dualizable. In this section we will give an explicit description of its dual, due to Atiyah
[Ati61]: there is an equivalence

D(S[M]) = Th(=Ty)
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between the dual of S[M] and the Thom spectrum of the negative stable tangent bundle
—Ty. Let us start by explaining how to assign a Thom spectrum to every virtual vector
bundle over M.

Construction 8.2.1. Consider a virtual vector bundle E = [E|] — [E>] over M. Recall from
Example 7.2.3 that the vector bundles E; and E, give rise to stable spherical fibrations
X% (€E,) and X% (€E,). Since X (£E,) is pointwise given by a shift of the sphere spectrum,
it is in particular an invertible object in Sp, and hence we may form its inverse X (£g,) L.
We then define

Ep i =X%(€p) ®Z¥ ()" €  Fun(Tlw(M),Sp).

This is again a stable spherical fibration, and in particular we may consider its Thom
spectrum
Th(E) := Th(ég) = colim(ég: (M) — Sp).

To get a better understanding of the Thom spectrum Th(—T7};), we will now show that we
can write it as X®V (Th(v,)) for a suitable vector bundle v, over M. The main ingredient
is the following simple observation:

Lemma 8.2.2. Let M be a compact smooth n-manifold. Then there exists a natural number
N and a smooth embedding ¢: M — RY.

Proof. By compactness, we may cover M by finitely many open subsets U; C M each of
which are diffeomorphic to R”. Using bump functions, this leads to smooth maps ¢;: M —
R whose restriction to U; is an embedding. The resulting map (<,o,~){‘:1 : M — (RMHF=R"™*
is then the desired smooth embedding. m|

Remark 8.2.3. It is the content of the Whitney embedding theorem that N can be chosen to
be 2n in the previous lemma.

For the remainder of this section, we will fix once and for all a smooth embedding ¢: M —
RY. We will denote by 7 := v, — M the normal bundle of this embedding, i.e., the cokernel
of the map Ty — ¢*(Tyn) = RY of vector bundles over M:

Ty — RN — v,
By choosing a metric on the vector bundle RY one obtains an orthogonal decomposition
R_N = TM Dv.

In particular, the virtual vector bundle —7}; can be rewritten as the virtual vector bundle
[v] = [R¥], and in particular we get

Th(-Ty) = Th(Z*N(v)) = Z*V(Th(v)) (8.1)
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We will now construct the duality data exhibiting Th(—T},) as dual to S[M], i.e. we will
construct maps

ev: SIM]®Th(-Ty) — S and coev: S — Th(-Ty)QS[M]

satisfying the triangle identities. Inlight of the equivalences S[M ]| =X (M,) and Th(—Ty;) ~
=N (Th(v)), such maps are in fact equivalently described by maps of the form

>*(M,) ® 2% (Th(v)) — =°(sV) and T (SN) - Z¥(v) @ =% (M,).
We will in fact be able to produce such maps already on the level of topological spaces:
M, ATh(v) — SV and SN — Th(v) A M,.

For this, we will consider two types of maps between Thom spaces: one type obtained from
the functoriality of Thom spaces, and another type obtained from the so-called Pontryagin-

Thom collapse map.

Construction 8.2.4. Let f: X — Y be a continuous map of topological spaces. Let
p: E — Y be a vector bundle over Y, and let f*(E) — X be its pullback bundle. By
applying functoriality of the Thom space construction (Construction 7.1.9) to the commu-
tative diagram

f(E) — E

f*(p)l \Lp

x — 5,

we obtain a continuous map
f«: Th(f*E) — Th(E).

Example 8.2.5. Consider the terminal map p: M — pt, and consider the trivial vector
bundle E =RY — pt. Then the pullback bundle p*(RY) is the trivial vector bundle R" over
M, and we obtain a map

7.1.6 * 7.1.6
pe: V(M) 2 Th(RY) &5 Th(RY) 27 sV,

Example 8.2.6. Consider the diagonalmap A: M — M X M, and let E =1 X0 be the product
bundle over M X M, where v is the normal bundle of our fixed embedding ¢: M < RY and
0 is the zero bundle. Observe that the pullback bundle A*(E) = A*(v x 0) is isomorphic to
the direct sum v @ 0 of these two bundles, and hence is isomorphic to v itself. The above
construction thus produces a map

A.: Th(v) = Th(vx0) "= Th(v) ATh(0) = Th(v) A M,
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Figure 8.1: Illustration of the Pontryagin-Thom collapse map.

Construction 8.2.7 (Pontryagin-Thom collapse map). Leti: N < N’ be a smooth embed-
ding of smooth manifolds, and let v(i) denote its normal bundle. Recall that a fubular
neighborhood of N in N’ is an open submanifold U € N’ containing N together with a dif-
feomorphism ¢: v(7) =, U which on the zero section s0: N < v (i) restricts to the inclusion
N — U. If N is compact, there always exists a tubular neighborhood.

Given a tubular neighborhood U for i, ¢ induces a homeomorphism
Th(v(i)) = D(v(i))/S(v(i)) = @(D(v(i)))/e(D°(v(i))) = N'/(N"\ p(D°(v(i)))).
We define the Pontryagin-Thom collapse map to be the composite
PT(i): N' = N'/(N"\ p(D°(v(i)))) = Th(v(i)),

where the first map is the quotient map.

Construction 8.2.8 (Twisted Pontryagin-Thom collapse map). The Pontryagin-Thom col-
lapse map also has a ‘twisted’ version, where in addition to the tubular neighborhood U of
N in N’ we are also given a vector bundle E over N’. It takes the form

PT(i,E): Th(E) — Th(v(i) ®i*E).

To define it, we consider the composite embedding N SNSE , where the second map is
the zero-section. The normal bundle of this embedding is the direct sum v (i) ® E|y, hence
we obtain a Pontryagin-Thom collapse map PT(s¢i): E — Th(v(i) ®i*E). Since this map
collapses everything outside of an open neighborhood of U in E, this map uniquely extends
to the Thom space of E, providing the desired map PT(i, E).

Example 8.2.9. Consider our fixed embedding ¢: M < RY. Since M is compact, it is
contained in a compact subspace of R", and hence the composite M < RY < SV into the
N-sphere is still a smooth embedding. The Pontryagin-Thom construction thus provides a
map

PT(¢): S¥ — Th(v).
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Example 8.2.10. Consider the diagonal embedding A: M < M X M. Its normal bundle
is isomorphic to the tangent bundle 7j; of M. As a twist, we use the external direct sum
E =0xvover M x M, where v =v(¢p) as before. The pullback of E along A is isomorphic to
v, as in Example 8.2.6, and we see that there is a trivialization v(A) @ A*(E) = Ty, & v = RV,
The twisted Pontryagin-Thom map in this case takes the form

PT(A,0xv): M, ATh(v) = Th(0) ATh(v) = Th(0®v) — Th(RY) = =V (M,).

Combining the four examples, we obtain our evaluation and coevaluation maps:

PT(A0 \
ev: M, ATh(v) —_XV)> >N (M) z, V(8% = sV

coev: SN ET—(fL Th(v) 2, Th(v) A M,.
To finish the proof of Atiyah duality, it remains to show that these maps satisfy the (space-
level analogues of the) triangle identities. The main ingredient or this will be the fol-
lowing observation, which essentially says that under some transversality assumptions the
Pontryagin-Thom construction behaves well under pullback, and that in this case we ‘com-
mute’ the Pontryagin-Thom construction with the pushforward functoriality.

Observation 8.2.11. Let f: M; — M, be a smooth map between smooth manifolds. Let
ir: Ny — M, be a smooth embedding, for convenience thought of as an inclusion N, C M5.
Assume that f is transversal to N», in the sense that for all x € f~1(N,) we have

df (T,M,) +Tf(x)N2 = Tf(x)Mz.

Then the preimage N; := f~'(N>) € M; is again a smooth submanifold, by the implicit
function theorem, and the normal bundle of the inclusion ij: N; < M| is the pullback
along f: Ny — N, of the normal bundle of i5: Ny < M>:

v(iy) = fv(i2).
Furthermore, there exists a small enough tubular neighborhood U, of N, such that its

preimage f~!(U,) is a tubular neighborhood of N;. With these choices, we see that the
following diagram commutes:

M, > M
PT(il)\L lPT(iZ)
Th(v(i1)) —— Th(f*v(i2)) —2— Th(v(in)).

More generally, if we are also given a vector bundle E over M,, then the following diagram
commutes:

Th(f*E) & s Th(E)

PT(iy, f*E)\L lPT(iz,E)

Th(v(iy) ® f*E) —= Th(f*(v(i2) 8 E)) —— Th(v(ir) ® E).
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We are finally ready to prove Atiyah duality.

Theorem 8.2.12 (Atiyah duality). Let M be a compact smooth manifold, and let ¢: M —
R be a smooth embedding with chosen tubular neighborhood U. Then the composite

8.1) _ _
S[IM]®Th(-Ty) = S[M]®Z°VTh(v) = 2N (M, ATh(v))

22N PT(A,0xv)
Z T yoNyN ()

Ly po-NyN(s0) = §

exhibits the Thom spectrum Th(—Tyy) of the negative tangent bundle of M as the dual of the
unreduced suspension spectrum of M.

Proof. Observe that the map we wrote is obtained by applying =~V (-): Top, — An, — Sp
to the following composite:

PT(A,0xv) .
ev: My ATh(v) ——— N (M) 25 £V (%) = sV

For the associated coevaluation map, we similarly apply 2~V (-) to the following com-

posite:

PT .
coev: SV ﬂ Th(v) N Th(v) A M,.

To see that the triangle identities are satisfied, we may do so already at the level of topological
spaces: we must show that the two composites

coevAid id Aev

$" ATh(v) —— Th(v) A M, ATh(v) — Th(v) ASY

and

id id
Mo ASY 2 M ATh(v) A M, 225 SN A M,

are homotopic to the respective identities. We will start with the former. Consider the
following pullback square:

Mc—2 s MxM
|

A fieo

MxM <29 M MxM.

Applying Observation 8.2.11 to this square (i.e. we take My :=M XM XM, N, =M XM,
ip =1dxXA, My ;=M xM, Ny :=M, f=AXid and E =0x0Xxv) gives the following
commutative diagram:

Th(v) ATh(v) 2% Th(v) A M, ATh(v)

PT(A,VXV)\L \LPT(idxA,vx(_)xv)
SVTh(y) —2 % Th(v) AZN(M,).
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Unwinding the definitions of coev A id and id Aev, we then get the following commutative

diagram:
SN ATh(v) covhd s Th(v) A My ATh(v) idhev s Th(v) A SV
1
A, Aid=(Axid), id/\PT(A,(_)\xv):PT(id XA, vX0xv) / .
PT(pxid) PT(p)Aid s - id Ap,=(idxp).
Th(v) ATh(v) Th(v) AZN(M,)
PT(Am %
>N Th(v).

Now, the left diagonal composite is the Pontryagin-Thom collapse map associated to the
composite

A oxid
Mo MXM—>S"xXM.

But this embedding is isotopic, via the straight-line isotopy in RY € SV, to the embedding
(0,id): M <— RN xM c SN x M. It follows that the Pontryagin Thom collapse map PT( (¢ x
id) x A) is homotopic to the Pontryagin-Thom collapse map for (0,id). Using U = RN xM
as tubular neighbhorhood for this inclusion, we see that the latter is simply the identity on
SN ATh(v).

The right diagonal is the pushforward functoriality of Thom spaces applied to the composite
A idxp
M—o>MXM— Mxpt=M.

But this composite is simply the identity on M, hence it induces the identity on S A Th(v).
We conclude that the composite (id Aev) o (coev A id) is homotopic to the identity on
SN ATh(v), proving the first triangle identity.

For the second triangle identity, we apply Observation 8.2.11 to the same commutative
square as before (that is, the same choices of M, M,, N| and N,) but this time using £ =??.
We then obtain a commutative diagram as follows:

M, A SN idAcoey S M, ATh(v) A M, evaid s SN AM,
-1 ~ (py
. (id XA). PT(Axid)
PT(lm _ -
M, ATh(v) SN(ML) AM,
A,
PT(M
=N(M,).

One argues as before that both the two diagonal composites are homotopic to the identity, so
that also the top composite (ev Aid) o (id Acoev) is homotopic to the identity. This finishes
the proof. O
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8.3 Poincaré duality

Poincaré duality for compact smooth manifolds is an immediate consequence of Atiyah
duality. Recall that Poincaré duality says that when M is a compact orientable smooth
n-manifold (without boundary), then for each k € Z there is an isomorphism

—n[M]: H"F (M) S H (M).

Many readers will have enountered this statement in their algebraic topology courses, where
it is usually proved in quite a down-to-earth way, based on manipulations of simplices in the
singular complex of M and using a couple of reduction arguments. This proof makes it look
like Poincaré duality is intrinsically a statement about singular (co)homology. However,
this is not the case: there is a more general version of Poincaré duality that works for an
arbitrary cohomology theory E*:

Theorem 8.3.1 (Poincaré duality). Let E be a ring spectrum, and let M be a compact
smooth n-manifold which is E-orientable, in the sense that its tangent bundle Ty; comes
equipped with an E-orientation. Then there is an isomorphism of spectra

S[M]®E = map(S[M],E[n]).
In particular, for every k € Z there is an isomorphism
Ex(M) = EF(M).

Proof. By Atiyah duality, the dual of the spectrum S[M] in Sp is Th(—T},), and in particular
we obtain an isomorphism of spectra

SIM]®E = map(Th(-Ty),E).

Since Ty, is E-orientable, we have by Theorem 7.3.11 an isomorphism Th(-Ty) ® E =
(S[M]® E)[—n] in Modg, and it follows that

map(Th(-Ty),E) = map (Th(-Ty) ®E,E)
= mapg ((S[M]® E)[-n],E)
= map(S[M][-n],E)
= map(S[M], E[n]).

Combining these two isomorphisms thus gives the first claim. The second claim immedi-
ately follows by applying ;. (—) to both sides. O
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A Even more co-category theory

When I wrote in Section 2.6 that it would cover all the ‘remaining constructions of oco-
category theory that we need’, this turned out to be too optimistic: at various points during
the rest of the lectures, we needed additional basic co-categorical concepts that I had not
explicitly introduced. To keep these notes well organized, I have collected those extra
definitions and results here in this Appendix. Due to time constraints, we did not discuss
the contents of this appendix in full detail during the lectures, but I have included additional
details here for those of you who want to dive deeper into the theory.

Remark. A note about the exam: you are expected to have a working understanding of
co-category theory, but you do not need to learn all the material in this appendix in detail.
What’s most important is that you develop an intuition for which statements from ordinary
category theory naturally carry over to co-categories, and that you’re comfortable with the
universal properties of all the co-categorical constructions we introduced.

Warning. Various arguments presented in this appendix depend on statements taken as
black boxes in Section 2.6, most notably the Yoneda lemma, Theorem 2.6.42. Proving
those statements would require some of the notions introduced in this appendix, giving
rise to some circularity. I made this choice for pragmatic and pedagogical considerations,
prioritizing accessibility of the theory’s applications over a strictly linear development of
its foundations.

A.1 (Full) Subcategories

In Section 2.6.5 we introduced a way of associating a subcategory (M )¢ to a given collection
of morphisms M in an oco-category C which is closed under composition. In this section
we will see that a functor F: D — C is of the form (M)c < C for some M if and only if
F is a monomorphism (Corollary A.1.2). Furthermore, we will see that F exhibits D as a
full subcategory if and only if F is fully faithful (Corollary A.1.3).
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Proposition A.1.1. A functor F: C — D is an equivalence if and only if the induced functor
F.: Map([1],C) — Map([1],D)

is an equivalence.

Proof. If F is an equivalence, it is clear that F, is an equivalence. Conversely, assume
that F is an equivalence. By Theorem 2.6.9, it will suffice to show that F is essentially
surjective and fully faithful. Consider the following commutative diagram:

¢ M Map([1],0) —% €=

- Ir -

[ 1] evo

D= —3 Map([1],D) —23 D=

Since the horizontal composites are the identity, it follows that '~ is a retract of F.., and thus
in particular it is an equivalence. In particular, f is essentially surjective. Now consider the
following commutative diagram:

Map([1],C) SN Map([1], D)

(evo, eVl)\L (evo, eVl)\L

c=xc* —1X"y p*xDp=~.

Since the top and bottom maps are equivalences, it follows that the square is a pullback
square. In particular, the induced maps on fibers over all objects (x,y) € C™ X C~ is an
equivalence. But this induced map on fibers is precisely the map

Hom¢(x,y) — Homp (Fx, Fy),
showing that F' is fully faithful. O
Corollary A.1.2. A functor F : C — D is a monomorphism if and only if the induced functor
F.: M :=Map([1],C) - Map([1],D)
is an embedding and F induces an equivalence C — (M )p.

Proof. If F, is an embedding, then the functor

Map([1],C) — Map([1],C) Xmap([1],0) Map([1],C) = Map([1],C xp C)

is an equivalence, hence by Proposition A.1.1 so is C — C Xp C, showing that F is an
embedding. Conversely, if F is an embedding, so is F.. To see that C — (M)p is an
equivalence, it suffices by Proposition A.1.1 to show that Map([1],C) — Map([1],{M)p)
is an equivalence, which is true since both sides are M. O
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Corollary A.1.3. A functor f: C — D is fully faithful if and only if the induced functor
ff:I':=C"-> D~
is an embedding and f induces an equivalence C — (Mr)p.

Proof. See [Cis+24, Proposition 6.4.2]. O

Definition A.1.4. A subcategory of an co-category D is an co-category C equipped with a
monomorphism C < D. It is a full subcategory if this monomorphism is fully faithful.

Warning A.1.5. In the literature this is often called a replete subcategory: if an object
X is contained in the subcategory, and X — Y is an isomorphism in D, then also Y and
the isomorphism are contained in the subcategory. When working ‘model-independently’
as we are doing in this course, it does not really make sense to talk about non-replete
subcategories, and it would go against the fundamental principle of homotopy theory. So
for this reason I’'m dropping the word ‘replete’.

A.2 Adjunctions

In this section we will introduce the important notion of adjunctions in the setting of
co-categories. We start in Appendix A.2.1 with the definition and various equivalent
characterizations. In Appendix A.2.2 we discuss some important examples of adjunctions:
the path component functor p: An — Set as a left adjoint to the inclusion Set < An and
the homotopy category functor h: Cat,, — Cat left adjoint to the inclusion Cat — Cat,.
In Appendix A.2.3 we discuss the relation between (co)limits and adjunctions, and deduce
various useful consequences about limits and colimits. In Appendix A.2.5 we discuss Kan
extensions and their pointwise formulas. In Appendix A.2.6 we briefly introduce the notion
of cofinality in co-category theory.

A.2.1 Definition and characterizations

Recall from Definition 2.6.44 the definition of an adjunction between co-categories:

Definition A.2.1. Let F': C — D and G: D — C be two functors. An adjunction between
C and D consists of a natural isomorphism

Homp (F(-),—) = Hom¢(—,G(-))

of functors C°? x D — An. We often write F 4 G to indicate that such an isomorphism has
been given.
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Proposition A.2.2. Consider two functors F: C — D and G: D — C. The following data
are equivalent:

(1) The data of an ajunction F 4 G;

(2) The data of a natural transformation n: idc — GF, called the unit, such that for all
objects X of C and Y of D the induced map

Homp (FX,Y) % Home (GFX,GY) —% Home (X, GY)

is an equivalence;

(3) The data of a natural transformation €: FG — idp, called the counit, such that for all
objects X of C and Y of D the induced map

Home (X, GY) 5 Homp (FX, FGY) 227 Homp (FX,Y)

is an equivalence;

(4) Thedataofbothaunitn: id — GF and a counit e: FG — id together with commutative
triangles as follows, called the triangle identities:'

FGF GFG

Fy EF and ”7 \g"’"
F ———F G ————G.

Proof sketch. First assume (1), so that there is a natural equivalence Homp (FX,Y) ~
Hom¢(X,GY). If we fix X € C, then by the Yoneda lemma the natural transformation
Homp (FX,—) — Homp(X,G(-)) corresponds to a map n7x : X — GFX: we obtain this
map by taking ¥ = FX and letting nx be the map that under this equivalence corresponds to
the identity map idrx : FX — FX. Conversely, the map ny determines the transformation
as the composite

Homp (FX,-) <> Home (GFX,G (=) —% Home (X, -).

The naturality of the equivalence in X corresponds to the naturality of n: id¢ — GF,
showing the equivalence between (1) and (2).

The equivalence between (1) and (3) is proved similarly, where now the counit map
ey: FGY — Y corresponds to the identity map idgy: GY — GY.

I'The details aren’t super relevant here, but strictly speaking the data of an adjunction should only contain
either the first or the second triangle identity, while for the other triangle we only demand the existence; see
e.g. [Lur24, Tag 02F4].
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To show that these conditions are also equivalent to (4), assume first that (1)-(3) are satisfied.
For the first triangle identity, observe that by definition the map n7x : X — G F X is a preimage
of idrx : FX — FX under the equivalence

Home (X, GFX) 55 Homp (FX, FGFX) 227, Homp (FX, FX).

This precisely says that the composite erx o Fnx is equivalent to idgx, naturally in X, which
is the first triangle identity. The second triangle identity similarly follows from the fact that
the morphism €y : FGY — Y is a preimage of idgy : GY — GY under the equivalence

Homp (FGY,Y) < Home (GFGY,GY) —"; Hom¢(GY, GY).

Finally, assume that (4) is satisfied. An easy check shows that in this case the map defined
in (2) is inverse to the map defined in (3), producing the desired natural equivalence
Homp (FX,Y) ~ Hom¢ (X, GY). O

It turns out that we may detect left/right functors ‘objectwise’:

Definition A.2.3. Let F': C — D be a functor and let Y be an object of D.

(1) Anobject Z of C is called a right adjoint object to Y under F if it comes equipped with
amap ey: FZ — Y such that for every other object X of C the induced map

Home (X, Z) 55 Homp (FX, FZ) 2275 Homp (FX,Y)

is an equivalence of animae.

(2) Dually, Z is called a left adjoint object to Y under F if it comes equipped with a map
ny: Y — FZ such that for every other object X of C the induced map

Home(Z, X) 5> Homp (FZ, FX) —%5 Homp (Y, FZ)

is an equivalence of animae.

Lemma A.2.4. Consider a functor F: C — D and let Dg C D be a full subcategory.
Assume that for every Y € Dy there exists a right adjoint object Z to Y under F. Then
these right adjoint objects assemble into a functor G : D — C which comes equipped with

a natural isomorphism
Homp (F(-),—) = Hom¢ (-, G(-))

of functors C°? X Dg — An.
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Dually, if Dy C D is a subcategory such that every Y € D admits a left adjoint object
under F, then these left adjoint objects assemble into a functor L: D; — C that comes
equipped with a natural isomorphism

Hom¢(L(-),—) = Homp(—, F(-))
of functors sz X C — An.

Proof. We will prove the claim for right adjoints; the claim for left adjoints is dual. The
assumption on F is that for every Y in Dy the functor Homp(F(-),Y): C°? — An is
representable, in the sense that it lies in the image of the Yoneda embedding V: C —
Fun(C°,An). Since the Yoneda embedding is fully faithful, this means there exists a
functor

G:Dr—>C

making the following diagram commute:

Dp = > Fun(C°P, An).

Y—Homp (F(-),Y)

Here the bottom functor is the one obtained from currying the functor Homp (F(-),—) : C°P x
Dy — An. Since Y (X) = Hom¢(—, X), this commutative triangle precisely encodes a nat-

ural isomorphism
Homp (F(-),—) = Hom¢(—,G(-))

of functors C°P X Dr — An, as desired. O

Corollary A.2.5. A functor F: C — D admits a right adjoint if and only if every object of
D admits a right adjoint object under F. Dually, F admits a left adjoint if and only if every
object of D admits a left adjoint object under F.

Proof. We again only prove the claim about right adjoints. If a right adjoint G: D — C
exists, then by Proposition A.2.2 we see that the object Z := GY together with the counit
map ey : FGY — Y provides a right adjoint object to Y under F. Conversely, if all the right
adjoint objects exists, then we may apply Lemma A.2.4 with D = Dy to obtain a functor
G : D — C together with a natural isomorphism

HomC(F(_)7 _) = HomD(_9 G(_))5
which means that G is a right adjoint to F. O

Every adjunction automatically induces new adjunctions at the level of functor categories:
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Lemma A.2.6. Let F 4 G be an adjunction of co-categories. Then:
(1) For every co-category E the functors
G*: Fun(C,E) 2 Fun(D,E) : F*
form an adjunction, with unit and counit given by
G*F = (FG)" 55 idy =idpanp.sy  and  idpan(c.p) = idi -5 (GF)* = F*G"
(2) For every oo-category E the functors
F.: Fun(E,C) 2 Fun(E,D) :G.
Sform an adjunction, with unit and counit given by
F.G.=(FG), > (idp). = idpun(p.5) and  idpunc.p) = (ide)s —> (GF), = G..F..

Proof. The triangle identities for €* and n*, resp. &, and 7., follow immediately from the
triangle identities for £ and 7. We leave the details to the reader. O

Every adjunction induces an equivalence on geometric realizations:

Lemma A.2.7. Let F: C 2 G :G be an adjunction of co-categories. Then the induced

maps |F|: |C| — |D| and |G|: |D| — |C| are inverse equivalences.

Proof. Thinking of the counit ¢: FG — idp as a functor [1] X D — D, it induces another
functor

2.6.23 le]

[11x|D] — [[1]|x|D| [[11xD| — |D|,

i.e. a natural transformation |F||G| = |FG| — [idp| = id|p|. Since |D| is an anima, this
natural transformation is automatically a natural isomorphism by Theorem 2.6.10. Similarly,
the unit 7: idc — GF induces a natural transformation |5|: id|c| — |G||F|. This shows
that |G| is inverse to |F|, as desired. O

A.2.2 Path components and homotopy categories

I want to record some relations between sets and animae. Because these lie in the intersection
between the axiomatic approach and the classical approach I will refer to them as ‘facts’.

Fact A.2.8. Every set may be regarded as a discrete groupoid and hence as a discrete
oco-groupoid/anima. The inclusion
Set — An
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is fully faithful and admits a left adjoint
mo: An — Set.
We call 7o(X) the set of path components of the anima X.

Definition A.2.9. We say an anima X is connected if the set 7o(X) has a single element.

We will often abuse terminology and refer to an anima as a set if it is in the essential image
of the inclusion Set < An.

Definition A.2.10 (Path components of an anima). For an anima X, the unit of the adjunction
from Fact A.2.8 gives a map of animae

X — 7T0(X).

Since mo(X) is a disjoint union of points, this decomposes X as a disjoint union of individual
path componens: for [x] € 7o(X) we define the path component of X at [x] as the pullback

X[x] — X
]
* %[X] 7T0(X).

Fact A.2.11. An co-category C is equivalent to an ordinary category if and only if the Hom
animae Hom¢ (X,Y) is a set for all objects X and Y of C.

From now on we will drop the distinction between ordinary categories and co-categories
whose Hom animae are sets.

Definition A.2.12. We denote by
Cat; — Cate,

the full subcategory spanned by the ordinary categories. The objects and morphisms of
Cat are ordinary categories and ordinary functors. For categories C and D, the Hom anima
Homcy, (C, D) is the groupoid Fun(C, D)~ whose objects are the functors C — D and
whose isomorphisms are the natural isomorphisms F = G.

Fact A.2.13. The inclusion Cat; — Cat,, admits a left adjoint
h: Cat,, — Cat;

called the homotopy category functor. Given an co-category C, the homotopy category hC
has the same objects as C, but has Hom sets given by the set of path components of the
Hom anima of C:

HOmhc(X,Y) = ﬂo(Homc(X,Y)).
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Lemma A.2.14. Let C be an ordinary category and let W be a collection of morphisms in
C. Then the homotopy category h(C[W™']) of the co-categorical localization C[W™'] of
C at the morphisms in W has the universal property of the 1-categorical localization.

Proof. For any ordinary category D we have an equivalence Fun(h(C[W~!]),D) =
Fun(C[W~!],D), so h(C[W~!]) simply inherits its universal property from C[W~']. O

Corollary A.2.15. The homotopy category hAn of the co-category of animae is equivalent
to the homotopy category hS of spaces, defined in Convention 1.2.3:

hAn ~ hS.

Similarly we have an equivalence hAn, ~ hS.,.

Proof. By Theorem 2.6.38 we have An ~ CW[{homotopy equivalences}~!], and hence
hAn is the 1-categorical localization of the category of CW-complexes at the homotopy
equivalences. But this is in essence precisely how we defined hS. O

A.2.3 (Co)limits and adjunctions

Just like for ordinary categories, we may describe the existence of (co)limits in terms of
adjunctions:

Lemma A.2.16. Let I and C be oco-categories and let F: I — C be a functor.

(1) An object W in C equipped with a cone €r: consty — F is a limit of F in C, in the
sense of Definition 2.6.24, if and only if e exhibits W as a right adjoint object to F
under the functor const: C — Fun(1,C), in the sense of Definition A.2.3.

(2) Dually, an object W equipped with a cocone nr: F — consty is a colimit of F in C if
and only if it exhibits W as a left adjoint object to F under const: C — Fun(/,C).

Proof. This is simply a matter of unwinding definitions: the condition in (1) that W is a
right adjoint object to F under const means that for every other object X of C the composite

t
Hom¢ (X, W) BALAN Nat(consty, consty) 5 Nat(consty, F)

is an equivalence, where we recall that we write Nat(—, —) for the Hom anima in Fun(/,C).
But this is precisely the universal property of the limit from Definition 2.6.24! O

Corollary A.2.17. Let I and C be co-categories. Then C admits all I-indexed limits if and
only if the functor
const: C — Fun(Z,C), W + consty
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admits a right adjoint
lim;: Fun(/,C) — C.

Dually, C admits all I-indexed colimits if and only if const: C — Fun(I,C) admits a left
adjoint
colim;: Fun(/,C) — C.

Proof. Inlight of Lemma A.2.16 this is an immediate consequence of the pointwise criterion
for adjoints from Corollary A.2.5. O

As a particular consequence of the previous corollary, we see that limit cones and colimit
cocones are fully functorial in the functor F': I — C: the transformations

constimp — F and F — consteolimF

are given by the counit and unit, respectively, of the adjunctions const 4 lim; and colim; 4
const.

Remark A.2.18. For an object x of C, it follows from Corollary A.2.17 that X is terminal
if and only if the functor

x:%*—>C

is right adjoint to the functor pc: C — . Dually, x is initial if and only if it is left adjoint
to pc: C — =,

Lemma A.2.19. Let i be an initial object of an co-category 1. Then every co-category C

admits I-indexed limits, and the limit functor is given by evaluation at i:
lim; =ev;: Fun(/,C) — C.
Dually, ifi is terminal in I then C admits I-indexed colimits which are given by evaluating

ati.

Proof. By Corollary A.2.17 it suffices to show that ev; defines a right adjoint to const: C —
Fun(Z,C). This adjunction may be obtained by considering the adjunction p;: I — = :i
and passing to functor categories using Lemma A.2.6.

(An alternative proof would be to cite Lemma A.2.41.) O

Lemma A.2.20. Let F: C — D be a functor and let I be an oo-category such that both
C and D admit I-indexed limits. Then F preserves I-indexed limits if and only if the

‘canonical’ natural transformation
F(lim;(-)) — lim; (Fi.(-))
of functors Fun(1,C) — D is a natural isomorphism.
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Proof. Consider the following commutative diagram:

c—Ff% sp

COl’lSt\L \LCOHS{

Fun(7,C) L} Fun(1,D).

The ‘canonical’ transformation above is the one that under the adjunction const 4 limy
corresponds to the transformation

Const g (lim; (-)) = Fi(constyim, (-)) — Fu(-)

induced by the counit constjm,(xy — X. By Theorem 2.6.10 we may check that this
map is an isomorphism for every fixed diagram X: I — C. But now we observe that
the map F(lim;(X)) — lim;(F.(—)) is an isomorphism if and only if the associated cone
CONStE (lim; (x)) — F«(X) = F o X is a limit cone, giving the claim. O

Lemma A.2.21. Let F: C 2 D :G be an adjunction of co-categories. Then F preserves
all colimits that exist in C and G preserves all limits that exist in D.

Proof. We prove that F preserves colimits; the proof for G preserving limits is dual. Let
X: I — C be a diagram that admits a colimit in C, and let 7: X — constcolim, x denote the
associated colimit cone. We need to show that the cocone

F(ﬂ) tFoX — F(ConStcoliml X) = ConStF(colim1 X)
1s a colimit cone in D. By definition, this means that for every other object W in D the map
Homp (F (consteolim, x), W) — Nat(F o X, consty)

is an equivalence of animae. But under the adjunction F' 4 G and the induced adjunction
Fo—+4Go- from Lemma A.2.6, this map is equivalent to the map

Homc (consteolim; x, G(W)) — Nat(X, G o consty) = Nat(X, constgw)).

Since the latter map is an equivalence by the universal property of the colimit colim; X, this
finishes the proof. O

As a consequence, we see that limits commute with limits and that colimits commute with
colimits.

Corollary A.2.22. If C admits I-indexed limits, then lim;: Fun(l,C) — C preserves all
limits that exist in Fun(I,C). If C admits I-indexed colimits, then colim;: Fun(/,C) — C
preserves all colimits that exist in Fun(1,C).
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Lemma A.2.23. Consider co-categories C and I, and assume that C admits all I-indexed
limits (resp. colimits).

(1) For every co-category E, the functor category Fun(E, C) admits I-indexed limits (resp.

colimits).

(2) For every functor E' — E, the restriction functor Fun(E,C) — Fun(E’,C) preserves
I-indexed limits (resp. colimits).

(3) In particular, for every object X of E the functor
evy: Fun(E,C) - C
preserves I-indexed limits (resp. colimits).

Proof. We treat the case for limits; the case for colimits is dual. By Corollary A.2.17 there
is an adjunction
const: C 2 Fun(/,C) :lim;.

By Lemma A.2.6 this adjunction induces an adjunction on functor categories of the form
Fun(E,C) 2 Fun(E,Fun(/,C)) ~ Fun(/,Fun(E,C)).

By applying Corollary A.2.17 another time this says that Fun(E, C) admits /-indexed limits.

Observe that the limit-functor for Fun(E, C) is given as the composite

(limy).

Fun(/,Fun(E,C)) ~ Fun(E,Fun(/,C)) —— Fun(E, C).

This description makes it clear that precomposition with any functor E’ — E preserves
[-limits. =

As a consequence, we get the following result on colimits along product categories:

Lemma A.2.24. Let I, J and C be co-categories such that C admits all I-indexed and J-
indexed colimits. Then C admits all (I X J)-indexed colimits, and for a functor F: I xJ — C
we have

colim; jyesxs F (i, j) = colim;ercolim;e; F (i, j).

Proof. The adjunction colim;: Fun(J,C) 2 C :const induces an adjunction
Fun(/ xJ) ~ Fun(/,Fun(J,C)) 2 Fun(/,C)

by applying Lemma A.2.6. Composing this with the adjunction colim;: Fun(/,C) 2
C :const then gives the result. O

206



A fact which will frequently be useful is that colimits along an indexing category / which
itself may be written as a colimit may be computed as an iterated colimit:

Theorem A.2.25. Let J be a small co-category and consider a J-indexed family of small
oco-categories I,: J — Catew. Define I :=colim; I;, and let & : I, — const; denote the colimit

cone, giving functors €;: I; — I. Let C be an oco-category and let F: I — C be a functor.

(1) Assume that the restricted diagram
Fli,: ;- 515¢
admits a colimit for every j € J. Then these colimits assemble into a functor
F':J—C, Jj > colim(Fy: I; — C).

(2) In this case, the functor F admits a colimit in C if and only if the functor F’ admits a

colimit in C, and then we have

colim;e; F (i) = colimje; colim(F7,).

Proof. We do not have the techniques available to prove this result. Perhaps a proof will be

given in Appendix A.3 at some point, after having introduced straightening/unstraightening.
m]

A.2.4 Slice categories

A useful categorical construction, which we will need in the next two subsections, is that

of the (relative) slice category.

Definition A.2.26 (Slice category). Let C be an oco-category and let x be an object in C.
We define the slice categories C;, and Cy/, also known as the over category and the under
category, respectively, via the following two pullback squares:

C/x — Fun([1],0C) Cyy — Fun([1],C)
\L B \Levl and \L - \Levo
¥ — >3 C ¥ — =5 C.

Note that an object of C/, is a pair (y, f: y — x) of an object y equipped with a morphism to
x, and dually objects of Cy, are pairs (y, f: x — y). As aresult of Exercise 5.2 morphisms
(v, f) — (¥, f’) in C/, may equivalently be encoded by commutative triangles of the form

8 ’
y———=>Y

N
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and dually for morphisms in Cy;.
We denote by
5:CH—>C and t:Cyy—C

the assignments s(y, f: y = x) =y and t(y, f: x = y) =y, i.e. we first include the slice
into the arrow category Fun([1], C) and then apply the source/target functor.

Lemma A.2.27. Consider an object x of C and consider two objects (v, f) and (y', f) of

the slice category C),. Then the Hom anima in C/y sits in a pullback square of the form

Homc,, ((y,f), (¥, f")) —— Homc(y,y’)

| lr
* ! > Hom¢ (y,x).

A dual formula holds for the Hom animae of Cy;.

Proof. By Exercise 2.3.30, the Hom anima in C,, may be computed as the following
pullback:

Homc, ((y, /), (. f)) —— Nat(f:y —x, f':y —>x)
s idx > Hom¢ (x,x).

Using the equivalence Fun([1] x [1],C) ~Fun([2], C) Xpun([1],c) Fun([2], C) from the com-
mutative square axiom, the top right Hom anima in Fun([1], C) sits in a pullback square as

follows:
Nat(f:y —x, f": y = x) —— Home(y,y')
L b=
Hom¢ (x,x) _—Of> Hom(y, x).
The claim thus follows by pasting pullback squares. O

Corollary A.2.28. Let x be an object of C. Then the slice category C,, admits a terminal
object (x,idy), while C,; admits an initial object (x,idy).

Proof. The claim for Cy, is immediate from Lemma A.2.27, since for every (y, f) € C/x
the induced map id, o—: Hom¢(y,x) — Home(y,x) is an equivalence, hence its fiber over
Jf 18 contractible. The claim for C/, is dual. i

Lemma A.2.29. Let x be an object in an co-category C.

(1) The object x is terminal in C if and only if the forgetful functor s: C;, — C is an
equivalence;
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(2) The object x is initial in C if and only if the forgetful functort: C.; — C is an equivalence.

Proof. We only prove (1); the case of (2) is dual. If C/, — C is an equivalence, then
it follows from Corollary A.2.28 that x is terminal in x, as it is the image under this
equivalence of the terminal object (x,id,) € C/,. So assume that x is a terminal object. By
Remark A.2.18, this means that the functor x : * — C is aright adjointto p¢: * — C, and in
particular there is a natural transformation &: idc — const, satisfying the triangle identity.
We may now construct a functor

p:C—>Cp,  y(y8y0y = x).
More precisely, we may think of € as a functor €: C — Fun([1],C), and since the target of
€ is const, we see that € canonically factors through the slice C),. It is also clear from this
definition that we have s o ¢ = idc. It remains to show that we also have g os = idc,,.
The functor €: C — Fun([1],C) induces a functor €.: Fun([1],C) — Fun([1] x[1],C),

which informally speaking sends a morphism f: y — z to the ‘naturality square’ induced
by &:

Note that for z = x, it follows from the triangle identities for the adjunction that the map
&x: x — x is the identity map. So restricting the naturality square to objects of the form
(v, f) € C)y, this square takes the form

€y
y——=>x
1
X X.

This shows that the object (y, f) of C/, is naturally isomorphic to (y,&y: y — x), producing
the desired natural isomorphism ¢ os = idc/,. m|

Definition A.2.30 (Relative slice category). For a functor F: C — D and an object d of D,
we define the relative slice categories C;4 and Cy) via the following two pullback squares:

Cig —> Dyq Cqyy —> Dy
S
c——L—bp c—L—+bp

Objects of C/4 consist of pairs (y, f: F(y) — d), and objects of Cy; consist of pairs
(y, f:d— F(y)).

Remark A.2.31. These relative slice categories are sometimes also denoted by F'/d and
d/F, which makes their dependencies on F more transparent.
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A.2.5 Kan extensions
Definition A.2.32. Let /, J and C be oco-categories and let ¢: I — J be a functor.

(1) Given a functor F': [ — C, a left Kan extension of F along ¢ is a left adjoint object
to F under the restriction functor ¢*: Fun(J,C) — Fun(/,C). More explicitly, it is a
functor ¢ (F): J — C equipped with a natural transformation ng: F — ¢*¢(F) such
that for every other functor G : J — C the composite

Nat(¢,(F),G) —> Nat(¢*¢\(F),¢*G) — Nat(F, ¢*G)

is an equivalence.

F F
1 : > C =5
o £ (5)
¢ e ¢ V&SN
J J G

(2) Dually, a right Kan extension of F along ¢ is a right adjoint object to F' under ¢*, i.e.

1

a functor ¢.(F): J — C equipped with a transformation ng: ¢*¢.(F) — F inducing
equivalences
Nat(G, ¢.(F)) — Nat(¢",G)

forall G: J — C.

If every functor F: I — C admits a left Kan extension along ¢, then by Corollary A.2.5
these left Kan extensions assemble into a left adjoint

¢: Fun(/,C) — Fun(J,C)

to the restriction functor ¢* : Fun(J,C) — Fun(/, C), called the functor of left Kan extension
along ¢. Dually, if every functor F' admits a right Kan extension along ¢ then ¢* admits a
right adjoint

¢, Fun(I,C) — Fun(J,C)

called right Kan extension along ¢.

Observation A.2.33. Note that the left Kan extension of a functor F: I — C along the
functor pc: C — *is precisely a colimit of F. Dually, a right Kan extension of F along p¢
is a limit of F.

The most useful and common form of Kan extensions are the pointwise Kan extensions:
those that can be computed using explicit pointwise formulas. In practice, the only Kan
extensions one cares about are the pointwise Kan extensions. To discuss these, we first need
to introduce slice categories:

With this in place, we can come to the pointwise formulas for Kan extensions:
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Theorem A.2.34. Let F: [ — C and ¢: I — J be functors.
(1) Assume that for every object j of J the composite functor
;515¢
admits a colimit in C. Then these colimits assemble into a functor
ei(F): J—>C.
Furthermore, the maps
F(i) = colimyey, F(i) — colimyey,, ., F(i') = ¢1(F) (i)

assemble into a natural transformation ng: F — ¢* ¢ (F) exhibiting ¢\(F) it as a left
Kan extension of F along ¢.

(2) Dually, if for every j in J the composite

F

admits a limit in C, then these limits assemble into functor
p«(F): J—>C
which is a right Kan extension to F.

Proof. Unfortunately we do not have the techniques yet to be able to prove this result. I
may or may not type up a proof of this result in Appendix A.3 in the future. O

Definition A.2.35. If the condition in (1) is satisfied, we say that F admits a pointwise
left Kan extension along ¢, and if the condition in (2) is satisfied we say that F' admits a

pointwise right Kan extension along .

In general, the Kan extension of F might not actually be an ‘extension’, in the sense that
the unit map F — ¢* (¢, F) and counit map ¢*(¢.F) — F may not be invertible. However,
this is the case whenever ¢ is fully faithful, explaining the terminology. For this we need
the following alternative characterization of fully faithful functors:

Lemma A.2.36. Let F: C — D be a functor. Then the following conditions are equivalent:

(1) The functor F is fully faithful;
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(2) For every object y of C the commutative square

Cry L> Crry
c—L b
is a pullback square;

(3) For every object x of C the commutative square

Cy/ L) CFX/

L

c—L—>p
is a pullback square.

Proof sketch. We prove the equivalence between (1) and (2); the equivalence between (1)
and (3) is dual. The two vertical functors in the commutative square in (2) are right
fibrations, in a sense to be explained below in Appendix A.3. One can prove that a functor
between two right fibrations is an equivalence if and only if it induces equivalences on all
fibers. Since the induced map on fibers is precisely the map Hom¢ (x,y) — Hom¢ (Fx, Fy),
it follows that condition (2) is equivalent to fully faithfulness of F. m|

Lemma A.2.37. Assume that ¢: I — J is a fully faithful functor, and let F: I — C be a
functor.

(1) Assume that F' admits a pointwise left Kan extension ¢,(F) along ¢. Then the unit map

nr: F — ¢*¢\(F) is a natural isomorphism.

(2) Dually, if F admits a pointwise right Kan extension ¢.(F) along ¢ then the counit
er: ¢ @ (F) — F is a natural isomorphism.

Proof. We prove (1); the proof of (2) is dual. By Theorem 2.6.10 we may check that n is
a pointwise isomorphism. For an object i of /, the map F (i) — ¢*¢(F) is induced by the
map of slices

Li= g (o f: 7 =) (LF(f): F() > F(0)).

But since ¢ is fully faithful, this functor is an equivalence by Lemma A.2.36, and it follows
that g (i) is an isomorphism. O

212



A.2.6 Cofinal functors

We will briefly discuss the useful notion of initial/final functors:

Theorem A.2.38 (Joyal’s version of Quillen’s Theorem A). For a functor a: I — J, the
following two conditions are equivalent:

(1) A functor F: J — C has a colimit if and only if the functor Foa: I — C has a colimit,

and in this case the canonical map
colim;(F oa) — colim; F
is an isomorphism in C;

or every object j of J, the relative slice category ;) =1 X J;/ is weakly contractible,
(2) F bject j of J, the relative sli Lij=1Ix;J; i kl bl
meaning that its geometric realization |1 /| is contractible.

The dual result is also true, where in (1) we use limits and in (2) we use the under categories

1.
Proof. For a proof, see [LurO9b, Theorem 4.1.3.1]. |

Definition A.2.39. A functor «a satisfying the conditions of the theorem is called final. We
say that « is initial if «°P: I°° — JP is final (i.e. each relative slice /;, is contractible, or
equivalently limits of functors F': J — C may be computed as limits of Foa: I — C).

Warning A.2.40. The terminology regarding final functors is completely messed up in the
literature: because of historic reasons, final functors are also called cofinal functors, where
the ‘co’ roughly means ‘jointly final’ and has nothing to do with the usual meaning of ‘co’
in category theory. Nevertheless, some authors use the words ‘final’ and ‘cofinal’ for the
two notions from Definition A.2.39, and there is no consensus as to which of the two words
should refer to which of the two notions.

I think that the convention in Definition A.2.39 is easy to remember in light of the following
lemma:

Lemma A.2.41. Consider an object j of an co-category J. Then j: + — C is an initial
functor if and only if j is an initial object, and it is a final functor if and only if j is a final
(a.k.a. terminal) object of J.

Proof. Given an object x of C, unwinding definitions reveals that the relative slice category
of the functor j: * — C is equivalent to the Hom anima Hom¢(j,x). Since this is already
an anima, it is equivalent to its geometric realization, and hence it is weakly contractible if
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and only if it is contractible. So we see that j is an initial functor if and only if the Hom
anima Hom¢(f,x) is contractible for every object x of C, which by is the case by definition
precisely if j is an initial object. O

A common way of showing that the relative slice categories I, or I,; are weakly contractible
is by showing they admit an initial or terminal object:

Lemma A.2.42. Let C be an co-category that admits an initial (resp. terminal) object
x: % — C. Then C is weakly contractible: |C| ~ x.

Proof. By Remark A.2.18 we have an adjunction x: * 2 C : pc, which by Lemma A.2.7
induces an equivalence * =~ |x| ~ |C]|. O

Corollary A.2.43. If a functor a: I — J admits a left adjoint, then « is a final functor.
Dually, if it admits a right adjoint it is an initial functor.

Proof. We need to show that for every object j the relative slice category I;; is weakly
contractible. Left 8%: J — I be a left adjoint to a. Then the relative slice category I i/
is equivalent to the slice category Ig(;); of I. But this admits an initial object given by
(B(j),idg(j)), hence is weakly contractible by Lemma A.2.42. O

A.2.7 Filtered and sifted co-categories

We introduce the notions of filtered and sifted co-categories, and record their basic proper-
ties.

Definition A.2.44. An co-category K is called filtered if for every finite diagram F': I — K
in K there exists an object W € K with a cocone F — consty; equivalently, F' extends to a
functor F: I" — K.

Example A.2.45. Every directed poset is a filtered co-category. In particular, the poset
(N, <) of natural numbers is filtered.

More generally, any category which is filtered in the ordinary sense is filtered as an co-
category.

The following important characterization of filtered co-categories will be treated as a black
box:

Theorem A.2.46 ([LurO9b, Proposition 5.3.3.3]). An co-category K is filtered if and only
if the functor colimg : Fun(K, An) — An preserves finite limits.

Let us list various consequences of this characterization:
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Corollary A.2.47. A filtered colimit colimg * of terminal animae is again terminal.

Proof. A terminal anima is a limit over the finite category 0. O

Corollary A.2.48. The functor Q: An, — An, preserves filtered colimits.
Proof. By construction, this functor is given as the composite
i
An, =~ An, Xap, An, <= Fun([1], An,) Xan, Fun([1], An,) =~ Fun(, An,) -2 An,.

The last functor preserves filtered colimits by Theorem A.2.46. The inclusion An, =~
(An,). — Fun([1], An,) preserves filtered colimits by Corollary A.2.47. |

Corollary A.2.49. For every n > 0, the functor nt,: An, — Set preserves filtered colimits.

Proof. We may factor this functor as follows:

Qr fat 7o
An, — An, — An — Set.

Since each of these functors preserves filtered colimits, the claim follows. O

Lemma A.2.50. Every filtered co-category K is weakly contractible.
Proof. Recall from [ref] that we may write K as a colimit colimycx K /i of its slice categories.
Since |—|: Cats,, — An is a left adjoint and thus preserves colimits, we see that

) ) A242 . A2.47
|K| =~ |colimgex K/i| = colimpeg |K)i| = colimgex* = .

Here the second-to-last equivalence uses the fact that for each k£ € K the slice category
K/ admits a terminal object by Corollary A.2.28, so that it is weakly contractible by
Lemma A.2.42. O

Definition A.2.51. An oco-category [ is called sifted if it is nonempty and the diagonal
functor A: I — I X1 is final.

Example A.2.52. The opposite A°P of the simplex category is sifted by Exercise 4.4.4.
Lemma A.2.53. Every filtered co-category is sifted.

Lemma A.2.54. Let K be a filtered co-category. We need to show that for every object
(k,1) € K XK the relative slice category K Xgxx (K X K) k1), is weakly contractible. We will
show that this relative slice category is in fact a filtered co-category, so that Lemma A.2.50
implies the claim. To this end, consider a finite co-category I and a functor F: I —
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K Xgxx (KX K)k,1y/. We may equivalently encode this diagram as a functor P — I, where
P is defined as the following pushout of co-categories:

Iul —— (Iul)®
ool
I4r>P.

Note that P is again finite, so that by filteredness of K we obtain an extension P> — K. This
extension then translates back into an extension F of F, finishing the proof.

Lemma A.2.55. Let C be an co-category that admits finite products, and assume that for
every object X € C the functor X X —: C — C preserves colimits. Then the product functor
—X—: CXC — C preserves sifted colimits.

Proof. The proof is identical to that of Lemma 4.4.3 and will be omitted. O

A.2.8 Bousfield localizations

We introduce the notion of a Bousfield localization, and prove a useful characterization of
them in Proposition A.2.63.

Definition A.2.56. A functor L: C — D is called a Bousfield localization if it admits a

fully faithful right adjoint R: D — C. In this case, we also call D a reflective subcategory
of C.

A Bousfield colocalization is instead a functor C — D that admits a fully faithful left adjoint.

Example A.2.57 (Rationalization). The inclusion Vectg <= Ab of rational vector spaces
into abelian groups admits a left adjoint

Q®z—: Ab — Vectg,
called the rationalization functor. 1t is a Bousfield localization.

Example A.2.58 (Abelianization). The inclusion Ab < Grp of abelian groups into all
groups admits a left adjoint
()% Grp — Ab,

given by the abelianization functor.

Example A.2.59 (Group completion). The inclusion Grp < Mon of groups into monoids
admits a left adjoint
(—)#P: Mon — Grp

called the (discrete) group completion functor.
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Example A.2.60 (Path components). The inclusion Set < An admits a left adjoint
mo: An — Set

given by the set of path components.

Example A.2.61 (Geometric realization). The inclusion An < Cat,, has a left adjoint
|-|: Cato, — An
given by the geometric realization functor. It also admits a right adjoint
(-)7: Cate, — An
given by the groupoid core functor.
Example A.2.62 (Homotopy category). The inclusion Cat — Cat,, has a left adjoint
Ho(-): Cat, — Cat;
given by the homotopy category functor.

Here is a useful criterion for checking that a full subcategory is a reflective subcategory:

Proposition A.2.63 (cf. [Lur09b, Proposition 5.2.7.4]). Let L: C — C be a functor equipped

with a natural transformation n: id¢c = L such that both maps
Nex: Lx — LLx and Ln,: Lx — LLx

are isomorphisms for all x € C. Then the functor L: C — im(L) is left adjoint to the
inclusion im(L) < C, with unit n. In particular, L: C — im(L) is a Bousfield localisation.

Proof. We must show that for objects x and y in C, precomposition with 7,: x — Lx
induces an equivalence of animae

—on,: Home(Lx,Ly) — Homc¢(x,Ly).
For this, it suffices to show that this map admits both a left and a right inverse:

¢ To obtain a left inverse, we use that the map nz,: Ly — LLy is an isomorphism by
assumption on 7. We claim that a left inverse is given by the composite

1

L NLy©~
Homc(x, Ly) — Home(Lx, LLy) ——s Home(Lx, Ly).
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Indeed, this follows from the following commutative diagram:

Home¢ (x, Ly) L > Hom¢(Lx,LLy)

~— _— ni;o_
NLyo— —ony

~ K
Hom¢ (x, LLYy) Hom¢ (Lx, Ly)

UL;O_
\ %

Hom¢ (x, Ly).

Here the upper left triangle commutes since for any morphism f: x — Ly the trans-
formation 7 provides a naturality square

xL)Ly

W e

Ly 25 L1y
which is fully functorial in f € Hom¢(x, Ly).
* To obtain a right inverse, we use that the map Ln,: Ly — LLYy is an isomorphism.
We claim that a right inverse is given by the composite

L (Lny) o=
Home (x, Ly) = Home(Lx, LLy) —2—"s Hom¢(Lx, Ly).

To see this, consider the following diagram:

Homc (x, Ly)

—oL
Home(Lx, Ly) —5 Home(LLx, LLy) 2% Home (Lx, LLy)
Lnyo-
/

Homc (Lx, Ly) (Lny)~to-

\

Hom¢ (Lx, Ly).

/

The top triangle commutes since the functor L preserves composition. The triangle
in the middle commutes since for any morphism g: Lx — Ly, the transformation 7
provides a naturality square

L(zml lL(ny)

LLx =55 LLy

which is fully functorial in g € Hom¢(Lx, Ly).
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This finishes the proof. O

A.3 Straightening/unstraightening

Consider an ordinary category C and a functor F: C — Cat; into the (2, 1)-category of
ordinary categories from Definition A.2.12. From this data, one may construct a new
category denoted f F, called the Grothendieck construction, which can be described as
follows:

* An object in f F is a pair (x,e), where x is an object of C and e is an object of F'(x);

* A morphism in /F from (x,e) to (y,e’) is a pair (f,¢), where f: x — y is a
moprhism in C and ¢: fi(x) — y is a morphism in F(y). Here we write f; for the
functor F(f): F(x) — F(y) induced by f using the functoriality of F.

» Composition of (f,¢): (x,e) — (v,€¢’) and (g,¥): (y,e’) — (z,€”) is defined as
(8o f.¥ogi1(e)).

The category f F comes equipped with a forgetful functor pp: / F — C defined by
pr(x,e) :=x and pr(f,p) = f. This construction is functorial in F, and hence deter-
mines a functor

/ : Fun(C,Cat;) — Cat/c, Fr pp.

It turns out that the functor F is uniquely determined by the functor pr: / F — C. This
provides a powerful way to construct functors of the form F': C — Caty:

* First one constructs a category E together with a functor p: E — C;

* Then one shows that it is of the form pr for some functor F (which is then uniquely
determined by p).

The functors p: E — C that are of the form pr for some F' admit a concrete characterization,
and are known as Grothendieck opfibrations or cocartesian fibrations.

In the setting of co-categories, there is an analogous correspondence between functors C —
Cat, and cocartesian fibrations over C, which is known as the straightening/unstraightening
correspondence. This correspondence is even more fundamental than the one in ordinary
category: it is frequently not feasible to construct functors C — Cat,, by hand, and one
is forced to instead write down the associated cocartesian fibration / F — C. The goal
of this section is to explain the oo-categorical notion of cocartesian fibrations and the
corresponding straightening/unstraightening correspondence. We will also use it to provide
proofs of various statements left as black boxes in the previous section.
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To motivate the definition of a cocartesian fibration, let us record some special features of

the forgetful functor pp: / F — C for a given functor F: C — Cat;:

(a)

(b)

()

Consider amorphism f: f: x — yin C, and let e € C(x) be an object. Then we obtain a
morphism lift( f,e) := (f,id ) : (x,e) = (¥, fi(e)) in the Grothendieck construction

[F.

The morphism lift( f, ) is in a precise sense the initial morphism in / F whose source
is e and whose image in C is f: any other morphism (f,¢): (x,e) — (y,e”) in /F
living over f may be factored as the following composite:

lift( f.e) (idy,¢) .
(x,€) —— (¥, fi(e)) —— (y,¢").

More generally, if g: y — z is any other morphism in C, then for every object com-
posing with lift(f,e) determines a one-to-one correspondence between morphisms
(v, file)) = (z,€”) in fF which live over g and morphisms (x,e) — (z,e”) which
live over gf: in both cases we are specifying a morphism gi(fi(e)) = (gf)i(e) — €”
in C(z).

The following definition tries to abstract this property:

Definition A.3.1. Let p: E — C be a functor between co-categories.

ey

2)

3)

A morphism f: e — ¢ is called p-cocartesian if for every third object 2” in C the
commutative square

Homg (2,2") ——L 3 Homg(e,2")

2l lr

Home(p2', p”) —22% Home (pe. pe”)
is a pullback square.

We say that p is a cocartesian fibration if for every morphism f: x — y in C and every
object e € E, there exists a p-cocartesian morphism fre—ve satisfying p(f)=f.
We refer to such a morphism f as a p-cocartesian lift of f.

Let p: E — C and p’: E’ — C be two cocartesian fibrations. A functor F: E — E’
over C, i.e., a commutative triangle

E—Ff sp

N
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is called cocartesian over C if it sends p-cocartesian morphisms in E to p’-cocartesian
morphisms in E’.

(4) If C is a small co-category, we denote by
Cocart(C) < (Cate)/c

the non-full subcategory spanned by the cocartesian fibrations p: E — C and the
cocartesian functors between them.

Definition A.3.2. A functor p: E — C is called a cartesian fibration if p°?: E°P — C°P is
a cocartesian fibration. One may explicitly describe this condition in terms of the existence
of p-cartesian morphisms, defined dually to the p-cocartesian ones. We similarly obtain a
notion of a cocartesian functor over C, and this leads to a (non-full) subcategory

Cart(C) € (Cato)/c.

Definition A.3.3. Let p: E — C be a functor of co-categories. We call p a left fibration if
p 1s a cocartesian fibration and the following equivalent conditions are satisfied:

(a) p is conservative, i.e. a morphism f in E is an isomorphism as soon as p(f) is an
1somorphism in C;

(b) For each X € C, the fiber {X} X¢ E is an anima;

(c) Every morphism in E is cocartesian.

Similarly, p is called a right fibration if p is a cartesian fibration satisfying the equivalent
conditions (a), (b) and

(c’) Every morphism in E is cartesian.

With these definitions at hand, we may now go back to the example of the Grothendieck
construction pr: [ F — C. The morphisms f =1lift(f,e) in [ F considered before are
pr-cocartesian lifts, showing that the functor pp: / F — C is a cocartesian fibration.
The point of the straightening/unstraightening equivalence is to go the other way: given a
cocartesian fibration p: E — C, we wish obtain a functor F),: C — Cat. Let us start by
describing this functor informally:

* On objects, F), sends x € C to the fiber E,;

* Onmorphisms, F), sends amorphism f: x — y to the functor fi: E, — E, determined
as follows: for e € E,, the object fi(e) € E, is the target of a chosen cocartesian lift

e — fi(e) of f.
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Morally speaking, the fact that the objects fi(e) assemble into a functor is because fi(e)
corepresents the functor

Ey — An, e’ — HomE(e,—) XHomC(pe,p(—)) {f}

and is therefore uniquely determined by the Yoneda lemma. However, since the construction
of the Hom functor Hom¢: C°? X C — An relies on straightening/unstraighening, this is
not a formal argument.

Theorem A.3.4 (Straightening/Unstraightening, Lurie [Lur09b]). Let C be an oco-category.

Then there exists an equivalence of co-categories
Stre“ Cocart(C) = Fun(C, Cate,),
which restricts to an equivalence
LFib(C) = Fun(C, An).
Dually, there is an equivalence
Str®" Cart(C) = Fun(C*P, Cat,,)
which restricts to an equivalence

RFib(C) = Fun(C°?, An).

Note that if C is an anima, then every functor E — C is both a cocartesian and a cartesian
fibration. Itis aleft/right fibration if and only if also E is an anima. This gives the following
immediate consequence:

Theorem A.3.5. Let X be an anima. Then there is an equivalence of co-categories

Str: An/x — Fun(X, An).

For more information about cocartesian fibrations and straightening/unstraightening, we
recommend Appendix A.2 of Heyer and Mann [HM?24].

A.4 Presheaf co-categories

Definition A.4.1 (Presheaf category). Let C be an co-category. Its presheaf category is
defined as
PSh(C) := Fun(C®?, An).

Functors F: C°° — An are called presheaves on C.
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Lemma A.4.2. The presheaf category PSh(C) admits all small limits and colimits. The
evaluation functors ev,: PSh(C) — C preserve all small limits and colimits.

Proof. Since An admits all small limits and colimits by Theorem 2.6.38, the same follows
for PSh(C) by Lemma A.2.23. O

Recall that the Hom-functor Hom¢: C°P X C — An may be curried to get the Yoneda
embedding
Y: C — PSh(C), x — Home (—,x),

which is fully faithful by Theorem 2.6.42. The presheaves in the (essential) image of this

functor are called representable presheaves.

Lemma A.4.3. The Yoneda embedding Y : C — PSh(C) preserves all limits that exist in
C.

Proof. LetF: I — Cbeadiagram. We need to show that the canonical map Hom¢ (=, lim; F(i)) —
lim; Hom¢ (—, F (7)) in PSh(C) is an isomorphism. By Theorem 2.6.10 this may be checked
objectwise: we must show that for every object x of C the map

Hom¢ (x,lim; F(i)) — lim; Hom¢ (x, F(i))
is an isomorphism of animae. This is an instance of Theorem 2.6.43. O

While the inclusion of C into PSh(C) preserves all limits, it does not preserve any colimits:
on the contrary, it freely adds colimits to C, in the following sense:

Theorem A.4.4 (Lurie [LurO9b, Theorem 5.1.5.6]). Let C be a small co-category and let
D be a large oco-category admitting all small colimits. Then restriction along the Yoneda
embedding Y : C — PSh(C) induces an equivalence

Y*: Fun®'™(PSh(C), D) = Fun(C, D),

where the left-hand side denotes the full subcategory of colimit-preserving functors PSh(C) —
D. The inverse sends a functor u: C — D to the left Kan extension Y,(u): PSh(C) — D of
ualongy.

More informally, this theorem says that every functor u: C — D admits a unique colimit-
preserving extension Yy(u): PSh(C) — D.

There is a more general version of this theorem, in which we only add some colimits to C
but not necessarily all of them:
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Definition A.4.5. Let K be a collection of small co-categories and let C be a small oco-
category. We denote by
PSh’(C) C PSh(C)

the smallest full subcategory of PSh(C) that contains the representable presheaves and is
closed under /-indexed colimits for all / € K. (For example, PShW(C ) could be taken to be
the intersection of all such subcategories of PSh(C).)

Proposition A.4.6 (Lurie [Lur09b, Proposition 5.3.6.2]). Let K be a collection of small
co-categories. For every small co-category C and every (possibly large) co-category D with
[-indexed colimits for all I € K, restriction along the Yoneda embedding Y : C — PSh’(C)

induces an equivalence
Fung(PSh* (C), D) =5 Fun(C, D),

where the left-hand side denotes the full subcategory of Fun(PSh(K(C ), D) spanned by the
functors F : PShq((C ) — D that preserve I-indexed colimits for all I € K.

A.5 Complete Segal animae

Let C be an oo-category. For every n > 0, we may consider the anima Map([n],C) of
functors [n] — C, which we may think of as ‘strings of n composable morphisms in C,
equipped with choices for their composites’:

For n = 0 we have Map([0],C) = Fun(x,C)~ ~ C~ is just the groupoid core of C;

For n =1, Map([1],C) is the anima of morphisms in C;

For n =2, Map([2],C) is the anima of commutative triangles in C, which by the
Segal axiom, Axiom E, is equivalent to Map([1],C) X¢c=Map([1],C);

* More generally, the ‘higher version’ of the Segal condition implies that there is a
pushout square of the form

[0] —— [1]

I
[n]

—)d"” [n+1]

which expresses that [n+ 1] is ‘glued’ from [n] and the interval {n < n+ 1} along
{n}. By induction we then get that

Map([n]’c) — Map([l],c) Xc= Map([l]’c) Xc= - Xe= Map( [1]’ C)

for all n.



As we will now make precise, these animae Map([n],C) completely determine the oco-
category C.

Definition A.5.1 (Nerve). The nerve of an co-category C is the simplicial anima N(C) : A°®® —
An defined by N(C),, :=Map([n],C), i.e. as the composite

HOmCa 00 (—,C)
A% < Cat®? —s Cat® ——= "%, An.

This construction is functorial in C and thus defines a functor N: Cat,, — sAn.

Lemma A.5.2. The nerve functor admits a left adjoint ac: sAn — Cat,.

Proof. Since Cat,, admits all colimits, Theorem A.4.4 guarantees that the inclusion A —
Cat,, uniquely extends to a colimit-preserving functor ac: sAn = PSh(A) — Cats,. To show
that this is a left adjoint to the nerve functor, we must produce a natural isomorphism

Homgy (ac(X),C) = Homgp, (X, N(C))

for every simplicial anima X and every co-category C. Regarding both sides as functors
sAn°? — Fun(Cats, An), it follows from Theorem 2.6.43 that both are limit-preserving,
hence by another application of Theorem A.4.4 it suffices to construct such a natural
isomorphism after restriction along the Yoneda embedding A®: A < sAn. But in this case
we may use the composite

HomCatm (aC(An)’ C) = HomCatw ( [n] ’ C) = N(C)n = HomSAH(An’ N(C))a
where the last step uses the Yoneda lemma. O

Definition A.5.3. Given a simplicial anima X, we refer to the co-category ac(X) as the

associated category.

Theorem A.5.4 ([JTO7, Section 4], [LurO9a, Corollary 4.3.16], [HS23]). The nerve functor
N: Cato, < Fun(A®", An)

is fully faithful. The essential image consists of the complete Segal animae, i.e. those
simplicial animae X : A°® — An satisfying the following two conditions:

(1) (Segal condition) For everyn > 1, the inclusion maps e;: [1] = {i—1 <i} < [n] induce

an isomorphism of animae

(eT,...,eZ): Xn;)Xl XXOXI XXO"'XXOXI;
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(2) (Completeness/Rezk condition) The anima X of 0-simplices is equivalent to the suban-
ima of X spanned by the invertible I-simplices: the square

Xo —— X3

| |

XoxXXg — X1 XX;

induced by the square
{0<2}u{l <3} —— [3]

|

[0]u[0] ———— [0]

is a pullback square.

Observe that under the assumption of (1) we have X3 =~ X, Xy, X> and the second condition
becomes an alternative formulation of the Rezk axiom, Axiom F.

Notation A.5.5. We write CS(An) C sAn for the full subcategory of complete Segal animae.
The previous theorem thus produces an equivalence

N: Cate, &= sAn :ac.

The counit ac(N(C)) — C of the adjunction is always an equivalence, while the unit
X — N(ac(X)) is an equivalence if and only if X is a complete Segal anima.
A.5.1 Geometric realizations

With the equivalence between co-categories and complete Segal animae at hand, we are now
finally in a position to address the terminology regarding the phrase ‘geometric realization’.
Recall that we have previously used this phrase for two a priori unrelated constructions:

* For an oo-category C, the geometric realization |C| is obtained from C by inverting
all the morphisms in C:

|IC|:=C[W™], W :=Map([1],C);

* For a simplicial anima X : A°’ — An, its geometric realization is its colimit:

|X]| := colim[n]erp X.
The relation between these two notions is explained by Theorem A.5.4:
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Lemma A.5.6. The geometric realization |C| of an oco-category C is naturally equivalent
to the geometric realization |N(C)| of its nerve.

Proof. The colimit-functor is by definition a left adjoint to the constant simplicial anima
functor:
|—|: sAn 2 An :const.

For any anima X, the constant simplicial anima consty : A°’ — Anis acomplete Segal anima
(equivalent to the nerve N (X) of X), and hence this adjunction restricts to an adjunction

|-|: CS(An) 2 An :const.

Under the equivalence Cat,, ~ CS(An) from Theorem A.5.4, the constant functor cor-
responds to the inclusion An — Cat., and by uniqueness of adjoints this implies the
claim. m|
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B Homotopy (co)limits as co-categorical
(co)limits

Recall from Theorem 2.6.38 that there is a functor Il : Top — An which exhibits An as
the localization of Top at the weak homotopy equivalences. It is now natural to ask how the
following two constructions relate to each other:

(1) The notions of homotopy pullbacks and homotopy pushouts of topological spaces, as
introduced in Definitions 1.1.1 and 1.1.4;

(2) The notions of pullbacks and pushouts of animae, using the co-categorical notions of
pushouts and pullbacks introduced in Section 2.6.7.

This question is an instance of a more general question:

Question. Given an co-category C and a collection of morphisms W in C, how do (homo-
topy) limits and colimits in C correspond to limits and colimits in the localization C[W~']?

In this chapter, we state a powerful theorem from Cisinski [Cis19, Chapter 7] that provides
concrete conditions under which pullbacks in the localization C[W~!] can be computed
directly in terms of pullbacks in C. As an application, we will deduce that the localization
functor Il : Top — An sends homotopy pushouts and homotopy pullbacks of spaces to
pushouts and pullbacks of animae, respectively. In Appendix B.5 we will discuss the
stronger notion of homotopy completeness, which we will use in Appendix B.6 to show that
geometric realizations of topological spaces compute A°P-indexed colimits in An.

B.1 Left exact localizations

We start by formulating the main result from Cisinski [Cis19, Chapter 7] that provides us
control over pullbacks in a localization C[W~!].
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Definition B.1.1. Let C be an oco-category with a terminal object %. A collection of
morphisms F C Map([1],C) is called a class of fibrations if the following conditions are
satisfied:

(1) It contains all the isomorphisms;
(2) Itis closed under composition;

(3) Itis closed under base change, in the sense that for all morphisms f: X — Y in F and
v: Y — Y in C, the pullback

Vxy X —25 X
f’l B lf
Y — XY

exists, and the morphism f” is again in F.

A morphism in F is called a fibration. An object X in C is called fibrant if the unique map
X — = 1is a fibration.

Dually, a collection of morphisms [/ is called a class of cofibrations if the corresponding
class I°P in C°P defines a class of fibrations in C°P.

Definition B.1.2. An co-category with weak equivalences and fibrationsis atriple (C,W, F),
where C is an co-category with a terminal object, and W and F are collections of morphisms
satisfying the following conditions:

(1) The class W satisfies the 2-out-of-3 property: for morphisms f: X > Y andg: Y —» Z
in C, if two of the morphisms f, g, g f are in W, then so is the third.

(2) The class F is a class of fibrations;

(3) For any pullback square in C of the form

X L5 X
Ll
Yy —L sy

in which p is a fibration between fibrant objects, and Y’ is fibrant, if p belongs to W
then so does p’.

(4) For any morphism f: X — Y in C with fibrant codomain, there exists a morphism
w: X — X’ in W and a fibration p: X’ — Y such that f is a composite of p and w.
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The morphisms in W will be called the weak equivalences. Morphisms in C that are both
weak equivalences and fibrations will be called trivial fibrations.

We similarly get a notion of an co-category with weak equivalences and cofibrations by
dualizing.

Example B.1.3. Let C be an co-category that admits a terminal object and admits all
pullbacks. Then we may turn C into an co-category with weak equivalences and fibrations
by taking W = Iso(C) to consist only the isomorphisms and F = Map([1],C) to consist of
all morphisms in C.

Definition B.1.4. Let C and D be co-categories with weak equivalences and fibrations. A
functor F': C — D is called left exact if the following conditions are satisfied:

(1) The functor F preserves terminal objects;

(2) The functor F sens fibrations between fibrant objects to fibrations, and sends trivial
fibrations between fibrant objects to trivial fibrations;

(3) For any pullback square in C of the form

X — X
Tl
Y —>Y

in which p is a fibration and Y and Y’ are fibrant, the square

F(X) =% F(X)

|
F (p’)l lF (p)

F(Y) = F(Y)

is a pullback square in D.

If C and D are co-categories with weak equivalences and cofibrations, we say F: C — D
is right exact if F°P?: C°P? — DP is left exact.

We will state without proof the following theorem:

Theorem B.1.5 (Cisinski [Cis19, Theorem 7.5.18]). Let C be an oco-category with weak
equivalences and fibrations.

(1) The localization C[W™'] has pullbacks and a terminal object, and the localization
functory: C — C[W™] is left exact.
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(2) For any oo-category D with a terminal object and pullbacks, and for any left exact
functor F: C — D, the induced functor F: C[W™'] — D is left exact.

Corollary B.1.6. Let C be an co-category with weak equivalences and cofibrations. Then
the localization C{W~"] has pushouts and an initial object, and the localization functor
y: C — C[W™!] is right exact.

Proof. We apply Theorem B.1.5 to C°P. O

Our main interest for this theorem is in the case of the localization functor Il : Top — An
from Theorem 2.6.38. Below we will see that it preserves both homotopy pushouts and
homotopy pullbacks of spaces.

Remark B.1.7 (Model categories). Before the framework of co-categories was developed
and gained popularity, the most common framework for working with homotopical objects
was that of model categories, introduced by Quillen [Qui67]. A model category is a
category C equipped with three classes of morphisms, denoted W, F and I, and referred to
as weak equivalences, fibrations and cofibrations, respectively, which are required to satisfy
a variety of axioms which we won’t recall here. For us, only the following two facts are
relevant:

* The triple (C,W, F) is a category with weak equivalences and fibrations;

* Dually, the triple (C,W,I) is a category with weak equivalences and cofibrations.

We may think of a model category C as providing a ‘model’ for the co-categorical localiza-
tion C[W~!] (and indeed this is essentially why Quillen chose the term). The presence of the
fibrations and cofibrations is explained by Theorem B.1.5: it gives us a means to compute
the ‘homotopically correct’” pullbacks and pushouts (i.e. the pullbacks and pushouts in the
co-category C[W~!]) in terms of the ‘strict’ pullbacks and pushouts in the category C.

Functorial factorizations and functor categories

Let C be an co-category with weak equivalences and fibrations. For an indexing co-category
J, it is not necessarily the case that the functor category Fun(J, C) inherits the structure
of an co-category with weak equivalences and fibrations by taking the pointwise weak
equivalences and fibrations: the factorization property may no longer be satisfied. This
problem disappears if we demand the following slightly stronger condition on C:
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Definition B.1.8 (Functorial factorization). Let C be an co-category with weak equivalences
and fibrations. We say that C has functorial factorizations if there exists a functor

(w,p): Fun([1],C) — Fun([2],C) = Fun([1],C) X¢ Fun([1],C)

(f: X 1) e x 27 2y,

where for each morphism f we have that w( f) is a weak equivalence and p(f) is a fibration.

Lemma B.1.9. Assume that C has functorial factorizations. Then for every oo-category
J, the functor category Fun(J,C) becomes an oo-category with weak equivalences and
fibrations, in which a morphism f: X — Y in Fun(J,C) is a weak equivalence (resp. a
fibration) if and only if the morphism f(j): X(j) — Y(J) is a weak equivalence (resp.
fibration) in C.

Proof. Conditions (1)-(3) are easy to verify since limits in Fun(J/, C) are computed point-
wise, see Lemma A.2.23. For condition (4) we note that the functorial factorization for C
immediately produces a functorial factorization for Fun(J, C) by currying/uncurrying:

Fun([1],Fun(J,C)) ~Fun(J,Fun([1],C)) M Fun(J,Fun([2],C)) ~Fun([2],Fun(J,C)).

O

B.2 Homotopy pushouts of spaces

We will now apply Theorem B.1.5 to relate homotopy pushouts of spaces to pushouts of
animae. In doing so, we will equip the category Top with a structure of a category with
weak equivalences and cofibrations in three different ways:

* (Hurewicz) Using homotopy equivalences and h-cofibrations;
* (Quillen) Using weak homotopy equivalences and relative cell complexes;

* (Mixed) Using weak homotopy equivalences and m-cofibrations. To do.

The mixed structure is the one that best fits with our discussion of homotopy pushouts
from Chapter 1: its cofibrant objects are precisely the topological spaces that are homotopy
equivalent to CW-complexes, i.e., the ‘spaces’ from Convention 1.2.3.

B.2.1 The Hurewicz cofibration structure

We start with the most well-known cofibration structure in Top. Since the weak equivalences
are the actual homotopy equivalences, we will ultimately not be very interested in this
cofibration structure.
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Definition B.2.1. Leti: A — X be a continuous map of topological spaces. We say that i
is a Hurewicz cofibration, or h-cofibration for short, if it satisfies the homotopy extension
property: for every solid commutative diagram of the form

A 4 ylo.1]

kdt
l‘\L h/ e 7 \LGVO

X /—f> Yy
there exists a dashed lift # making the diagram commute.

Lemma B.2.2. Consider the category Top of topological spaces, let I denote the collection
of h-cofibrations and let W denote the collection of homotopy equivalences. Then the triple
(Top,W, 1) is an co-category with weak equivalences and cofibrations. It has functorial

factorizations.

Proof. We check the four criteria (1)-(4):
(1) It is clear that homotopy equivalences satisfy the 2-out-of-3 property.

(2) Note that all homeomorphisms are h-cofibrations, and that h-cofibrations are closed
under composition. Also note that pushouts of h-cofibrations are again h-cofibrations. In
particular, the h-cofibrations form a class of cofibrations in Top.

(4) Every continuous map f: X — Y factors through its mapping cylinder:

2 (1.0) (x,t):f (%)

X 50 M(f) == (XX [0,1]) X1y ¥ ——— Y,

were the first map is an h-cofibration and the second is a homotopy equivalence. Note that
this construction is functorial in f.

(3) Consider a pushout square of the form

A—L s

U

X 25 x,

where i is both an h-cofibration and a homotopy equivalence, with homotopy inverse
r: X — A. Using the homotopy extension property for i, we may assume that ri =idy
and that we are given a homotopy H: ir ~ idxy whose restriction to A is the constant
homotopy. We then define the map r’: X" — A’ as the unique map satisfying r’ og = for
and r’ oi’ =idy/; his is well-defined since on A we have foroi= foidy = f. We claim ' is
a homotopy inverse to i’. To this end, we construct a homotopy H”: X’ x [0,1] — X’ as the
map satisfying H' o (g Xid[o,1]) =g o H and H’ o (i’ Xid[o,1}) = i’ o pr,; this is well-defined
using the assumption on H. O
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B.2.2 The Quillen cofibration structure

A more relevant cofibration structure is the one corresponding to the Quillen model structure
on Top.

Definition B.2.3. A continuous mapi: A — X is called a relative cell complex if X can be
built from A by iteratively attaching cells: there exists an ordinal number A and a sequence
of spaces (X, )a<a such that

Xo=A;

X=X,

* For each a < A the space X, is formed from X, by attaching n-cells for some fixed
n>0:
Llier, "' —— Xa

L

uiel(l D" — Xa/+1-

For limit ordinals § < A, Xp is the colimit of the sequence X, for @ < g.

A topological space X is called a cell complex if the inclusion ) — X is a relative cell
complex.

Remark B.2.4. Cell complexes are more general than CW-complexes, since the cells do not
need to be attached in order of increasing dimension. That being said, every cell complex
is homotopy equivalent to a CW-complex: by cellular approximation, we may push the
attaching maps for the n-dimensional cells into the (n — 1)-skeleton.

Exercise B.2.5 (Pushout-product lemma). Leti: A < X and j: B — Y be relative cell
complexes. Show that the induced map

A><Y|_|X><Br—>X><Y
AXB

is again a relative cell complex. Hint: reduce to the case where both i and j are inclusions

§"=1 s D" for some n.

Lemma B.2.6. Consider the category Top of topological spaces, let I denote the collection
of relative cell complexes, and let W denote the collection of weak homotopy equivalences.
Then the triple (Top,W,I) is an co-category with weak equivalences and cofibrations. It

has functorial factorizations.
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Proof. Again it is clear that weak homotopy equivalences satisfy 2-out-of-3 and that the
relative cell complexes form a class of cofibrations. The factorization of amap f: X =Y
into a relative cell complex and a weak homotopy equivalence proceeds via a construction
known as the relative CW-approximation of Y with respect to X, in which one iteratively
adds cells to X to make its homotopy groups look more and more like those of Y. This
construction can be made functorial in f, see for example [Hirl5] for a detailed proof.
(There is in fact a much more general machinery for producing functorial factorizations,
known as the ‘small object argument’, see for example Hovey [Hov99, Section 2.1].) Finally,
the trivial cofibrations are closed under pushouts: every trivial cofibration is a retract of a
map obtained just as in Definition B.2.3 but with the inclusion §"~! < D" replaced by the
inclusion D" x {0} < D" x [0, 1]. Since such maps are closed under pushouts and are all
weak homotopy equivalences, this finishes the proof. O

Corollary B.2.7. Let Cell C Top denote the full subcategory spanned by the cell complexes.
Then the localization functor Tl (=) : Cell = An preserves all pushouts of the form

A%A’

Lok

x 5 x,
where i is a relative cell complex and A and A’ are cell complexes.

Proof. In light of Lemma B.2.6 this is a special case of Theorem B.1.5. O

As our main corollary, we may now deduce that homotopy pushouts of spaces, as defined in
Definition 1.1.4, do indeed correspond to pushouts in An. (Recall our convention regarding
the word ‘space’ from Convention 1.2.3).

Proposition B.2.8. The functor Il (—): Top — An sends homotopy pushouts of spaces to
pushouts of animae.

Proof. Consider continuous maps f: Z — X and g: Z — Y. We need to show that com-
mutative square of animae

Neo(Z) — M (Y)

l |

Moo (X) — Maoo(XULY)

is a pushout square. By (relative) CW-approximation, we may find CW-complexes Z’, X’
and Y’ with weak homotopy equivalences Z’ — Z, X’ — X and Y’ — Y and relative cell
complexes f': Z' — X’ and g’: Z’ — Y’ that make the obvious squares commute. Since
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Z, X and Y are homotopy equivalent to CW-complexes by assumption, it follows from
Whitehead’s theorem, Theorem 1.2.2, that these three weak homotopy equivalences are
actual homotopy equivalences, and in particular the induced map X’ I_@, Y - X I_I’Z’ Y is also
a homotopy equivalence by Exercise 1.2.5. Since Il (—) inverts homotopy equivalences,
we may assume that the three spaces involved are CW-complexes and that f and g are
relative cell complexes.

The claim now follows from Corollary B.2.7: since the inclusion Z <— M (f) is again a
relative cell complex (see Exercise B.2.9), the pushout square

Z ——— Y

[

M(f) — Xuby
in Cell is sent under the localization functor Il : Cell = An to a pushout square. O

Exercise B.2.9. Let f: Z < X be a relative cell complex. Show that the inclusion Z <
M (f) is again a relative cell complex.

Corollary B.2.10. The funcor Il (=) : Cell, — An, sends the suspension X(X) of a pointed
cell complex (Example 1.1.8) to the suspension X(I1s (X)) of its underlying anima (Defini-
tion 3.2.3). O

Corollary B.2.11. The functor I1(—): Cell, — An, sends the topological n-sphere S" C
R"™! to the homotopical n-sphere S™ = X" (% LI ).

B.3 Homotopy pullbacks of spaces
We now move to a discussion of homotopy pullbacks of spaces, and show that these are
sent to pullbacks of animae under the localization functor I1.(-): Top — An.

Definition B.3.1. Let p: E — B be a continuous map of topological spaces. We say that p
1s a Serre fibration if it satisfies the homotopy lifting property with respect to all disks: for
every n > 0 and every solid commutative diagram of the form

D"x{O}%E

H //>(
i\E // p
7
-

D"x[0,1] -3 B.

We will prove below that the triple (Top, weak homotopy equivalences, Serre fibrations)
defines a category with weak equivalences and fibrations, in the sense of Definition B.1.2.
Let us start by recalling some standard facts about Serre fibrations:
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Theorem B.3.2 (Locality for Serre fibrations, Dieck [Die08, Theorem 6.3.3]). Let p: E —
B be a continuous map, and assume that there exists an open cover {U,};cj such that the
restriction ply,: p~'(U;) — U; is a Serre fibration for each i € I. Then p is itself a Serre
fibration.

In particular, locally trivial fiber bundles are Serre fibrations.

Theorem B.3.3 (Switzer [Swi75, Theorem 2.59]). Let p: E — B be a Serre fibration and
consider a point e € E with image b := p(e). Define the fiber F}, as the following pullback
of topological spaces:

Fp c#) E

Lo

pt <t B
Then there is a long exact sequence of homotopy groups of the form

_)7TI’L+1(B’b) _)ﬂn(Fbae) l_*)n-n(E’e) ﬁ>ﬂ-n(B’b) _)T[n_l(Fb,e) — ...

Corollary B.3.4. A Serre fibration p: E — B is a weak homotopy equivalence if and only
if all the fiber F, is weakly contractible for every b € B.

Proof. By working separately over each path component of B, we may assume that B is
path-connected. Picking a preferred base point of by of B, it then suffices to show that p is
a weak homotopy equivalence if and only if the fiber F := F},; is weakly contractible. This
follows immediately from the long exact sequence from Theorem B.3.3. O

Lemma B.3.5. Let f: E — B be a continuous map. Define the mapping path space P(f)

of f as
P(f):={(e,y) e ExB®!| f(e) =¥(0)}.

Then the projection p: P(f) — B given by (e,y) + (1) is a Serre fibration.
Proof. Consider a solid commutative diagram of the form

D"x {0} —— P(f)

i " T l
i e )4
//

D"x[0,1] —2— B.
We may define the dashed map H as H(x,s) := (e(x), K (x,s,—)), where

* The map e: D" — E is the first component of g;
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* The map K: D" x [0,1] X [0,1] — Y is a continuous map satisfying the following
three constraints:

— To guarantee that H(x, s) € P(f) we need K (x,5,0) = f(e(x));

— To guarantee commutativity of the top triangle, we need K(x,0,7) =y (x)(1),
where y(x) is the second component of g(x);

— To guarantee commutativity of the top triangle, we need K (x,s,1) = H(x,s).

Such a continous map exists, since the inclusion [0,1] X {0,1} U {0} x [0,1] —
[0,1] x [0, 1] has a continuous retract. O

Proposition B.3.6. Consider the category Top of topological spaces, let F denote the
collection of Serre fibrations and let W denote the collection of weak homotopy equivalences.
Then the triple (Top,W,F) is a category with weak equivalences and fibrations. It has
functorial factorizations.

Proof. 1t is clear that the weak homotopy equivalences satisfy 2-out-of-3, and it is also
straightforward to check that Serre fibrations are closed under pullbacks and composition
and contain all homeomorphisms. This gives conditions (1) and (2) from Definition B.1.2.

To see condition (3), consider a pullback square

Lk
p/l J lp
B —38B
of topological spaces, where p is both a Serre fibration and a weak homotopy equivalence.
We need to show that also p’ is a weak homotopy equivalence. By Corollary B.3.4, it
suffices to show that for every point b” € B’ the fiber F}, := p’~1(b’) is weakly contractible.

But since p’ is a pullback of p, this fiber is homeomorphic to the fiber Fj, = p~!(b), which
in turn is weakly contractible by Corollary B.3.4.

Finally, for condition (4), let f: E — B be a continuous map. We may then consider the
mapping path space P(f), defined as
P(f) =E% %, B,
The map f then factors as
ESP(f) 5B,

where i maps e to (e, consty(.)). The first map is a homotopy equivalence, hence in particular
a weak homotopy equivalence, and the second map is a Serre fibration by Lemma B.3.5.
This finishes the proof. O
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Corollary B.3.7. The localization functor Il (—) : Top — An preserves all pullbacks along
Serre fibrations.

Proof. In light of Proposition B.3.6 this is an instance of Theorem B.1.5. O

We are now ready to prove our main application concerning homotopy pullbacks of topo-
logical spaces:

Proposition B.3.8. The localization functor I (—) : Top — An sends homotopy pullbacks
of topological spaces to pullbacks of animae.

Proof. Consider continuous maps f: X — Z and g: Y — Z, and consider the pullback
square

Xxhy — P(f)
-
| I
Yy ;) 7
defining X xg Y. The path fibration p is a Serre fibration by Lemma B.3.5, hence this square
is sent to a pullback square in An by Corollary B.3.7. This finishes the proof. O

B.4 Homotopy pushouts and pullbacks of chain complexes

TO BE WRITTEN.

B.5 Homotopy completeness

In the previous subsections, we have discussed the interaction of localizations with pushouts
and pullbacks. In this section, we will extend this discussion to arbitrary limits and colimits,
following Cisinski [Cis19, Section 7.7]

Definition B.5.1. Let C be an co-category with weak equivalences and fibrations. We say
that C is homotopy complete if the following two conditions are satisfied:

(1) The product IT;c; X; of any small collection of fibrant objects (X;);e; exists in C and is
again fibrant;

(2) Given a small collection (f;: X; — Y;) of morphisms between fibrant objects, if each f;
is a fibration (resp. trivial fibration), then also [[; f; is a fibration (resp. trivial fibration).
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A functor between homotopy complete co-categories with weak equivalences and fibrations
is called homotopy continuous if it is left exact and preserves small products of fibrant
objects.

Dually, we say an oo-category with weak equivalences and cofibrations C is homotopy
cocomplete if C°P is homotopy complete; we obtain the analogous notion of a homotopy
cocontinuous functor.

Example B.5.2. Consider the category C = Top.

* Top is homotopy complete with respect to the weak homotopy equivalences and Serre
fibrations from Proposition B.3.6;

* Top is homotopy cocomplete with respect to the homotopy equivalences and cofibra-
tions from Lemma B.2.2;

* Top is homotopy cocomplete with respect to the weak homotopy equivalences and
relative cell complexes from Lemma B.2.6.

Theorem B.5.3 (Cisinski [Cis19, Proposition 7.7.4, Theorem 7.7.6]). Let C be a homotopy
complete co-category with weak equivalences and fibrations.

(1) The localization L(C) has small limits, and the localization functor y: C — L(C) is

homotopy continuous,

(2) If all objects of C are fibrant, then L(C) is in fact universal with this property: for any
co-category E with small limits, the functor y induces an equivalence of co-categories

y*: Fun,(L(C),E) = Fun,.(C,E),

where Funy,,.(—, —) denotes the full subcategory of Fun(—, —) spanned by the homotopy
continuous functors, while Fun,(—,—) denotes the full subcategory spanned by the

limit-preserving functors.

(3) Given a homotopy continuous functor F: C — D, the induced functor L(f): L(C) —

L(D) preserves small limits;

Homotopy completeness is also useful for understanding the interaction between local-
ization and the formation of functor categories. Recall from Lemma B.1.9 when C has
functorial factorizations, the functor category Fun(/,C) can be equipped with the point-
wise weak equivalences and fibrations for every co-category /. The following result relates
the localization of Fun(/, C) with the functor category Fun(/, L(C)):
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Theorem B.5.4 (Cisinski [Cis19, Theorem 7.9.8]). Let C be a homotopy complete oo-
category with weak equivalences and fibrations. Assume that C has functorial factor-
izations, and assume that a morphism in C is a weak equivalence if and only if it be-
comes an isomorphism in L(C). Then for every small ordinary category I, the functor
v.: Fun(I,C) — Fun(l,L(C)) exhibits its target as a localization of its source at the

pointwise weak equivalences, i.e. it induces an

L(Fun(1,C)) = Fun(/,L(C)).

B.6 Application 3: Geometric realizations

As an application of the previous discussion of homotopy (co)completeness, we will now
show that the geometric realization |X| of a simplicial topological space X: A°? — Top
provides a concrete model for the co-categorical colimit of the composite [T, 0 X : A°P — An:

Mo (| X]) = colim[n]erp Mo (X,).

(Because of this, the colimit functor colimer: Fun(A°, An) — An is usually denoted by
|| as well and is also referred to as ‘geometric realization’.)

I want to explain Denis-Charles Cisinski for explaining the proof strategy to me.

Let us start by recalling the definition of | X|:

Definition B.6.1. Let X: A°® — Top be a simplicial topological space. We define the
geometric realization of X as the quotient space

x| =

|_| X, X |A”|) /~ € Top,

n>0

where |A"| = {(y;) € [0,1]™" | 3, y; = 1} is the topological n-simplex from Example 2.5.10
and where the equivalence relation is generated by (¢*(x),y) ~ (x, |A?|(y)) forall ¢: [n] —
[m], x € X;, and y € |A"|. In other words, | X| is the following coequalizer in Top:

IX| := coeq |_| X, x|AY =3 |_|x,,><|A"|.

¢: [n]—[m] n>0

This construction is functorial in X, and so defines a functor
|—|: sTop — Top.

Exercise B.6.2. Explicitly describe the resulting ‘gluing relation’ (¢*(x),y) ~ (x,|A%|(y))
in the following two special cases:

241



e When¢p=d;: [n—1] — [n];

e When ¢ =s;: [n+1] —» [n].

The essential feature of the geometric realization functor |—|: sTop — Top is that it is
homotopy cocontinuous, at least when we restrict it to a suitable subcategory of sTop
spanned by the ‘Reedy cofibrant’ simplicial spaces:

Definition B.6.3 (Reedy cofibrations). Let X : A°? — Top be a simplicial topological space.
For n > 0, we define the n-th latching object L,X as the union

n—1

L,X = U Si(Xn—l) c X
i=0

of all the degenerate n-simplices of X (hence LoX = 0). We say that X is Reedy cofibrant
if the inclusion L, X — X, is a relative cell complex for every n. More generally, we say
that a morphism f: X — Y of simplicial topological spaces is a Reedy cofibration if the
induced map
X, |_| LY < Y,
L.X

is a relative cell complex for every n.

We let
sTopRedY C sTop

denote the full subcategory spanned by the Reedy cofibrant simplicial topological spaces.

Theorem B.6.4 (Hovey [Hov99, Theorem 5.2.5], Cisinski [Cis19, Theorem 7.4.20]). The
category sTop of simplicial topological spaces becomes a category with weak equivalences
and cofibrations, where:

® The weak equivalences are the pointwise weak homotopy equivalences;

® The cofibrations are the Reedy cofibrations.

The following result contains the essential features of the geometric realization functor that
allow us to relate it to co-categorical colimits:

Proposition B.6.5. The functor || : sTopR®¥ — Top is homotopy cocontinuous.

Proof. Ttis clear that || preserves small coproducts: if X = | |;c; X, then we get X,, X |A"| =
| l;c; (X)), x |A”| for all n, and the relations that are being quotiented out all respect the
disjoint components. It thus remains to show that |—| is right exact.
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We will now show that if f: X — Y is a Reedy cofibration, then |f|: |X| — |Y] is a
relative cell complex. We proceed by constructing a filtration of | | and showing that each
successive map in the filtration is a cell attachment.

For n > —1, let sk,|X| denote the image of | |, Xk X |AK| = |X| under the quotient map
(so that sk_ | X| = @). This gives filtrations of | X| and |Y|, and | f| preserves these filtrations.
We claim that for each n > 0, the induced map

skal X || skama Y] sk, 1Y
Skn—llxl

is a relative cell complex. Since f may be written as the transfinite composite
| X1 =1X[Usk_, x| 8k=1]Y | = [ X|Uskg x| sko|Y | = [ X[ Ugkyx sk [Y] = -+ = [ X[ Uy [Y]= Y],

this implies that also | f]| is a relative cell complex. To prove the claim, observe that the
n-skeleton of | X| is obtained from the (n — 1)-skeleton via the following pushout:

Ly X X|A"| L1, xxa1an Xn X O|A"] —— skp_1]X]

l o

X, X |A"] > sky| X|.

Using the analogous expression for the map sk, _|Y| — sk,|Y|, it will thus suffice to show
that the inclusion

(X, |_|LnY)><|A”| |_| Y, X 0|A"| — Y, X |A"|
L,X (Xn Ulpox La¥)x01A"|

is a relative cell complex. Since f is a Reedy cofibration, the map X, | |, x L,Y — Y, is
a relative cell complex. Moreover, the inclusion 0|A”"| < |A"| is a cell attachment. The
claim thus follows from the pushout-product lemma, Exercise B.2.5.

If f: X — Y is a Reedby cofibration such that each map f,,: X, — Y,, is a weak homotopy
equivalence, then one may deduce that each map X, [ |, x L,Y < Y, is a trivial
cofibration, and arguing as before it follows that | f| is a transfinite composition of trivial
cofibrations and hence itself a trivial cofibration.

It remains to show that |—|: sTopR®® — Top preserves pushouts along Reedy cofibrations.
But an easy skeletal induction argument shows that in fact |—|: sTop — Top preserves all
pushouts. This finishes the proof. O

Using this result, we may now prove the main result of this section:
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Proposition B.6.6. Geometric realizations of Reedy-cofibrant simplicial topological spaces
compute A°P-indexed colimits in An: there is a commutative square of the form

sTopReedy l} Top

(nx»l lnm

SAn An.

colim A©P

Proof. As aspecial case of Theorem B.5.4, we see that the functor (IT.), : sTopR®% — sAn
exhibits sAn as the localization of the category sTopR®® at the pointwise weak homotopy
equivalences. It then follows from Theorem B.5.3 that the two vertical functors are homo-
topy cocontinuous. The top functor is homotopy cocontinuous by the previous proposition,
and the bottom functor preserves small colimits hence is also homotopy cocontinuous.
To show that the two composites are naturally isomorphic, it thus suffices by part (3) of
Theorem B.5.3 to show that their induced functors sAn — An are naturally isomorphic.

Since both these functors preserve small colimits, it follows from Theorem A.4.4 that both
of these functors are the left Kan extension of their restriction along the Yoneda embedding
Y: A < sAn. It thus suffices to show that these two restrictions are naturally isomorphic.
Indeed, we claim that in both cases the canonical transformation to the constant functor
const,: A — An is a natural isomorphism:

* The composite

[n]—A" [ Moo (-)
A —— sSet < sTop — Top —> An

sends [n] to 1 (]A"]), which is contractible.

* The composite

colimop
AL san A7 A

sends [n] to colimyer Y ([n]). This is contractible: for any other anima X we have
natural equivalences

) 2.6.42
Homap(colimper Y ([1]), X) = HomFun(A"" An)(Y[n],constx) ~" consty([n])
= X =~ Homan (*, X),

hence we get colimper ¥ ([1]) ~ * by the Yoneda lemma.

This finishes the proof. O
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Exercise sheets

Exercise sheet 1

Exercise 1.1. Consider continuousmaps f: X — Zandg: Y — Z, and let T be a topological
space. Make precise the bijection between the set of continuous maps 7' — X xg Y and
the set of triples (tx,ty,H) withtx: T — X, ty: T — Y and H: T x [0,1] — Z satisfying
Hy= fotx and H| = g oty, i.e. the set of homotopy commutative diagrams

Formulate and prove the dual analogue for homotopy pushouts.

Exercise 1.2. Consider a diagram of topological spaces

x Lz E oy
Lok

’ f/ ’ g’ ’
X L5z <y

which commutes up to homotopy, in the sense that we are given homotopies H: yo f ~ f o«
and K: yog ~g’'op.

 Construct a map a X, 8: X xg Y - X’ xg, Y’. (This map will depend on the choices
of homotopies H and K, though this is not reflected in our notation.)

* Given a second diagram of topological spaces

X’ > 7' 4 Y’

"

X// f// ) Z// { g” Y//
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which commutes up to homotopy, with homotopies H': y’ o f’ ~ f” oa’ and K’: y’o
g’ ~ g” o, show that the pasted diagram

7

X > 7 4
a/’oal Y oy \Lﬁ/oﬂ
X f \ Z// Ve

again commutes up to homotopy.
* Show that there is a homotopy between (a’ X, ') o (@ Xy ) and (@’ o) X0y (B’ 0 B).

» Show that a X, B is a homotopy equivalence whenever a, § and y are homotopy
equivalences.

Exercise 1.3. Formulate and prove the analogous statement for homotopy pushouts.

Recall that we call a topological space a space if it is homotopy equivalent to a CW-complex.

Exercise 1.4. Show thatif f: Z — X and g: Z — Y are maps of spaces, then the homotopy
pushout X ug Y is again a space.

Hint: use Exercise 1.3 and the cellular approximation theorem.

Exercise 1.5 (Bonus exercise). Using the theorem by Milnor stated below, show that for
maps of spaces f: X — Z and g: Y — Z the homotopy pullback X xg Y is again a space.

Theorem (Milnor). Let X and Y be CW-complexes, and let A;,A> € X and By,B, CY be
subcomplexes. Let Map((X,A1,A»), (Y, By, B>)) be the subspace of Map(X,Y) (equipped
with the open-compact topology) consisting of those continuous maps f: X — Y satisfying
f(A1) CBjand f(A) C By). If Xisafinite CW-complex, then Map((X,A1,A»), (Y, B1,B3))
1s homotopy-equivalent to a CW-complex.

Exercise sheet 2

Exercise 2.1 (Mapping telescope as homotopy pushout). Recall that the mapping telescope

of a sequence

of pointed spaces is defined as

hocolim,, Z,,

\/Z Aln,n+1] )/~,
neN

where the equivalence relation ~ is given by (x,,n+1) ~ (f(x,),n+1).
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(1) For a space T, show that a map ¢: hocolim, Z, — T corresponds to a family of pointed
maps t,: Z, — T together with pointed homotopies H,: t, ~ t,+1 © fy.

(2) Let ¢': hocolim, Z, — T be another such map, corresponding to the family (,, H}).
Show that a homotopy ¢ ~ ¢’ corresponds to a family of homotopies K}, : t, ~ #, together
with a homotopy of homotopies Z, X [0,1] X [0,1] — T which restricts to H, and H),
on Z, x [0,1] x{0,1} and to K,, and K,,,1 o (f,, Xid[o,1]) on Z, x{0,1} x [0, 1].

(3) Define Z as the following homotopy pushout:

\/nzO Zy — \/kzO Lok

l |

Vis0Zoks1 — Z.

Here the top horizontal map uses the identity maps id: Z, — Zy; for n = 2k even, and
the map for+1: Zok+1Z2k+2 for n =2k +1 odd. The left vertical map uses the identity
maps id: Z, — Zoi41 forn =2k +1 odd, an the map foi: Zox — Zrk+1 for n =2k even.

Show that one can describe maps ¢: Z — T with the same data as in (1). Show that one
describe homotopies between maps ¢,t": Z — T with the same data as in (2).

(4) Conclude that there is a homotopy equivalence Z ~ hocolim,, Z,.

Exercise 2.2 (Pasting law for homotopy pushout squares). Consider a homotopy commu-
tative diagram

x—J1sy_%4y7
N L

wxl/ﬁz/lwz

X’ — Y’ — 7.
S 8

(1) Use the universal properties of the homotopy pushouts to construct maps
Zupyutx)y—-zukx’ and  ZULX - ZzZUl(YURX)
and show that they are (homotopy) inverse to each other.

(2) Assume that the left square is a homotopy pushout square (i.e. the map Y ué‘( X' =Y
induced by the universal property of Y |_|’;( X’ is a homotopy equivalence.) Show that the
right square is a homotopy pushout square if and only if the outer composite rectangle
is a homotopy pushout square.

Hint: Usepart (1), and use Exercise 1.3 from last sheet to obtain a homotopy equivalence
Zur(yuh x) =zuty
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(3) Formulate the pasting law for homotopy pullback squares by dualizing the statement in
(2). Give a brief proof sketch by indicating how to dualize parts (1) and (2).

Exercise 2.3 (Puppe sequence). Consider a cofiber sequence

X>Y—>Z
of pointed spaces.

(1) Using Exercise 2.2', show that the (reduced?) cofiber of g is homotopy equivalent to
zX.

(2) Show similarly that the cofiber of the resulting map Z — XX is homotopy equivalent
to Y.

(3) Explain how to obtain from this the Puppe sequence

> >
xLySzosx sy Bsz 55t o

in which every pair of composable maps that appear form a cofiber sequence.

(4) Deduce that every cohomology theory E*, as defined in the lecture, gives rise to a long
exact sequence of the form

En I(Y) —)En l(X) —)En(Z) En(Y) —>En(X) —>En+](Z) —>En+l(Y)

for every cofiber sequence X L vSz.

Exercise 2.4 (Eilenberg-MacLane spectra). By Brown representability, reduced singular
cohomology H *(—;A) with coefficients in an abelian group A is represented by some
spectrum E. Show that E is the Eilenberg-MacLane spectrum HA (up to homotopy
equivalence).

Exercise 2.5 (Mayer-Vietoris sequence). Consider a homotopy pushout square of pointed
spaces

@)
B

~

i

oo
>

S
o

J

IStrictly speaking it is the version of Exercise 2.2 for reduced homotopy pushouts, i.e. for homotopy
pushouts of pointed spaces. The proof is the same as that for Exercise 2.2 and you may simply use it in
Exercise 2.3.

2From now on, all cofibers of pointed maps are understood to be reduced cofibers.
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(1) Show that the cofiber of the map (i,j): AV B — X is homotopy equivalent to X(C).
Hint: you may use the Fact below.

(2) Show similarly that the cofiber of the resulting map X — X(C) is homotopy equivalent
to ZAVZB.

(3) Conclude that for a functor F: hS,;® — Ab satisfying both the Wedge axiom and the
Mayer-Vietoris property, we obtain a long exact sequence

5 FEX) ZE psayx FEB) S psey S roo 2 FayxpB) <25 Fo).

Fact. Consider a homotopy commutative diagram

&
Cﬁ

=

/
a7

-

meaning that all six faces commute up to given homotopy and that there is a homotopy of
homotopies between the two induced homotopies i’ o foo k ~ j' o fj ol of maps X, — Y.

Then passing to horizontal cofibers induces a homotopy commutative square

C(f) — C(fo)

| |

C(fi) — C(f).

If the left and right vertical face of the original cube are both homotopy pushout squares,
then the induced square on homotopy cofibers is also a homotopy pushout square.

While one can prove this fact by hand, it will be an easy consequence of the general theory
of colimits in co-categories, hence we will postpone its proof.

Exercise 2.6 (Bonus exercise). Convince yourself that the Fact is true.
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Exercise sheet 3

Exercise 3.1 (Yoneda lemma). Let C be an ordinary category and consider an object X of
C. Consider the functor

yx: C — Set, Y — Hom¢ (Y, X).

For any other functor F': C°? — Set, show that evaluation at the identity idy € Homg (X, X) =
yx (X) induces a bijection
Nat(yx,F) — F(X),

where the left-hand side denotes the set of natural transformations yy — F.

Conclude from this that for two pointed spaces X and Y, any natural transformation
[-,X]. — [-,Y]. of functors hS;® — Set is given by postcomposition with a pointed
map f: X — Y, and that this condition uniquely determines f up to homotopy.

Exercise 3.2. Let C and D be co-categories. Show thata functor f: C — D is anequivalence
if and only if it admits both a section (i.e. a functor g: D — C such that idp = fg) and
a retraction (i.e. a functor h: D — C such that id¢ = hf), and that in this case there is a
natural isomorphism g = h.

Conclude that an inverse to f is unique up to isomorphism if it exists.

Exercise 3.3. Show that if f: C — D and f’: D — E are equivalences with inverses
g: D — Candg': E— D, then also the composite f'f: C — E is an equivalence with
inverse gg’: E — C.

Exercise 3.4. Show that equivalences of co-categories satisfy the 2-out-of-6 property: given
functors f: C - D, g: D — E and h: E — F such that g f and hg are equivalences, also
the functors f, g, h and hg f are equivalences.

Exercise 3.5. Construct for every morphism f: x — y commutative triangles in C of the
X y
idy‘ Yz and 7 \MV
X ﬁ y by #) y.

Exercise 3.6 (Bonus exercise). Show that products of co-categories are associative: given

form

oo-categories C, D and E, produce an equivalence of co-categories

CX(DXE) = (CxD)XE.
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Exercise 3.7 (Bonus exercise). Also the coproduct of co-categories is unital, associative

and commutative. Given oco-categories C, D and E, construct the necessary functors:
C—-Cuo, C—-0uc, CuD—-DuUC, (CUD)UE - CU(DUE),
cCuo—-C, C—-0ucC, DUC—-CuD, CU(DUE)—> (CUD)UE.

Verify for yourself that these functors are indeed inverse to one another. (You don’t need to
write out this verification.)

Exercise sheet 4

Exercise 4.1. Show that coproducts of co-categories are disjoint: given co-categories C and
D, the commutative square

0 — C

Lo e

D -2 cubp
is apullback square. In similar spirit, show that for every functor f: C — D the commutative
square

0 —2 s ¢

c—Lsp
is a pullback square. (In both cases also explain which square I mean when I say the
commutative square.)

Exercise 4.2. Consider co-categories C and D, and let pc: C — = and pp: D — = be their
functors to the terminal co-category. Construct a commutative square of the form

cxD X<y ¢

|

D pﬁD sk
and show it is a pullback square.

Exercise 4.3. Consider a commutative square

c—15p

]

E—LX3F
and assume that % is an equivalence. Show that g is an equivalence if and only if the square
is a pullback square.
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The goal of the following two exercises is to give an alternative description of the pullback
CXxg D of two functors f: C > FEandg: D —» E.

Exercise 4.4. Consider a functor g: D — E between co-categories.

(1) Construct for every co-category C a commutative diagram of the form

CxD 2% oxE Py ¢

PFD\L \LprE lpc
8 N E

D PE -

Combining the pasting lemma with Exercise 4.2, deduce that the left-hand square is a
pullback square.

(2) Construct a commutative diagram of the following form:

D%E

(g,idp )\L \L(idE,idE)

ExD 2% pyE

pr D\L \Lpr 2

D —% SE,

where pr,: E X E — E means the projection to the second factor of E. Show that the
vertical composite of these squares

D23 FE
prp o(g,idp) pry o(id.id)

D2y E

is a pullback square. Hint: use Exercise 4.3.

(3) Combine parts (1) and (2) with the pasting law of pullback squares to conclude that the
commutative square

D ;) E
(g,idD)\L \L(idE’idE)
ExD 4% Py E

is a pullback square.

Exercise 4.5. Consider two functors f: C — E and g: D — E between oco-categories.
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(1) Construct a commutative diagram of the following form:

8

> D > E
(PFC,PFD)\L (g.idp) \L(idEsidE)

cxD % pyp MK poE

PTC\L \LPYE

c—L SE
(In other words, produce for each of the three squares a natural isomorphism which
makes the square commute.)

(2) Composing the two squares on the left, we obtain a commutative square of the form

PIp
CxgD — D
pre o(pre.prp) prgo(g.idp)

c— 5 E
Show that this square is a pullback square (for example by proving this square is actually

isomorphic to the canonical one defining C Xg D.)

(3) Recall from Exercise 4.4 that the bottom-left and top-right squares in this diagram
are also pullback squares. Deduce from the pasting law of pullback squares that the
commutative square

is a pullback square.

Exercise 4.6 (Bonus exercise). Explain heuristically why the pullback (C X D) Xgxg E
appearing in part (3) of the previous exercise should be a fiber product of C and D over E:
explain how we may think of a functor into it as specifying functors into C and D which
agree after mapping further to E.

(Warning: this heuristic argument would not constitute a proof and is just meant to aid
intuition.)

Exercise sheet 5

Exercise 5.1. Use the commutative square axiom to define functors

min: [1]x[1] — [1], and max: [1]x[1] — [1]
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that behave like the ‘maximum’ and ‘minimum’ functors on the partial order {0 < 1}, in
the sense that they satisfy the equations

max(x,0) =x = max(0,x), max(x,1) =1 =max(1,x),

min(x,0) =0 =min(0,x), min(x, 1) =x =min(1,x).

(Also show that the functors you define actually satisfy these equations.)

In the lecture we used the commutative square axiom to construct functors pg, pa: [1] X
[1] — [2], pictorially represented by the following diagrams:

0—— 1 0O—— 2
po- = H\l pr = l\H
0—— 2, 1 — 2.

As mentioned in the lecture, these functors provide a way of regarding commutative triangles
in C as certain degenerate forms of commutative squares: a commutative triangle o: [2] —

C of the form
7 \/
gf

X —z
may alternatively be encoded as a commutative square [1] X [1] — C whose restriction
{0} x [1] is the identity

X

<

id,

Lt

X
Alternatively we may encode it as a commutative square [1] X [1] — C whose restriction
to [1] x {1} is the identity
X
gf

Z

La l\

Nﬁ%

The following exercise makes this precise:

Exercise 5.2. Show that for every co-category C the following two commutative squares
are pullback squares:

Fun([2],C) ’4 Fun([1] X [1],C) Fun([2],C) p—% Fun([1] % [1],C)

evo\L \Lres and eVz\L \Lres

¢ % Fun({0} x [1].C) ¢ % Fun([1]% {1}.C).
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(It suffices to prove it for one of them; the other case is symmetric.) The functors labeled
‘res’ are given by precomposition with the respective inclusions of {0} x [1] and [1] x {1}
into [1] x[1].

Exercise 5.3. Let Cyp and C; be oco-categories and consider morphisms fy: xo — yo and
g0: Yo — zo in Cp and morphisms fi: x; — y; and g;: y; — z; in C;. Show that the
composite (go,81) © (fo,f1): (x0,x1) = (20,21) in Co X Cy is given by (go © fo, 810 f1)-

Exercise 5.4. Let X be a topological space. Show that its singular complex Sing(X) € sSet
is a Kan complex.

Exercise 5.5. Let C be a small category.

* Show that its nerve N(C) € sSet is a quasicategory;
* Provide an example for which N(C) is not a Kan complex;

* Give a complete characterization of those categories C for which N(C) is a Kan
complex.

Exercise 5.6 (Bonus exercise). Let C be a Kan-enriched category. Show that its homotopy-
coherent nerve N*(C) € sSet is a quasicategory.

Exercise sheet 6

Exercise 6.1. Show that for every co-category C and every anima X the inclusiony¢: C~ —
C induces an equivalence

(yc)«: Map(X,C™) = Map(X,C).

For the next exercise, we need the following fact:3

Fact. For every co-category C, the functor pfl] : C — Fun([1],C) is fully faithful.

Exercise 6.2. Let C be an co-category. Show that the following statements are equivalent:
(1) The co-category C is an anima;
(2) The functor p’[‘l] : C — Fun([1],C) is an equivalence;

(3) The functor 75 : Iso(C) — Fun([1],C) is an equivalence.

3This fact follows from Exercise 6.4. However, this reasoning is circular since the fact is indirectly used
to prove Exercise 6.4. If we had taken characterization (2) in Exercise 6.2 as our definition of animae then the
circularity can be avoided.
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Exercise 6.3. Show that a morphism f: X — Y of animae is an equivalence iff the induced
map f*: Map(Y,Z) — Map(X, Z) is an equivalence for every anima Z.

Exercise 6.4. Show that the functor p(jj: [1] — = exhibits the terminal co-category as a
localization of [1] at all its morphisms, i.e. show that |[1]] =~ .

Hint: use Exercise 6.2 and Exercise 6.3.

Exercise 6.5. Let C be a pointed co-category that admits fibers and cofibers. Show that the
functor X: C — Cisleft adjointto Q: C — C: forall X,Y € C there is a natural equivalence

Hom¢(2X,Y) ~ Hom¢ (X, QY).

Exercise 6.6 (Bonus exercise). Let C be an co-category and let x and y be objects of C.
The goal of this exercise is to show that the Hom anima Hom¢ (x, y) is indeed an anima.

(1) For an object z in an co-category D, we define the slice category D/, via the following
pullback square:

In other words, objects of D/, are morphisms f: w — z in D and morphisms are
commutative squares in D of the form

l

or equivalently (by Exercise 5.2) commutative triangles in D of the form

H 4

s

2

b

w— w
<.
Show that for every other co-category E there is an equivalence
Fun(E,D,;) — Fun(E, D) const, -

(2) Let r: Cj, — C denote the composite functor

€vo

C/y = Fun([1],C) — C.
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Show that the following commutative square is a pullback square:

Fun([1],C;,) —— Fun([1],C)

ev ]\L e

Cry . > C

Hint: Use the Segal axiom and Exercise 5.2.

(3) Show that there is a pullback square

Homc¢(x,y) —— Cyy
Lok
« — 5 C.
(4) Show that Hom¢ (x,y) is an anima.

Hint: Use Exercise 6.2.

Exercise sheet 7

Exercise 7.1. Let f: X — Y be a morphism in a stable co-category. Show that there is an
isomorphism*

cofib(f) = fib(f)[1].

Exercise 7.2. Let f: X — Y be a morphism in a stable co-category C. Show that the
following are equivalent:

(1) The morphism f is an isomorphism in C;
(2) The cofiber cofib( f) of f is a zero object in C;

(3) The fiber fib( f) of f is a zero object in C.

Recall that the splitting lemma provides equivalent conditions for a short exact sequence in
an abelian category to be a split short exact sequence. In the following exercise we will
prove a splitting lemma for stable co-categories:

Exercise 7.3. Let C be a stable co-category and let X 4 Y £ Z be an exact sequence in C.
Show that the following are equivalent:

“Recall that the notation X[1] is an alternative notation for X(X) in a stable co-category.
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(1) The associated morphism fib(i/) — X is null-homotopic;

(2) The associated morphism Z — cofib(p) is null-homotopic;

(3) The map i admits a retract: there is a morphism r: Y — X satisfying ri ~ idy;
(4) The map p admits a section: there is a morphism s: Z — Y satisfying ps ~idz;

(5) There is an isomorphism Y = X @ Z in C making the following diagram commute:

X — sy vz
(idm lEA

XoLZ.

For the following exercise, you may use the fact (to be proved in two different ways in
Exercise 7.6 and Exercise 7.7 below) that in a stable co-category C the set [X,Y] :=
moHom¢(X,Y) of homotopy classes of morphisms from X to Y in C admits a canonical
abelian group structure, and that the composition maps

—of: [X,)Y] = [X.Y] and  go-:[X.Y] - [X.,Y]
are group homomorphisms for all morphisms f: X’ — Xandg: Y - Y in C.

Exercise 7.4. Let C be a stable co-category and consider a commutative square in C of the

form
X%Y
u v
ZT>W

Show that the following conditions are equivalent:

(1) The square is exact;

(2) The sequence

(fu) (v.-g)
@

is an exact sequence.

Exercise 7.5. Let C and D be oco-categories with finite limits. Show that there is an

equivalence
Sp(C x D) = Sp(C) xSp(D).

Exercise 7.6 (Bonus exercise). Let C be a semiadditive co-category.
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(1) Show that for all objects X and Y in C the set [X,Y] := rpHom¢(X,Y) of homotopy
classes of morphisms from X to ¥ admits a canonical structure of an abelian monoid,
where addition of f,g € [X,Y] is given by the composite

A v
fre: xS xexyer Ly,

(2) Show that for all morphisms f: X’ — X and g: Y — Y’ in C the composition maps
—of: [X,Y] - [X,Y] and go—: [X,Y] - [X,Y']
are homomorphisms of abelian monoids.

(3) Let M be an abelian monoid. Show that M is an abelian group if and only if the map

11
(0 1):MEBM—>M€BM, (x,y) = (x,x+y)

is a bijection of sets.

(4) Conclude that the semiadditive co-category C is in fact additive if and only if the abelian
monoid [X,Y] is an abelian group for all X and Y.

Exercise 7.7 (Bonus exercise). Let C be a pointed co-category with finite limits.

(1) Show that for every object X, the loop space QX admits the structure of a group object
in the homotopy category Ho(C): there are maps

e: x— QX, m: QX xXQX — QX, and i: QX —» QX

that satisfy the usual group relations up to homotopy.

(2) Show that for objects X and Y in C, the set [ X, QY] is canonically a group. Show that
[X,Q2Y] is an abelian group.

(3) Deduce that when C is stable, the Hom-set [ X,Y] in Ho(C) is an abelian group for all
X and Y, and that composition in C defines group homomorphisms.

(4) Show that the resulting abelian group structure on [X,Y] agrees with the one defined
in Exercise 7.6.

Remark 7.8. Applying the previous exercise to C°P, we deduce that for every X the
suspension XX is a cogroup object in Ho(C), and hence that [X£X,Y] admits an abelian
group structure for all Y. Applying this to C = An,, this provides a proof of the claim in
Remark 1.3.9.
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Exercise sheet 8

Exercise 8.1. Let C and D be oco-categories. Assume that C is stable and that D has finite
limits. Show that precomposition with the functor Q*: Sp(D) — D induces an equivalence

(Q®),: Fun'™(C,Sp(D)) => Fun'™*(C, D),
where Fun'®* (-, —) denotes the full subcategory of left-exact functors.

Exercise 8.2. Let C be a stable co-category. Use the previous exercise to show that the
Hom functor
Hom¢(—,-): C’xC — An

(essentially) uniquely lifts to a mapping spectrum functor
map,(—,—): C®xC — Sp,

where ‘lifts’ means that Q* map(X,Y) = Homc(X,Y). Show that for C = Sp the resulting
functor
mapg,(—,—): Sp’* X Sp — Sp

agrees with the mapping spectrum functor defined in the lecture.

Exercise 8.3. Let X be a pointed anima. Consider the prespectrum P (X) := (£"X,0y,),
where the structure maps are given by the unit maps

X - QE(2'X) = Q¥ x

of the adjunction X 4 Q. Show that the spectrum associate to the prespectrum X*P*(X) is
2°(X).

Hint: show that all the maps
(22" X)[-n] — (2" X)[-(n+1)]
appearing in the definition of the associated spectrum are isomorphisms.

Remark. Since the prespectrum X*P*(X) consists of all the suspensions of X, we may call
it the ‘suspension prespectrum’ of X. This is the historical reason for the name ‘suspension
spectrum’.

Exercise 8.4. Show that the functor X : An, — Sp sends smash products of pointed animae
to tensor products of spectra: produce a natural isomorphism

EP(X)QXF(Y) =2 EXF (X AY)
for X,Y € An,.
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Exercise 8.5. Let C be an ordinary category. Show that the category Mon(C) is equivalent
to the usual category of monoids in C:

(1) Given X € Mon(C), show that the maps e: * — X| and m: X; X X; — X; do indeed
give X the structure of a monoid;

(2) Givenamonoid M in C, show that we obtain an object X € Mon(C) by setting X,, := M",
and by defining for ¢: [m] — [n] in A the map ¢*: M" — M™ by

O (X1, s Xxn) = (Vs s Ym), Vi = n mj.
p(i-1)<j<e(i)

(3) Show that these two constructions define the desired equivalence of categories.

Exercise sheet 9

Exercise 9.1. Let E be a spectrum and let X be a pointed anima. Show that our new
definition of the E-cohomology of X,

E*(X) :=n_(map(Z%(X),E)),
agrees with the definition from Construction 1.3.7 in Chapter 1.

Exercise 9.2. Consider the inclusion functor

i =A., O =[-1], j)=]0].

Let C be an co-category with pullbacks. Using the pointwise formula for Kan extensions,
show that the restriction functor

j*: Fun(A,,C) — Fun([1],C)

admits a right adjoint
Jj«: Fun([1],C) = Fun(A,,C).

Show that for a morphism f: ¥ — X in C, regarded as an object in Fun([1],C), its right
Kan extension j.(f) along j is given by

(=YX =Y Xx ¥ Xy Xx Y.

Remark. The underlying simplicial object of this augmented simplicial object is called the
Cech nerve of f and plays an important role in topos theory / co-categories of sheaves.
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Exercise 9.3. Show that the inclusion functor
Grp(An) < Mon(An)

admits a left adjoint
(—)&®: Mon(An) — Grp(An)

which on objects is given by M +— QBM. (This is called the group completion functor.)

Exercise 9.4. Show that the forgetful functor Grp(An) — An, admits a left adjoint
FO™®(-): An, — Grp(An)
which is given on objects by X — QX X. (This is called the free group functor.)

Exercise 9.5. Let x be an object of an co-category C. Denote by Autc(x) the connected
component of End¢(x) := Hom¢(x,x) spanned by those endomorphisms x — x that are
invertible. Show that composition of morphisms in C can be enhanced to a group structure
on Autc (x).

Remark. One can also show that End¢ (x) itself has the structure of a monoid via compo-
sition of morphisms, but this requires some theory we haven’t introduced.

Exercise 9.6 (Bonus exercise). The goal of this exercise is to show that the forgetful functor
Mon(An) — An admits a left adjoint

FMon(_y: An — Mon(An)
given by the ‘anima of words in X of arbitrary length’:

FMon(X)1 ~ |—|Xn

n>0

(1) Let Ajpc € A denote the subcategory which has all objects, but which has only those
morphisms [n] — [m] that are inclusions of an interval {i <i+1<---<j—-1<}
into [m] for some 0 <i < j < m (these are called the inert morphisms). Show that
evaluation at [1] € Ay defines an equivalence

Fun>®¢(A;,, P, An) = An,

where the left-hand side denotes those functors X : Aj,°® — An satisfying the Segal
condition, i.e. the map

(e))ily: Xn — X{
is an equivalence for all n > 0.

Hint: the inverse is given by right Kan extension.
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(2) Show that the left Kan extension functor
ir: Fun(AL", An) — Fun(A’, An)
preserves Segal objects.

(3) Show that the resulting composite
FMo(_): An ~ Fun®®¢(A;,,, An) LN Fun®*¢(A?, An) = Mon(An)

is left adjoint to the forgetful functor, and use the pointwise formula for Kan extensions
to show that the formula

FMOH(X)I ~ I_IX}’!

n>0

is satisfied.

Exercise sheet 10

Recall from Construction 4.3.9 the functor Cut: A°°? < Span(Fin).

Exercise 10.1. Let M: Span(Fin) — C be a commutative monoid. Show that M o
Cut: A°? — C is a monoid. Show that M o Cut is a group if and only if M is a com-
mutative group.

In particular, we obtain forgetful functors
U := Cut”: CMon(C) — Mon(C) and U :=Cut*: CGrp(C) — Grp(C).
Exercise 10.2. Assume that C is an ordinary category with finite products.

(1) Show that the category CMon(C) is equivalent to the category of commutative monoids
in C defined in the usual way: an object M of C equipped with maps +: M XM — M
and 0: * — M such that the following three diagrams commute:

Mxs D28y ZE MxMxM 2% pscm MXxM —X— MxM
\ +/ \L+XidM \L+ x‘ ‘/
M, MxM —— M, M.

(2) Combining part (1) with Exercise 8.5, deduce that in this case the forgetful functor
U: CMon(C) — Mon(C) is fully faithful.
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Remark. For a general co-category, it is not true that the forgetful functor CMon(C) —
Mon(C) is fully faithful! In other words, in the world of co-categories, it is no longer true
that commutativity is a property of a monoid: it is additional structure one needs to provide.

Exercise 10.3. For a finite set S, the inclusion Fin < Span(Fin) of the subcategory con-
taining all objects but only the forward-pointing maps induces a functor on slice categories
of the form

Fin;g — Span(Fin) 5.

Show that this functor admits a left adjoint, which is given on objects by sending a span
rduds
tothemap g: U — S.

Exercise 10.4. Let M € Mon(An) be a monoid in animae. Show that M is a group in An
if and only if its monoid of path components my(M) is a group in the ordinary sense.

Conclude that the commutative monoid BM is a commutative group for every commutative
monoid M.

Exercise 10.5. Show that for two co-categories C and D, the projection maps C x D — C
and C X D — D induce an equivalence

|CxD| = |C|x|D|

on geometric realizations. (Recall that |C| is obtained from C by inverting all morphisms:
it is the localization C[W~!] with W = Map([1],C).)

Exercise sheet 11

Exercise 11.1. Let A be an abelian group, which under the inclusion Ab = CGrp(Set) <—
CGrp(An) we may see as a commutative group object in An.

(1) Show that B"A is an Eilenberg-MacLane space K(A,n) for all n > 0;

(2) Conclude that the spectrum B™ A is the Eilenberg-MacLane spectrum HA classifying
singular cohomology with coeflicients in A.

An important notion in the context of symmetric monoidal co-categories is that of a dual-
izable object, generalizing the concept of dual vector spaces.
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Definition. Let C be a symmetric monoidal co-category. An object X of C is called
dualizable if there exists another object X together with morphisms evy: XV ®X — 1 and
coevy: 1 — X ® XV that satisfy the triangle identities: the composites

coevy®idy idy ®evy XV idx ®coevy
_—

x LN v o xVeX X2 v and xV Sxeidy,

X'oX® xV

are homotopic to the respective identities. The object X" is then determined uniquely up to
isomorphism, and is called the dual of X.

Exercise 11.2. Let C be the ordinary category Vect; of vector spaces over some field k.
Show that every finite-dimensional vector space k is dualizable in Vecty, with dual given
by V¥ =V* := Hom (V, k).

Exercise 11.3. Let C be a symmetric monoidal co-category, and let X be an invertible object
of C, in the sense that there exists an object Y and an isomorphism X ® Y = 1. Show that
X is dualizable with XV =Y.

Exercise 11.4. Let C be a symmetric monoidal co-category, and assume that C is stable
and that the tensor product X ® —: C — C is exact for every object X of C.

(1) Show that the zero object is dualizable;

(2) Deduce that the subcategory of C consisting of the dualizable objects is closed under
pushouts (Hint: show it is closed under direct sums and cofibers);

(3) Deduce that the (unreduced) suspension spectrum S[X] is dualizable in Sp for every
finite anima X € An",

Exercise 11.5. Show that the map puniy: Euniv — Gri (C™) from Definition 5.2.2 is a rank
k complex vector bundle. Hint: compare with the proof of Lemma 5.2.15.

Exercise sheet 12

Exercise 12.1. Let £ and E; be complex vector bundles over a topological space X. Show
that their direct sum
E\®oE, =E{Xx E>

is again a complex vector bundle over X.
Here is a fact mentioned in the lecture that you may use in the next exercise:

Fact. Let X be a compact Hausdorff space. For every complex vector bundle £ — X there
exists another vector bundle £’ — X such that the direct sum E @ E’ is a trivial vector
bundle (i.e. isomorphic to X x CN for some N € N).
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The Bonus Exercise 12.7 below provides hints on how to prove this fact.

Exercise 12.2. Let X be a compact Hausdorff space and consider the composite
moVect(X) — K°(X) — K°(X),

which is a morphism of abelian monoids. Show that this map is surjective, and that two
vector bundles E and E’ are sent to the same element of K°(X) if and only if there exists
an isomorphism E @ C" = E’ & C™ for some n and m.

Exercise 12.3. Using the commutative monoid structure on Vect(pt) = | |;~,BU(k), show
that Vect(X) := Map(X, Vect(pt)) admits a canonical commutative monoid structure as
well. Show that the induced abelian monoid structure on 7y Vect(X) is precisely the direct
sum operation on vector bundles.

Exercise 12.4. Show that the description of the simplicial topological space GrA =

GroCut: A°? — Top given in the lecture is indeed correct: show that for a morphism
¢: [m] — [n] in A, the map ¢*: GrA([n]) — GrA([m]) is given by

V=W, W= P v
p(k=1)<j<ep(k)

Write down explicitly what this map does in the following four cases:
* ¢=do: [n—1] = [n];
*p=dy: [n-1] = [n];
s po=d;: [n—1]— [n] forO0<i<n;
e po=s5;: [n+1] » [n] for0<i<n.

Exercise 12.5. Let X: A°? — Top be a simplicial topological space. The definition of its
geometric realization | X| uses the ‘gluing relation’ (¢*(x),y) ~ (x,|A¥|(y)). Provide an
explicit description of this relation in the following two special cases:

* When¢=d;: [n—1] — [n];

* When ¢ =s;: [n+1] —» [n].

Describe in words why we may think of the relations for these two special cases as ‘gluing
faces” and ‘collapsing degenerate simplices’, respectively.
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Exercise 12.6 (Bonus exercise). Construct for two complex vector bundles £ and E; over
X their tensor product E| ® E;, and show that it is again a vector bundle. Show that your
construction defines an operation

—®—: myVect(X) X moVect(X) — mpVect(X)

which is unital, commutative and associative. Show that it is distributive w.r.t. — & —,
making 7o Vect(X) into a commutative semiring.
Deduce from this that the complex K-theory group K°(X) of X is in fact a commutative

ring.

Remark. The ring structure on K°(X) from the previous exercise can be lifted to the level
of spectra: the connective K-theory spectrum ku can be given the structure of a commutative
ring spectrum.

Exercise 12.7 (Bonus exercise). Provide a proof of the above Fact. Use the following steps:

(1) Show that every complex vector bundle p: E’ — X admits an inner product, i.e. a map
(—,—): E®E — C such that the restriction E, ® E, — C to each fiber E, := p~(x) is
an (complex) inner product.

Hint: use that for every open cover {U,} of X there exists a partition of unity with
respect o this open cover, i.e. collection of maps ¢g: X — [0, 1] satisfying 3.5 pp(x) =1
for all x, such that for each B the set 90;1 ((0,1]) is contained in some U, and such that

for each x only finitely many pg(x) are non-zero.

(2) Using this, show that every subbundle E of a vector bundle £’ admits an orthogonal
complement E+ C E’, which is itself a subbundle satisfying E ® E+ = E’.

(3) Show that for every vector bundle E there exist an embedding E < X x C" which
identifies £ with a subbundle of the trivial bundle.

(4) Conclude.

Exercise sheet 13

Exercise 13.1. Compute all the homotopy groups of the spectra ku and KU.

Exercise 13.2. Let E be a spectrum. Show the following basic properties of E-local spectra:

(1) A spectrum L is E-local if and only if map(X, L) = 0 for every E-acyclic spectrum X
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(2) Given an exact sequence X — Y — Z, if two of these three spectra are E-local then so
is the third;

(3) In particular, if L is E-local then so are all its shifts E[n];
(4) A limit lim; L; of E-local spectra is E-local;
(5) A retract of an E-local spectrum is E-local.

Exercise 13.3. Show that the mapping spectrum map(E,Y) is E-local for an arbitrary
spectrum Y. Using this, complete the incomplete proof from the lecture: show that for a
morphism /: X — X’ of spectra the following are equivalent:

(1) The morphism /: X — X’ is an E-equivalence;

(2) The induced map —o/: Homs,(X’,Y) — Homs,(X,Y) is an equivalence for all E-local
spectra Y.

Exercise 13.4. Let £ and F be spectra. Show that the following two conditions are
equivalent:

(1) Every E-acyclic spectrum X is also F-acyclic;
(2) Every F-local spectrum Y is also E-local.

Remark. Two spectra E and F' are said to have the same Bousfield class if a spectrum X is
E-acyclic if and only if it is F-acyclic. By the previous exercise, E and F have the same
Bousfield class if and only if the subcategories Sp; C Sp and Spy C Sp agree.

The following two exercises use material from the lecture on Monday February 3rd, and
will therefore be marked as ‘bonus’.

Exercise 13.5 (Bonus exercise). Let X € Spg be a rational spectrum (i.e. Q-local). Assume
that X is p-complete for some prime p. Show that X is the zero spectrum.

Exercise 13.6 (Arithmetic fracture square, Bonus exercise). Show that for every spectrum
X, the commutative square

X —— [1,X)
Xg — (1’[,, XQ)Q
is a pullback square. Here the product is taken over all prime numbers p.

Exercise 13.7 (Bonus exercise). Let E, F and X be spectra. Is it always true that there is an
equivalence LgLrX ~ Ly LgX? If yes, provide a proof. If no, provide a counterexample.
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