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Abstract

This dissertation explores the phenomenon of twisted ambidexterity in equivariant stable
homotopy theory for compact Lie groups, which encompasses, and sheds a new light on,

equivariant Atiyah duality and the Wirthmiiller isomorphism.

In Part I, we take a homotopy-theoretic approach, defining twisted ambidexterity in a
general parametrized setup via a form of assembly map fi(-® D) — f.. When applied to
equivariant homotopy theory for a compact Lie group G, we show that parametrized genuine
G-spectra form the universal theory of stable G-equivariant objects which satisfy twisted
ambidexterity for the orbits G /H. In simple terms, this says that genuine equivariant spectra

differ from naive equivariant spectra only by the existence of Wirthmiiller isomorphisms.

In Part II, we take a differential-geometric approach, following ideas from motivic ho-
motopy theory. We introduce for every separated differentiable stack X an oco-category
SH(X) of genuine sheaves of spectra on X, which for a smooth manifold returns ordinary
sheaves of spectra and for the classifying stack of a compact Lie group returns genuine
equivariant spectra. We prove a form of relative Poincaré duality in this setting: for a
proper representable submersion f of separated differentiable stacks, there is an equiva-
lence fy = fui(-®S Tr) between its relative homology and a twist of its relative cohomology
by the relative tangent sphere bundle. When specialized to quotient stacks of equivari-
ant smooth manifolds, this recovers both equivariant Atiyah duality and the Wirthmiiller

isomorphism in stable equivariant homotopy theory.
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Introduction

The goal of this dissertation is to study the phenomenon of twisted ambidexterity in equiv-
ariant stable homotopy theory, both from a homotopical perspective and as well as from a

differential-geometric perspective.

Twisted ambidexterity

We use the term ‘twisted ambidexterity’ to refer to a general phenomenon in which a certain
homology/colimit functor agrees ‘up to a twist’ with the corresponding cohomology/limit
functor. Several well-known results in algebraic topology and homotopy theory can be

regarded as instances of this phenomenon:

(1) Twisted Poincaré duality: for a compact smooth manifold X of dimension n, there
is an isomorphism between the cohomology groups H*(X;Z) of X and the (shifted)
homology groups H,,— (X;Ox) of X with local coeflicients in the orientation sheaf O x
of X;

(2) Atiyah duality: for a compact smooth manifold X, the Spanier-Whitehead dual of the
suspension spectrum X°X is equivalent to the Thom spectrum XX of the stable
normal bundle of X, see [Ati61];

(3) Klein’s dualizing spectrum: if X is a compact space and E € SpX is a spectrum
parametrized over X, there is an equivalence Nmy: colimy(E ® Dy) — limy E of

spectra, where Dx € Sp¥ is the dualizing spectrum of X due to Klein [Kle01];

(4) Tate vanishing: for a finite group G and a K (n)-local spectrum E with a G-action, there

is an equivalence Nm: E;g — E"C in SpK(n), see [GS96; HS96];

(5) Ambidexterity in chromatic homotopy theory: for a n-finite space X and an X-indexed
family of K(n)-local spectra E € Spl)g(n), there is an equivalence Nmy : colimy £ —
limy E, see [HL13];



(6) An equivariant version of Atiyah duality: for a compact Lie group G and a compact
smooth G-manifold X, the dual of the suspension spectrum 23°X in Sp,; is the Thom

spectrum XX

(7) The Wirthmiiller isomorphism in stable equivariant homotopy theory: for a compact
Lie group G, a closed subgroup H and a genuine H-spectrum E, there is an equivalence
of genuine G-spectra indg(E ®S5 1) = coindg(E ), see [Wir74];

(8) Ambidexterity in motivic homotopy theory: for a proper smooth morphism f: X —Y
of schemes over some base scheme S, there is an equivalence fy ~ £.2T7 of functors
SH(X) — SH(Y), see [Ayo07, Théoreme 1.7.17].

Although seemingly unrelated at first, there is a common pattern to these examples. In
each case, one is given a functor X +— C(X) which assigns to a certain type of geometric
object X a stable co-category C(X), thought of as a choice of ‘parametrized spectra over X’.
The map from X to the point induces a symmetric monoidal functor C(pt) — C(X) which
admits both a left adjoint L as well as a right adjoint R; we want to think of L and R as the
‘homology’ and ‘cohomology’ of X in the context of C. Each of the above equivalences can
be interpreted as an identification L(—® Dx) — R(—) of these two functors up to a ‘twist’
by some dualizing object Dx € C(X). We regard these equivalences as twisted analogues
of the ambidexterity equivalences from examples (4) and (5), which explains our choice of

terminology.

The aforementioned examples of twisted ambidexterity can be divided into two classes,
which one could think of as ‘homotopical twisted ambidexterity’ and ‘geometric twisted

ambidexterity’:

(I) Examples (3)-(5) are of homotopy-theoretic nature: the objects X only carry homo-
topical information, and the twisted norm maps are produced using higher categorical
manipulations. This provides these maps with good formal properties, making it easy
to relate them to various categorical duality phenomena. A disadvantage of this ap-

proach is that it does not provide much control over the resulting dualizing objects.

(II) Examples (1)-(2) and (6)-(8) are of differential-geometric nature: the objects X
come equipped with geometric structure, and the equivalences are implemented
geometrically via a form of Pontryagin-Thom construction. As a result, one obtains

an explicit description of the dualizing object in terms of the tangent bundle of X.

The goal of this dissertation is to provide a detailed study of these two approaches to twisted

ambidexterity in the context of stable equivariant homotopy theory. Part I is devoted to a
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study of approach (I), while Part II deals with approach (II). These two parts can be read
independently, up to a few sporadic cross-references: they are written as individual articles
and come with their own abstracts and introductions. Part III provides an outlook for future

research and explores the relationship between approaches (I) and (II).

We shall now provide a broad overview of the contents of these two parts, referring to the

technical summary for more precise statements of the results.

Part I: Twisted ambidexterity in equivariant homotopy theory

In Part I of this dissertation, we introduce a generic formulation of twisted ambidexterity in
terms of parametrized category theory which covers the homotopical examples of twisted
ambidexterity. We will be primarily interested in the context of equivariant stable homotopy
theory for a compact Lie group G, where one assigns to a G-space X the co-category Spé
of genuine G-spectra parametrized over X, in the spirit of May and Sigurdsson [MS06].
The general framework then provides for every morphism f: X — Y of G-spaces a twisted
norm map
Nmy: fi(-®Dy) = fi(-)

of functors Spé - Spé, where Dy € Spg is the relative dualizing spectrum of f, and f and
[« denote the left and right adjoint, respectively, to the pullback functor f*: Spé — Spé.

It follows from results of [MS06] that the map Nm/ is an equivalence whenever f has
compact fibers. For example, when Y is a point and X = G/H is an orbit associated to some
closed subgroup H < G, the resulting equivalence is the well-known Wirthmiiller isomor-
phism indg(— ®S7L) ~ coind¥, due to [Wir74]. It is known since the work of Blumberg
[BluO6] that the Wirthmiiller isomorphisms are in some sense the only difference between
genuine G-spectra and the so-called ‘naive G-spectra’, which do not support Wirthmiiller
isomorphisms. The main result of Part I of this dissertation is another manifestation of this

philosophy:

The oco-categories Sp’é of parametrized genuine G-spectra over G-spaces X
constitute the universal theory of stable G-equivariant objects which supports

formal Wirthmiiller isomorphisms.

A precise formulation of this result requires the language of parametrized category theory

and will be given in the technical summary below, see Theorem 2.



Part II: Relative Poincaré duality for differentiable stacks

In Part IT of this dissertation, we study a differential-geometric form of twisted ambidexterity

in equivariant homotopy theory, which we refer to as ‘relative Poincaré duality’.

Given a compact Lie group G, we will introduce for every smooth G-manifold an oco-
category SHq (M) of genuine sheaves of G-spectra on M. When M = G/H is an orbit
for some closed subgroup H < G, this co-category is equivalent to the co-category Spy
of genuine H-spectra. When G is the trivial group, it is equivalent to the oco-category

Shv(M;Sp) of ordinary sheaves of spectra on M.

The map from M to the point induces a symmetric monoidal functor Sp; = SHg (pt) —
SHg (M). The left and right adjoints of this functor assign to a genuine sheaf of G-spectra
on M its genuine equivariant sheaf homology/cohomology. We will prove a version of
equivariant Poincaré duality for these functors: when M is compact, these two adjoints
agree up to tensoring with the tangent sphere bundle S of M. More generally, we will
prove a relative version of this result, where the compact G-manifold M gets replaced by a G-
equivariant proper smooth submersion f: M — N. The pullback functor f*: SHgG(N) —
SHg (M) at the level of genuine sheaves admits both a left adjoint fy as well as a right
adjoint f,, thought of as the relative homology and cohomology of f. Relative Poincaré
duality is the statement that there is an equivalence of the form f;(-) = fi(-® S Tr), where

S7r € SHg (M) is the one-point compactification of the relative tangent bundle of f.

By construction, the oco-category SHg (M) of genuine sheaves on M will only depend on
the quotient stack M //G of M: we will introduce for every separated differentiable stack X
an oo-category SH(X) of genuine sheaves of spectra on X , which specializes to SHg (M)
when X is the quotient stack M //G. Our main result of Part II is the following version of

relative Poincaré duality in this context:

For a proper representable submersion f: Y — X of separated differentiable
stacks, there is an equivalence ps: fy(—) — fi(—=®S Tr) of functors SH(Y) —
SH(X).

The proof of this result is an adaptation of the usual proof of Atiyah duality for compact
smooth manifolds in the context of differentiable stacks. The construction of the co-category
SH(X) and many of its formal properties are direct analogues of similar constructions in
motivic homotopy theory, and the proof strategy of our main result closely follows that of

Hoyois [Hoy17] in the motivic setting.



Technical summary

We will now provide a detailed overview of the results contained in this dissertation.

Part I: Twisted ambidexterity in equivariant homotopy the-

ory

Chapter 1.2: Parametrized category theory

In Chapter 1.2, we recall the setup of parametrized (higher) category theory over an co-topos

8 and establish some analogues of well-known results in non-parametrized category theory.

We start in Section 1.2.1 with recollections, following Martini and Wolf [Mar21; MW21;
MW?22]. The central notion is that of a presentably symmetric monoidal B-category,
Definition I.2.15, which is a limit-preserving functor C: B8° — CAlg(Pr") satisfying the
condition that for all morphisms f : A — B in 8 the restriction functors f* := C(f) :
C(B) — C(A) admit left adjoints f, : C(A) — C(B) which satisfy base change and the
projection formula. For an object A € B, we may form the cotensor C* of C by A, given
by C4(B) := C(A x B). The main result of Section 1.2.2 is the following classification of

C-linear B-functors C4 — CB5:

Theorem 1 (Theorem 1.2.32). For objects A, B € B, there is an equivalence of co-categories
C(A x B) = Func(CA,C8) which sends an object D € C(A X B) to the C-linear B-
functor (prg)(pr, (=) ® D): C4 — CB, where pry: AXB — A and prg: AxB — B are

the projections.

In Section 1.2.3 we give two instances in which we can prove the existence of the formal
inversion C[S™'] of a small collection of objects S in a presentably symmetric monoidal
B-category C, that is, the presentably symmetric monoidal B-category obtained from C by

universally inverting the objects in S with respect to the monoidal structure.



Chapter 1.3: Twisted ambidexterity

In Chapter 1.3 we introduce the notion of twisted ambidexterity for a presentably symmetric
monoidal B-category C. Given an object A € 8, the diagonal B8-functor A*: C — C* admits
both a left adjoint A;: C* — C as well as a right adjoint A,: C4 — C. In Section 1.3.1, we
construct the dualizing object D 4 € C(A) and the twisted norm map Nmu: A\(-Q® D) —
A.(—). An object A € B is called twisted C-ambidextrous if this map is an equivalence.
We show that Nmy4 exhibits A;(—® D 4) in a precise sense as the universal C-linear colimit

preserving approximation of A, see Proposition 1.3.7 for a precise statement.

In Section 1.3.2, we show that our notion of twisted ambidexterity is closely related to the
notion of ambidexterity by Hopkins and Lurie [HL13]: an n-truncated object A € 8 is C-
ambidextrous in the sense of [HL13] if and only if not only A but also all its iterated diagonals
A — AS" are twisted C-ambidextrous. It then follows inductively that the dualizing object
D 4 is equivalent to the monoidal unit of C(A) and the twisted norm map reduces to the

norm map Nmy : Ay — A, of Hopkins and Lurie.

In Section 1.3.3, we explain the close connection between twisted ambidexterity and
Costenoble-Waner duality, a form of duality theory in parametrized homotopy theory in-
troduced [CW16] and [MS06]. Most importantly, we show that an object A € B is twisted
C-ambidextrous if and only if the monoidal unit 14 € C(A) = C(1x A) is left Costenoble-
Waner dualizable, see Proposition 1.3.29. In this case, the left dual of 14 is given by the
dualizing object D4 € C(A) =C(A X 1).

Chapter 1.4: Equivariant homotopy theory

Chapter 1.4 contains the main result of Part I of this dissertation: a universal property of
the G-category &G of genuine G-spectra for a compact Lie group G in terms of twisted
ambidexterity. A G-category is by definition an co-category parametrized over the co-topos
B =Spc’ of G-spaces, or equivalently a functor Orb(ép — Cat,. The G-category @G is
informally given by sending an orbit G /H to the co-category Sp” of genuine H-spectra, see

Section 1.4.1 for a precise construction. In Section 1.4.2 we prove the main result of Part I:

Theorem 2 (Theorem 1.4.9). For a compact Lie group G, the G-category &G is initial
among fiberwise stable presentably symmetric monoidal G-categories C such that all

compact G-spaces are twisted C-ambidextrous.

In fact, we show it suffices to have twisted ambidexterity for the orbits G/H, in which case
the resulting twisted ambidexterity isomorphism specializes to a formal Wirthmiiller iso-

morphism of the form Nmg indg(— ®Dg/H) — coindg(—). In particular, Theorem 2
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may be interpreted as saying that parametrized genuine G-spectra form the universal theory

of stable G-equivariant objects which admit formal Wirthmiiller isomorphisms.

In Section [.4.3 and Section 1.4.4, we replace the co-topos of G-spaces by that of orbispaces
and that of proper G-spaces, respectively, and extend the above universal property to the

contexts of orbispectra and proper equivariant homotopy theory, respectively.

Part II: Relative Poincaré duality for differentiable stacks

Chapter I1.2: Foundations on differentiable stacks

Chapter I1.2 consists of preliminary material concerning differentiable stacks: sheaves of
spaces X on the site Diff of smooth manifolds and open covers which admit a representable
atlas M - X. In Section 11.2.3, we discuss how every Lie groupoid G = (G| = Go) gives
rise to a classifying stack BG, and show how BG can be used to classify both left actions of
G on smooth manifolds as well as principal G-bundles over smooth manifolds. In Section
I1.2.4 we discuss local properties of maps of stacks and in Section I1.2.5 we recall the notion

of a vector bundle over a stack X.

Chapter I1.3: Geometry of differentiable stacks

In Chapter 11.3 we discuss various geometrical aspects of differentiable stacks. In Section
I1.3.1, we introduce the coarse moduli space | X |moq Of a stack X on Diff and show that its
open subspaces are in one-to-one correspondence with the open substacks of X. This allows
us to construct the open complement X \ Z of a closed embedding Z < X in Section 11.3.2.
A geometrically well-behaved class of differentiable stacks, discussed in Section I1.3.3, are
the separated differentiable stacks: those whose diagonal is proper. In Section I1.3.4 we
introduce the isotropy groups of a differentiable stack, and show that a morphism between
separated differentiable stacks is representable if and only if it induces injections on isotropy
groups. We define the relative tangent bundle Ty and normal bundle Ny of a representable
morphism f: Y — X in Section I1.3.5 and show in Section II.3.6 that every embedding
i: S — X of separated differentiable stacks admits a tubular neighborhood: an open
neighborhood of § in X which is equivalent to an open neighborhood of S inside N;. In
Section I1.3.7 we prove that every separated differentiable stack is locally isomorphic to
a quotient stack R"//G for some smooth linear action of a compact Lie group G on a
Euclidean space R", which lets us reduce various statements about differentiable stacks to

their analogues for equivariant smooth manifolds.



Chapter I1.4: Genuine sheaves on differentiable stacks

In Chapter 1.4 we introduce for every separated differentiable stack X the co-categories
H(X) and SH(X) of genuine sheaves of spaces/spectra on X. In Section I1.4.1, we introduce
the site Sub,y of representable submersions over X, equipped with the open cover topology.
We define the co-category H(X) in Section 11.4.2 as the co-category of homotopy invariant
sheaves on Sub,x: those sheaves # for which the map ¥ (Y) — # (Y xR) induced by
the projection Y X R — Y is an equivalence for every Y € Sub,x. There is a forgetful
functor y*: H(X) — Shv(X) to the co-category of ordinary sheaves on X which admits
fully faithful left and right adjoints, see Subsection 4.2.5. The co-category SH(X) is defined
in Section I1.4.3: in case X = M //G is a global quotient stack we obtain SH(X') from H(X).
by formally inverting the sphere bundle S€ of every vector bundle & € Vect(X), and this
determines the general case by imposing descent along open covers. In Section 11.4.4, we
show that genuine sheaves over classifying stacks of compact Lie groups give back classical

equivariant homotopy theory:

Theorem 3 (Theorem 11.4.4.16, Proposition 11.4.4.17). For a compact Lie group G, there
are equivalences of co-categories H(BG) ~ Spc® and SH(BG) ~ SpC.

In Section I1.4.5, following [DG22], we study universal characterizations of the assignments
X — H(X) and X — SH(X) in terms of the notion of a pullback formalism.

Chapter I1.5: Localization sequences

In Chapter I1.5, we prove the localization theorem for pointed genuine sheaves, closely

following the proof strategy of Khan [Khal9]:

Theorem 4 (Theorem 11.5.2.16). Let i: Z — X be a closed embedding of differentiable
stacks and let j: U — X be its open complement. Then the functor i,: H(Z), — H(X).
is fully faithful, and there is a preferred cofiber sequence jyj* RALLLNY i A
Here j*: H(X), — H(U). and i*: H(X). — H (). are the pullback functors along i and
J» and jy and i, are their left and right adjoint, respectively. The analogous statement for
the functor i,.: SH(Z) — SH(X) also follows, and as a corollary the co-category SH(X)
can be exhibited as a recollement of the co-categories SH(Z) and SH(U).



Chapter I1.6: Relative Poincaré duality for differentiable stacks

Chapter I1.6 contains the main result of Part II of this dissertation: a relative version of
Poincaré duality for separated differentiable stacks in the context of genuine sheaves of
spectra. For a representable submersion f: Y — X of separated differentiable stacks, we
define a dualizing sheaf wy € SH(Y) as wy :=prjyA, 1y, where pry: Y xx Y — Y is the
projection to the first factor and A: Y — Y Xx Y is the diagonal of f. A choice of tubular
neighborhood of A provides an equivalence wy =~ ST/ between the dualizing sheaf and the
suspension spectrum of the one-point compactification of the relative tangent bundle of f.
We further define a Poincaré duality map py: fy — f.(—=®wy), a natural transformation of
functors SH(Y) — SH(X).

Theorem 5 (Relative Poincaré duality, Theorem 11.6.1.7). For a proper representable
submersion f: Y — X between separated differentiable stacks, the Poincaré duality map

pr: fy(=) = fi(—®uwy) is an equivalence.

The proof is close in spirit to the proof of Atiyah duality for a compact smooth manifold
M. The main ingredient of the proof is the construction of a Pontryagin-Thom collapse
map associated to a closed embedding, which we will introduce in Section I1.6.2. Using the
auxiliary notion of a kernel operator, introduced in Section I1.6.3, we give a proof of relative
Poincaré duality in Section I1.6.4. Section I1.6.5 discusses various important consequences

of relative Poincaré duality, like relative Atiyah duality and proper base change.

Part III: Outlook

In Part III, we indicate potential directions for future research. In Section I11.2, we explain
in some detail the expected close relation between twisted ambidexterity from Part I and
relative Poincaré duality from Part II. In Section II1.3, we discuss six-functor formalisms
on the site SepStk of separated differentiable stacks and formulate a conjecture concerning
a six-functor formalism of genuine sheaves of spectra. In Section I11.4, we propose a notion
of proper genuine sheaves on an arbitrary differentiable stack and deduce relative Poincaré

duality in this context.



Appendices

This dissertation comes with a large amount of appendices. In Appendix A, we recall
unstraightening techniques from Lurie [Lur17] and Drew and Gallauer [DG22, Appendix A]
involving symmetric monoidal structures. In Appendix B, we provide a condensed proof
of a theorem by Campion [Cam23] which shows that the suspension spectrum functor
>*: Spc® — Sp in CAlg(PrY) is initial among morphisms F: Spc® — D in CAlg(Pr")
whose target is stable and which send all compact pointed G-spaces to dualizable objects.
In Appendix C we collect some basic results on smooth manifolds. Appendix D recalls
background material on Lie groupoids, including a variety of examples, the definition of

Lie groupoid actions and principal bundles, and the notion of Morita equivalence.

In Appendix E we provide an extensive account of foundations on co-topoi. Their definition
and some of their most relevant properties are recalled in Appendix E.1, and the correspon-
dence between groupoid objects and effective epimorphisms is discussed in Appendix E.2.
In Appendix E.3 we define groupoid actions and principal bundles in co-topoi and recall
how they can be classified using the classifying stack of the groupoid. We finish with a
discussion of sheaf topoi in Appendix E.4 and hypercompleteness in Appendix E.S5.

In Appendix F, we provide a detailed treatment of Beck-Chevalley transformations, double

Beck-Chevalley transformations and projection formula maps.

Conventions

We will adopt the standard notational conventions from higher category theory, following
[Lur09] and [Lurl7]. One notable exception is our terminology for the notion of an co-
groupoid: In Part I we use the classical word ‘space’, but in Part II we use the word ‘anima’,
introduced by [CS23, Section 5.1.4], to make a clearer distinction between the geometry
and the homotopy theory in that part. Accordingly we denote the co-topos of co-groupoids
by Spc in Part I and by An in Part II. Similarly, the co-topos of G-spaces for a compact Lie
group G will be denoted by Spc® in Part I and by Ang in Part II, where in the latter case

we refer to its objects as genuine G-animae.
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Part I

Twisted ambidexterity in equivariant

homotopy theory

11



Abstract

We develop the concept of twisted ambidexterity in a parametrized presentably symmetric
monoidal co-category, which generalizes the notion of ambidexterity by Hopkins and Lurie
and the Wirthmiiller isomorphisms in equivariant stable homotopy theory, and is closely
related to Costenoble-Waner duality. Our main result establishes the parametrized oco-
category of genuine G-spectra for a compact Lie group G as the universal example of a
presentably symmetric monoidal co-category parametrized over G-spaces which is both
stable and satisfies twisted ambidexterity for compact G-spaces. We further extend this
result to the settings of orbispectra and proper genuine G-spectra for a Lie group G which

1s not necessarily compact.
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I.1 Introduction

A well-known phenomenon in representation theory, sometimes referred to as ambidexterity,
is that if H is a subgroup of a finite group G, the restriction functor from G-representations
to H-representations admits a left adjoint indg and aright adjoint coindg which are naturally
equivalent to each other. An analogue of this result in stable equivariant homotopy theory
was established by Wirthmiiller [Wir74]: there is an equivalence indg ~ coindg between

the induction and coinduction functors from genuine H-spectra to genuine G-spectra.

The situation becomes more interesting when G is a non-discrete compact Lie group. For a
closed subgroup H < G, the induction and coinduction functors are only equivalent up to a

‘twist’: for every genuine H-spectrum X there is a natural equivalence of genuine G-spectra
ind% (X ® ™) = coind% (X),

called the Wirthmiiller isomorphism, where S7F is the inverse of the representation sphere
of the tangent H-representation L =T,y (G/H). The construction of the comparison map
in this case is geometric in nature and therefore substantially more involved than in the
case of finite groups, see for example Schwede [Sch18, Section 3.2]. As a result, it is not
immediately clear how to extend it to more general settings, like that of proper equivariant
homotopy theory [Deg+23] or that of orbispectra [Par23], where some of the required

geometric constructions are not available.

In [MSO06], May and Sigurdsson approach the Wirthmiiller isomorphism using the language
of parametrized homotopy theory. They split up the construction of the isomorphism into

two steps:

(1) The first step is formal: inspired by work of Costenoble and Waner [CW 16], May and
Sigurdsson set up a notion of parametrized duality theory called Costenoble-Waner
duality. This theory provides an entirely categorical construction of a genuine H-

spectrum D,y equipped with a natural transformation
. 1G G
ind;;(-®Dg/y) = coindj(-).

13



This transformation is an equivalence if and only if Sy is Costenoble-Waner dualizable,

in which case its Costenoble-Waner dual is given by D¢ /p.

(2) The second step is geometric: May and Sigurdsson use a parametrized form of the
Pontryagin-Thom construction to produce explicit duality data that exhibit the genuine
H-spectrum S~ as Costenoble-Waner dual to Sy. As a consequence, one obtains an
equivalence Dg g = S~L and the resulting map indg(X ®S 1) - coindg(X) is an

equivalence.

A key advantage of separating the construction into these two steps is that the first step does
not need any geometric input and works in much greater generality: it is an instance of a
notion we call twisted ambidexterity. This allows for the construction of similar transforma-
tions in a wider range of contexts, including proper equivariant homotopy theory. It further
allows one to formulate the Wirthmiiller isomorphisms as a property of a parametrized
homotopy theory, making it possible to talk about the universal example of a parametrized

homotopy theory satisfying this property.

Twisted ambidexterity in parametrized homotopy theory

The concept of twisted ambidexterity comes up in homotopy theory in the setting of local
systems on spaces. For a space A, let Sp” denote the functor category Fun(A, Sp), also
known as the oco-category of local systems of spectra on A. The constant local system
functor A*: Sp — Sp” admits both a left adjoint A, = colim, : Sp* — Sp as well as a right
adjoint A, =limy : Sp® — Sp. Although A, does not preserve colimits in general, it can be
universally approximated from the left by a colimit-preserving functor via a twisted norm
map
Nmy: A(=®Djs) = Ai(-),

as shown by Nikolaus and Scholze [NS18, Theorem 1.4.1(v)]. The parametrized spectrum
D 4 € Sp” is the dualizing spectrum of A, introduced and studied by John Klein [Kle01].! In
case A is a compact space, the functor A, already preserves colimits, and the twisted norm
map Nmy is an equivalence. When A = M is a compact smooth manifold, D = S7™ is
the inverse of the one-point-compactification of the tangent bundle of M, and the resulting
equivalence between the cohomology of M and a shift of the homology of M recovers

twisted Poincaré duality.

In this article, we introduce a framework for twisted ambidexterity which generalizes the

above story for local systems of spectra in two ways. As a first generalization, we replace

IKlein considered connected spaces A = BG for topological groups G, and wrote D rather than D gg.
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the co-category of spectra by an arbitrary presentably symmetric monoidal co-category C,
in which case the transformation A;(—® D,): C* — C is the universal C-linear colimit-
preserving approximation of A,: C* — C. As a second generalization, following Ando,
Blumberg and Gepner [ABG18], we consider homotopy theories parametrized over an
arbitrary co-topos B in place of the co-category of spaces, allowing for applications in
equivariant homotopy theory. The role of C is now played by certain limit-preserving
functors C: B — CAlg(PrY) known as presentably symmetric monoidal B-categories,
see Definition 2.15. Given an object A € B, one can enhance A, and A, to parametrized
functors C* — C, and one can again construct an object D 4 € C(A) and a twisted norm map
Nmy: Aj(-® D4) — A, universally approximating A. by a C-linear colimit-preserving
parametrized functor; see Proposition 3.7 for a precise statement. If Nmy is an equivalence,

we will say that A is twisted C-ambidextrous.

The notion of twisted ambidexterity can be regarded as a generalization of the notion of
ambidexterity by Hopkins and Lurie [HL13]: if A is an n-truncated space, then the twisted
norm map reduces to the norm map of [HL13] whenever the latter is defined, and A is
C-ambidextrous in the sense of [HL13, Definition 4.3.4] if and only if each of the spaces
A, QA, Q2A, ..., Q"1 A is twisted C-ambidextrous, see Proposition 3.16.

A relative version of twisted ambidexterity for morphisms f: A — B in 8 is obtained by
replacing the co-topos B by its slice 8,5, producing a twisted norm map Nmy: fi(-®

Twisted ambidexterity in equivariant homotopy theory

The Wirthmiiller isomorphism in equivariant homotopy theory discussed before may be
understood as a special case of twisted ambidexterity. Given a compact Lie group G, we
work in the setting of G-categories, defined as co-categories parametrized over the co-topos
of G-spaces. There is a G-category &G of genuine G-spectra, which assigns to the orbit
space G/H of a closed subgroup H < G the oco-category of genuine H-spectra. The G-
category &G is presentably symmetric monoidal and is fiberwise stable, meaning that the
co-category &G (A) is stable for every G-space A. Furthermore, it follows from results of
[MSO06] that every compact G-space is twisted &G-ambidextrous in the sense discussed
above. The main result of this article is that &G 1s in fact universal among G-categories

satisfying the above properties:

Theorem A (Theorem 4.9). For a compact Lie group G, the G-category S_pG is initial

among fiberwise stable presentably symmetric monoidal G-categories C such that all

15



compact G-spaces are twisted C-ambidextrous.

In fact, it suffices to require that the orbit G/H is twisted ambidextrous for every closed
subgroup H < G. In this case, the resulting twisted ambidexterity isomorphism specializes

to a formal Wirthmiiller isomorphism of the form
Nmg/p: indfl(— ®Dg/H) — coindg(—).

Therefore, Theorem A may be interpreted as saying that genuine equivariant spectra form
the universal theory of stable G-equivariant objects which admit formal Wirthmiiller iso-
morphisms.

For the proof of Theorem A, we relate twisted ambidexterity for compact G-spaces to
invertibility of representation spheres. If C is a pointed presentably symmetric monoidal
G -category, one can show that the underlying co-category C(1) of C comes equipped with

a canonical tensoring by pointed G-spaces, and thus the representation spheres S” act on
C(1).

Theorem B (Theorem 4.8). Let G be a compact Lie group and let C be a fiberwise stable

presentably symmetric monoidal G-category. Then the following conditions are equivalent:
(1) For any G-representation V, the representation sphere SV acts invertibly on C(1);

(2) Every compact G-space is twisted C-ambidextrous;

(3) For every closed subgroup H < G, the orbit G [H is twisted C-ambidextrous.

Since @G is initial with respect to condition (1), Theorem A is as a direct consequence of
Theorem B. For the proof of Theorem B, we show in Section 3.3 that twisted ambidexterity
can be formulated in terms of Costenoble-Waner duality, a parametrized form of duality
theory. The main ingredient for the implication (1) = (2) is then a result of May and
Sigurdsson [MS06] about Costenoble-Waner duality in equivariant stable homotopy theory.
The main ingredient for the implication (2) = (1) is a result of Campion [Cam23],
recalled in Appendix B, which roughly says that dualizability of compact G-spaces implies

invertibility of the representation spheres.

Our methods directly extend to the contexts of orbispectra and proper genuine G-spectra.
We refer to Section 4.3 and Section 4.4 for precise definitions of the words appearing in the

following two theorems:

Theorem C (Theorem 4.21). The orbicategory OrbSp of orbispectra is initial among
fiberwise stable presentably symmetric monoidal orbicategories C such that every relatively

compact morphism of orbispaces is twisted C-ambidextrous.
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Theorem D (Theorem 4.30). For a Lie group G which is not necessarily compact, the
proper G-category &G of proper G-spectra is initial among fiberwise stable presentably
symmetric monoidal proper G-categories C such that every relatively compact morphisms

of proper G-spaces is twisted C-ambidextrous.

In particular, Theorem D shows that for every closed subgroup H of a Lie group G with

compact orbit space G /H there is a formal Wirthmiiller isomorphism
Nl’IlG/HI ind,f’,(—@DG/H) - COil’ldI(_;I(—).

The methods developed in this article also allow us to give a formal description of the
oo-category of proper genuine G-spectra of Degrijse et al. [Deg+23] in case the Lie group
G has enough bundle representations in the sense of Definition 4.31: it is obtained from
the co-category of pointed proper G-spaces by inverting the sphere bundles S¢ associated to

finite-dimensional vector bundles ¢ over the classifying orbispace BG, see Corollary 4.35.

Organization

In Chapter 1.2, we introduce the setting of parametrized higher category theory we will use
in this article. Several foundational definitions and results from [Mar21; MW21; MW22]
are recalled in Section 2.1. In Section 2.2, we provide for every parametrized presentably
symmetric monoidal co-category C a classification of C-linear functors C4 — C? in terms
of objects of C(A X B), where A and B are objects of the base co-topos. Section 2.3
contains a discussion of formally inverting objects in parametrized symmetric monoidal

co-categories.

In Chapter 1.3, we introduce the notion of twisted ambidexterity in a parametrized pre-
sentably symmetric monoidal co-category C. The twisted norm maps Nmy: fi(-® D) =
f«(—) for amorphism f: A — B in the base co-topos are constructed in Section 3.1, where
also their universal property is established. In Section 3.2, we relate twisted ambidexterity
to the notion of ambidexterity by [HL13] and to the notion of parametrized semiadditivity
by [Narl6; CLL23]. In Section 3.3 we discuss the relation between twisted ambidexterity
and Costenoble-Waner duality.

In Chapter 1.4, we apply our methods in the context of equivariant homotopy theory.
Section 4.1 introduces the parametrized co-category of genuine G-spectra for a compact Lie
group G, and Section 4.2 establishes its universal property in terms of twisted ambidexterity.
In Section 4.3 and Section 4.4 we extend this to the contexts of orbispectra and proper

equivariant spectra, respectively.
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Relation to other work

Our treatment of twisted ambidexterity draws on ideas from a wide range of prior work. The
main inspiration is the concept of Costenoble-Waner duality in parametrized homotopy the-
ory, introduced by Costenoble and Waner [CW 16] under the name ‘homological duality’ and
further developed by May and Sigurdsson [MS06]. The untwisted notion of ambidexterity
appeared in the works of Hopkins and Lurie [HL13] and has been further studied by Harpaz
[Har20] and Carmeli, Schlank and Yanovski [CSY?22; CSY21]. A treatment in the context
of representation theory was given by Balmer and Dell’Ambrogio [BD20]. In the case of
local systems on spaces, the universal property of the twisted norm map resembles classical
assembly maps; see, for example, the discussion following Theorem 1.4.1 of Nikolaus and
Scholze [NS18]. The dualizing object in this case is the dualizing spectrum introduced by
Klein [KleO1] and studied by Bauer [Bau04] and Rognes [Rog08]. A parametrized version
of the assembly map was first introduced by Quigley and Shah [QS21] for equivariant gen-
uine spectra. Other sources of inspiration are the ‘ambidexterity isomorphisms’ of Hoyois
[Hoy17] and Bachmann and Hoyois [BH21], and the ‘purity equivalences’ of Cisinski and
Déglise [CD19]. Although similar in appearance, our approach is different from the formal
Wirthmiiller isomorphisms of Fausk, Hu and May [FHMO03] and Balmer, Dell’Ambrogio

and Sanders [BDS16], where no parametrized homotopy theory is involved.

Our characterization of genuine equivariant spectra in terms of fiberwise stability and formal
Wirth-miiller isomorphisms is heavily inspired by work of Blumberg [Blu06], who described
the category of genuine G-spectra for a compact Lie group G in terms of continuous functors
that satisfy excision and have (geometrically defined) Wirthmiiller isomorphisms. For finite
groups, a parametrized universal property for genuine G-spectra in terms of stability and
Wirthmiiller equivalences indg (—) = coindg (—) was outlined by Nardin [Nar16], and a
similar result in the context of global homotopy theory was proved by Lenz, Linskens and
the author in [CLL23].
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1.2 Parametrized category theory

We start by recalling the setup of parametrized category theory we are working in, and
establishing some analogues of well-known results in non-parametrized category theory.
Our main references are the articles [Mar21], [MW21] and [MW22] of Martini and Wolf; see
in particular [MW22, Section 2.6] for a short overview of the theory. An earlier framework
for parametrized category theory was given by Barwick, Dotto, Glasman, Nardin and Shah
[Bar+16a; Bar+16b; Sha23; Narl6].

Convention 2.1. Since most of the co-categories we will be working with are presentable,
we will by convention take all co-categories to be large unless explicitly specified that they
are small. In particular, Cat., denotes the (very large) co-category of large co-categories; in
[MW22], this is denoted by 65‘[00 instead.

2.1 Recollections on parametrized category theory

Throughout this section, we fix an co-topos 8.

Definition 2.2. A B-category is a sheaf of co-categories on 8B, i.e., a limit-preserving
functor B°? — Caty,. Its underlying oo-category T'(C) is the co-category C(1), where
1 € B is the terminal object. Given two B-categories C and D, a B-functor is a natural
transformation C — 9. We let Cat(8) C Fun(8°P,Cat,) denote the (very large) oo-

category of B-categories and B-functors.

By [Mar21, Proposition 3.5.1], a B-category may equivalently be encoded as a (large)
category internal to 8, which is the perspective used in [Mar21; MW21; MW22].

When 8B is the co-topos Spc of spaces (a.k.a. co-groupoids or animae), the underlying

category functor provides an equivalence

I': Cat(Spc) = Cateo;
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its inverse sends an co-category C to the functor Spc®® — Cat., : A — Fun(A,C). More gen-
erally, when 8 = PSh(T) is the co-topos of presheaves on some small co-category 7', restric-
tion to the representable objects induces an equivalence Cat(PSh(7")) — Fun(7T°P,Cat,),
and the theory of B-categories reduces to that of T-co-categories studied by Barwick et al.
[Bar+16b]. Since all the examples of co-topoi considered in this article will be presheaf
topoi, the reader uncomfortable with the language of co-topoi may replace 8 by PSh(T)
throughout.

Example 2.3 (8-groupoids). Every object A € B can naturally be regarded as a B-category
via the Yoneda embedding 8 — FunR (8P, Spc) C Fun® (8P, Cat,,). The B-categories of

this form are called B-groupoids.

Example 2.4 (Base change). Any geometric morphism f*: A 2 B : f. induces an ad-
junction f*: Cat(A) 2 Cat(B) : f., see [Mar21, Section 3.3], [MW21, Section 2.6]. The
right adjoint f, is explicitly given by precomposing a B-category C: B°? — Cat,, with
frr AP — BP,

Example 2.5 (Locally constant B-categories). Applying Example 2.4 to the geometric
morphism LConst: Spc 2 B : T, we obtain an adjunction LConst: Cat,, 2 Cat(B) :T,
where I" is the underlying co-category functor. The B-categories in the image of LConst

are called locally constant.!

Example 2.6 (Passing to slice topoi). For an object B € B, applying Example 2.4 to the

étale geometric morphism —X B =7y, : 82 B)p : (np)., we get an adjunction
ny: Cat(B) 2 Cat(B/p) : (7p)..

For C € Cat(8), the B,p-category n,C is given by precomposing C with the forgetful
functor 8,5 — B, as this is a left adjoint to —x B: 8 — B/p.

Example 2.7 (Parametrized functor categories). By [Mar21, Proposition 3.2.11], the co-
category Cat(8B) of B-categories is cartesian closed: for all C,D € Cat(8B) there is an
internal hom-object? Fun, (C, D), called the B-category of B-functors from C to D. We
let Fung (C, D) denote the underlying co-category of Fun, (C, D). Its morphisms are called

B-transformations.

Definition 2.8. A symmetric monoidal B-category is a commutative monoid in the oo-

category Cat(8B), or equivalently a limit-preserving functor C: 8°°? — CMon(Cat,,). For

In [MW21] these are simply called constant.
2Martini [Mar21] denotes Fun 4 (C, D) by [C,D].
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B € 8B, we denote the tensor product and monoidal unit of C(B) by —®p — and 1p,

respectively.

Presentable $-categories

We give a brief overview of the theory of presentable 8-categories, developed by Martini
and Wolf [MW22].

Definition 2.9. A B-category C: B°° — Cat,, is called fiberwise presentable if it factors
(necessarily uniquely) through the subcategory Pr' C Cat,, of presentable co-categories and
colimit preserving functors. We say that C is presentable if it is fiberwise presentable and

additionally satisfies the following two conditions:

(1) (Leftadjoints) For every morphism f: A — B in 8, the restriction functor f*: C(B) —
C(A) has a left adjoint f,: C(A) — C(B);

(2) (Left base change) For every pullback square

A3 A
f’l - lf

B’ T) B
in B, the Beck-Chevalley transformation f/a* = " f) is an equivalence.

If C and D are presentable B-categories, we say that a B-functor F: C — D preserves

(parametrized) colimits if the following two properties are satisfied:

(1) For every object B € B, the functor F(B): C(B) — D(B) preserves small colimits;

(2) Forevery morphism f: A — B in 8, the Beck-Chevalley transformation fyo F'(A) =

F(B) o fi is an equivalence.

By [MW22, Theorem A] and [MW21, Proposition 4.2.3], these definitions agree with the
definitions of Martini and Wolf [MW22].

Remark 2.10. For a presentable B-category, the restriction functor f*: C(B) — C(A) is
assumed to admit a right adjoint f.: C(A) — C(B) for every morphism f: A — B. By
passing to right adjoints in condition (2) in Definition 2.9, we see that also the other Beck-
Chevalley transformation B, f* = f"*a. is an equivalence. It follows that any presentable

B-category admits all (parametrized) limits and colimits.
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The next definition introduces the presentable 8-category Qg, the 8-parametrized analogue

of the co-category of spaces.

Definition 2.11. The target functor dy: B2 5 B is a cartesian fibration, and by [Lur09,

Theorem 6.1.3.9] is classified by a limit-preserving functor
Qg: B® — Pr, B— B, (f:A->B)— (f": B/5 > B/a).

The pullback functors f*: 8,5 — B, 4 have left adjoints fo—: 8,4 — B,p which satisfy the
Beck-Chevalley condition, so Qg is a presentable 8-category. We call Qg the B-category
of B-groupoids.?

Definition 2.12. Let Pr(8) denote the (non-full) subcategory of Cat($B) spanned by
the presentable B-categories and the colimit preserving B-functors. For presentable 8-
categories C and D, we let Funl,é(C ,D) denote the subcategory of Fung(C, D) spanned

by those B-functors C — D that preserve colimits.

Recall from [MW21, Definition 2.7.2] that the co-categories Cat($B,p) assemble into a
(very large) B-category Catg. The subcategories PrL(B/B) C Cat(8,p) assemble into a
parametrized subcategory PrIZ‘g C Catg, see [MW22, Definition 6.4.1].

Proposition 2.13 ((MW21, Proposition 4.5.1], [MW22, Definition 6.4.1, Remark 6.4.2,
Corollary 6.4.11]). The B-categories Catg and Pr]z“; are complete and cocomplete, and the

inclusion Pr]é < Catg preserves limits. i

Corollary 2.14. For each B € 8B the adjunction ny,: Cat(8) 2 Cat(B,p) : (7p)« from

Example 2.6 restricts to an adjunction ny: P (B) 2 PrL(B/B) (mB)s.

Proof. The functor n,: Cat(8) — Cat(8B,p) restricts to presentable categories since Pr]é -
Catg is a parametrized subcategory. The adjunction 7y, 4 (7p). restricts to presentable
categories since the parametrized subcategory Pr]z‘; C Catg is closed under (parametrized)

limits. o

Tensor products of presentable $-categories

Given two presentable 8-categories C and D, there exists a presentable 8-category C ® D
called the fensor product of C and P, which is characterized by the property that colimit-

preserving B-functors into a third presentable $B-category & correspond to B-functors

31t is called the universe for groupoids by Martini [Mar21].
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C XD — & which preserve colimits in both variables, see [MW22, Section 8.2]. The
tensor product equips Pr™(8) with the structure of a symmetric monoidal co-category
Prt(8)® whose monoidal unit is Qg. In fact, in [MW22, Proposition 8.2.9] it is shown
that a parametrized version of this construction equips the (very large) B-category Pr]z“;
of presentable B-categories with the structure of a symmetric monoidal B-category. In
particular, the restriction functor 77, : Pt (B) — Pr-(B /B) is symmetric monoidal for every
object B € B.

By [MW22, Proposition 8.2.11], a formula for the tensor product of two presentable
B-categories C and D is given by C® D ~ mg(()"p,@), the full sub-B-category of
Fun, (C, D) spanned by the limit-preserving B-functors C®® — D. For a third pre-

sentable B-category &, there is an equivalence
Funi; (C ® D, &) = Funy(C,Funj (D, E)),
and it follows in particular that the 8-functor C ® —: PrIZ‘; — Pr{;g preserves colimits.

Definition 2.15 ([MW22, Definition 8.2.10]). A presentably symmetric monoidal B-

category is a commutative algebra object in the symmetric monoidal co-category Pr™(8)®.

As Prt(8)® is a subcategory of Cat($B)*, a symmetric monoidal B-category C is pre-
sentably symmetric monoidal if and only if C is presentable and the tensor product 8-
functor —® —: C X C — C preserves colimits in both variables. Unwinding definitions, this

boils down to the following two non-parametrized conditions:

(1) (Fiberwise presentably symmetric monoidal) For every B € 8, the tensor product func-
tor —®p—: C(B) xC(B) — C(B) of C(B) preserves small colimits in both variables.

(2) (Left projection formula) For every morphism f: A — B in 8B and all objects X € C(B)
and Y € C(A), the exchange morphism fi(f*(X)®4Y) — X ®p f1(Y) is an equivalence.

In particular, the data of a presentably symmetric monoidal $8-category is the same as that
of a limit-preserving functor C: B8° — CAlg(Pr’) such that all the symmetric monoidal
restriction functors f*: C(B) — C(A) admit left adjoints that satisfy base change and
satisfy the left projection formula. Such structure has also been called a Wirthmiiller
context* [ABG18, Definition 6.7, Proposition 6.8] or a presentable pullback formalism
[DG22, Definition 4.5].

“In [ABG18], the Beck-Chevalley conditions and the left projection formula were not taken as part of the
axioms.
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Embedding B-modules into presentable B-categories

The co-topos B comes equipped with a presentably symmetric monoidal structure given by
cartesian product, and thus we may consider left modules over it in Pr™, which we will refer
to as B-modules. It was shown in [MW22, Section 8.3] that the $-modules embed fully

faithfully into presentable B-categories:

Proposition 2.16 ((MW22, Proposition 8.3.2, Lemma 8.3.3, Proposition 8.3.5, Proposi-
tion 8.3.6]). There is a symmetric monoidal fully faithful functor

~®p Qgp: Modg(Pr™) — Pr(8)
which admits a right adjoint T'": Pr(8) — Modg(Pr") whose composition with the

forgetful functor Modg (Pr) — Pr" is the global section functor T': Pr*(8) — Pr. O

Given a B8-module D, the presentable B-category D ®g Qg is given at an object B € B
by the relative tensor product D ®g B/ in Pr. The functoriality of this expression in B
is informally described as follows: given a morphism f: A — B in 8, one considers the
composition functor fi: 8,4 — B,p as a B-linear functor in Prl, tensors it with D over
B to get amap D ®g B4 — D ®g B, and then passes to its right adjoint. We refer to

[MW?22, Section 8.3] for a precise construction.

It follows directly from Proposition 2.16 that every commutative B-algebra O in Pr" gives

rise to a presentably symmetric monoidal 8-category D ®5 Qg:
Corollary 2.17. The adjunction from Proposition 2.16 induces an adjunction

—®gQg: CAlgg(Pr") Z—= CAlg(Pr"(8)) :I'in. O
We will also need a C-linear version of this result:

Lemma 2.18. For every presentably symmetric monoidal B-category C, the adjunction

from Proposition 2.16 induces an adjunction

—®r(c) C: Modr(c) (PrY) 2 Mod¢ (Pr+(8)) :T€.
Furthermore:
(1) the left adjoint — ®r(c) C is fully faithful and symmetric monoidal;

(2) the right adjoint T preserves colimits and satisfies the projection formula: the canon-
ical map
D rc) FC(S) - FC((Z) ®r(c) C)®cE)

is an equivalence for every I'(C)-module D and C-module &E.
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Proof. The adjunction is obtained as a concatenation of the following two adjunctions:

—®r( C)® 05C
Modr(c)(Pr") 77— ‘4 Modr(c)sg0s (P (8)) 7— “Modc (Pr(8).
g
The first adjunction is an instance of [Lurl7, Example 7.3.2.8] while the second adjunction
is the base change adjunction of the counit map I'(C) ®g Qg — C. As both left adjoints

are symmetric monoidal, so is their composite — ®¢ I'(C).

To show that the functor I'C : Mod¢ (Pr-(8)) — Modr(c) (Prl) preserves colimits, it suffices
to show that the functor I': Pr™(8) — Pr" preserves colimits, as colimits in module cate-
gories are computed underlying. As Pr(8) =~ (PrR(8))°P by [MW22, Proposition 6.4.7],
we may pass to opposite categories and instead show that I'®: PrR(8) — PR preserves
limits. By [MW22, Proposition 6.4.10] the inclusion PrR(8) < Cat(8B) preserves limits,
hence it suffices to show that the evaluation functor I' = ev;: Cat(8) — Cat,, preserves
limits. This is clear, as limits in Cat(8) = Fun® (8°P, Cat,,) are computed pointwise.

We next show that the functor I'C satisfies the projection formula. Recall that this is
automatic whenever 9 is dualizable in Modp(c)(PrL), see for example [FHMO3, Propo-
sition 3.12] or [Car+22, Lemma 4.15]. Since we already showed that I'C commutes with
colimits, it will suffice to show that the co-category Modr(c) (PrY) is generated under colimits
by dualizable objects. Since the free I'(C)-module functor I'(C) ® —: Pr — Modr(c) (Prt)
is symmetric monoidal and its image generates Modrc) (Pr") under colimits, it suffices to
show that Pr" is generated under colimits by dualizable objects. This holds by [RS22,
Lemma 7.14].

Finally, we show that the left adjoint — ®r(c) C is fully faithful, or equivalently that the
unit D — (D ®r(c) C) of the adjunction is an equivalence. This is a special case of the

projection formula applied to & = C. O

For general C-modules D and & in Pr™(8), it is not clear in general how the parametrized
relative tensor product D ®¢ & looks like. The situation improves when O comes from a
I'(C)-module in Pr’:

Corollary 2.19. Ler C € CAlg(Pr™(8)), let D,& € Mod¢(PrY), and assume that D =
Do ®r(c) C for some Dy € Modrc) (PrY). Then there is for every A € B an equivalence of

C(A)-linear oco-categories

D(A) ®c(A) E(A) =5 (DecE)(A).
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Proof. By passing to the slice category 8,4, we may assume that A is terminal in 8. In

this case, Lemma 2.18 provides equivalences of I'(C)-linear co-categories

D) ®c1yE(1) =T (D) @) I (E) — Do ®rc) [ (E) > TC(D@:E) = (D&cE)(1).
O

2.2 Classification of C-linear functors

Given a presentably symmetric monoidal B-category C € CAlg(Prt(8)), one may define
for every object A € B a presentable B-category C* given by C4(B) = C(A X B). It comes
equipped with a natural tensoring over C in Pr'(8). The goal of this section is to give a
classification of C-linear B-functors F: C* — C? for objects A, B € B: we will show in
Theorem 2.32 below that evaluation at the object A, 14 € C(Ax A) = C4(A) determines an
equivalence

eVA 1 Func(C4,C8) S C(AxB),

whose inverse sends an object D € C(A X B) to the B-functor (prg)(pr () ® D): cA —
CB.

The B-category of C-linear B-categories

Fix a presentably symmetric monoidal B-category C € CAlg(Pr™(8)), and consider the
co-category Modc (Prt(B)) of left C-modules in Pr*(8). We refer to the objects of
Modc (Prt(B)) as C-linear B-categories and to the morphisms as C-linear B-functors. In
particular, C-linear B-functors will always preserve colimits by convention.

For any object B € 8, we obtain an object 7,C € CAlg(Pr(B /8)). By [IMW22, Defini-
tion 7.2.2], the co-categories Modﬂ*Bc(PrL(B /B)) assemble into a B-category ModC(Pr]é).
By [MW?22, Proposition 7.2.7], we have:

(1) The B-category ModC(Prlé) is complete and cocomplete;
(2) The B-functor ModC(PrIé) — PrIZ‘; preserves limits and colimits;

(3) Therelative tensor product —®¢ —: Mod¢ (Prlé) XMode (Prlz‘g) — Mod¢ (Prlé) preserves

colimits in both variables.

Since Pr'(8) is closed symmetric monoidal, so is Mode (Pr(8)): for every pair of C-linear
B-categories D and &, there exists an internal hom object Fun . (D, &). We let Func (D, E)
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denote its underlying oco-category, whose objects are the C-linear B-functors F: D — &,
and whose morphisms will be referred to as C-linear natural transformations. Given two
C-linear B-functors F,F’: D — &, we let Natg (F, F’) denote the mapping space from F
to F’ in Fung (D, E).

Definition 2.20. A C-linear B-functor F: D — & is called an internal left adjoint in
Modc (Prt(B)) if there is a C-linear B-functor G: & — D equipped with C-linear trans-
formations €: FG = id and n: id = GF satisfying the triangle identities.

We have the following characterization of internal left adjoints:

Lemma 2.21. A C-linear B-functor F: D — & is an internal left adjoint in Mod (Pr™(B))
if and only if its right adjoint G: D — & in Cat(B) preserves colimits and satisfies the
projection formula: for every B € B, every C € C(B) and every E € &(B), the canonical
map C ®p G(E) — G(C ®p E) is an equivalence in D(B).

Proof. By Proposition A.7, the rightadjoint G of G is aright adjoint internal to Mod¢ (Cat(38))
if and only if G satisfies the projection formula. The adjunction lifts further to Mod¢ (Pr™(8))

if and only if G preserves colimits. O

The property for a C-linear functor F to be an internal left adjoint can be checked locally
in B:

Proposition 2.22. Let F: D — & be a C-linear B-functor and assume that B - 1 is an
effective epimorphism in B. Then F is an internal left adjoint in Modc (Pr™(8B)) if and only
if npF is an internal left adjoint in Modc (PrL(B/B)).

Proof. Let G: & — D be the right adjoint of F. Since Plrlz“3 is a parametrized subcategory
of Catg and thus satisfies descent w.r.t. effective epimorphisms, G preserves colimits if and
only if 7,G does. By Lemma 2.21, it thus remains to show that G satisfies the projection
formula if and only if 73,G does. This is true because checking that for objects A € B,
CeC(A)and E € E(A) the map C®p G(E) —» G(C®p E) is an equivalence in D(A) can
be done after pulling back along the effective epimorphism A X B - A. O

Free and cofree C-linear $-categories

Continue to fix a presentably symmetric monoidal B-category C. We will next associate to
every object A € B two C-linear B-categories C[A] and C*, the free and cofree C-linear
B-categories on A, and prove that they are in fact equivalent, see Corollary 2.29 below.

The arguments are entirely analogous to those of [Car+22, Section 4.1].
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Definition 2.23. Let D € Modc(Prt(8)) be a C-linear B-category. For an object A € B,
we define the C-linear B-categories D[A] and D4 by

D[A] :=colimy D = (7417, D and DY =1limy D = (ma)7, D,

the A-indexed colimit and limit of the constant diagram on D in the B-category Mod¢ (Prlé).

For a morphism f: A — B in 8, we denote by
fi: D[A] - D[B] and f* DB pA

the induced C-linear 8-functors, obtained by plugging the appropriate unit or counit. Their

right adjoints in Cat(8) are denoted by
f*: D[B] = D[A] and fo: D4 — DB,

Since the forgetful functors Modc (Pry;) — Pri; — Catg preserve limits by [MW22, Propo-
sition 7.2.7] and [MW22, Proposition 6.4.9], the underlying B-category of D4 is the B-
category (ma)«7m, D = D(AX-): B — Cat, alternatively described as the parametrized

functor category Fun, (A, D).
Corollary 2.24. There is a natural equivalence of C-linear B-categories
Fun,(C[A],D) = D™,

Proof. The internal hom B-functor Fun, (-, D): ModC(Pr]é)"p — ModC(Pr]é) turns col-
imits in ModC(PrIZ‘g) into limits and returns ) when evaluated at the monoidal unit
C € Mod¢ (Pr™(8)), hence we have

Fun,(C[A], D) = Fun,(colims C, D) ~ limy Fun,(C, D) = lim, O = D*. O
Lemma 2.25. For objects A, B € B, there is an equivalence
Cl[A]®c D|[B] = D[AXB].

Proof. Since —®¢ — preserves colimits in both variables and C ®¢ D ~ D, this follows from
the observation that colimy colimp =~ colimyxp: both sides are left adjoint to the diagonal
Modc (Prl) — Fung (A x B,Modc (Pry)). O

Proposition 2.26. Let D be a C-linear B-category.

(1) For every morphism f: A — B in B, the C-linear B-functor f: C[A] — C|[B] admits
a C-linear right adjoint f*: C[B] — C[A];
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(2) Forevery pullback square in B as on the left, the induced square of C-linear B-functors
as on the right is (vertically) right adjointable in Modc (Pr™(8B)):

AT —% A ClA'] —— C[A]
AR il
B’ H B C[B'] —— C|B];

(3) For every morphism f: A — B in B, the C-linear B-functor f*: DF — DA admits a
C-linear left adjoint f: D4 — DB;

(4) For every pullback square in B as on the left, the induced square of C-linear B-functors
as on the right is (vertically) left adjointable in Modc (Prt(8)):

A —Cy A DN L pA
T
B " B F L pb;

(5) For every morphism f: A — B in B, there are naturally commutative squares of

C-linear B-functors

Fun,(C[B],D) — D* Fun,(C[A],D) — DA
—o fl \Lf* and Y f*l \L !
Fun,(C[A],D) — D" Fun,(C[B],D) — D*.

Proof. Parts (3) and (4) follow immediately from (1) and (2) because of the natural equiv-
alence Fun,(C[A], D) ~ DA, For (5), the left-hand square is simply naturality in A of the
equivalence Fun,(C[A], D) =~ DA, and the right-hand square is obtained from this by pass-
ing to internal left adjoints in Mod¢ (Pr(8)). For parts (1) and (2), consider the base change
functor C ®q, —: Prlz“; ~ Modg, (Prlé) — Modc(Pr]z“;). It is a colimit-preserving symmetric
monoidal 2-functor, and thus we have C[A] ~ C ®q, Qg[A]. It thus suffices to show the
claim when C = Qg. In this case we have an equivalence Qg[A] ~ PShg(A) by [MW21,
Theorem 6.1.1], and by [MW21, Lemma 6.1.3] the functor fi: PShg(A) — PShg(B) is
given by left Kan extension. The right adjoint f*: PShq(B) — PShq(A) of fi is therefore
just the restriction functor, which is a morphism in Prt(8), proving (1). For part (2), it

suffices to check that for every object C € B, evaluating the square at C gives a vertically
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right adjointable square of co-categories. In the case at hand, this square looks like

(ax1)o—

B arxc Baxc
(f’xl)o—l l(fxl)o—
(Bx1)o-
B prxc B/ pxcs
which is adjointable as B satisfies base change. O

Corollary 2.27. For every object A € B, the C-linear pairing

ClA]®cC[A] ~ C[AxA] 5 C[A] 2 ¢

is part of a duality datum in Modc (Pr™(B)), exhibiting the C-linear B-category C[A] as
self-dual.

Proof. The coevaluation is given by C A, Cl[A] 4, C[AXA] ~C[A] ®c C[A]. The first

triangle identity follows from the following commutative diagram:

C|[AXAXA]
(I1xA), (Ax1)"
/ \
C[AXA] C[AXA]
Pri A* A \(pri)!
CIA] S CIA] CIAL.

where the square commutes via the Beck-Chevalley equivalence. The other triangle identity

is analogous. O

Lemma 2.28. Let f: A — B be a morphism in 8. Then the following diagrams commute:

c[B] —L—— ¢[4] cla] —L— c[B]
~ l: and ~ i:
ciB)Y —L° s cray cialy —Y s erByY.

Proof. We will prove the left diagram. The proof for the right diagram is analogous and is
left to the reader. Expanding the definition of (f;)" by plugging in the explicit evaluation

and coevaluation maps from Corollary 2.27, we see it is given by the composite

* 1 D)) AX1)* !
e8] 225 crx Al Y crex Bx A] XY B x A1 4 Al
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Observe that the maps 1x (f,1) and A X 1 fit into a pullback square

1
(/1 s BxA

A
(f,l)l - ilX(f,l)

BxA — 2y BxBxA,

and thus it follows from base change that the above composite is homotopic to

)* ) |
CIB] (prg)” ciBxA] L (f ) ClA] (f.1) CIBxA] (pra) ClA].

But this composite is the functor f*: C[B] — C[A], as desired. O

Under the equivalence Func(C[A],C?) ~ CA(A) = C(A X A), the object A, 1 4 corresponds
to a C-linear B-functor C[A] — CA.

Corollary 2.29. For every object A € B, the B-functor C[A] — CA is an equivalence of

C-linear B-categories. Furthermore, for everymap f: A — B in B, the following diagrams

commiute.:
] —= C? Cc[A] —— ¢4
fl lf* and fi \Lﬁ
] == ¢4 C[B] —— C5.

Proof. By Corollary 2.27, the pairing C[A] ®c C[A] — C adjoints over to an equivalence
C[A] = Fun,(C[A],C). Composing this with the equivalence Fun,(C[A],C) ~ cA
from Corollary 2.24 gives an equivalence C[A] — C*. It remains to show that this is the
B-functor C[A] — CA classified by A; 1,4 € C4(A). Adjoining over once more, it suffices
to show that the dual C — C**4 of the pairing C[A x A] — C is classified by the object
A1y eC(AX A) But by Proposition 2.26(5) and the construction of the pairing, this is

the composite C A, CA > CA%A_ This proves the first claim.

The two commutative diagrams follow from a combination of Lemma 2.28 and Proposi-
tion 2.26(5). ]
Classification of C-linear functors

As a result of Corollary 2.29, the C-linear B-category C4 is, in a precise sense, the free
C-linear B-category on A: any C-linear B-functor C4 — D to another C-linear B-category
D is fully determined by where it sends the object A; 14 € C(AXA) = CA(A).
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Corollary 2.30. For an object A € B and a C-linear B-category D, the composite

evAlﬂA

\A
Fun (€4, D) 5 Fung (C¥4, D) 2224, i

is an equivalence of C-linear B-categories, where the last map denotes evaluation at
A1y eC(AXA).

Proof. Let U € C[A](A) denote the object classified by the identity C[A] — C[A] under
the equivalence Func(C[A],C[A]) = C[A](A). By Corollary 2.29, it suffices to show the

statement for C[A] instead of C4: the composite
A v
Fun,,(C[A]. D) - Fun, (C[A]4, D*) &% D

is an equivalence of C-linear B-categories. We claim that this composite is simply the
equivalence Fun,(C[A], D) — DA from Corollary 2.24. Indeed, as both are functorial in
D it suffices to show they agree for the identity functor on 9 = C[A], in which case it holds
by definition of the object U. i

Observation 2.31. Since the functor (=)*: Pr*(8) — Pr(8) is lax symmetric monoidal
(as it is the composite of the symmetric monoidal functor 77, : Pt (B) - P (B /4) and its
right adjoint (1r4).), the B-category D4 is canonically tensored over C4. We claim that the
inverse of the equivalence of Corollary 2.30 is adjoint to the composite D4 ®c C4 o,
DA A, D. To see this, it suffices to show that the composite D4 — @C(CA,Z)) = DA
is equivalent to the identity. Expanding definitions, this composite is given by

pry 1®A T4 —®AxA— P
DA DAXA ~ DAXA ®C .Z)AXA ®C CAXA X .Z)AXA Z)A.

By the projection formula, this is equivalent to the composite
pry A(A"pri (=) @4 14): DA - DA,

which is equivalent to the identity since A: A — A X A is a section of both projections

pri,pry: AXA — A.
Specializing to D = C?, we arrive at the main result of this subsection:

Theorem 2.32. For objects A, B € B, evaluation at A\ 1 4 € CA(A) induces an equivalence
of C-linear B-categories
@C(CA’CB) =, 0AXB.
The inverse is adjoint to the composite
1®pr,

—®AxB— P,
CAXB ® CA CAXB ® CAXB X CAXB CB. O
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Definition 2.33. Let D € Mod¢ (Pr-(8)) be a C-linear B-category and let F: C* — D
be a C-linear B-functor. We define D := F4(A14) € D(A). Conversely, for an object
D e D(A),welet Fp: C* — D denote the C-linear B-functor Fp = A\ (-®4 D): C4 — D.

More informally, Corollary 2.30 says that every C-linear 8-functor F : C4 — D is naturally
equivalent to the 8-functor A|(—®4 Dr). One should be a bit careful with the interpretation
of these symbols “A,” and “®4", as they depend on ©. For example, in the case of
Theorem 2.32, where D = C8 for some B € B, the statement is that every C-linear functor
F: C4 — CBisequivalent to pr,(pr’y (=) ®axp D) for aunique D € CB(A)=C(AXB).

Corollary 2.34. Let A € B, let D be a C-linear B-category and let F,G: C* — D be two

C-linear functors. Evaluation at A1 4 induces an equivalence of spaces
Natc(F,G) — Hompa)(Dr,Dg).

Proof. This follows immediately from the fact that evaluation at A;14 is an equivalence
from Func (C4, D) to D(A) by Corollary 2.30, so that it in particular induces equivalences

on mapping spaces. O

2.3 Formal inversions

If C is a presentably symmetric monoidal co-category and S is a small subcategory of C,
there is another presentably symmetric monoidal co-category C[S~!] equipped with the
universal morphism C — C[S™'] in CAlg(Pr) out of C which sends all objects in S to
invertible objects, see Robalo [Rob15, Section 2.1] and Hoyois [Hoy17, Section 6.1]. The

goal of this subsection is to discuss a parametrized variant of this construction.

Definition 2.35 (Formal inversion). Let C be a presentably symmetric monoidal B-category,
and let S C C be a full subcategory. A morphism p: C — C’ in CAlg(Prt(8)) is said to
exhibit C" as a formal inversion of S in C if for every other D € CAlg(Pr(8)) the map of
spaces
Home 0 (pit () (C,D) - Home 0 (pit () (C.D)

given by precomposition with p is a monomorphism hitting those path components cor-
responding to B-functors F': C — D which invert the objects of S: for every A € B, the
functor F4: C(A) = D(A) sends every object X € S(A) to an invertible object in D(A).

If such formal inversion p: C — C’ exists, it is uniquely determined by this universal

property and we will denote it by p: C — C[S™']. It is not clear to the author in what
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generality parametrized formal inversions can be expected to exist. In this article, we will
contend ourselves with some specific situations in which the formal inversion can be shown

to exist.

A first such situation is when the subcategory S is generated by a (non-parametrized) full

subcategory So C C(1), in the following sense:

Definition 2.36. Let C be a B-category and let S C C be a subcategory. Given a small
subcategory So C I'(S) C I'(C), we will say that S is generated by Sy if the following
condition is satisfied: for every X € S(B), there exists an effective epimorphism f: A — B
in B and an object Y € So C C(1) =T'(C) such that f*X ~ A*Y.

Note that in this case, a morphism F: C — D in CAlg(Prt(8B)) inverts the objects of S if
and only if the underlying functor I'(F): I'(C) — I'(D) inverts the objects of S.

Definition 2.37. Let C € CAlg(Prt(8)) and let S C C be a symmetric monoidal subcategory
which is generated by a small subcategory So € I'(C). Let I'(C)[S, 11 denote the (non-
parametrized) formal inversion of So in I"(C). We define the commutative C-algebra C[S 3
in Pr'“(8) as the image of I'(C)[S;'] under the adjunction

—®r(c)C: CAlgp g (Prt) 2 CAlge (Pr(B)) T

from Lemma 2.18.

Proposition 2.38. Ler C € CAlg(Prt(B)) and let S C C be a symmetric monoidal sub-
category which is generated by Sy C I'(C). Then the symmetric monoidal left adjoint

C— C[Sal] is a formal inversion of S in C.

Proof. Let F: C — D be morphism in CAlg(Pr*(8)). By the adjunction between
—®r(c) C and I'C, there is a one-to-one correspondence between morphisms C [Sy N>
of commutative C-algebras and morphisms I'(C)[S; 1 = (D) of commutative T'(C)-
algebras. The claim thus follows from the universal property of the formal inversion
) —»re)l[s, 11, combined with the fact that the B-functor F: C — D inverts the
objects of § if and only if the underlying functor I'(F): I'(C) — I'(D) inverts the objects
of So. O

Observation 2.39. In the situation of Definition 2.37, it follows directly from fully faith-
fulness of the functor C®r(c): Modr(c)(PrL) < Mod¢ (Pr™(8)) that the underlying co-
category of C[S;'] is given by the non-parametrized formal inversion I'(C)[S;'] of Sy in

I'(C). In particular, Proposition 2.38 not only shows that the formal inversion of S in C
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exists, but also that its underlying morphism in CAlg(Pr") is a non-parametrized formal

inversion.

More generally, evaluating the map C — C[S, '] at an object A € B gives a symmetric

monoidal left adjoint
C(A) - C[S5'1(4)

which exhibits C[S; "1(A) as a non-parametrized formal inversion of S(A) in C(A). Indeed,
this follows immediately by applying the above observation to the slice category B, 4, where

we use that passing to slices preserves formal inversions by Proposition 2.47 below.

The upshot of Observation 2.39 is that the formal inversion in the above setting can be
obtained as a pointwise formal inversion, in the sense that C[S™!] is given at B € B as
the non-parametrized formal inversion C(B)[S(B)~!]. This observation will lead to the
construction of parametrized formal inversions in more general situations. We start by
recalling the functoriality of the formal inversion construction in the non-parametrized

setting.

Definition 2.40. We define Catc, ay¢ as the full subcategory of Ar(Caty,) = Fun(A'!, Cat,,)
spanned by the morphisms in Cats corresponding to a fully faithful functor ¢g: S — C,
where S is a small co-category. The functor ¢s: S < C is called an augmentation of the
oco-category C and the pair (C,ts) is called an augmented co-category. We will often abuse
notation and write (C, S) for (C,ts), identifying S with its image in C.

Note that the forgetful functor Cate aug — Cateo, (C,S) > C is faithful: for another aug-
mented co-category (D, T), amorphism (C,S) — (D,T) in Caty, 5y, may be identified with
a functor C — O which sends the full subcategory S € C into T C D.

Definition 2.41. We define the co-category CAlg(PrL)alug of augmented presentably sym-

metric monoidal oo-categories as the pullback

CAlg(Pr") e — Catoo aug
Lo
CAlg(Prt) —— Cat,,.

Its objects are pairs (C,S) of a presentably symmetric monoidal co-category C equipped

with an augmentation ¢5: S — C.

We define a section (=)jn, : CAlg(Prt) — CAlg(PrL)aug of the forgetful functor by equip-

ping a symmetric monoidal C with its collection of invertible objects.
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Lemma 2.42. The functor (=)iny: CAlg(Prt) — CAlg(PrL)aug admits a left adjoint
L: CAlg(Prt),,, — CAlg(Prh)
given on objects by sending a pair (C,S) to the formal inversion C[S™'].

Proof. Tt suffices to show that for every pair (C,S), the formal inversion C[S™'] is a left
adjoint object to (C, S) under the functor (-);,, : CAlg(Prt) — CAIg(PrL)aug. This follows
from the universal property of C[S™!]: for every D € CAlg(Pr"), precomposition with the

functor C — C [S‘l] induces an inclusion of path components
HomCAlg(PrL) (C [S_l ] > D) = HomCAlg(PrL) (C, D)

whose image precisely consists of those functors C — 9 which send all objects of S to

invertible objects in D, i.e. the space of maps in CAlg(PrL)aug from (C,S) to Djyy. O

We will now construct the pointwise formal inversion L(C,S) in case 8 = PSh(T) is a

presheaf topos.

Construction 2.43. Let 7 be a small co-category, let 8 = PSh(T') and let C be a presentably
symmetric monoidal B-category equipped with a small full subcategory S C C. We let
(C,8): T’ — CAlg(Pl’L)aug denote the lift of the functor C: T°° — CAlg(Prt) which
equips the co-category C(B) with the augmentation S(B) for every B € T. Composing with

the functor L gives rise to a new functor
L(C,S): T° — CAlg(Pr"),

given on objects by B+ C(B)[S(B)~!]. This uniquely extends to a limit-preserving functor
L(C,S): B°° — CAlg(Prb).

We claim that under suitable conditions, £(C,S) is a presentably symmetric monoidal 8-
category modeling the parametrized formal inversion C[S~']. To this end, we need some

basic properties of (non-parametrized) formal inversions.

Lemma 2.44. Let C € CAlg(Prt) be a presentably symmetric monoidal co-category and
let S C S’ be two small subcategories of C. Assume that for every object X' € §’ there exists
objects X € S and Y € C such that X ~ X' ®Y. Then any formal inversion p: C — C[S™']
of S in C also exhibits C[S™'] as a formal inversion of S’ in C.

Proof. This is immediate from the observation that any symmetric monoidal left adjoint
F: C — D which inverts S must also invert §”: if X ~ X' ®Y, we get F(X) ~ F(X")Q F(Y)
and thus if F(X) is invertible, so must be F(X’) and F(Y). O
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Lemma 2.45. Let F: C — D be a morphism in CAlg(Pr") and let S € C be a small

subcategory. Then the canonical map
DecCIS™' = DIF(S)™]
obtained by adjunction from the C-linear functor C[S™'] — D[F(S)™"] is an equivalence.

Proof. It follows from spelling out the adjunctions and universal properties that both sides
are D-algebras in Pr which admit a (necessarily unique) symmetric monoidal D-linear
map into another D-algebra & if and only if the unit map 9D — & carries the objects of

F(S) to invertible objects in &. The claim thus follows from the Yoneda lemma. O

We are now ready to prove that in certain cases the pointwise formal inversion £(C,S)

represents the parametrized formal inversion C[S~'].

Proposition 2.46. Let B = PSh(T) be the co-topos of presheaves on some small co-category
T. Let C be a presentably symmetric monoidal B-category equipped with a full subcategory
S C C. Assume that the following property is satisfied:

(x) For every morphism f: A — B in T C B and every object X € S(A), there exists
objects Y € S(B) and Z € C(A) such that f*Y ~X®Z € C(A).

Then the functor L(C,S): B — CAlg(Pr") is a presentably symmetric monoidal B-
category and the map C = L(C,0) — L(C,S) exhibits L(C,S) as a formal inversion of S
in C.

Proof. We first show that £(C,S) is a presentably symmetric monoidal $-category and
that the map C — L(C,S) preserves colimits. This may be proved by pulling back C to
the slice topos PSh(T'), = PSh(Tp) for every B € T, hence we may assume that 7 admits
a terminal object B. In this case, consider the full subcategory S’ C C given at A € T by

§'(A) ={f"XeC(A) | X €S(B)},

where f: A — B is the unique map to the terminal object. Note that S’ C S, as S is a
parametrized subcategory of C. It is immediate from the definition that S’ is generated by
So := S(B), in the sense of Definition 2.36, and thus Proposition 2.38 provides a formal
inversion F': C — C[S; 1 of 8" in C. As in the proof of Lemma 2.44, the assumption ()
guarantees that F even inverts all the objects in S, and it follows that the map C — C[S; N
uniquely extends to a map

L(C,S) — C[S;]
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in Fun(7°P, CAlg(Prl)). It follows from Observation 2.39 and Lemma 2.44 that this map
is pointwise an equivalence and hence that it is an equivalence of symmetric monoidal 8-
categories. Since C[S; 1 is presentably symmetric monoidal, it follows that so is £(C, ).

Similarly we deduce that the map C — L(C, S) preserves colimits.

We will now verify that C — £(C,S) is indeed a formal inversion. Assume that D is
a presentably symmetric monoidal B-category. Because of the adjunction (—)iny 4 £,
fiberwise-colimit-preserving symmetric monoidal B-functors G: L(C,S) — D corre-
spond to fiberwise-colimit-preserving symmetric monoidal 8-functors G’': C — D invert-
ing the objects in S. It thus remains to show that if G’ preserves all B-colimits, then so does
its extension G. This may be tested after passing to the slice topoi PSh(T") ;g ~ PSh(7}p) for
B e T, and since the construction of £(C, S) commutes with passage to slice topoi we may
assume that 7 admits a terminal object. In this case, there is a symmetric monoidal equiva-
lence £(C,S) =~ C[S;'], and since C[S;'] is a formal inversion of S in C it follows that G’
admits a unique colimit-preserving symmetric monoidal extension to C[S; 1= D. This

in particular preserves fiberwise colimits, so must agree with G, finishing the proof. O

We finish the section by proving that parametrized formal inversions are preserved under

passing to slice topoi.

Proposition 2.47. Let F: C — C’ be a morphism in CAlg(Pr™(B)) which exhibits C’ as a
formal inversion of a small subcategory S in C. Then for every object B € B, the induced

B, p-functor nyF: n,C — nC’ exhibits n,C’ as a formal inversion of nyS in 7y, C.
Proof. Consider D € CAlg(Prt(8 /B)). Because of the adjunction
Tyt P (B) 2 PrL(B/B) (7))«

from Corollary 2.14 and symmetric monoidality of 7, a morphism F: 7,C — D in
CAlg(PrL(B/B)) is the same as a morphism F’: C — (n5).D in CAlg(Pr*(8)). Since the
unit C — (7p).nxC and the counit 7y (7). — D are symmetric monoidal, it follows

that F inverts the objects of 73S if and only if F’ inverts the objects of S. Since the map

Homeyo(pet(8,,)) (73C". D) — Home e (pet(8,,)) (73C,D)
given by precomposition with 7, F corresponds under the adjunction to the map
Home g prt () (C's (78): D) = Home g g pri (), (C (78)-D)
given by precomposition with F, we conclude that 7, F exhibits 77, C” as a formal inversion

* : *
oanS in 7rBC. O
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1.3 Twisted ambidexterity

Fix an co-topos 8B and a presentably symmetric monoidal 8-category C. In Section 3.1,
we will associate to every morphism f: A — B in 8 a relative dualizing object D y € C(A)
together with a twisted norm map Nmy: fi(-® Dy) = f.(-), which informally speaking
exhibits fi(—® D) as the universal parametrized C-linear approximation to f.. We will
show in Section 3.2 that when f is n-truncated for some 7, the twisted norm map reduces
to the (untwisted) norm map Nmy: fi = f. from Hopkins and Lurie [HL13] whenever the
latter is defined, and use this to express ambidexterity in terms of twisted ambidexterity. In
Section 3.3 we will explain the close relation between twisted ambidexterity and Costenoble-
Waner duality, a parametrized form of monoidal duality due to [CW16; MS06].

3.1 The twisted norm map

To define the twisted norm map Nmy, we will first treat the case where the target B of f is
the terminal object of 8. The case for arbitrary B will be obtained by passing to the slice
topos B/p.

Definition 3.1. For an object A € 8 we define the dualizing object D4 € C(A) of A as
Dy :=pr; Al €eC(A),

where pr;: AX A — A is the first projection and A: A — A X A is the diagonal of A. We

let ca: pri Da — Ay 14 denote the counit.

Under the equivalence Fung (C4,C) ~ C(A) of Theorem 2.32, the object D4 € C(A) corre-
sponds to a C-linear B-functor A;(—®D4): C4 — C. As a special case of Corollary 2.34

we immediately obtain the following corollary:
Corollary 3.2. For an object A € B, evaluation at A1 4 induces an equivalence of spaces
Natc(A*Ag (— ®a DA), idCA) - HomC(AxA) (pl‘i< D4, A ]lA). 1.3.1)
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Proof. By naturality in O of the equivalence @C(CA,Z)) =5 D4 from Corollary 2.30,
evaluating A*A)(—®4 D4): C* — C* at A/ 14 gives pri D 4. The statement then follows
from Corollary 2.34, since all three functors A*, A; and —®4 D4 are canonically C-

linear. O
Definition 3.3. For A € B, we define a C-linear B-transformation
Nmy: A*A)(-®4 Dy) = idea

as the C-linear B-transformation corresponding under the equivalence (I.3.1) to the counit
map pry Dy =pripri, Ayly — AT, We will refer to ﬁrﬁA as the adjoint twisted norm
map for A. We define the twisted norm map

Nmy: A/(-®4Dy) = A.(-)
as the B-transformation between B-functors C4 — C adjoint to Nmy.

Definition 3.4. An object A € 8B is called twisted C-ambidextrous if the twisted norm map

Nmy is an equivalence.

A relative version of twisted ambidexterity is obtained by passing to slices of B:

Definition 3.5. For a morphism f: A — B in B, define the relative dualizing object
DreC(A)of fasDy:=pr;, (Ar)14€C(A), wherepr;: AxpA — Ais the first projection
and Ay: A — AXp A is the diagonal of f. We define the twisted norm map

Nmy: fi(=®4Dy) = fi(-)
as the B, p-transformation between 8B, p-functors (irj_,}C)A — mpC as in Definition 3.3. We

will say that f is twisted C-ambidextrous if the transformation Nm is an equivalence.

We may obtain an explicit formula for the transformation Nmy as follows.

Lemma 3.6. For A € B, the transformation Nmy: A*A, (=®4 D) = ida is equivalent to

the composite

A"A\(-®4 Dy) b pry, pri(—®4 Dy)
2 pry, (pry (=) ®axa pry D a)
= pry (pr} (=) ®axa A1)
" ey (A" pr (-) @4 1)

= ich .

41



Here 1.b.c. denotes the left base change equivalence, l.p.f. denotes the left projection
formula equivalence, and the non-invertible arrow in the middle is induced by the counit

priDa=pripri, Ay — A lg.

Proof. By definition, the adjoint twisted norm map Nmy is defined to be the map whose
image under the equivalence Func(C#,C4) =5 C(A X A) from Theorem 2.32 is the counit
map pr; Dy — A;14. Recall that an inverse to this equivalence is given by sending
D € C(AXA) to the C-linear B-functor pry, (prj(—) ®axa D): C4 — CA. Tt follows that
morphism Nm, in Func(C4,C*) is equivalent to the map pry, (pr’ (=) ®axa pri Da) —
pry, (prj (=) ®axa A 1)A) induced by the counit. Unwinding definitions, the identifications
of the source and target of these maps happens through the left base change equivalence

and the left projection formula, giving the claim. O

The twisted norm map Nmy exhibits the B-functor A|(—-®Dy4): C A _ Cin a suitable sense
as the universal C-linear approximation of the B-functor A,.: C4 — C. More precisely, the
dual adjoint norm map Nm, exhibits A (—® D) as terminal among C-linear B-functor

F: C* — C equipped with a C-linear transformation A*F — id:

Proposition 3.7 (Universal property twisted norm map). For a C-linear functor F: C* —

C, the composite
Natg (F, A(~® D)) 25 Nat (AF, A° A (~ © D 4)) 2 Nate(A°F, idg»)
is an equivalence of spaces.
Proof. Observe that the three instances of the equivalence of Corollary 2.34 fit in the

following commutative diagram:

Non—

Nate(F,A1(—®Dy)) A*é Natc(A*oF,A* 0 A\(-®D,)) ————> Natc(A* o F,idca)

zleVA! 1y :\LGVA‘ Ty :\LGVA! 1y
*

pri . Chp O— .
HomC(A) (DF,DA) % HomC(AxBA) (pI‘;ic DF’Pri DA) p% HomC(AxBA) (pI‘1 DF,Ag ]IA).

The left square commutes by naturality of the equivalence Fung (C4, D) ~ D(A) in D and
the right square commutes because an equivalence of categories preserves composition. It
thus remains to show that the bottom composite in the diagram is an equivalence. But this

is clear since it is given by the adjunction equivalence on hom-spaces for the adjunction

k
pr1_|prl*' O

As a consequence of the universal property of Nmy, we may express twisted ambidexterity

in terms of internal left adjoints in Modc (Pr(8)), in the sense of Definition 2.20:
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Proposition 3.8. The object A is twisted C-ambidextrous if and only if the C-linear B-
functor A*: C — CA is an internal left adjoint in Modg (Pr™(B)).

Proof. Note that A is twisted C-ambidextrous if and only if the adjoint twisted norm map
Nmy: A*A(-®4 D) = idea

exhibits A|(—®4 D) as a C-linear right adjoint of A*, so that one implication is clear.
Conversely, if A* is an internal left adjoint with C-linear right adjoint A,, the C-linear counit
A*A, — id equips A, with the same universal property of A;(—® D 4) of Proposition 3.7:

for every C-linear B-functor F: C4 — C, the composite
Ato— * * NTnA o * .
Natc(F,A.) — Natg(A"F,A"A,) ——— Nato(A™F, ldCA)

is an equivalence of spaces. It follows that A|(—®4 D 4) and A, are equivalent as C-linear

B-functors C4 — C, necessarily via the twisted norm map. O

Remark 3.9. Applying Proposition 3.8 to the slice topos B3, it follows that a morphism
f: A— Bin8Bistwisted C-ambidextrous if and only if the C-linear 8, z-functor f*: 7,C —
(ﬂZC)A is an internal left adjoint in Modc (Pt (8 /B)), i.e. the right adjoint f, preserves
B, p-parametrized colimits and satisfies the projection formula. Applying the criterion
Lemma 2.21 to the slice topos B, this can be made explicit in terms of non-parametrized

criteria: f is twisted C-ambidextrous if and only if for every pullback diagram

AT —L 5 A S A

B’ N B N B

in B the following three conditions hold:

(1) (Preserving fiberwise colimits) The functor f;: C(A’) — C(B’) preserves colimits;

(2) (Preserving groupoid-indexed colimits) The Beck-Chevalley square

C(A)) —Z C(A")

7| |

cB) L c8”)

is horizontally left adjointable;
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(3) (Right projection formula) For objects X € C(A”) and Y € C(B’), the canonical mor-
phism

LX) ®Y - fI(X®f(Y))

in C(B’) is an equivalence.

Conditions (1) and (2) correspond to the assumption that the B,p-functor f. preserves

B, p-parametrized colimits, while condition (3) is equivalent to the condition f is C-linear.

Example 3.10. When B = Spc is the co-topos Spc of spaces and C = Sp is the co-category of
spectra, the universal property of the twisted norm map appears as [NS18, Theorem [.4.1(v)].
Since every colimit-preserving functor between stable presentable co-categories is Sp-linear,
the universal property simplifies to the statement that the twisted norm map colima(—®
D) = limy (—) exhibits its source as the universal colimit-preserving approximation of
its target. The object D 4 € Sp” is called the dualizing spectrum of A, and was studied by
Klein [KleO1]. As a functor A — Sp, it may be identified with the composite

—M ,— xy i
@ Mapata) SpcA — SpA —>l oA Sp.
Example 3.11. Let G be a compact Lie group and let 8 = Spc; be the co-topos of G-spaces.
For C = SpY the B-category of genuine G-spectra, to be introduced in Definition 4.2 below,
the universal property of the twisted norm map was established by Quigley and Shah [QS21,

Theorem 5.47]. Again the statement simplifies due to S_pG—linearity being automatic.

Example 3.12. Let 8 = Spc be the co-topos of spaces and let C be a presentably symmetric
monoidal co-category. By Proposition 3.8, a space A is twisted C-ambidextrous if and only
if it is C-adjointable in the terminology of [Car+22, Definition 4.17]. In particular, the

following are examples of twisted C-ambidextrous spaces:

(1) If C is stable, then every compact space is twisted C-ambidextrous, [Car+22, Exam-
ple 4.24].

(2) If C is m-semiadditive for some m > —2, then every m-finite space is twisted C-
ambidextrous, [Car+22, Example 4.22].

(3) It C is an n-category (i.e., its mapping spaces are (n — 1)-truncated), then every n-
connected space is twisted C-ambidextrous, [Car+22, Example 4.23].

(4) Let C = PrL be the co-category of k-presentable co-categories for a regular cardinal .

Then every space is twisted C-ambidextrous, [Car+22, Example 4.26].
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The twisted C-ambidextrous morphisms form a well-behaved class of morphisms in 8:

Proposition 3.13. The collection of twisted C-ambidextrous morphisms is

(1) closed under composition;

(2) closed under arbitrary disjoint unions;
(3) closed under base change;

(4) closed under cartesian products;

(5) alocal class of morphisms in B, in the sense of [Lur09, Definition 6.1.3.8]. Equivalently,

it is closed under disjoint unions, and for every pullback square

A —2 5 A

f’l J ,8 \Lf (1.3.2)

B —» B

in B such that ' is twisted C-ambidextrous and B: B’ —» B is an effective epimorphism,

also f is twisted C-ambidextrous.

Proof. (1) For closure under composition, let f: A — B and g: B — C be twisted C-
ambidextrous morphisms. We may write the B,c-functor (gf)*: [C,Clc — [A,C]c as
a composite of g*: [C,C]c — [B,C]¢ and f*: [B,C]c — [A,C]c. These are both left
adjoints internal to ModC(PrL(B/C)) by Remark 3.9, and thus so is (gf)*. Another

application of Remark 3.9 then shows that g f is twisted C-ambidextrous as well.

(2) Closure under disjoint unions follows directly from Remark 3.9, using the equivalence
C(LU;A;) = T1;C(A;). (3) Closure under base change is immediate from Remark 3.9. (4)
Closure under cartesian products follows from closure under base change and closure under

composition.

(5) We check that the twisted C-ambidextrous morphisms form a local class in 8. We
showed closure under disjoint unions in part (2). Consider a pullback square (I.3.2), where
f’ is twisted C-ambidextrous and 8: B’ - B is an effective epimorphism. We have to
show that also f is twisted C-ambidextrous, i.e. the 8,p-functor f*: 1,C — (JTEC)A is
an internal left adjoint in Mod¢ (Pr-(8 /B)). By Proposition 2.22, it suffices to check this
after pulling f* back along g to the slice 8,5 . But there it becomes the condition that the
B, p-functor f"*: n3,C — (JTE,C)A, is an internal left adjoint in Modc (P (8 /8’)), which
holds by assumption on f”. O
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Corollary 3.14. For B = Spc, the oo-topos of spaces, a map f: A — B is twisted C-

ambidextrous if and only if each of its fibers are twisted C-ambidextrous.

Proof. This is immediate from parts (2) and (5) of Proposition 3.13, since there exists an

effective epimorphism | |, ) pt=mo(B) - B. O

3.2 Relation to ambidexterity and parametrized semiaddi-
tivity

In [HL13, Construction 4.1.8, Remark 4.1.12], Hopkins and Lurie introduce for every ‘Beck-
Chevalley fibration’ g: C — 8 a collection of C-ambidextrous morphisms f: A — Bin B,
each of which come equipped with a norm equivalence Nmy: fy — f.. In this subsection,
we will compare this notion of ambidexterity with our notion of twisted ambidexterity. As a
consequence, we relate twisted ambidexterity with the notion of parametrized semiadditivity
introduced by Nardin [Nar16] and Lenz, Linskens and the author [CLL23].

Definition 3.15 (Iterated diagonals). Let f: A — B be a morphism in 8. The diagonal
A(f) of fisthemap (1,1): A — AxpA. The iterated diagonals A*(f) of f are defined
inductively by letting A°( f) := f and A**1(f) := A(A*(f)).

The functor C: B°? — Cat,, can be unstraightened to a cartesian fibration C — B. Since
C has parametrized colimits, this is a Beck-Chevalley fibration, in the sense of [HL13,
Definition 4.1.3].

Proposition 3.16. Let f: A — B be a morphism in B and assume that f is n-truncated for

some natural number n.

(1) The morphism f is C-ambidextrous (in the sense of [HL13, Construction 4.1.8] applied
to the Beck-Chevalley fibration C— B ) if and only if each of the iterated diagonals
AR(f) for k=0,1,...,n+1 is twisted C-ambidextrous (in the sense of Definition 3.5).

(2) Similarly, f is weakly C-ambidextrous (in the sense of [HLI3, Construction 4.1.8]
applied to the Beck-Chevalley fibration C— 8 ) if and only if each of the iterated
diagonals A*(f) for k =1,...,n+1 is twisted C-ambidextrous.

(3) If f is weakly C-ambidextrous, then there is an equivalence Dy ~ 1, between the
dualizing object D s and the monoidal unit 14 € C(A), and the composite

Nmy
fi(=) = fi(=®aDy) — fi(-)
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is equivalent to the norm map fy — f. of [HLI3, Remark 4.1.12].

Proof. We prove the three claims by simultaneous induction on n. For n = -2, f is an
equivalence and parts (1) and (2) are vacuous as every equivalence is both C-ambidextrous
as well as twisted C-ambidextrous. In this case, f; and f. are both inverse to f* and
therefore admit a canonical equivalence Nmy: fi =~ f, of parametrized functors Cc4 - C,
which agrees with the norm map of Hopkins and Lurie. Evaluating this equivalence at
A1, € C(AxA)=CA(A) gives an equivalence 14 ~ Dy in C(A), and the last statement
of (3) then holds by construction.

Now assume that n > —1. The diagonal A(f) of f is (n— 1)-truncated, so by part (1) of the
induction hypothesis it is C-ambidextrous (that is, f is weakly C-ambidextrous) if and only
if all the iterated diagonals Ak (f) fork=1,...,n+1 are twisted C-ambidextrous, proving

part (2). In this case, there is an equivalence
N
Dy=pr ALy —>pr,Aly=14 € C(A).

Plugging in (the inverse of) this equivalence in the twisted norm map Nm/ and using the
description of Nm given in Lemma 3.6 (applied to the slice topos B,p), one sees that the

composite in (3) is adjoint to the following composite:
* % uz k ok Nmj * % . . .
J7fi(=) = pry pri(=) — pry) ALA"pry (=) «— pry Aj/A"pr(-) ~idoid = id.

But this composite is precisely (a parametrized version of) the map v}”ﬂ): f fi—id
of [HL13, Construction 4.1.8], and its adjoint f; — f. is the norm map of [HL13, Re-
mark 4.1.12], finishing the proof of (3).

Finally we deduce part (1) from (2) and (3). Given (2), we may assume that f is weakly
C-ambidextrous, and we need to show it is twisted C-ambidextrous if and only if it is C-
ambidextrous. In other words, we need to show that the twisted norm map is an equivalence
if and only if the norm map f; — f. of Hopkins and Lurie is an equivalence. This is

immediate from part (3). O

Specializing the result of Proposition 3.16 to the case where 8 is the co-topos of spaces, we
obtain the following corollary:

Corollary 3.17. Let C be a presentably symmetric monoidal oo-category and let A be a

connected n-truncated space. Then the following conditions are equivalent:

(1) The space A is C-ambidextrous in the sense of [HLI13, Definition 4.3.4];
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(2) Each of the objects A,QA, ..., Q"™ A is twisted C-ambidextrous in the sense of Defini-
tion 3.4.

Proof. Letting f: A — pt denote the map from A to the point, we observe that each of the
fibers of the iterated diagonal A* f is given by the k-fold loop space Q*A. It follows from
Corollary 3.14 that QX A is twisted C-ambidextrous if and only if the iterated diagonal A* A

of A is twisted C-ambidextrous. The claim thus follows from Proposition 3.16. O

As a consequence, we obtain a characterization of higher semiadditivity in terms of twisted
ambidexterity. An advantage of this characterization over the usual definition of ambidex-
terity is that all the twisted norm maps are a priori defined rather than through an inductive

process.

Corollary 3.18. Let C be a presentably symmetric monoidal co-category and let =2 < m <

oo, Then C is m-semiadditive if and only if each m-finite space is twisted C-ambidextrous.

Proof. This is immediate from Corollary 3.17, as the iterated loop spaces of an m-finite
space are again m-finite. O

Corollary 3.19. Let C be a presentably symmetric monoidal B-category, let A € B and let

—2 <m < oco. Then the following two conditions are equivalent:
(1) the co-category C(A) is m-semiadditive;
(2) the fold map colimx A — A is twisted C-ambidextrous for every m-finite space X.

Proof. For an object A € B, consider the (unique) colimit-preserving functor L4 : Spc — B
sending the point to A, given on objects by X +— colimy A. The co-category C(A) is encoded

as a Spc-category by the composite
SpcP La, 8% 5, pl.

Since L 4 preserves pullbacks, amorphism f: X — Y of spaces is twisted C (A)-ambidextrous
if and only if the map Ls(f): La(X) — La(Y) is twisted C-ambidextrous. Applying
this to Y = pt shows that X — = is twisted C(A)-ambidextrous if and only if the map
colimy A = L4 (X) — A is twisted C-ambidextrous. The claim now follows from Corol-

lary 3.18. O

In [Nar16] and [CLL23], parametrized notions of semiadditivity were introduced. By

Proposition 3.16, these may be expressed in terms of twisted ambidexterity:
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Corollary 3.20. Let T be a small co-category and let P C T be an atomic orbital subcategory,
in the sense of [CLL23, Definition 4.3.1]. Let C be a presentably symmetric monoidal
PSh(T)-category. Then C is P-semiadditive in the sense of [CLL23, Definition 4.5.1] if
and only if C is fiberwise semiadditive and every morphism p: A — B in P is twisted

C-ambidextrous.

Proof. By [CLL23, Corollary 4.5.7], C is P-semiadditive if and only if it is fiberwise
semiadditive and the norm map Nm,,: p; — p. from [CLL23, Construction 4.3.8] is an
equivalence for every morphism p: A — B in P. By [CLL23, Remark 4.3.9], this norm
map agrees with the norm map Nm,, defined by Hopkins and Lurie, which in turn agrees

with the twisted norm map Nm,, by Proposition 3.16. This finishes the proof. O

Corollary 3.21. Let T be an atomic orbital co-category, in the sense of [Narl6, Defi-
nition 4.1]. Let C be a presentably symmetric monoidal PSh(T)-category. Then C is
T-semiadditive in the sense of [Narl6, Definition 5.3] if and only if C is fiberwise semiad-

ditive and every morphism f: A — B in T is twisted C-ambidextrous.

Proof. This follows immediately from the previous corollary for P =T, since by [CLL23,
Proposition 4.6.4] the norm map from [CLL23, Construction 4.3.8] is equivalent to the

norm map constructed in [Nar16, Construction 5.2]. O

3.3 Costenoble-Waner duality

There is a close link between twisted ambidexterity and Costenoble-Waner duality, a form of
duality theory in parametrized homotopy theory introduced in the early 2000’s by Costeno-
ble and Waner [CW16] and subsequently developed in more detail by May and Sigurdsson
[MSO06]. The goal of this subsection is to introduce a general form of Costenoble-Waner
duality in an arbitrary presentably symmetric monoidal 8-category C and explain its rela-
tionship with twisted ambidexterity.

Recall that an object X of a symmetric monoidal co-category D is called dualizable if

there exists another object Y € D, called the dual of X, together with an evaluation map

g: X®Y — 1 and a coevaluation map 17: 1 — Y ® X satisfying the triangle identities:

XQY®X YeX®Y
XW \mx and néy' \(Y@s
X1l — X —1X 1y —Y—Y®1.
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It is not difficult to see that this is equivalent to the D-linear functor X® —: D — D
admitting a D-linear right adjoint, necessarily of the form Y ® —: D — D, with D-linear
unit and counit.

In our approach to Costenoble-Waner duality, we will generalize the above perspective
to the parametrized setting. In place of the correspondence between objects X € 9 and
PD-linear functors D — D in the non-parametrized setting, we will use the equivalence
Func(C4,C8) ~ C(A x B) from Theorem 2.32 in the parametrized setting, where C is
a presentably symmetric monoidal B-category. In particular, any object X € C(A X B)
determines a C-linear B-functor Fy: C4 — C? given by the composite

pry —®axBX Prp,
FX . CA CAXB CAXB CB

and every C-linear B-functor F: C4 — C# is of this form for a unique object D € C(AX B).

Convention 3.22. Whenever we write X € C(A X B), we think of X as being directed from
A towards B. If we wish to think of X as being directed from B towards A, we will write
X € C(BxA) instead. This also applies when B =1 is the terminal object of B, meaning
that we distinguish between X € C(A) =C(Ax 1) and X e C(A) =C(1x A).

Definition 3.23 (cf. [MS06, Construction 17.1.3, Proposition 17.1.4]). For an object A € B,
we define Uy :=A 14 € C(AX A). For objects A, B,C € B and objects X € C(A X B) and
Y € C(BxC), their composition product Y © X € C(A X C) is defined as

YOX = (pryc)h(pryg X ®priY),

where pryp: AXBXC — A X B denotes the projection and similarly for prg- and pry.
This gives rise to a functor —-©@—: C(BXC)XC(AXB) = C(AXC).

The following lemma may be regarded as a justification for the definition of the composition

product:

Lemma 3.24. In the above situation, there are natural equivalences

Fy, ~idga e Func(C4,CH),
Fy@x ~ FyoFyx € Func(CA,CC).

Proof. The first equivalence is immediate, as the equivalence Func(C#,C4) ~ C(A X A)

of Theorem 2.32 is given by evaluation at A;14. For the second equivalence, plugging in
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the definition of ¥ ® X and using the projection formula for pr -, shows that Fypx is given

by the composite

Y

pr* pr’, —®pr’, , X®pr; Prac pre)
CA A CAXC AC CAXBXC AB BC CAXCXB : CAXC ! CC-

Using symmetric monoidality of the functors pr), , and pry. and using the base change

equivalence pry prg, = prgc, pry 5, this is equivalent to the composite

pr; -®X Pra, pry -®Y pre,
CA 4, oAxB ® CAXB B 0B "B, ~BXC @ cBxC < o€
But this is simply Fy o F, finishing the proof. O

We will frequently use Lemma 3.24 to deduce properties of the composition product
which can be somewhat tedious to prove by hand. For example, it follows directly from
Lemma 3.24 that the composition product is associative and unital up to homotopy. The
objects Uy = A1 14 € C(A X A) serve as identities with respect to the composition product:

for an object X € C(A X B) there are equivalences
XoUp=X and Upo X ~X.

For brevity, we will mostly suppress the associativity and unitality equivalences from the

notation and treat them as identities, just like we do for functors.

We may now introduce a parametrized analogue of monoidal duality, first discovered by

Costenoble and Waner [CW16] in the context of equivariant homotopy theory.

Definition 3.25 (cf. [MS06, Definition 16.4.1, Chapter 18]). An object X € C(A X B) is
called left Costenoble-Waner dualizable if there is another object Y € C(B X A), called the
left Costenoble-Waner dual of X, together with morphisms

e: XY - Upg and n:Up—>Y0X

in C(Bx B) resp. C(A X A) satistying the triangle identities

XoYoX YoXoY
Xy Yx and ny Ya
XoUy=—X=—7=Up0X UpY —Y =—=Y 0o Usg.

Conversely, we call X the right Costenoble-Waner dual of Y. Sometimes we say left dual
and right dual for brevity. Note that X € C(A X B) is left Costenoble-Waner dualizable if
and only if it is right Costenoble-Waner dualizable when treated as an object X € C(B X A).
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Warning 3.26. In [MS06], the phrase ‘Costenoble-Waner duality’ is only used when A is
the terminal object of 8. When B is the terminal object, they use the phrase ‘fiberwise

duality’, compare also Lemma 3.34 below.

Due to the translation from Lemma 3.24 between the composition product and composition
of C-linear B-functors, we can express Costenoble-Waner duality in terms of internal
adjunctions in Modc (Pr(8)), in the sense of Definition 2.20.

Lemma 3.27. An object X € C(A X B) is left Costenoble-Waner dualizable if and only
if the C-linear B-functor Fx: C* — C? associated to X is an internal left adjoint in
Mod¢ (PrY(B)). In this case, the C-linear right adjoint of Fx is given by Fy: C® — C4,
where Y € C(B X A) is a left' Costenoble-Waner dual of X.

Proof. If X is left Costenoble-Waner dualizable with right dual Y, we may use Lemma 3.24
to turn the evaluation and coevaluation € and v into C-linear counit and unit maps Fy o Fy —
ides and idoa — Fy o Fy, respectively. The triangle identities for the Costenoble-Waner
duality between X and Y translate into the triangle identities of an internal adjunction Fy 4 Fy
in Mod¢ (Pr(8)). Conversely, if Fy is an internal left adjoint internal to Modc (Pr™(8))
with C-linear right adjoint G: C? — C4, then it follows from Theorem 2.32 that G is of
the form Fy for some object Y € C(BX A), and by Lemma 3.24 the unit and counit of the
adjunction give rise to the coevaluation and evaluation satisfying the triangle identities, and

thus providing duality data between X and Y. O

Remark 3.28. May and Sigurdsson [MS06, Section 16.4] define Costenoble-Waner duality
as a special case of a notion they call duality in a closed symmetric bicategory, applied to
a certain bicategory Ex of parametrized equivariant spectra [MS06, Construction 17.1.3].
From our perspective, one might think of their bicategory Ex as the full subcategory of
the homotopy 2-category of Mod¢ (Pr(8)) spanned by objects of the form C4 for A € B.
Indeed, due to Theorem 2.32 and Lemma 3.24, we obtain the following more explicit

description of this bicategory:

» The objects C* correspond to objects A of B;

* Given A, B € B, the category of morphisms C* — C® can be identified with the
homotopy category Ho(C(A X B));

* The identity morphisms are given by U4 € C(A X A);

IThe fact that /eft duals correspond to right adjoints is unfortunate but seems to be the standard convention.
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* The composition is given by the composition product —©—: C(BXC)XC(AXB) —
C(AXxC).

When applied to the co-topos Spc® of G-spaces for a compact Lie group G and to the
G-category @G of genuine G-spectra, to be defined in Section 4.1 below, this is essentially

the bicategory Ex of May and Sigurdsson.

We get the following reformulation of twisted ambidexterity in terms of Costenoble-Waner

duality:

Proposition 3.29. An object A € 8B is twisted C-ambidextrous if and only if the monoidal
unit 14 € C(A) = C(1x A) is left Costenoble-Waner dualizable. In this case, the left dual
of 1 4 is given by the dualizing object D4 € C(A) =C(AX1).

Proof. The C-linear B-functor Fq,: C — CA associated to 14 is A*: C — CA. It follows
from Lemma 3.27 that 14 is Costenoble-Waner dualizable if and only if A*: C — C4 is
an internal left adjoint in Mod¢ (Pr™(8)), which by Proposition 3.8 is true if and only if A
is twisted C-ambidextrous. In this case, the right adjoint of A* is classified by the object

DpeC(A)=C(AXx]1). O
Characterizations of Costenoble-Waner duality

For later use, we recall various alternative characterizations of Costenoble-Waner duality
from [MSO06] and [CW16].

Lemma 3.30 (cf. [MSO06, Proposition 16.4.6]). Consider objects X € C(AXB) and Y €
C(BxA)andlete: X®Y — Upg be amorphism in C(BXB). Then the following conditions

are equivalent:

(1) The objectY is a left Costenoble-Waner dual of X with evaluation map &.

(2) Forevery C € B and objects W € C(AXC) and Z € C(B xC), the map
—oY
Home (uxc) (W, Z © X) — Hom (zxc)(WOY,Z0 X 0Y) 5 Homg(gxc) (W ©Y, Z)

is an equivalence;

(3) Condition (2) holds for C=A, W=Ux, Z=Y andfor C=B, W=X, Z=Usg.
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Proof. Given (1), an inverse to the map in (2) is given by
-0X
Home (sxc) (W ©Y, Z) —= Homg(axc)(W O Y ©X,Z 0 X) - Home(axc) (W, Z© X).

It is clear that (2) implies (3). Given (3), we may take C = A, W = U4, Z =Y and define
the coevaluation n7: Uy — Y © X to be the inverse image of the identity on Y under the
equivalence from (2). One of the triangle identities holds by construction. For the other
one, we take C = B, W = X and Z = Up, and observe that both idy: X — X as well as
(X0e)o(noX): X — X are sent to the map £: X ©Y — Up by the equivalence from (2),
implying that they are homotopic. O

Definition 3.31. If the equivalent conditions of Lemma 3.30 hold, we say that £ exhibits Y
as a left Costenoble-Waner dual of X.

Any object X € C(A X B) admits a weak dual. For simplicity, we will only introduce this

when A is the terminal object of B.

Definition 3.32 (cf. [CW16, Definition 2.9.1]). Let B € 8 and consider an object X €
C(B) = C(1x B). We define the weak Costenoble-Waner dual of X to be

D" (X) :=pry, Homy, p (pri X, A 15) € C(B),
where A: B — B X B is the diagonal of B, and pr,pr,: BX B — B are the two projections.

Note that for any object Y € C(B) = C(B X 1), there is a one-to-one correspondence between
morphisms Y — DgW(X) in C(B) and morphisms X ©Y =pr] X ®pxppry ¥ — A/ 1p=Upin
C(BXx B). Inparticular, the identity on DgW(X) givesrisetoamapep: X O DgW(X) — Up.

Lemma 3.33 (cf. [CW16, Theorem 2.9.5]). An object X € C(B) = C(1 X B) is left Costenoble-
Waner dualizable if and only if the map &o: X @DgW(X) — Up exhibits DgW(X) as a left
Costenoble-Waner dual of X.

Proof. The “if” direction is obvious. For the “only if”, assume that X is left Costenoble-
Waner dualizable with leftdual Y e C(Bx 1) andlete: X©Y —» Ugandn: Uy —» Y © X be
evaluation and coevaluation maps exhibiting this duality. The map & adjoints over to a map
Y - DgW(X) and it will suffice to show that this is an equivalence. Indeed, a reasonably

straightforward diagram chase shows that an inverse is given by the composite

o)} 16
DSV (x)=Us0D5" (X) 5 yo X o DSV (X) 2 Y oUs =Y. -
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Lemma 3.34 (cf. [MS06, Proposition 18.1.1]). An object X € C(A) = C(A X 1) is left
Costenoble-Waner dualizable if and only if it is dualizable in the symmetric monoidal oo-
category C(A). Its left Costenoble-Waner dual in C(A) = C(1x A) is given by the monoidal
dual in C(A).

Proof. Consider objects X € C(A) =C(Ax1) and Y € C(A) =C(1x A). Unwinding
definitions, we see that X Y ~ A|(X®,4Y) € C(1). It follows that a morphisme: X @Y SN
Uy =11in C(1) is the same data as a morphism&’: X®4Y — A*1 =14 in C(A). We claim
that £ exhibits Y as a left Costenoble-Waner dual to X if and only if &” exhibits Y as a dual
of X in C(A). Using some diagram chasing, this follows from Lemma 3.30. As the proof

is entirely analogous to the proof of [MS06, Proposition 18.1.1], we will omit it. O

Preservation properties of Costenoble-Waner duality
Costenoble-Waner dualizable objects are preserved under a variety of constructions.

Lemma 3.35. Let F: C — D be a symmetric monoidal left adjoint between presentably
symmetric monoidal B-categories. Then F preserves left/right Costenoble-Waner dualiz-

able objects.

Proof. 1t suffices to observe that F' commutes with the composition products on C and D,

which is immediate from the definition. m]

Corollary 3.36. Let F: C — D be a symmetric monoidal left adjoint between presentably
symmetric monoidal B-categories. Then any twisted C-ambidextrous object in B is also
twisted D-ambidextrous. Consequently, any twisted C-ambidextrous morphismin B is also

twisted D-ambidextrous.

Proof. Since F preserves monoidal units, the first statement is a consequence of Lemma 3.35

and Proposition 3.29. The second statement follows by passing to slice topoi B/ p. O

Lemma 3.37. If X € C(AXB) and X’ € C(BXxC) are left Costenoble-Waner dualizable
with left duals Y and Y’, then so is their composition product X’ © X € C(A X C), with left
dual Y oY,

Proof. This is immediate from Lemma 3.27, since internal adjunctions compose. O

Lemma 3.38. Let X € C(A X B) be left Costenoble-Waner dualizable with left dual Y €
C(BxA)
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(1) For a map f: A" — A, the object (f x1)*X € C(A’ X B) is left Costenoble-Waner
dualizable, with left dual given by (1 X f)*Y.

(2) For a map g: B — B’, the object (1 xg)hX € C(AXB’) is left Costenoble-Waner
dualizable, with left dual given by (g X 1),Y.

(3) For a twisted C-ambidextrous map f: A — A’, the object (f x1),X € C(A’ X B) is left
Costenoble-Waner dualizable, with left dual given by (1 X f)Y.

(4) For a twisted C-ambidextrous map g: B’ — B, the object (1Xg)*X € C(AXB’) is left
Costenoble-Waner dualizable, with left dual given by (g X 1)*Y.

Proof. Ineach case, the claim follows from Proposition 2.26(5) and the fact that adjunctions
compose, using that for a morphism f: A — B, the B-functor fi: C4 — C5 is always an
internal left adjoint, while f*: C® — C# is an internal left adjoint whenever f is twisted

C-ambidextrous. m|

Corollary 3.39. Assume that X € C(1x A) is left Costenoble-Waner dualizable with left
dualY € C(AX1). Then A\X € C(1) is a dualizable object with dual A\Y. O

Corollary 3.40. Assume A € B is twisted C-ambidextrous. Then the object Ai14 € C(1)
is dualizable, with dual A\D 4.

Proof. Combine the previous corollary with Proposition 3.29. O

Proposition 3.41 (cf. [MS06, Proposition 16.8.1]). For every object every B € B, the
collection of left Costenoble-Waner dualizable objects in C(1 X B) is closed under retracts.
If C is fiberwise stable, then these objects form a stable (and hence thick) subcategory of
C(1xB).

Proof. By Lemma 3.33 and Lemma 3.30, an object X € C(1 X B) is left Costenoble-Waner
dualizable if and only if forall C € 8, W € C(1 xC) and Z € C(Bx (), a certain map

Homg (1xc)(W,Z ® X) — Homg(gxc) (W © D§Y (X), Z)

is an equivalence. Since this map is natural in X, it follows that the collection of objects for

which it is an equivalence is closed under retracts.

If C is fiberwise stable, we can lift the above map to a map at the level of mapping spectra.
In that case both sides are exact in X, and it follows that the collection of objects for which

it is an equivalence forms a stable subcategory. m|
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Corollary 3.42. The collection of twisted C-ambidextrous objects of B is closed under
retracts. If C is fiberwise stable, then the collection of twisted C-ambidextrous objects of

B is also closed under finite colimits.

Proof. Consider a retract diagram A SBL A8 ,1.e. we have rs =1id4. Assume that B is
twisted C-ambidextrous. It follows from Proposition 3.29 that 13 € C(B) is left Costenoble-
Waner dualizable, so by Lemma 3.38 also r 1 5 is left Costenoble-Waner dualizable. Since
14 € C(A) is aretract of ry 1, it is left Costenoble-Waner dualizable by Proposition 3.41,
and thus A is twisted C-ambidextrous by Proposition 3.29.

Now assume that C is fiberwise stable. Since C(0) = , it follows from pointedness of C

that the initial object 0 is twisted C-ambidextrous. Consider a pushout diagram in 8

A—25B
fi f\Lh
c -5 b,

and assume that A, B and C are twisted C-ambidextrous. We need to show that D
is twisted C-ambidextrous. By descent, the functors 4* and k* induce an equivalence
(h*,k*): C(D) — C(B) Xc(4) C(C). It follows that the monoidal unit 1, € C(D) sits in a
cofiber sequence

(hg)g]lA > hilg®k1lc—>1p:

the fact that (hg), 1 4 is a pushout of i, 1 5 and k) 1 ¢ along 1 p translates under the adjunction
equivalences to the description of hom-spaces in C(D) as a pullback of the hom-spaces
in C(B) and C(C) over C(A). By Proposition 3.29, the objects 14, 1 and 1 are left
Costenoble-Waner dualizable, and thus by Lemma 3.38 so are (hg); 14, hy g and k1 1¢. It
thus follows from Proposition 3.41 that 1 is left Costenoble-Waner dualizable, hence D is

twisted C-ambidextrous by Proposition 3.29. This finishes the proof. O
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1.4 Equivariant homotopy theory

The goal of this section is to investigate the notion of twisted ambidexterity in stable
equivariant homotopy theory. Throughout the section, we will use the terminology ‘G-
category’ to refer to a B-category when B is the co-topos Spc® of G-spaces. Since Spc is
equivalent to the presheaf category of the orbit co-category Orbg of G, a G-category may
equivalently be encoded as a functor C: Orb((’;p — Cato,. We let Pr]é :=Prt(Spc®) denote

the (very large) co-category of presentable G-categories.

In Section 4.1, we introduce the G-category &G of genuine G-spectra, informally given
by sending an orbit G/H to the co-category Sp of genuine H-spectra. In Section 4.2 we
prove that &G is the initial stable presentably symmetric monoidal G-category for which all
compact G-spaces are twisted ambidextrous. In Section 4.3 and Section 4.4, we extend this
result to the contexts of orbispectra and proper equivariant homotopy theory, respectively.
In particular, we will obtain for every (not necessarily compact) Lie group G and cocompact

subgroup H a Wirthmiiller isomorphism
indg(— ®Dg/n) = coindIG{(—)

in the co-category of proper genuine G-spectra.

4.1 Parametrized genuine G-spectra

Let G be a compact Lie group, fixed throughout this subsection. The goal of this subsection
is to introduce the G-category S_pG of genuine G-spectra and discuss its universal property

in terms of inverting representation spheres.

Definition 4.1. Let {S"} be a set of representation spheres, where V runs over a set of repre-

sentatives for the isomorphism classes of finite-dimensional irreducible G-representations.!

1Running over all finite-dimensional G-representations gives an equivalent co-category.
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We define the presentably symmetric monoidal co-category Sp® of genuine G-spectra as

the formal inversion

Sp© := (Spe?) [{8"}7']

of the representation spheres S" in the co-category Spc? of pointed G-spaces, see [Rob15,
Definition 2.6] or Section 2.3.

By Gepner and Meier [GM20, Corollary C.7], the co-category Sp is equivalent to the
co-category underlying the model category of orthogonal G-spectra with the stable model
structure constructed in [MMO2, Section II1.4]. References on equivariant orthogonal
spectra include [HHR16], [Sch20], [Sch18].

The co-categories Spc® and Sp® are presentably symmetric monoidal and come equipped
with a symmetric monoidal left adjoint from Spc®, making them into commutative Spc®-

algebras in Pr. We may now use the fully faithful functor

— ®g,06 Qg6+ CAlgg 6 (Pr) <= CAlg(Prg;)

Spc

from Corollary 2.17 to regard them as presentably symmetric monoidal G-categories:

Definition 4.2. We define presentably symmetric monoidal G-categories %G, %f and

&G as

Spc? :=Q

jud wd SpcC mf = Spcf ®SpcG QSpcG’ &G = SPG ®SpcG QSpcG’
called the G-categories of G-spaces, pointed G-spaces and genuine G-spectra, respectively.
We let

(-)+:Spc® - Spef  and  EP: Spc? — Sp©
denote the induced maps, which are the unit maps for the algebra structures of mf and
&G in Pr]é. Unwinding definitions, we see that these G-categories are given at a G-space

B as follows:
* The oco-category mG(B) is the slice Spch of G-spaces over B.

* The oco-category mf (B) is the relative tensor product SpC/GB B5pc@ Spc?, which by
[Lurl7, Example 4.8.1.21] is equivalent to the oco-category (Spc/GB)>k of retractive

G-spaces over B.

* The co-category &G(B) is the relative tensor product Spc/GB ®gpcC SpY. As SpC is
pointed, this is equivalent to the relative tensor product (Spch)* ®gpcG SpY, which
by Lemma 2.45 is in turn equivalent to (Spc/GB)* [{SZ}‘1 ], the formal inversion of the
trivial sphere bundles Sg =SYxB — Bin (Spch)*.
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When B = G/H is an orbit for some subgroup H < G, there are equivalences
Spc”(G/H) =Spc”!,  Spcl(G/H)=Spcl!,  and  Sp°(G/H) =~ Sp".

Indeed, the slice of Spc® over G/H is equivalent to Spc’’ by taking the fiber over eH,
giving the first two equivalences. For the third equivalence, we observe that by Lemma 2.44
the oco-category of genuine H-spectra can be obtained from the co-category of pointed
H-spaces by just inverting the restricted representation spheres resg(SV) for irreducible
G-representations V, as every irreducible H-representation is a direct summand of the
restriction to H of an irreducible G-representation, see Brocker and tom Dieck [BD9S,
Theorem 4.5].

The G-categories Spc®, Spc¢ and Sp“ admit the following universal properties:
Proposition 4.3. Let C be a presentably symmetric monoidal G-category.

(1) There exists a unique symmetric monoidal left adjoint G-functor F : mG - C;

(2) The G-functor F from (1) extends to a symmetric monoidal left adjoint F’: %f - C

if and only if C(1) is pointed, in which case the extension F' is unique.

(3) IfC(1) is pointed, the G-functor F’ from (2) extends to a symmetric monoidal left adjoint
F": &G — C ifand only if the functor F’(1): Spc® — C(1) inverts the representation

spheres SV, in which case the extension F” is unique.

Proof. Part (1) is immediate as %G is the monoidal unit of Pr](“;. Parts (2) and (3) follow

by combining the adjunction from Corollary 2.17 with the analogous universal properties
of Spc’ ~ Spc® ® Spc, and Sp® = Spc?[{SV}~!] in Prt. O

For a G-space B, the functor Fp: Spch — C(B) from part (1) sends a morphism f: A — B
to the object fi 14 € C(B). The functor Fy: (Spc/GB)* — C(B) sends amorphism f: A — B
with section s: B — A to the cofiber of 1g = fis15* 14 — fi14 in C(B).

4.2 Twisted ambidexterity for genuine G-spectra

We continue to fix a compact Lie group G. The presentably symmetric monoidal G-
category &G of genuine G-spectra is fiberwise stable, meaning that it takes values in the
subcategory Prl“t C Pr of stable presentable co-categories. Moreover, one can show that

&G satisfies twisted ambidexterity for all compact G-spaces. The goal of this section is to
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show that &G is in a precise sense universal with these two properties, see Theorem 4.9

below.

We start by recalling a result of May and Sigurdsson [MS06] on Costenoble-Waner duality
for G-spaces, based on ideas of Costenoble and Waner [CW16].

Construction 4.4 (cf. [Sch18, Construction 3.2.7]). Let H < G be a closed subgroup of
the compact Lie group G, and let L = T,5(G/H) denote the tangent H-representation of
G/H. Choose an embedding i: G/H — V of G/H into a finite-dimensional orthogonal
G-representation V, and let W :=V — (di).y (L) denote the orthogonal complement of the
image of L in V. By scaling, we may assume that the map j: G xg D(W) — V given by
[g,w] — g (vo+w) is an embedding, where D (W) is the unit disc of W; see [Bre72, Ch.0,
Thm. 5.2, Ch. II, Cor. 5.2] for proofs that these choices are possible. The map j gives
rise to a G-equivariant collapse map c: ¥ — G, Ay S"W. Passing to genuine G-spectra and
smashing with S~V then gives a map of genuine G-spectra

n:S¢—=GiAg(SVASY)~G,npSE

Working in the G-category @G, we may regard S~~ as an object of Sp = S_pG(G JHX1),
and similarly considering Sy € Sp® (1 x G/H) we see that G, Ay S~* is equivalent to the
composition product S~L© Sy € SpC(1x 1) = SpC.

Theorem 4.5 ([MS06, Theorem 18.6.5]). Let H < G be a closed subgroup of a compact
Lie group G. Then the map 11: Sg — S~ © Sy from Construction 4.4 exhibits S~* € Sp!
as left Costenoble-Waner dual to Sy € Sp™. O

Warning 4.6. May and Sigurdsson use different foundations on parametrized stable ho-
motopy theory than we do, based on orthogonal spectrum objects in retractive topological
spaces over B. For this reason, we need to be careful when citing results from [MS06].
Although one cannot strictly speaking cite [MS06, Theorem 18.6.5] in the case of Theo-
rem 4.5, one observes that their proof carries through verbatim in our setting: May and
Sigurdsson construct the relevant duality data already at the level of topological G-spaces
using a notion of V-duality, see [MS06, Section 18.6], and the same commutative diagrams

prove Theorem 4.5.

Remark 4.7. Using Corollary 3.39, we see that the previous theorem is a parametrized
strengthening of the well-known statement that the genuine G-spectrum X;°G/H is dualiz-
able with dual given by G, Ay S~L. The corresponding twisted norm map takes the form

indg( -5 hH = coindg(—), and is known as the Wirthmiiller isomorphism.
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We can now prove our main result.

Theorem 4.8. Let G be a compact Lie group and let C be a fiberwise stable presentably
symmetric monoidal G-category. Let F’: mf — C be the unique symmetric monoidal

left adjoint provided by Proposition 4.3(2). Then the following conditions are equivalent:

(1) The functor F'(1): Spc® — C(1) inverts the representation sphere S" for every G-

representation V;
(2) The G-functor F’ extends? to a symmetric monoidal left adjoint F" : &G - C;

(3) For every pair of closed subgroups K < H < G, the map of G-spaces G/K — G /H is
twisted C-ambidextrous;

(4) For every closed subgroup H < G, the orbit G [H is twisted C-ambidextrous;
(5) Every compact G-space is twisted C-ambidextrous;

(6) The functor F'(1): Spc? — C(1) sends compact pointed G-spaces to dualizable ob-

jects.
If the group G is finite, these conditions are moreover equivalent to:

(7) The G-category C is G-semiadditive, in the sense of [Narl6, Definition 5.3];

(8) The G-category C is G-stable, in the sense of [Narl6, Definition 7.1].

The condition in part (4) of the theorem says that for every closed subgroup H < G,
the twisted norm map indg(— ® Dg/u) — coindg(—) is an equivalence of G-functors
CY/H — C. In light of Remark 4.7, we may think of this condition as saying that C admits

formal Wirthmiiller isomorphisms.

Proof. The implication (1) = (2) was treated in Proposition 4.3. For the implication (2)
= (3), it suffices by Corollary 3.36 to show that the morphism G/K — G /H is twisted
&G—ambidextrous. Identifying the slice Spcf(G IH) with the co-category of H-spaces, the
morphism G/K — G/H corresponds to the H-space H/K, and thus we need to show that
H/K is twisted ambidextrous for the H-category NZ&G ~ S_pH . Using Proposition 3.29,
this is an instance of Theorem 4.5, applied to K < H. The fact that (3) implies (4) is clear.
The implication (4) = (5) follows from Corollary 3.42, since every compact G-space is a

retract of a finite G-CW-complex, and finite G-CW-complexes are built from the orbits G/ H

2[f an extension exists, it is necessarily unique.
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using finite colimits. The implication (5) = (6) holds by Corollary 3.40, as F’(1)(B) is
the cofiber of the map 1 — B, 1p and dualizable objects in C(1) are closed under cofibers.
The implication (6) = (1) holds by Theorem B.1. This shows that conditions (1)-(6) are
equivalent.

If G is a finite group, conditions (7) and (8) are equivalent since C is already assumed
to be fiberwise stable. Since C is in particular fiberwise semiadditive, it follows from

Corollary 3.21 that conditions (3) and (7) are equivalent. This finishes the proof. O

Theorem 4.9. Let G be a compact Lie group. Then the G-category S_pG is initial among
fiberwise stable presentably symmetric monoidal G-categories C such that all compact

G-spaces are twisted C-ambidextrous.

Proof. This is immediate from the equivalence between (2) and (5) in Theorem 4.8. O

Theorem 4.10. Let G be a finite group. Then the G-category &G is the initial presentably

symmetric monoidal G-category which is G-stable in the sense of [Narl6].

Proof. This is immediate from the equivalence between (2) and (8) in Theorem 4.8. O

4.3 Orbispectra

In this subsection, we will study a global analogue of the results established in the previous
subsection: instead of working only with subgroups of a fixed compact Lie group G, we
work with an indexing category Orb containing all compact Lie groups and injective group

homomorphisms.

The global orbit category

We start by recalling the definition of the global orbit category Orb.

Definition 4.11. Let TopGrpd, denote the ordinary category of topological groupoids. It
is naturally enriched over itself via the internal mapping objects. Using the finite product
preserving geometric realization functor

|-|: TopGrpd; — sTop ﬂ> Top,

we obtain a topological enrichment on TopGrpd,. Explicitly, the geometric realization |G|

of a topological groupoid G is given by the coend
[n]eA
|Q|=/ A"xG, € Top,
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where A" denotes the topological n-simplex and where G, = G| Xg, G1 Xg, ** - Xg, G1- We
let TopGrpd denote the homotopy coherent nerve of the topologically enriched category
TopGrpd,.

Definition 4.12 (Global indexing category). Given a topological group G, we let BG denote
the associated one-object topological groupoid. We define the co-category Glo as the full
subcategory of TopGrpd spanned by the topological groupoids BG for compact Lie groups
G. We call Glo the global indexing category.

Given compact Lie groups H and G, the mapping space Homgj, (BH,BG) is the homotopy
type of the geometric realization of the topological groupoid Hom(BH,BG). This topolog-
ical groupoid is equivalent to the action groupoid of the topological G-space Homy;.(H,G)
of continuous group homomorphisms from H to G, with G-action given by conjugation.

As a consequence, we get an identification
Homg)o(BH,BG) ~Homy i (H,G)g €  Spc.

Definition 4.13 (Global orbit category). We let Orb € Glo denote the wide subcategory,

whose morphism spaces
Homgw (BH,BG) € Homg)o(BH,BG)

consist of those components corresponding to injective group homomorphisms H — G.
We call Orb the global orbit category. We denote the presheaf category PSh(Orb) by
OrbSpc and refer to this as the co-category of orbispaces. We refer to OrbSpc-categories

as orbicategories.

Remark 4.14. Our definitions of Glo and Orb agree with those of [Rez14, p. 2.2] and
[LNP22, Definition 6.1]. A close analogue of the definition was originally given by Gepner
and Henriques [GHO7, Section 4.1] for arbitrary topological groups, where both Glo and
Orb were denoted as Orb. A slight difference with the definition of [GHO7] is that they
use the fat realization ||—||: TopGrpd — Top as opposed to the usual (‘thin’) geometric
realization. As ||—|| does not preserve finite products on the nose, defining composition is
slightly subtle, but when taking sufficient care the resulting co-categories will be equivalent;

see [Korl8, Remark 3.10] for a more detailed discussion.

Crucial for the comparison with equivariant homotopy theory for a compact Lie group G is
the statement that the slice of Orb over BG is equivalent to the orbit category Orbg of G. This
was proved at the level of simplicially enriched categories by [GM20, Proposition 2.15], and
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at the level of co-categories by [LNP22, Lemma 6.13]. It follows that there is an equivalence
of co-categories

Spc’ ~ OrbSpc /BG

between the co-category of G-spaces and the co-category of orbispaces over BG. Given a
G-space A, we denote its associated orbispace by A//G, so that «//G = BG. By restricting
along the functor —//G : Spc; — OrbSpc, any orbicategory C has an underlying G-category

which we will denote by 7/,C.

The orbicategory of orbispectra

We will now define the orbicategory of orbispectra, informally given by the assignment

BG — Sp®, and prove its universal property in terms of twisted ambidexterity.

Definition 4.15. Define the presentably symmetric monoidal orbicategories OrbSpc and

OrbSpc.. of orbispaces resp. pointed orbispaces as
OrbSpc := Qorbspe, OrbSpc, := OrbSpc,, ®orbspe £20rbspes

using the fully faithful embedding — ®orbspe Qorbspe: CAlgomspe (Pr) < CAlg(Prg,)
from Proposition 2.16. Explicitly, they are given at an orbispace B by

OrbSpc(B) = OrbSpc 5, OrbSpc..(B) = (OrbSpe ).

Definition 4.16. We let S € OrbSpc.. denote the subcategory spanned by those objects X €
(OrbSpc, )« whose restriction along any map BG — B corresponds to a G-representation
sphere in (OrbSpc 5 )+ = Spc?. We define the presentably symmetric monoidal orbicate-

gory OrbSp of orbispectra as
OrbSp := £(OrbSpc., S) € CAlg(Prg,)s

using Construction 2.43. We define the orbifunctor X% : OrbSpc,. — OrbSp as

¥*: OrbSpc, = L(OrbSpc.,0) — L(OrbSpc., S) = OrbSp.

We let OrbSp denote the underlying co-category of OrbSp, referred to as the co-category
of orbispectra. For an orbispace B, we also write OrbSp(B) for OrbSp(B) and call it the

oo-category of orbispectra parametrized over B.

Pardon [Par23] has previously defined a notion of orbispectra in the setting of topolog-
ical stacks. Although his definition seems close in spirit to our definition, the precise

mathematical connection is not known to the author.
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Proposition 4.17. The orbicategory OrbSp is presentably symmetric monoidal and the

orbifunctor £ : OrbSpc,. — OrbSp exhibits it as the formal inversion of the representation

spheres in OrbSpc..

Proof. This is an instance of Proposition 2.46. The condition (x) of that proposition is
satisfied: for a closed subgroup H < G, every irreducible H-representation is a direct
summand of the restriction to H of an irreducible G-representation, see Brocker and tom
Dieck [BD95, Theorem 4.5]. O

The orbicategory OrbSp recovers the G-category &G of genuine G-spectra for every

compact Lie group G:

Lemma 4.18. For every compact Lie group G, the G-category r;,OrbSp underlying the
orbicategory OrbSp of orbispectra is equivalent to the G-category &G of genuine G-

spectra.

Proof. Both come equipped with a symmetric monoidal left adjoint from M*G exhibiting
them as formal inversions of the G-representation spheres. For &G this is by Proposi-
tion 2.38, while for 7, OrbSp this is by Proposition 2.47. O

Remark 4.19. The functor OrbSp: Orb? — CAlg(Pr") is the restriction along Orb < Glo
of the functor Sp,: Glo® — CAlg(Pr") constructed by [LNP22, Section 10]. Indeed,
they construct a natural transformation £;°: S, . — Sp,, where the functor S, ,: Glo®? —
Cat., constructed in [LNP22, Construction 6.16] restricts to the functor OrbSpc. using
the natural equivalence PSh(Orb,_) = PSh(Orb),_. Furthermore, it is shown in [LNP22,
Proposition 10.5] that this transformation X;° is pointwise given by the standard suspension
spectrum functor Spc® — Sp, so that it exhibits its target as a pointwise formal inversion

of its source.

From the results of Section 4.2 we may deduce a universal property of OrbSp in terms
of twisted ambidexterity. To this end, recall that a morphism f: A — B in an co-topos is
called relatively compact if for every compact object K in B and every morphism K — B,
the pullback A Xp K — K is a compact object in the slice B/ (or equivalently in 8 by
[GHK22, Lemma 3.1.5]). If 8 = PSh(T) is a presheaf topos, it suffices to check this when
K is a representable object. In particular, a morphism of orbispaces f: A — B is relatively
compact if and only if for every compact Lie group G and every map BG — B of orbispaces,

the pullback A Xp BG corresponds to a compact G-space.
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Proposition 4.20. Let C be a fiberwise stable presentably symmetric monoidal orbicategory.

Then the following conditions are equivalent:

(1) The unique symmetric monoidal left adjoint F’: OrbSpc,. — C inverts the representation
spheres: for every compact Lie group G and every G-representationV, F(S") € C(BG)

is invertible;

(2) The functor F': OrbSpc, — C extends (necessarily uniquely) to a symmetric monoidal
left adjoint F': OrbSp — C;

(3) For every compact Lie group G and every compact G-space A, the map A/|G —
%/ /G =BG of orbispaces is twisted C-ambidextrous;

(4) Every relatively compact morphism f: A — B of orbispaces is twisted C-ambidextrous.

Proof. The equivalence between (1) and (2) is immediate from the universal property
of OrbSp. Note that condition (1) is satisfied if and only if each of the G-functors
no b’ OrbSpe. — m,C satisfies condition (1) of Theorem 4.8, while (3) is satisfied
if and only if the G-category 7 C satisfies condition (5) of Theorem 4.8, so the equivalence
between (1) and (3) holds by applying Theorem 4.8 to the G-category 7, C for every G. The
equivalence between (3) and (4) holds by Proposition 3.13(5) and the above characterization

of relatively compact morphisms in OrbSpc. O

Theorem 4.21. The orbicategory OrbSp is initial among fiberwise stable presentably
symmetric monoidal orbicategories C such that every relatively compact morphism of

orbispaces is twisted C-ambidextrous.

Proof. This is immediate from the equivalence between (2) and (4) in the previous propo-

sition. O

4.4 Proper equivariant stable homotopy theory

For a Lie group G, not assumed to be compact, Degrijse et al. [Deg+23] introduced an
co-category SpC of proper genuine G-spectra. In this subsection, we will see that this co-
category can be identified with the co-category of orbispectra parametrized over a certain
orbispace BG. As an application, we show that when G has enough bundle representations,
the co-category Sp® may be obtained from the co-category of pointed proper G-spaces by
inverting the sphere bundles S¢ associated to finite-dimensional vector bundles ¢ over BG,

see Proposition 4.34.
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Definition 4.22. For a Lie group G, we define its proper orbit category as the full subcat-
egory Orb?; C Orbg spanned by the orbits G /K for compact subgroups K < G. We define
the co-category Spcgr of proper G-spaces as the presheaf category PSh(OrbE;r ). A proper

G-category is a Spcgr—category, equivalently encoded by a functor (Orbgr)"p — Cat.

We start by identifying the co-category of proper G-spaces with a slice of the co-category

of orbispaces.

Definition 4.23 (Classifying orbispace of a Lie group). In analogy with Orb C TopGrpd,
we define the co-category Orb” C TopGrpd as the (non-full) subcategory whose objects are
the one-point topological groupoids BG for (not necessarily compact) Lie groups G, and

whose mapping spaces
Homoyy (BH,BG) € Homropgrpd (BH,BG) ~ Homy ;e (H, G)s6

consist of those path components corresponding to injective continuous group homomor-
phisms H — G. It is immediate that Orb’ contains Orb. Given a Lie group G, we define its
classifying orbispace BG as the composite
Homgy (-.BG)
BG : Orb® — (Orb’)®® —= "7, Spc.

Note that when G is compact, this is just the representable presheaf on BG € Orb.

/

/BG
spanned by the morphisms of the form BK — BG for compact subgroups K < G. At

Construction 4.24. For a Lie group G, let Orb,g denote the full subcategory of Orb

the level of topological categories, one can define a topologically enriched functor from
Orbg to Orb’ by sending an orbit G/H to BH, which induces a functor of co-categories
between their homotopy coherent nerves. As Orbg admits a terminal object G/G, this
canonically gives rise to a functor Orbg — Orb’/BG, which is easily seen to restrict to a

functor Orby, — Orb/g.

Lemma 4.25. For a Lie group G, the above functor Orbgr — Orbgg is an equivalence.

Proof. We will argue just like [LNP22, Lemma 6.13]. The functor is essentially surjective
by definition, so we must show it is fully faithful. Consider two objects G/H and G/K
in Orbgr, where we (non-canonically) choose representatives H,K C G of the conjugacy

classes [H] and [K] of subgroups of G. We have to show that the square

(G/H)* —— HomTopGrpa(BK,BH) —— Hom(H,K)x

| ! !

* ——— HomTopGrpd(BKaBG) L) Homy;e(H,G)nc
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1s homotopy cartesian. The argument for this is identical to that of [LNP22, Lemma 6.13],
so we will not repeat it here. Note that the quotient map G — G /C(H) used in that proof
is still a fibration, as it is a locally trivial fiber bundle by [Pal61, Corollary 4.1]. O

Corollary 4.26. For every Lie group G, there is an equivalence OrbSpc g ~ Spcgr between

the co-category of orbispaces over BG and the co-category of proper G-spaces.

Proof. By Lemma 4.25, there is an equivalence Spcgr = PSh(Orblg) ~ PSh(Orb/gg). The
oco-category Orb/pg is equivalent to the subcategory of OrbSpc p; spanned by the maps
BK — BG for compact Lie groups K, since both embed fully faithfully into PSh(Orb’) /z¢
with the same image. It follows that there is an equivalence PSh(Orb zg) ~ OrbSpc 5,
finishing the proof. O

Definition 4.27. Let G be a Lie group. By restricting along the forgetful functor Spcgr ~

f
OrbSpc 5 A OrbSpc, any orbicategory C gives rise to a proper G-category n;,. We
define the proper G-category of proper genuine G-spectra &G as

Sp® :=n;OrbSp,

the underlying proper G-category of the orbicategory of orbispectra. When G is compact

this agrees with the G-oo-category of genuine G-spectra &G by Lemma 4.18.

Proposition 4.28 (Linskens-Nardin-Pol [LNP22, Theorem 12.11]). For every Lie group G,
the underlying oo-category of the proper G-category S_pG is equivalent to the co-category
Sp© of proper genuine G-spectra defined by [Deg+23].

Proof. The underlying co-category of S_pG is given as the limit of the functor @G : (Orblg)Op —
Cat,. By Remark 4.19, this functor is equivalent to the composite

S L]
(Orb)*® = Orb? ; — Orb® < Glo P, Cat,.

The limit of this diagram was shown by [LNP22, Theorem 12.11] to be equivalent to Sp,
finishing the proof. O

Corollary 4.29. The proper G-category &G satisfies twisted ambidexterity for all relatively
compact morphisms of proper G-spaces. In particular, if H < G is a cocompact subgroup,
meaning that G/H is a compact topological space, then there is a formal Wirthmiiller
isomorphism

indg(— ®Dg/H) = coindg(—) : Spfl — Sp°.
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Proof. The first statement is immediate as &G is the restriction of the orbicategory OrbSp
to the slice Orb/g and OrbSp satisfies twisted ambidexterity for all relatively compact
morphisms of orbispaces. The second statement follows from the observation that the map

of orbispaces BH — BG is relatively compact, by compactness of G/H. i

Theorem 4.30. The proper G-category &G is the initial fiberwise stable presentably
symmetric monoidal proper G-category satisfying twisted ambidexterity for all relatively

compact morphisms of proper G-spaces.

Proof. Justlike in Proposition 4.20, one deduces from Theorem 4.8 that twisted ambidexter-
ity for relatively compact morphisms of proper G-spaces is equivalent to the invertibility of
representation spheres. The claim follows, since S_pG is a formal inversion of representation

spheres in M*G by Proposition 2.47. O

Enough bundle representations

Our results on formal inversions allow us to prove that in certain cases the co-category of
proper genuine G-spectra may be obtained from the co-category of pointed proper G-spaces

by inverting the sphere bundles of vector bundles over BG.

Definition 4.31. Let Rep: Orb°® — Cat,, denote the functor which sends BG to the ordinary

category of finite-dimensional G-representations. We may limit-extend this to a functor
Vect: OrbSpc® — Cate,,

and we refer to Vect(B) as the category of vector bundles over B. We say that an orbispace B
has enough bundle representations if for any compact Lie group G, any map of orbispaces
BG — B and any G-representation V, there exists a vector bundle & € Vect(B) such that the

restriction &|pg € Vect(BG) = Rep(G) contains V as a direct summand.

Example 4.32. For every compact Lie group G, BG has enough bundle representations by
Brocker and tom Dieck [BD95, Theorem 4.5].

Example 4.33. Let G be a discrete group and assume that BG is a finite orbispace, that is, it
lies in the subcategory of OrbSpc generated under finite colimits by the BK for compact Lie

groups K. Then BG has enough bundle representations. Indeed, under the identification

G
pr’

by the assumption this is a finite proper G-CW-complex. Given a finite subgroup K < G,

OrbSpc g ~ Spcp,, the orbispace BG corresponds to the universal proper G-space EG, and

the unique map ¢: G/K — EG is a map of finite proper G-CW-complexes, hence by Liick

70



and Oliver [LOO1, Lemma 3.7] any K-representation is a direct summand of the restriction
along ¢ of a G-vector bundle V over EG. Since V in particular gives rise to a vector bundle

over the orbispace BG, this finishes the proof.

For every compact Lie group G and every G-representation V, we may consider its associated
representation sphere SV € Spcg . = OrbSpc(BG).. Since this assignment is functorial in
both V and G, we obtain a natural transformation S~ : Rep — OrbSpc(B-), of functors
Orb°? — Cat,,, which uniquely extends to a natural transformation S : Vect — OrbSpc,

of functors OrbSpc®® — Cat...

Proposition 4.34. Assume the orbispace B has enough bundle representations. Then
the co-category OrbSp(B) of orbispectra parametrized over B is equivalent to the formal
inversion of sphere bundles {S¢ | £ € Vect(B)} in the co-category (OrbSpc /)« Of retractive
orbispaces over B:

OrbSp(B) = (OrbSpc ). [{S}7']. O

Proof. Let 8 = OrbSpc be the co-topos of orbispaces over B. By Proposition 2.47,
the B-functor 7,0rbSpc,. — 7, 0rbSp is a formal inversion of the representation spheres
SV e Spcl ~ npOrbSpc.(BG) for every compact Lie group G and a map of orbispaces
BG — B. By the assumption that B has enough bundle representations, the parametrized
subcategory of representation spheres is generated (in the sense of Definition 2.36) by the
objects S¢ € Spc? for all vector bundles & € Vect(B). It thus follows from Observation 2.39
that the underlying functor (OrbSpc ). — OrbSp(B) of this B-functor is a formal inversion
of the objects S¢, finishing the proof. O

Corollary 4.35. Assume that G is a Lie group which has enough bundle representa-
tions. Then the co-category of proper genuine G-spectra is the formal inversion of the
oco-category proper pointed G-spaces by inverting the sphere bundles S¢ associated to all

finite-dimensional vector bundles & over BG:

Sp? = (Sped) [{s°} 1.
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Part 11

Relative Poincaré duality for

differentiable stacks
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Abstract

Following ideas from motivic homotopy theory, we introduce for every separated differ-
entiable stack X an oco-category SH(X) of genuine sheaves of spectra on X, which for
manifolds is given by ordinary sheaves of spectra while on the classifying stack of a com-
pact Lie group is given by genuine G-spectra. We prove a form of relative Poincaré duality
in this setting: for a proper representable submersion f of separated differentiable stacks,
there is an equivalence fy ~ f.(-®S Tr) between its relative homology and a twist of its rel-
ative cohomology by the relative tangent sphere bundle of f. When specialized to quotient
stacks of equivariant smooth manifolds, this recovers both equivariant Atiyah duality and

the Wirthmiiller isomorphism in stable equivariant homotopy theory.
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I1.1 Introduction

The goal of this article is to establish a version of relative Poincaré duality for separated
differentiable stacks, following ideas from Hoyois [Hoy17] in the setting of equivariant

motivic homotopy theory.

Relative Poincaré duality for smooth manifolds

Poincaré duality is an important result relating the homology and cohomology of manifolds:
if M is a compact orientable n-dimensional manifold, then forming the cap product with

the fundamental class [M] € H,,(M) induces an isomorphism of graded abelian groups
—N[M]: H"(M;Z) > H,(M;Z).

The orientability condition on M can be dropped if one replaces the left-hand side by
the cohomology of the orientation sheaf Oy € Shv(M;Ab); the resulting isomorphism
H"*(M;0yp) =N H.(M) is known as twisted Poincaré duality.

There is a more general version of Poincaré duality for families of manifolds, known as
relative Poincaré duality. Consider a proper smooth submersion f: M — N, thought of as
an N-indexed family of compact smooth manifolds M, = f~!(x) for x € N. The pullback
functor on sheaves of spectra f*: Shv(N;Sp) — Shv(M;Sp) admits both a left adjoint fj
and a right adjoint f., which we think of as the relative sheaf homology/cohomology of
f, respectively. Indeed, given a sheaf of spectra ¥ on M, one can show that the stalks of
the sheaves fy(F) and f.(F) on N are given by the sheaf homology/cohomology of the
restriction of # to each of the fibers of f. Relative Poincaré duality states that these two
functors fy and f. agree up to a ‘twist’ by the tangent sphere bundle STr € Shv(M;Sp), the

suspension spectrum of the one-point compactification of the relative tangent bundle of f:

Proposition (Relative Poincaré duality, Volpe [Vol21, Proposition 6.18, Theorem 7.11]).
Let f: M — N be a proper smooth submersion between smooth manifolds. Then there is
for every sheaf ¥ € Shv(M;Sp) a natural equivalence fy(F) = f(F ®ST7) of sheaves of

spectra on N.
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Relative Poincaré duality for differentiable stacks

The goal of this article is to generalize the above result to the setting of (separated!)
differentiable stacks. We may think of a differentiable stack as a generalization of a smooth
manifold which is allowed to have singularities: instead of being locally isomorphic to a
Euclidean space R", it will locally be isomorphic to the quotient of R” by a linear action
of a compact Lie group G. While the geometric behavior of differentiable stacks closely
parallels that of smooth manifolds, the allowed singularities make it possible to capture

equivariant phenomena.

For every differentiable stack X, we will define a stable co-category SH(X) of genuine
sheaves of spectra on X. When X = M is a smooth manifold, this reduces to the oco-
category Shv(M;Sp) of ordinary sheaves of spectra on M, while for a classifying stack
BG of a compact Lie group G it recovers the co-category Sp,; of genuine G-spectra. The
construction of SH(X) follows the definition of the stable motivic homotopy category
in motivic homotopy theory: First one forms the co-category H(X) = Shvhtp(Sub/X) of
homotopy invariant sheaves on the site of representable submersions over X (equipped with
the open cover topology). Then, at least locally in X, one defines SH(X) by inverting
all sphere bundles of vector bundles over X, which determines SH(X) for an arbitrary
differentiable stack by asking the assignment X +— SH(X) to satisfy descent with respect

to open covers.

Consider a proper representable submersion f: Y — X of differentiable stacks, which we
want to think of as an X-indexed family of compact smooth manifolds. This map admits a
relative tangent bundle 7 over Y, producing a tangent sphere bundle ST € SH(Y). The
map f defines a symmetric monoidal pullback functor f*: SH(X) — SH(Y), which admits
both a left adjoint fy as well as a right adjoint f., thought of as the relative homology and

cohomology of f. The following is our main result:

Theorem A (Relative Poincaré duality for genuine sheaves, Theorem 6.1.7). Let f: Y — X
be a proper representable submersion between separated differentiable stacks. Then there
is for every ¥ € SH(Y) a natural equivalence fy(F) = f(F ® STr) in SH(X).

As a consequence we will deduce relative Atiyah duality for differentiable stacks, and
we will prove proper base change, smooth-proper base change and the proper projection

formula for the pushforward functors p..: SH(Y) — SH(X) of proper maps p: Y — X.

!In this introduction, all differentiable stacks are assumed separated.
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Organization

In Chapter I1.2 we recall standard material on differentiable stacks, including their relation
to Lie groupoids, local properties of maps of stacks and the notion of vector bundles over
stacks. In Chapter II.3 we discuss various geometrical aspects of differentiable stacks,
including the coarse moduli space of a stack (Section 3.1), open complements of closed
substacks (Section 3.2), the isotropy groups of a stack (Section 3.4) and the notions of
relative tangent bundles and normal bundles (Section 3.5). A geometrically well-behaved
class of differentiable stacks, discussed in Section 3.3, are the separated differentiable
stacks: those whose diagonal is proper. In Section 3.6 we show that every embedding of
separated differentiable stacks admits a tubular neighborhood and in Section 3.7 we prove
that every separated differentiable stack is locally isomorphic to a quotient stack R"//G for

some smooth linear action of a compact Lie group G on a Euclidean space R".

In Chapter I1.4 we introduce for every separated differentiable stack X the co-categories
H(X) and SH(X) of genuine sheaves of animae/spectra on X, show that ordinary sheaves
are both a localization and a colocalization of genuine sheaves, and prove basic properties for
genuine sheaves like smooth base change and the smooth projection formula. In Section 4.4,
we show that genuine sheaves over classifying stacks of compact Lie groups give back

classical equivariant homotopy theory:

Theorem B (Theorem 4.4.16, Proposition 4.4.17). For a compact Lie group G, there are
equivalences of oo-categories H(BG) ~ Ang and SH(BG) ~ Spy;.

In Section 4.5 we show that the assignments X — H(X) and X +— SH(X) admit universal

characterizations, phrased in the language of pullback formalisms introduced by [DG22].

In Chapter I1.5, we prove the localization theorem for pointed genuine sheaves:

Theorem C (Theorem 11.5.2.16). Leti: Z < X be a closed embedding of differentiable
stacks and let j: U — X be its open complement. Then the functor i,: H(Z), — H(X).
is fully faithful, and there is a preferred cofiber sequence jyj* SO, a2 id".
In Chapter I1.6 we give a proof of our main result, Theorem A stated above. We give a
precise formulation in Section 6.1. The proof, which will be given in Section 6.4, is close
in spirit to the proof of Atiyah duality for a compact smooth manifold M, using a version
of Pontryagin-Thom collapse map constructed in Section 6.2. In Section 6.3 we introduce
the auxiliary notion of a kernel operator. In Section 6.5 we discuss various important
consequences of relative Poincaré duality, like relative Atiyah duality, proper base change

and smooth-proper base change.
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Conventions

In contrast to most sources on differentiable stacks, we will fully work in the homotopy-
theoretic setting of co-categories, and adopt the standard notations and terminology from
this setting. One notable exception, following [CS23, Section 5.1.4], is that we use the word
‘anima’ rather than ‘space’ to refer to the notion of an co-groupoid, and accordingly write
An for the co-topos of animae/co-groupoids. Similarly we write Ang for the co-category of

G-spaces for a compact Lie group G and refer to its objects as ‘genuine G-animae’.
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I1.2 Foundations on differentiable stacks

In this chapter, we will recall some of the foundations on differentiable stacks: sheaves
of groupoids on the site of differentiable manifolds and open coverings which admit a
representable atlas. All of the material in this chapter is well-known and sources on this
topic are plentiful; a selection is [Pro96; BX11; Met03; Ler10; Hoy13]. Our treatment
differs somewhat from these sources in that we will work in the homotopy-theoretic setting
of sheaves of animae/co-groupoids, sometimes called co-sheaves, rather than sheaves of
groupoids; a recollection of the theory of sheaf co-topoi is provided in Appendix E.4. We
will see in Corollary 2.3.24 below that the objects of interest, the differentiable stacks, are

in fact sheaves of groupoids, making our approach equivalent to the classical approach.

2.1 Representable morphisms of stacks

We start by introducing stacks on the site of smooth manifolds and discussing the notion of

representable morphisms between stacks.

Definition 2.1.1. Let Diff denote the ordinary category of smooth manifolds! and smooth
maps. We turn it into a site by equipping it with the open cover topology and let Shv(Diff)
denote the associated co-topos of sheaves of animae on Diff. We refer to an object X €
Shv(Diff) as a stack on Diff, or as a stack for short.

Note that the site (Diff,open) is subcanonical: for every smooth manifold M € Diff, the
representable functor Homp;g(—, M) : Diff — Set < An is a sheaf. In other words, the

Yoneda embedding Diff < PSh(Diff) factors through the subcategory of sheaves:

y: Diff < Shv(Diff).

1All smooth manifolds are assumed to be Hausdorff. They are allowed to be impure: different path
components may have different dimensions.
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We will often abuse notation by identifying smooth manifolds M with their associated
sheaves y(M); accordingly, we say that a stack X on Diff is a smooth manifold if it lies
in the essential image of the Yoneda embedding. The Yoneda embedding y preserves all

limits, and furthermore preserves arbitrary coproducts due to the sheaf condition.

Recall from Appendix E.2 the notion of an effective epimorphism in an co-topos. In the
case of Shv(Diff), the effective epimorphisms can be characterized as those maps admitting

local sections:

Definition 2.1.2. Let M be a smooth manifold and let f: X — M be a map of sheaves. We
say that f admits local sections if there exists an open cover {U; };c; of M such that the map
U; — M factors through f for eachi € I.

Proposition 2.1.3. If M is a smooth manifold, then a map f: X — M in Shv(Diff) is an

effective epimorphism if and only if it admits local sections.
Proof. This is a special case of Lemma E.38. O

Since the site Diff does not admit all pullbacks, there is a subtlety in the definition of repre-
sentable morphisms between stacks on Diff. However, pullbacks along smooth submersions
always exist in Diff, see for example Proposition C.9. This leads to the following two-step
definition of representability, which guarantees that every smooth map between smooth

manifolds is representable when considered as a morphism of stacks:

Definition 2.1.4 (Representable morphisms, [EG11, Definition 2.1]). Let f: X - Y be a

morphism of stacks on Diff.

(1) We call f a representable submersion if for any smooth manifold M and any morphism
M — Y, the fiber product M X y X is a smooth manifold and the induced map M Xy X —
M 1is a submersion. If the map M Xy X — M is surjective for every M, we say that f

1S a representable surjective submersion.

(2) We say f representable if for any representable submersion M — Y from a smooth

manifold M, the pullback M Xy X is a smooth manifold.

It is clear from the definition that every representable submersion is a representable mor-
phism. Furthermore, every smooth map f: M — N of smooth manifolds is representable
when considered as a morphism of stacks, and it is a representable submersion of stacks if

and only if it is a smooth submersion of smooth manifolds.
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Warning 2.1.5. We warn the reader that representability behaves reasonably only when
there is a sufficiently large supply of representable submersions into Y. For instance, if
there are no representable submersions from smooth manifolds to Y, then every morphism

X — Y is representable according to the above definition.

Remark 2.1.6. A smooth submersion between smooth manifolds has local sections if and
only if it is surjective, see e.g. Lemma C.10. It follows from Proposition 2.1.3 that a repre-
sentable submersion f: X — Y of stacks is in fact a representable surjective submersion if

and only if it is an effective epimorphism.

Definition 2.1.7 (Open substack). Let j: U — X be a representable submersion of stacks
on Diff. We say that j exhibits U as an open substack of X if for every smooth manifold
M and any morphism M — X, the induced map of smooth manifolds M Xx U — M is an

open embedding.

As we will establish next, representability of a stack is a local condition:

Lemma 2.1.8. Let X be a stack on Diff and assume that there exists a collection of
open substacks {jo: Uy — X}aer of X such that the map [],c; Uy — X is an effective

epimorphism.? If each U, is a smooth manifold, then so is X.

Proof. By the definition of effective epimorphisms, recalled in Definition E.12, X is the
colimit of the Cech nerve of the map [[,c; U, — X. Since each of the maps f,,: U, — X
is assumed to be a representable submersion, the iterated pullbacks U,, Xx -+ Xx U,, are
all smooth manifolds again, hence the Cech nerve defines a simplicial diagram in Diff. We
define a topological space M as the colimit of this simplicial diagram, regarded as a diagram

in the ordinary category Top of topological spaces. More explicitly:

M = coeq |_|UQ><XUﬁ:§ |_|Ua .
atp a
Each of the maps U, — M is an open embedding, so M admits an open cover by the
smooth manifolds U,. As the smooth structures are compatible on their intersections, M
itself obtains the structure of a smooth manifold. It follows that M is the colimit in Diff of
the simplicial diagram, and consequently also the colimit in Shv(Diff) due to descent with

respect to open covers. It follows that M is equivalent to X, proving the claim. O

2Such a collection of open substacks is called an ‘open cover’, see Definition 4.1.2.
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Corollary 2.1.9. Let X — M be a morphism of stacks on Dift and assume that M admits
an open cover {V,} such that each of the pullback stacks V, Xy X is a smooth manifold.

Then X is a smooth manifold.

Proof. The maps V, X3 X — X are pullbacks of the open embeddings V, < X and thus
are open substacks of X. As the map | |,;Ve, — M is an effective epimorphism, so is
their base chane | |,c; Ve Xy X — X along the map X — M. The claim thus follows from
Lemma 2.1.8. O

Proposition 2.1.10. Consider a pullback diagram

X — X

fi - lf

Y 5y
of stacks on Diff.

(1) If f is a representable submersion, then f’ is a representable submersion.
(2) If g is a representable submersion and f is representable, then f’ is representable.

(3) If g is an effective epimorphism and f’ is a representable submersion, then f is a

representable submersion.

(4) If g is a representable surjective submersion and f’ is representable, then f is repre-

sentable.

Proof. Parts (1) and (2) are immediate from the definitions. For part (3), assume that g is an
effective epimorphism and let M — Y be a morphism from a smooth manifold. It follows
from Proposition 2.1.3 that the map M — Y locally factors through g: Y’ - Y. Since the
condition we are proving may be checked locally in M by Corollary 2.1.9, we may assume
that already the map M — Y factors through Y’ via some map s: M — Y’. Now consider
the following pullback diagram:

N > X’ > X
- f’l _ lf
M S > y/ 8 W

I4

By assumption, f’ is a representable submersion, and it follows that the pullback N =
M Xy X" = M Xy X is a smooth manifold and that the map f”: N — M is a submersion.

This proves that f is a representable submersion, finishing the proof of (3).
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For part (4), let M — Y be a representable submersion from some smooth manifold M. We
have to show that the pullback M Xy X is again a smooth manifold. By pulling back the
whole situation along M — Y, we may assume that Y = M is a smooth manifold. We are

then in the situation of a pullback square

N 25X
f’l - lf
M Ly m
in Shv(Diff), where the stacks M, M’ and N are all smooth manifolds and g is a surjective

submersion. We have to show that X is a smooth manifold as well.

As g is a surjective smooth submersion, it follows from Lemma C.10 that g admits local
sections: there exists an open cover {U,};c; of M such that for every i € I there is a smooth
map s;: U; — M’ such that the composite gos;: U; — M is equal to the inclusion of U; into
M. By Corollary 2.1.9, it suffices to show that each of the pullback stacks X; := X Xy U; is
a smooth manifold. By base changing the whole situation along the map U; — M, we may

thus assume that the map g: M’ -» M admits a section s: M — M’.

We may now define a map ¢ = (so f,id): X — N =M’ xy; X. Since it is a section of the
map g’: N — X, it follows that the stack X is a retract in Shv(Diff) of the smooth manifold
N. It follows from idempotent completeness of Diff, Corollary C.5, that X is itself a smooth
manifold, finishing the proof. O

Corollary 2.1.11. Representable submersions and representable morphisms of stacks are

closed under compositions.

Proof. The statement about representable submersions is clear from the definition, since
smooth submersions of smooth manifolds are closed under composition. The statement
about representable morphisms follows the definition, using part (1) of Proposition 2.1.10.

O

Lemma 2.1.12. Let fi: X| > Y and f>: Xo — Y be two representable submersions
of stacks on Diff. Then their cartesian product fi X fo: X1 XXy — Y X W, is again a

representable submersion.

Proof. Let g =(g1,22): M — Y; XY, be a map from a smooth manifold. By assumption,
the pullbacks Ny := M Xy, X1 and N := M Xy, X, are smooth manifolds, and the maps

Ny — M and N, — M are smooth submersions. Now consider the following pullback
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diagram:

N —> NI XNy — X1 xXX»

l - l - iflez
81X82

M —2 s Mxm 25 v« .

Since the vertical map Ny X Ny — M X M is a submersion, the left pullback exists in the
category Diff, and it follows that N is a smooth manifold. Since the bottom composite is

the map g = (g1, g2), this finishes the proof. O

Lemma 2.1.13. Let X and M be stacks on Diff. Then any representable morphism f: X —
Y is O-truncated.

Proof. A map f in a sheaf topos is O-truncated if and only if its base change along any map
M — Y from a representable object M is O-truncated. As f is representable, the pullback
N := M Xy X is a smooth manifold. It follows that the base change N — M of f is a smooth

map between smooth manifolds, and in particular O-truncated, finishing the proof. O

2.2 Differentiable stacks

In this section, we introduce a special class of stacks on Diff called differentiable stacks,
whose geometric behavior closely parallels that of smooth manifolds. These objects will

play a central role throughout the entire remainder of this article.

Definition 2.2.1 (Differentiable stack). Let X be a stack on Diff. A representable atlas for
X is a smooth manifold M together with a representable surjective submersion p: M —» X.

A stack which admits a representable atlas is called a differentiable stack. We let
DiffStk € Shv(Diff)
denote the full subcategory spanned by the differentiable stacks.

Differentiable stacks are closed under a variety of constructions.

Lemma 2.2.2. If X and Y are differentiable stacks with atlases M - X and N - Y, then
the cartesian product X X M is a differentiable stack with atlas M X N - X X Y.

Proof. The product map is an effective epimorphism whose source is a smooth manifold.

By Lemma 2.1.12, it is also a representable submersion, finishing the proof. O
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Lemma 2.2.3. Let f: X — Y be a representable morphism, and assume that M - Y is a
representable atlas for Y. Then the pullback N := M xy X — X is a representable atlas for
X.

Proof. The map N — X is a representable submersion and an effective epimorphism since
itis a base change of the map M - Y. Furthermore, the assumption that f is a representable

submersion guarantees that N is a smooth manifold. O

Lemma 2.2.4. Let f: X — Y be a representable morphism of stacks.

(1) If Y is a differentiable stack, then also X is a differentiable stack;

(2) If f is a representable surjective submersion and X is a differentiable stack, then also
Y is a differentiable stack.

Proof. Part (1) is immediate from Lemma 2.2.3. For part (2), note that any representable

atlas M —-» X of X gives a representable atlas for Y by postcomposing with f. O

As a consequence, we see that differentiable stacks are closed under pullbacks along repre-

sentable submersions on Shv(Diff):

Corollary 2.2.5. Consider a pullback square

X —— X
f’l - lf
Yy —5y
of stacks on Dift. Assume that X, Y and Y’ are differentiable stacks and that f is a

representable submersion. Then X' is also a differentiable stack.

Proof. By Proposition 2.1.10, the morphism f” is a representable submersion, hence the

claim follows from Lemma 2.2.4. O

Lemma 2.2.6. Let X be a differentiable stack with representable atlas M — X. Then a
morphism f: Y — X is representable if and only if the pullback M Xx Y is a smooth
manifold. Furthermore, f is a representable submersion if and only if its base change

MXxXxY — M of f is a smooth submersion of smooth manifolds.

Proof. Thisisimmediate from Proposition 2.1.10, using that any morphism between smooth

manifolds is representable. O
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Corollary 2.2.7. Let Y be a differentiable stack. Then the diagonal A: Y — Y XY is

representable.

Proof. Let M - Y be a representable atlas for Y. By Lemma 2.2.2, the product map
MxM —» Y XY is again a representable atlas. By Lemma 2.2.6, it thus suffices to show
that the differentiable stack (M X M) Xyxy Y = M Xy M is a smooth manifold. This is

immediate since the map M — Y is a representable submersion. m|

Corollary 2.2.8. Let X be a differentiable stack. Then any morphism N — X from a smooth

manifold N is representable.

Proof. Let M - Y be a representable atlas for X. By Lemma 2.2.6 it suffices to show that
the pullback M Xx N is a smooth manifold. This is immediate from the fact that the map

M — X is a representable submersion. O

2.3 Classifying stacks of Lie groupoids

A rich supply of differentiable stacks is provided by the classifying stacks of Lie groupoids.
In fact, we will show in Corollary 2.3.8 below that every differentiable stack is (non-

canonically) equivalent to the classifying stack BG of some Lie groupoid G.

We refer to Appendix D for background material on Lie groupoids. We will also make
use of some foundational results on the relation between groupoid objects and effective

epimorphisms in an co-topos, recalled in Appendix E.2.

Definition 2.3.1 (Nerve of a Lie groupoid). The nerve NG of a Lie groupoid G = (G| = Go)

is the simplicial manifold NG : A°°? — Diff whose n-simplices are given by the manifold

Gn = G1 Xs.Got " Xs5.Got G

given as the n-fold iterated fiber product of G| over Gy in Diff. The face maps of NG are
obtained from source, target and multiplication maps of G, while the degeneracy maps of

NG are obtained from the unit map of G.

Definition 2.3.2 (Classifying stack). Let G = (G1 = Go) be a Lie groupoid. We define its
classifying stack BG € Shv(Diff) as the geometric realization of its nerve in Shv(Diff):

G 3 G —= go) €  Shv(Diff).

The classifying stack BG of a Lie groupoid is indeed a differentiable stack:

BG = |NG| :colim(

VY Y'Y
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Lemma 2.3.3. Let G be a Lie groupoid. Then the canonical map Gy —» B@G is a representable
atlas for BG. In particular, BG is a differentiable stack.

Proof. As groupoid objects in co-topoi are effective, the map Gy - BG is an effective
epimorphism, see e.g. Corollary E.15. Since Gy is a smooth manifold, it remains to show
that the map Gy -» B@G is a representable submersion. By Proposition 2.1.10, it suffices to
show that this is the case after pulling it back along an effective epimorphism, for example
along Gy - B@G itself. But this base change pr;: Go Xsg Go — Go is equivalent to the map
source map s: G; — Go, which by assumption on G is a submersion of smooth manifolds

and hence a representable submersion in Shv(Diff). ]

Example 2.3.4 (Classifying stack of Lie group). Every Lie group G can be regarded as a
one-object Lie groupoid G =3 pt and thus gives rise to a differentiable stack BG called the
classifying stack of G.

Example 2.3.5 (Global quotient stack). Let M be a smooth manifold and let G be a Lie
group acting smoothly on M. We obtain a Lie groupoid G <M = (G X M =3 M), called the
action groupoid. The associated differentiable stack B(G < M) is denoted by M //G and is
called the quotient stack of M by G. Since the action groupoid G < M is functorial in M,
we obtain a functor

—//G : Diffg — DiffStk,

where Diff; denotes the category of smooth G-manifolds. Note that the quotient stack

pt//G of the point is precisely the classifying stack BG of G.

A differentiable stack X is called a global quotient stack if it is equivalent to a quotient stack
M /|G for some compact Lie group G and some smooth G-manifold. We let QtStk C DiffStk
denote the full subcategory of global quotient stacks.

By Lemma 2.3.3, every Lie groupoid gives rise to a differentiable stack. We will now show
that, conversely, every differentiable stack X can be presented by a Lie groupoid G, in the
sense that there exists an equivalence X =~ BG of stacks. In fact, we will see that there is a
one-to-one correspondence between choices of an atlas for X and choices of a presentation

of X by a Lie groupoid.

Definition 2.3.6. We denote by Atl"P(Shv(Diff)) € Fun([1], Shv(Diff)) the full subcate-
gory of the arrow category of Shv(Diff) spanned by the representable atlases M —» X in the

sense of Definition 2.2.1.

Proposition 2.3.7. Sending a Lie groupoid G to the representable atlas Gy - BG defines
an equivalence of co-categories LieGrpd — Atl"P(Shv(Diff)).
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Proof. Recall from Proposition E.13 the equivalence
Grpd(Shv(Diff)) = Atl(Shv(Diff))

between the co-category of groupoid objects in Shv(Diff) and the co-category of atlases
(i.e. effective epimorphisms) in Shv(Diff). This equivalence is given by sending a groupoid
object G to the effective epimorphism Gy -» BG, and its inverse sends an effective epimor-
phism to its Cech nerve. We claim that this equivalence restricts to the desired equivalence
LieGrpd = Atl"P(Shv(Diff)) of full subcategories. By Lemma 2.3.3, the map Gy » BG
is indeed a representable atlas if G is a Lie groupoid. Conversely, if p: M -» X is a

representable atlas, its Cech nerve C(p) is given at level [1] € A by the n-fold fiber product
C(Phn=MXxMXx-Xx M,

which is a smooth manifold by the assumptions that M is a manifold and that the map
p 1s a representable submersion. It follows that C(p) is the nerve of a Lie groupoid
G =(Mxx M =3 M), finishing the proof. O

Corollary 2.3.8. Every differentiable stack X is equivalent to the classifying stack BG of
some Lie groupoid G.

Proof. Let M - X be a representable atlas for X. By Proposition 2.3.7, there exists a Lie
groupoid G with M = Gy and X ~ BG. This finishes the proof. O

Warning 2.3.9. Although we may think of Lie groupoids as presentations of differentiable
stacks, it is not true that a morphism of Lie groupoids H — G contains the same data as a
morphism BH — BG of stacks. Indeed, as made precise by Proposition 2.3.7, morphisms
of stacks BH — BG comes from a morphism of Lie groupoids H — G precisely if it is
compatible with the preferred atlases Hy -» BH and Gy » BG.

2.3.1 Differentiable stacks are Lie groupoids up to Morita equivalence

We will now recall the well-known fact that two Lie groupoids H and G have equivalent

classifying stacks if and only if they are Morita equivalent, in the sense of Definition D.18.

We start by characterizing when a morphism of Lie groupoids f: H — G induces an
equivalence of differentiable stacks Bf: BH — BG. For this, we need to recall the

notions of fully faithfulness and essential surjectivity of morphisms of Lie groupoids.

Definition 2.3.10 ([HF19, Section 6.1]). Let f: H — G be a morphism of Lie groupoids.
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(1) The morphism f is called fully faithful if the square

H, %Ql

(SJ)\L \L(SJ)

Ho x Ho M) Go X Go

is a pullback square.
(2) The morphism f is called essentially surjective if the composite map
pry t
G1 %xg, Ho — G1— Go
is a surjective submersion;

(3) The morphism f is called a Morita map if it is both fully faithful and essentially

surjective.

(4) The morphism f is called strongly surjective if the smooth map fy: Ho — Go is a

surjective submersion.

(5) The morphism f is called a Morita fibration if it is both fully faithful and strongly

surjective.

Warning 2.3.11. The conventions on the terminology of Morita maps are not very consistent
in the literature: the notion we call ‘Morita map’ appears in the literature under the names
‘equivalence’ [Moe02, Definition 2.4], ‘weak equivalence’ [Pro96, Definition 12], ‘essential
equivalence’ [Met03, Definition 58] and ‘Morita equivalence’ [Carl1, Definition 1.2.20].
Morita fibrations also appear under the names ‘Morita morphisms’ [BX11, Definition 2.24]
and ‘elementary Morita equivalences’ [Noo035, Section 8]. Our convention follows [HF19,
Section 6.1].

Remark 2.3.12 (Morita fibrations are Morita maps). Every strongly surjective morphism
f of Lie groupoids is essentially surjective, and thus every Morita fibration is a Morita
map. Indeed, the condition in (4) that the map fj is a surjective submersion implies that
the projection map pr; : Gi Xg, Ho — G is a surjective submersion, as it is a base change
of fo. Since the target map ¢: G; — Gy is always a surjective submersion, it follows that

topr, is also a surjective submersion, which is condition (2).

The following result characterizes the properties of fully faithfulness and essential sur-
jectivity of a morphism of Lie groupoids in terms of its underlying map of differentiable

stacks.
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Lemma 2.3.13 ([Met03, Proposition 60], [Carl1, Proposition 1.2.5]). Let f: H — G be a
morphism of Lie groupoids, and consider the induced map B f : BH — BG on differentiable

stacks.

(1) The map B f is a monomorphism if and only if f is fully faithful;

(2) The map Bf is an representable surjective submersion if and only if f is essentially

surjective;
(3) The map Bf is an equivalence if and only if f is a Morita map.

Proof. For part (1), consider the following diagram:

H, \ i > Gi \
(5.0 BH ) ‘ S BG
l(s,t)
A
Ho < Hy % GoxGo A
BH x BH EPBT s BG xBG.

The map Bf : BH — BG is a monomorphism if and only if the front square of the diagram
is a pullback square. Since the map Hjy - BH is an effective epimorphism and the left and
right faces of the cube are pullback squares, it follows from the pasting lemma for pullback
squares that the front square is a pullback square if and only if the back square is. As the
back square defines fully faithfulness of f, this finishes the proof of (1)

For part (2), consider the following pullback diagram:

Pry t
G1 %xg, Ho > Gi > Go

o[ 0 L]

Ho i > Go s BG.

The bottom composite Hy — Gy — BG is equivalent to the composite Hy -» BH Ef) BG.
As the map Hy -» BH is a representable surjective submersion, it follows from part (4)
of Lemma C.7 that the map B f is a representable surjective submersion if and only if the
bottom composite Hy — BG is. Since this may be checked after pulling back along the atlas
Go ~» BG, this is equivalent to the condition that the top composite o pr; : Gi Xg, Ho — Go

90



1s a surjective submersion. Since this is the definition of fully faithfulness of f, this finishes
the proof of (2).

Part (3) is a direct consequence of (1) and (2) since a morphism of stacks is an equivalence

if and only if it is both a monomorphism and a representable surjective submersion. O

We deduce that two Lie groupoids have equivalent classifying stacks if and only if they are

Morita equivalent:

Proposition 2.3.14 (cf. [Pro96], [BX11, Theorem 2.26], [Met03]). Given two Lie groupoids

H and G, the following conditions are equivalent:

(1) The classifying stacks BH and BG are equivalent;
(2) The Lie groupoids H and G are Morita equivalent, in the sense of Definition D.18;
(3) There exists a third Lie groupoid K along with Morita fibrations K — H and K — G;

(4) There exists a third Lie groupoid K along with Morita maps K — H and K — G.

Proof. To prove that (1) implies (2), assume that an equivalence of stacks BH ~ BG has
been given. It follows that the composite Hy - BH ~ BG is a representable atlas for BG.
We define a smooth manifold P as the following pullback:

P—ﬁ»ﬂo
L0
Go —» BG.

Observe that the map a: P -» G is a principal H-bundle, in the sense of Definition D.15,
as it is a base change of the principal H-bundle Hy - BG. Similarly the map B: P - H
is a principal G-bundle. It is immediate that the actions of G and H commute as they act
on two separate components of P = Gy Xgg Ho, and thus the triple (P, a, ) forms a Morita

equivalence between G and H.

To prove that (2) implies (3), assume given a Morita equivalence (P, «, 8) between G and
‘H, in the sense of Definition D.18. We start by defining a Lie groupoid K. Set Ky = P and
define K via the following pullback diagram:

K —Mﬁl G xXH,
_|

S\L J/sxs
(@.B)

P —— GoxHp.
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The commuting actions of G and H on P define an action map ¢: K; — P and one checks
that the maps s,7: K| — P = Kj are part of a Lie groupoid structure K = (K # Ko)-

The Lie groupoid K comes equipped with morphisms of Lie groupoids (a,@): K — G
and (B1,8): K — H. We claim that these are Morita fibrations, thus finishing the proof of
(3). By symmetry, it suffices to check this for (@,a). Strong surjectivity is clear, as the
map a: Ky =P — Gy is a surjective submersion by assumption. For fully faithfulness, we
must show that the map

Ki = Gi1 Xgyxg, (P X P)
is a diffeomorphism. To provide an inverse, consider the shear map shear: H Xg, P —

P Xg, P, which is a diffeomorphism as &: P — Gy is a principal H-bundle. An inverse to

the above map is then given by

gl Xgoxgo (PXP) - 7<1 = (gl Xﬂl) Xg()XHo P7 (gap’p/) = (g,shear_](p,p')),

giving the desired claim.

It is immediate from Remark 2.3.12 that (3) implies (4).

Finally, to see that (4) implies (1), observe that the Morita maps K — G and K — H induce
equivalences of stacks

BH «— BK = BG
by Lemma 2.3.13. It follows that BH and BG are equivalent, as desired. O

As shown above, the classifying stack functor B: LieGrpd — DiftfStk sends Morita maps
to equivalences. A well-known result in the theory of differentiable stacks says that this
functor is in fact universal with this property. For completeness we will state the precise

result, although we shall not make use of it.

Theorem 2.3.15 ([Pro96, Section 3.4, Section 4]). The functor B: LieGrpd — DiffStk
exhibits the (2,1)-category? DiffStk as the (2, 1)-categorical Dwyer-Kan localization of the
category LieGrpd at the Morita maps: for any other (2,1)-category D, precomposition
with B induces a fully faithful functor

Fun(DiffStk, D) < Fun(LieGrpd, D)

whose essential image consists of those functors LieGrpd — D which send Morita maps to

equivalences.

Remark 2.3.16. One can prove that the functor B: LieGrpd — DiffStk is in fact an co-
categorical Dwyer-Kan localization, see [Nuil6].
3See Corollary 2.3.24 below.
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2.3.2 Classification of Lie groupoid actions on smooth manifolds

Given a Lie groupoid G, recall from Definition D.14 the notion of a left action of G on a
smooth manifold: given a smooth submersion M — Gy, a left G-action on M consists of
an associative and unital action a: G| X, g, M — M over Gy. A smooth manifold equipped
with a left G-action is called a smooth G-manifold. In this subsection, we show that such
left actions are classified by representable maps of stacks to the classifying stack BG. More
precisely, we show that the category Diffg of smooth G-manifolds is equivalent to the
subcategory of DiffStk/pg spanned by the representable submersions into BG, where the
equivalence sends M to the map M//G — pt//G =BG.

Definition 2.3.17. Given a smooth G-manifold M, we obtain a Lie groupoid

gxM:( gl><g0M % M)

called the action groupoid of M. We define the quotient stack M /|G € Shv(Diff) as the
classifying stack B(G < M). The Lie groupoid G < M comes equipped with a morphism of
Lie groupoids to G:

pry
G Xg, M ? M

T
Q1:t§§o-

The notion of left actions of Lie groupoids on smooth manifolds may be phrased in terms of
groupoid actions in the co-topos Shv(Diff) of stacks on Diff. Recall from Definition E.17
that a left action of a groupoid object G in an oco-topos B consists of another groupoid
object H in B equipped with a cartesian morphism c¢: H — G of simplicial objects in
B, meaning that all the naturality squares of ¢ are pullback squares. In the case at hand,
observe that the map G < M — G of Lie groupoids from Definition 2.3.17 is a cartesian

morphism of groupoid objects in Shv(Diff), thus producing a functor
G =< —: Diftg — Actg(Shv(Dift))

from the category of smooth G-manifolds to the co-category of stacks on Diff equipped

with a G-action.

Lemma 2.3.18. For a Lie groupoid G, the functor G~ —: Diftg — Actg(Shv(Diff)) is
fully faithful. An object c: H — G of Actg(Shv(Dift)) lies inside the essential image of
this functor if and only if Hy € Shv(Diff) is a smooth manifold and the map Hy — Gy is a

smooth submersion.
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Proof. Notice that a morphism ¢: M — M’ of smooth G-manifolds determines and is
determined by the induced morphism G <M — G = M’ of Lie groupoids over G, so that this
functor is fully faithful. Furthermore, if ¢: H — G is a cartesian morphism of groupoid
objects of Shv(Diff) such that Hj is a smooth manifold, then it follows that H), ~ Hy X g, Gn
is a smooth manifold for all n > 0, so that H is in fact a Lie groupoid. Defining M := H,
the map d;: G1 Xg, M ~ H; — Hy = M determines an action of G on M and one observes
that H is equivalent to the action groupoid G =< M, showing that HH lies in the essential

image. O

Corollary 2.3.19. Let G be a Lie groupoid. Sending a smooth G-manifold M to the map
M /|G — BG defines a fully faithful functor

Diffg — DiffStk /pg
whose essential image consists of the representable submersions X — BG.
Proof. By Proposition E.20, there is an equivalence of co-categories
Actg (Shv(Diff)) = Shv(Diff) g

given by sending a cartesian morphism ¢: H — G of groupoid objects in Shv(Diff) to the

map By: BH — BG. Since there is a cartesian square

Hy —» BG

wo\L - \LIBM

Go —» BG,

it follows from Proposition 2.1.10 that the map ¢ is a representable submersion if and only
if By is a representable submersion. It follows from Lemma 2.3.18 that the subcategory
Diffg of Actg (Shv(Diff)) corresponds to the full subcategory of Shv(Diff) gg spanned by
the representable submersions. As the source of every representable submersion X — BG

is a differentiable stack by Lemma 2.2.4, the claim follows. O

Corollary 2.3.20. Let G be a Lie group. The assignment M +— (M /]G — BG) defines a
fully faithful functor
—//GZ Dlﬂ"G —> DiffStk/Bg,

whose essential image consists of the representable morphisms X — BG.

Proof. Given Corollary 2.3.19, it remains to show that a morphism f: X — BG of differ-

entiable stacks is representable if and only if it is a representable submersion. One direction
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is immediate, so assume that X — BG is representable. Consider the following pullback

square:
M ——- X

L2

pt —» BG.
As the map pt » BG is a representable submersion, it follows that the pullback M is a
smooth manifold. In particular, the map M — pt is a smooth submersion. By Lemma 2.2.6,

it follows that also f: X — BG is a representable submersion, finishing the proof. i

Corollary 2.3.21. A differentiable stack X is a global quotient stack in the sense of Exam-
ple 2.3.5 if and only if it admits a representable submersion X — BG for some compact Lie

group G. m|

2.3.3 Classification of principal bundles on smooth manifolds

Let G be a Lie groupoid and let N be a smooth manifold. Recall from Definition D.15 the
notion of a smooth principal G-bundle on N: a surjective smooth submersion p: P » N
equipped with a left G-action a: Gi Xg, P — P living over N for which the shear map
(a,pry): G1 Xg, P — P Xy P is a diffeomorphism. The goal of this subsection is to give
a classification of smooth principal G-bundles on N in terms of morphisms N — BG of

differentiable stacks: there is an equivalence of co-groupoids
Homp;gsik (N,BG) ~ {Smooth principal G-bundles on N}.

Since the right-hand side is simply a 1-groupoid, it follows in particular that the stack BG
is a 1-stack, making our definition of differentiable stacks compatible with the standard
literature.

We start by comparing the explicit definition of smooth principal bundles for Lie groupoids

to the general topos-theoretic notion of principal bundles, recalled in Appendix E.3.

Proposition 2.3.22. Let G be a Lie groupoid en let N be a smooth manifold. Then there is

an equivalence
PrnBdlg (N) — PrnBdlg (Shv(Diff))n

between the category of smooth principal G-bundles over N, as defined in Definition D. 15,
and the co-category of principal G-bundles over N internal to the co-topos Shv(Diff), as
defined in Definition E.24.
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Proof. For a smooth principal G-bundle p: P — N, the action groupoid G »< P is by
assumption (2) of Definition D.15 a groupoid object in the slice Diff y. The groupoid
map G =< P — @ lifts by adjunction to a groupoid map G~ P — G X N in the slice Difty.
This map is still a cartesian natural transformation, so forms an object of Actg (Diff/y) C
Actg (Shv(Diff),y). This produces a functor

Pl‘Ilelg (N) - ACtg (ShV(Diff)/N) .

Since a map P — P’ of smooth principal G-bundles over N is equivalently specified by a

map G < P — G P’ commuting with the maps to N and to G, this is a fully faithful functor.

We claim that this inclusion factors through the full subcategory PrnBdlg (Shv(Diff))y of
principal G-bundles over N internal to Shv(Diff). Notice that the map (a,pr,) : G1 Xg, P—
P Xy P in condition (3) of Definition D.15 is precisely the shear map (internal to Diff ;)
from Definition E.21, so that the map P — N is a formally principal G-bundle in the sense of
Definition E.24. Furthermore, the condition (1) from Definition D.15 that the map P — N
is a surjective smooth submersion is by Remark 2.1.6 equivalent to the condition that the
map P — N is an effective epimorphism in Shv(Diff), so that P — N is in fact a principal
G-bundle internal to Shv(Diff). We have therefore produced a fully faithful embedding

PrnBdlg(N) < PrnBdlg (Shv(Diff))y.

It remains to prove that this inclusion is essentially surjective. Let £ = N be a map in
Shv(Diff) equipped with the structure of a principal G-bundle. By Theorem E.28, there is
a classifying map c¢: N — BG and a pullback square

P —— Go

L0

N —— BG.
Since the map Gy - B@ is a surjective representable submersion by Lemma 2.3.3, it follows
that also the map $ —» N is a surjective smooth submersion. In particular the stack P is a
smooth manifold, which we will henceforth denote as P. Just as in Lemma 2.3.18 it follows
that P is equipped with a left G-action, and since the action groupoid G < P — P lives in
Diff /it satisfies condition (2) of Definition D.15. As before, condition (3) is equivalent
to the condition that the map P — N is a formally principal G-bundle and condition (1) is
equivalent to the condition that P — N is an effective epimorphism in Shv(Diff). It follows

that the map P — N is indeed a smooth principal G-bundle as desired. O
As a corollary, we obtain that the classifying stack BG of a Lie groupoid G is a 1-stack:
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Proposition 2.3.23. Let G be a Lie groupoid. For every smooth manifold N, there is a

natural equivalence of co-groupoids
BG(N) = PrnBdlg(N).
In particular, BG(N) is an ordinary groupoid for every N.
Proof. By Theorem E.28, there is an equivalence of co-groupoids
BG(N) = Homgpy(pifr) (N, BG) = PrnBdlg (Shv(Diff)) .

By Proposition 2.3.22, the right-hand side is equivalent to the ordinary groupoid PrnBdlg (N)
of smooth principal G-bundles over N, finishing the proof. O

Combining this corollary with Corollary 2.3.8, we obtain:

Corollary 2.3.24 (Differentiable stacks are 1-stacks). Every differentiable stack X is a
1-stack, in the sense that it factors through the subcategory Grpd C An of groupoids. In
particular, the co-category DiftStk is a (2, 1)-category. O

2.4 Local properties of maps of stacks

Various properties of smooth maps between smooth manifolds have immediate generaliza-

tions to the context of maps between differentiable stacks.

Definition 2.4.1 (Local property for smooth manifolds). Let P be a property of smooth

maps of smooth manifolds. We say that P is a local property if for every pullback diagram

M -2 Mm

f’l - lf

N Sty N
in Diff in which g is a submersion, we have:
(1) If f has property P, then also f” has property P.
(2) If g is surjective and f” has property P, then also f has property P.

Definition 2.4.2 (Local property for stacks). Let f: X — Y be a representable morphism

between stacks on Diff, and let P be a local property of smooth maps of smooth manifolds.
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Then we say that has property P if for every representable submersion g: N* — YV and

every pullback diagram
M — X
f’l - lf
N —» Y
the smooth map f’: M’ — N’ of smooth manifolds has property P.

It is immediate from the definition that if f: M — N is a smooth map of smooth manifolds,
then f has property P as a map of smooth manifolds if and only if it has property P when

regarded as a morphism of stacks.

Before giving examples of local properties, let us address a potential point of confusion.
In Definition 2.1.4, we defined the notion of a representable submersion. Now, since the
property for a map between smooth manifolds to be a smooth submersion is a local property,
Definition 2.4.2 gives an a priori different definition for what it means for a representable
morphism of stacks to be a smooth submersion. The following lemma shows that these two

notions agree in the case its source and target are differentiable stacks:

Lemma 2.4.3. Let X and M be differentiable stacks. Then a morphism f: X — Y is
a representable submersion, in the sense of Definition 2.1.4, if and only if it is both

representable and a smooth submersion in the sense of Definition 2.4.2.

Proof. It is clear that a representable submersion is both representable and a smooth sub-
mersion, so we will prove the converse. Let M - Y be a representable atlas for /. By
part (3) of Proposition 2.1.10, the morphism f is a representable submersion if and only
if its base change M xy X — M is a representable submersion. Since M —-» Y is a rep-
resentable submersion and f is representable, the pullback M Xy X is a smooth manifold.
Furthermore, by assumption on f, the base change M Xy X — M is a smooth submersion
between smooth manifolds. It follows in particular that the morphism M Xy X — M is a

representable submersion, which finishes the proof. O

Lemma 2.4.4 (Open substacks). A morphism U — X of differentiable stacks is an open
substack, in the sense of Definition 2.1.7, if and only if it is both representable and an open
embedding, in the sense of Definition 2.4.2.

Proof. The proof is completely analogous to that of Lemma 2.4.3 and will be omitted. O

In analogy with Lemma 2.4.4 we get the following more general definition of embeddings

of stacks.
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Definition 2.4.5 (Embeddings of stacks). A smooth map N — M of smooth manifolds is
called an embedding if it is a smooth immersion which induces a homeomorphism onto its
image in M. It is called a closed (resp. open) embedding if the image in M is closed (resp.
open).

Specializing Definition 2.4.2, we obtain the notions of embedded, closed embedding and

open embedding.

Example 2.4.6. Other examples of properties P of smooth maps f: M — N of smooth

manifolds are the following:
* fisinjective, f is surjective;
* fis a submersion, f is a surjective submersion;
* fis an open map;

* f is étale, or a local diffeomorphism, meaning that for every x € M there exists an

open neighborhood x € U C M such that f|y: U — N is an open embedding;

* f is proper, meaning that for every compact subspace K C N the preimage f~!(K) C

M is also compact;
* f admits local sections, in the sense of Definition 2.1.2;

* fis afinite covering space, meaning that there is an open cover {U; C N };<; such that
every restriction f|y,: f ~1(U;) = U; is isomorphic to Ul'."”i — U; for some integer

n; > 0.

The main feature of local properties of maps of stacks is that they can be tested after pulling

back along a representable surjective submersion.

Lemma 2.4.7 (Local properties are local). Let P be a local property, and consider a

pullback diagram
X — X
fi - lf
Yy —=» Yy
of stacks on Diff such that g is an representable submersion and such that f and f' are

representable.

(1) If f has property P, then so does f.
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(2) If g is a representable surjective submersion and [’ has property P, then so does f.

Proof. Part(1)is immediate from the definitions. For part (2), let M — Y be arepresentable
submersion from some smooth manifold M. By base changing the whole situation along
this map, we may assume that Y = M is a smooth manifold. Since all four maps are
representable, it follows that also X, Y’ and Y are smooth manifolds. Since P is a local

property of maps between smooth manifolds, it follows that f has property P. O

In practice, we use Lemma 2.4.7 mostly in the situation where Y’ is a representable atlas

for V:

Corollary 2.4.8. Let Y be a differentiable stack with representable atlas M - Y and let
f: X = Y be a representable morphism of stacks. Let P be a local property of maps of
smooth manifolds. Then f has property P if and only if the map M Xy X — M has property
P. mi

It follows from Corollary 2.4.8 that representable morphisms between differentiable stacks
behave very similar to smooth maps between smooth manifolds. We collect some results in

this direction.

Lemma 2.4.9. Let f: Y — X be a representable submersion between differentiable stacks.

Then there exists an essentially unique factorization
Y->U—>KX
of f into a surjective representable submersion Y —» U and an open embedding U — X.

We will also write f(Y) < X for the essentially unique open substack of X determined by

the lemma, and refer to it as the image of f.

Proof. We may factor f as an effective epimorphism Y —» U followed by a monomorphism
U — X. It remains to show that the map Y — U is a surjective representable submersion
and the map U — X is an open embedding. By Corollary 2.4.8, this may be checked after
pulling back the situation along an atlas M - X, and since pulling back preserves the unique
factorization we may assume that f: N — M is a smooth submersion between smooth
manifolds. In that case, the factorization is given as the factorization N - f(N) — M of
f through its (open) image in M. As the map N — f(N) is a surjective submersion and the

inclusion f(N) < N is an open embedding, this proves the claim. O
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Lemma 2.4.10. Consider a commutative triangle of differentiable stacks:

X
f 8f
y/g\>z.

(1) If both g f and g are representable, then so is f;

(2) If g f is an embedding and g is representable, then f is an embedding;
(3) If g f is proper and g is representable, then f is proper;
(4) If g f is a closed embedding and g is representable, then f is a closed embedding.

Proof. Let O - Z be a representable atlas for Z and consider the following pullback
diagram:
M — X
f’l - Lf
N—»Y
g’l - \Lg
0O —>» Z.
By Lemma 2.2.3, the map N -» VY is a representable atlas for Y, and thus by Proposi-
tion 2.1.10 and Lemma 2.4.7, it suffices to prove that f” is representable (resp. an em-
bedding / proper / a closed embedding). Part (1) is now immediate, as f’ is a morphism
between smooth manifolds and thus representable. Parts (2), (3) and (4) follow immediately
from the analogous cancellation property for smooth maps between smooth manifolds, see
Lemma C.7. O

2.5 Vector bundles over stacks

The notion of a vector bundle over a smooth manifold admits a natural extension to the

setting of stacks on Diff.

Definition 2.5.1 (Vector bundle). Let X be a stack on Diff. For n > 0, we define an n-
dimensional vector bundle m on X to be a morphism of stacks 7: X — BGL(n). The total

space &, of the bundle 7 is defined as the following pullback of stacks:
Er — R"//GL(n)
Ll
X —— BGL(n).
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We will often abuse notation and refer to a map & — X as a vector bundle, leaving the
classifying map m: X — BGL(n) implicit in the notation. We denote the groupoid of

n-dimensional vector bundles over X by
Vect,, (X) := Homgpy(pifr) (X, BGL(n)).

We also define -
Vect™(X) := Homgpy(pifr) (X, |_| BGL(n)).
n=0
This determines a limit-preserving functor Vect™: Shv(Diff)°? — Grpd.

Definition 2.5.2 (Associated sphere bundle). Given a vector bundle & — X classified by
n: X = BGL(n), we define its associated sphere bundle S — X as the pullback

§¢ — §"//GL(n)
L]
X —X— BGL(n).
The groupoid Vect™(X) is the core of a category Vect(X) of vector bundles:

Definition 2.5.3 (Category of vector bundles). Consider the functor Vect: Diff°® — Cat
which sends a smooth manifold M to the category of vector bundles over M. This functor
satisfies the sheaf condition with respect to the open cover topology, and thus extends

uniquely to a limit-preserving functor
Vect: Shv(Diff)°P — Cat.

For a stack X on Diff, we refer to the resulting category Vect(X) as the category of vector

bundles over X.

Since the functor (—)~: Cat — Grpd which assigns to an ordinary category C its underlying
groupoid C~ is a right adjoint and thus preserves limits, we see that there is a natural
equivalence of groupoids

Vect(X)™ =~ Vect™ (X).

In case the stack X is a differentiable stack, we can make morphisms of vector bundles
over X explicit as follows: given two vector bundles &;,&; over X, a morphism of vector

bundles from & to &; is a commutative diagram

& > &

NS

X
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such that for every point x: pt — X the induced map (&;), — (&;), on fibers is a linear

map between vector Spaces.

2.5.1 Homotopy invariance of vector bundles

The goal of this subsection is to show that the set moVect(X)™ of isomorphism classes of

vector bundles on a differentiable stack X is a homotopy invariant of X.

Remark 2.5.4. The original version of this dissertation contained a wrong result with an
incorrect proof. We thank Marc Hoyois for bringing this to our attention. The corrected
statement of Theorem 2.5.5 is true and can be proved using partitions of unity of separated

differentiable stacks, see for instance Freed [Frel5, Theorem 15.85] for a proof sketch.

Theorem 2.5.5. Let X be a separated differentiable stack and let m: & — X XR be a vector

bundle. Then there exists an isomorphism
i =ii&
of vector bundles over X, where i,: X — X XR denotes the inclusion of X x{r} forr € R.

Definition 2.5.6. Let f, f': X — Y be morphisms of stacks on Diff. A homotopy between f
and f” is a map of stacks H: X XR — Y satisfying Hy =~ f and H; =~ f’, where H,: X - Y
denotes the composite '

X5 XxxrL Y.
We say that f is a homotopy equivalence if there exists a map g: Y — X such that g f and

f g are homotopic to the respective identities.

Corollary 2.5.7. Let E — Y be a vector bundle and let H: X XR — Y be a homotopy of
morphisms X — Y between separated stacks. Then there is an isomorphism H;& = H{&

of vector bundles on X.

Proof. As HyE =igH*E and H{E = i{H*E, this is an immediate consequence of Theo-
rem 2.5.5 applied to the vector bundle H*E over X X R. O

Corollary 2.5.8. Assume that f: X — Y is a homotopy equivalence of separated stacks.
Then for every vector bundle & — X there exists a vector bundle &' — Y with & = f*(&’).

Proof. Letting g: Y — X be a homotopy inverse and H: X xR — X a homotopy between
gf and idy, the previous corollary provides an isomorphism & = (idy)*E = (gf)*E =
[ g*E, so we may take & :=g*&E. O
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2.5.2 VB-groupoids

We will now discuss the notion of a VB-groupoid, which is the analogue of a vector bundle

in the setting of Lie groupoids.

Definition 2.5.9 (VB-groupoid, [GM17]). Given a Lie groupoid G, a VB-groupoid over G is
amorphism r: & — G of Lie groupoids such that the maps my: Eg — Goand 1 : &1 — Gy
are vector bundles and the structure maps of & are morphisms of vector bundles.

In terms of differentiable stacks, VB-groupoids correspond to what are known as 2-vector
bundles, see for example [HO20] for a discussion. In order to get an actual vector bundle
of differentiable stacks, one needs to assume that the VB-groupoid & — G is cartesian, in

the following sense:

Definition 2.5.10 (Cartesian morphism of Lie groupoids). A morphism f: H — G of Lie

groupoids is called cartesian if the commutative squares

7‘{1 % 7'[0 7'[1 —t> 7‘{0
fll/ lﬁ) and fl\L \Lfo
G —— Go G —— Go

are pullback squares.4

Lemma 2.5.11. Let n: & — G be a VB-groupoid, and assume that the morphism n is carte-
sian. Then the induced map Brn: BE — BG is naturally a vector bundle of differentiable

stacks.

Proof. By passing to nerves, the groupoid map 7: & — G induces a morphism Nr: NE —
NG of simplicial manifolds. As 7 is cartesian, N7 is a cartesian natural transformation of
functors A°® — Diff. It follows that N defines a section of the functor A — Cat, [n] —
Vect(G,), and thus defines an object of the limit lim,jea Vect(G,). Since the assignment
X — Vect(X) satisfies descent, we see that this limit is Vect(BG), giving a vector bundle
over BG. Since the forgetful functors Vect(X) — Sub,x are compatible with pullback, it
follows that the underlying submersion of this vector bundle is the map BE — BG, finishing

the proof. O

41t suffices to check this for just one of the squares.
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IL1.3 Geometry of differentiable stacks

In this chapter, we will have a closer look at the geometrical aspects of differentiable stacks.
In Section 3.1, we introduce the coarse moduli space |X|moq of a stack X on Diff and show
that the open subsets of |X|noq are in one-to-one correspondence with the open substacks
of X. This allows us to construct the open complement X\ Z of a closed embedding
Z — X in Section 3.2. In Section 3.3, we introduce the notion of a separated differentiable
stack, which in terms of Lie groupoids corresponds to that of a proper Lie groupoid.
The geometry of separated differentiable stacks is better behaved than that of arbitrary
differentiable stacks, and hence separated differentiable stacks will play an important role
throughout this article. In Section 3.4 we show that a morphism of separated separated
differentiable stack is representable if and only if it induces injections on isotropy groups.
In Section 3.5 we introduce the notions of relative tangent bundles and normal bundles
for representable morphisms of differentiable stacks, and we will show in Section 3.6 that
every embedding of separated differentiable stacks admits a tubular neighborhood. Finally,
we will show in Section 3.7 that all separated differentiable stacks are locally isomorphic
to a quotient stack R"//G for some smooth linear action of a compact Lie group G on a
Euclidean space R”, which leads to several important structure theorems for morphisms

between separated differentiable stacks.

3.1 The coarse moduli space of a differentiable stack

We start by defining the coarse moduli space |X|moq of a stack X on Diff.

Definition 3.1.1. As the category Top of topological spaces admits colimits, the inclusion
Diff < Top uniquely extends to a colimit-preserving functor PSh(Diff) — Top. Since an
open cover | |, U, - M of a smooth manifold M is an effective epimorphism in Top, this
descends to a functor

|—|mod : Shv(Diff) — Top.
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We call |X|moq the coarse moduli space of the stack X. The functor |—|noq admits a right
adjoint NP : Top — Shv(Diff) given by

NP (X) (M) := Homrop (M, X),
which equips a topological space X with its continuous diffeology.

Remark 3.1.2. The stack NPT (X) is in fact diffeological space, that is, a concrete sheaf of

sets on the site Diff. We shall not make use of this fact.
Example 3.1.3. For a smooth manifold M, we have |M |04 = M.

Example 3.1.4. For a Lie groupoid G, the coarse moduli space of its classifying stack BG
is its given by the quotient space of G:

[BGlmoa = coea(G1 == Go)-

In particular, given the action of a Lie group G on a smooth manifold M, the coarse moduli

space of the quotient stack M //G is its strict quotient M /G
|M//Glmoa = M/G.

Given a stack X on Diff, there is an explicit construction of the topological space | X |mod-
We follow the treatment of Noohi [NooOS5, Section 4.3], who discusses this construction in

the context of topological stacks.

Construction 3.1.5. Given a stack X on Diff, we will define a topological space Xpoqd-

The underlying set of X4 is the set of path components of the anima of global sections
I"(X) = Homgpy(pifr) (pt, X) of X:

Xmod = ﬂO(F(X))-

We define a topology on Xpoq as follows: a subset of Xpoq 1S open precisely if it is of the
form mo(I'(U)) € no(I' (X)) for some open substack U < X; this inclusion makes sense
as the map I'(U) — I'(X) is an inclusion of path components. To see that this defines a
topology, observe first that arbitrary unions and finite intersections of open substacks are
again open substacks: given a morphism M — X from a smooth manifold M, the pullback
functor Shv(Diff),x — Shv(Diff) ), preserves limits and colimits, and unions and finite
intersections of open subsets of M are again open subsets. Since all morphisms of animae
involved are inclusions of path components, applying 1y commutes with finite intersections

and arbitrary unions, showing that the topology on X,oq is well-defined.
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If f: X — VY is a map of stacks, then any open substack U — Y pulls back to an open
substack f~1(U) — X, so the map finod: Xmod — Hmod induced by I'(f): I'(X) — I'(Y)
is continuous. It follows that the formation of Xy0q gives rise to a functor

If X = M € Diff is a smooth manifold, its anima of global sections I'(M) = Homp;g (pt, M)
is already a set, and is in canonical bijection with the underlying set of M. Since the open
substacks U — M of M, regarded as a stack, are in one-to-one correspondence with the
open subsets U C M, the induced topology on the set Homp;g (pt, M) is just the topology
on M. We will henceforth identify M,q with M.

Lemma 3.1.6. The functor X — Xumod is left adjoint to the functor N : Top — Shv(DifF).

In particular, there is a natural equivalence Xyod = | X |mod-

Proof. We start by constructing the unit map 77: X — NPIT(X, ) of stacks for every stack
X € Shv(Diff). For M e Diff, the map X (M) — NPT (X, 4)(M) = Homryp (M, Xmod)
sends a map f: M — X of stacks to the map M = Mq ﬂ) Xmog of topological spaces.
Since (—)mod is a functor, it follows that this defines a map of stacks 17: X — NPT (X )

which is natural in X € Shv(Diff).

We next construct the counit map &: NP(T), .4 — T for every topological space T. Note
that as a set we have NP (7). 4 = 70 Homrop (pt,T) =T. Furthermore, if U C T is an open
subspace, then f~!(U) C M is an open submanifold for every continuous map f: M — T,
and it follows that NPt ({/) < NPIff(T') is an open substack. Evaluating this map at pt € Diff
gives the inclusion U C T'. This shows that the topology on NP (7). is finer than that of
T, giving a continuous map &: NP(T) 4 — T.

Now we show that the maps n: X — NPiff(x 4) and e: NPT(T) 0 = T satisfy the

triangle identities:
NDiﬁ (NDiﬂ (T)mod) NDiﬂ (Xmod)mod
/ \ and V X
NDiff () NDiff () Xiod X

For the left triangle, we may check this after mapping in from a smooth manifold M, where it

mod -

is clear. The right triangle is also clear, as the second map is the identity map on underlying

sets. O

Corollary 3.1.7. For a stack X, the underlying set of the topological space |X|moq is the

set of path components of the anima of global sections of X:

|X |mod = mo(I'(X)) = mo Homgpy (pifr) (pt, X). o
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Corollary 3.1.8. Let U — X be an open substack. Then the induced map |U |mod “— | X |mod

is an open subspace. O

Our next goal is to show that the above assignment U +— |U|noq defines a 1-to-1 corre-

spondence between open substacks of X and open subspaces of its coarse moduli space
|X |mod-

Lemma 3.1.9 (cf. [Noo0O5, Lemma 4.16]). Let X’ < X be an embedded substack. Assume
the induced map X! | — Xmod is a bijection of sets, or equivalently, the induced monomor-
phism T'(X’) < I'(X) of animae is in fact an equivalence. Then the map X' — X is an

equivalence.

Proof. We follow the proof of [Noo05, Lemma 4.16] in the topological context. We have
to show that for every smooth manifold M, the inclusion X’(M) < X(M) of animae is in
fact an equivalence, i.e., is a surjection on path components. If this is not the case, we can
find a smooth manifold M and a map f: M — X which does not lift along X’ < X. Define
the subspace M” C M by the pullback diagram

M — M

L2 b

X — X.
It follows that the embedding M’ C M does not have a section, and so we conclude that
there is a point w: pt — M which is not contained in M’. But this means that the point

f(w): pt = X does not lift to X’, which is in contradiction with the assumption that the
map 7o(I'(X”)) — mo(I' (X)) is a bijection. O

Warning 3.1.10. Although the counit map NP (T),,.q — T is the identity on underlying
sets, it is not in general a homeomorphism. For example, if 7 = Q is the set of rational
numbers equipped with the subspace topology from R, then NP (7). .4 is the set Q equipped
with the discrete topology. Topological spaces T for which the counit map NP (7),0q — T
is a homeomorphism are known as A-generated topological spaces, and it follows that the
functor NP : Top — Shv(Diff) becomes fully faithful when restricted to the A-generated

topological spaces.

Corollary 3.1.11. For an open substack U — X, the naturality square

U > X

| b

NDiff(q/Imod) — NDiff(Xmod)
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of the unit transformation n is a pullback square.

Proof. We have to prove that the map U — X Xypir () NPT (24,04) induced by the square
is an equivalence. Note that this map is an open embedding, since the map U — X is an
open embedding by assumption, the projection X Xypifrx, ) NPT (2 0q) — X is an open
embedding by Corollary 3.1.8, and the class of open embeddings of stacks is closed under
left cancellation. By Lemma 3.1.9 it thus suffices to show this map induces an equivalence
on global sections. Note that (NPT (24,04)) = 7o (T'(U)) and T'(NPT (X, 104)) = 70(T(X)),
and since the global section functor I" preserves pullbacks we need to show that the following

square of animae is a pullback square:

N(U) —— I'(X)

l l

mo(D(U)) —— mo(I'(X)).

But this is clear since I'(U) — I'(X) is an inclusion of path components. |

For a stack X, let Open(X) € Shv(Diff),x denote the full subcategory spanned by the open
substacks U — X. Similarly, for a topological space X, let Open(X) C Top,y denote
the full subcategory spanned by the open subspaces U < X. Since open embeddings are

monomorphisms, it follows that both of these subcategories are in fact posets.

Corollary 3.1.12 (cf. [NooOS5, Proposition 4.17]). Pullback along the map X — |X|mod

defines an equivalence of posets
Open(|X|mod) — Open(X),
with inverse given by U — | U |mod-

Proof. Corollary 3.1.11 shows that every open substack U of X is naturally equivalent to
the inverse image of the open subspace |U|moq C |X|mod. Conversely, if U C Xyoq 1s an

open subspace and U — KX is its preimage in X, it is easy to see that U = Upoq. O

Observation 3.1.13. Let /: X -» Y be an effective epimorphism. Then the induced map

Jmod: Xmod = Ymod 18 surjective.

Proof. We need to prove that any map x: pt — Y lifts to X. In other words, we need to prove
that the effective epimorphism f~!(pt) —» pt admits a section. But this follows immediately
from the fact that effective epimorphisms have local sections, Proposition 2.1.3, and the

fact that the only open cover of the point is given by the point. O
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3.2 Open complements

In this section, we define the open complement X \ Z of a closed embedding Z — X.

Proposition 3.2.1. Leti: Z — X be a closed embedding of differentiable stacks. Then the

induced map of topological spaces

lilmod : 1< lmod = |&X |mod
is the inclusion of a closed subspace.

Proof. Let M - X be a representable atlas for X. Form the pullback square

Ne—>M
Lo
Z — X,

providing a representable atlas N - Z for Z, see Lemma 2.2.3. Let R € M X M denote
the image of the map M xx M — M x M. This is an equivalence relation defining | X |oq:
we have

|X|moa = M/R.

Similarly we have | Z|moda = N/S, where S is the image of N Xz N — N xN. We claim
that that S is the intersection of R and N X N inside M X M. Indeed, this follows from the

pullback square
NXxzN —— MXxxM

Ll
NXN ——— MXM.

The fact that this square is a pullback square in turn follows from the pasting law of pullback

squares, applied to the following squares:

NxzN > Z > X < Mxxy M

I

NXN —— IXZ «—— XXX &— MXxXM,

where the middle square is a pullback square as i: Z < X is a monomorphism. It
follows that the closed subspace N C M is preserved under the equivalence relation R,
and in particular its image | Z|mod in |X|mod 1S again a closed subspace. This finishes the

proof. O
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Definition 3.2.2 (Open complement). Let i: Z < X be a closed embedding of differen-
tiable stacks. We say an open embedding j: U — X exhibits U as the open complement
of Z in X if at the level of coarse moduli spaces we have

|7/{|m0d = |X|m0d\ |~Z|m0d-

By Corollary 3.1.12 and Proposition 3.2.1, such open complement exists and is unique, and

we will denote it by U = X'\ Z. More explicitly, given a smooth manifold M, the subspace
U(M) € X(M) = Homghypifr) (M, X)

is given by the collection of path components corresponding to those maps f: M — X such
that the underlying map of topological spaces M = | M |04 |f'—m(’d> | X |moda factors through the

open complement |X|mod \ | < |mod-

As a consequence, we observe that every open substack of Z must be of the form U NZ

for some open substack U of X:

Corollary 3.2.3. Leti: Z — X be a closed embedding of differentiable stacks. LetV —
be an open embedding. Then there exists an open embedding U — X whose pullback along
i:Z—>XisV—Z.

Proof. By Corollary 3.1.12, the open substack V of Z corresponds to an open subspace
|V]mod Of |Zlmod- Since |Z|mod € |X|moda carries the subspace topology by Proposi-
tion 3.2.1, there exists an open subspace U C |X|moq such that U N |Z|mod = |V |mod- The
desired substack is then given by U = U X x|, X € X. O

3.3 Separated differentiable stacks

A well-behaved class of differentiable stacks are the separated differentiable stacks.

Definition 3.3.1 (Separated morphism). A morphism f: X — Y of stacks on Diff is called
separated if its diagonal Ar: X — X Xy X is a proper map of stacks. We say that a stack
X is separated if the morphism X — pt is separated. We denote by

SepStk € DiffStk

the full subcategory of separated differentiable stacks.
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Example 3.3.2 (Proper Lie groupoids). For a Lie groupoid G, the classifying stack BG is
separated if and only if G is a proper Lie groupoid (that is, the map (s,7): Gi — Go X Go
is a proper map, Definition D.13). Indeed, this follows from Corollary 2.4.8, using the
observation that the base change of the diagonal BG — BG X BG along the representable
atlas Go X Gy » BG XB@G is the map (s,1): G1 — Go X Go-

In particular, for a Lie group G the stack BG is separated if and only if G is compact.
Similarly, the quotient stack M //G of a smooth G-manifold M is separated if and only if
G acts properly on M.

Lemma 3.3.3. Let X and Y be differentiable stacks. Then any representable morphism
f: X > Y is separated.

Proof. Let f: X — Y be arepresentable morphism of differentiable stacks. Let M - Y be
a representable atlas for Y and let N := M Xy X - X denote the associated representable

atlas for X. Consider the diagram

N———»X
A\L - \LA
NXyN —» Xxy X

pr1\L - \Lprl

N ——» X.

As the outer and bottom squares are pullbacks, so is the top square by the pasting law. The
map N Xy N — X Xy X is representable and an effective epimorphism, since it is a pullback
of N » X. As N and M are Hausdorfl, the diagonal A: N — N Xy N is a closed embedding
and hence proper. Since properness is a local property, it follows that X — X Xy X is also

proper, showing that f is separated. O

Definition 3.3.4 (Orbifold, cf. [Met03, Proposition 75, Definition 76]). A differentiable
stack X is called an étale stack if it admits an étale atlas, i.e. there is a representable atlas
p: M - X which is a local diffeomorphism, in the sense of Definition 2.4.2. We say that
X is an orbifold or a differentiable Deligne-Mumford stack if it is a separated étale stack.

Example 3.3.5. Let G be a proper étale Lie groupoid, meaning that the source and target
maps s,t: G — Go are étale maps. Then the classifying stack BG is a differentiable
Deligne-Mumford stack. Conversely, every differentiable Deligne-Mumford stack X is of
this form BG for some proper étale Lie groupoid G: take the Cech groupoid of any étale
atlas M —» X.
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3.4 Isotropy groups

In this section, we introduce the isotropy groups of a differentiable stack X, and show that
a separated map X — Y of differentiable stacks is representable if and only if it induces
injections at the level of isotropy groups. In particular, a separated differentiable stack is a

smooth manifold if and only if its isotropy groups are trivial.

Definition 3.4.1 (Isotropy group). Let X be a differentiable stack. A point of X is a map
x: pt — X in DiffStk; we will sometimes write x € X for short. The isotropy group G, of
x in X is defined as the pullback

As G, = Q,(X) is the loop object of X, it is automatically a group object in Shv(Diff).
Note that, as a stack, G, is equivalent to the fiber of the diagonal A: X — X X X over (x,x).

Lemma 3.4.2. For every point x: pt — X of a differentiable stack X, the isotropy group
G, is a Lie group.

Proof. Let M - X be a representable atlas for X. Since this atlas is surjective, the point
x: pt — X may be lifted to a map x: pt — M. By forming the Cech nerve of the map
M — X, we may present X as the classifying stack of a Lie groupoid G, where Gy = M
and G; = M Xx M. We claim that G, is isomorphic to the isotropy group of G at x € M.
Indeed, this follows from the following pullback diagram:

Gy — 171 (x) — pt

L=l

s71(x) s G —— M
|2 ke
pt ~— M %

Since the isotropy groups of a Lie groupoid are Lie groups, see for example Proposition D.11,

this finishes the proof. O

Lemma 3.4.3. Let X be a separated differentiable stack. Then the isotropy group Gy is

compact for every point x: pt — X.

113



Proof. By Corollary 2.3.8, we may assume X =B@ is the classifying stack of a Lie groupoid
G. By Example 3.3.2, X is separated if and only if the morphism (s,?): G| — Go X Go
is a proper map of manifolds. In particular, the fiber of this map over the point (x,x) is a
compact subspace of G. Since this fiber is isomorphic to the isotropy group G, this proves

the claim. O

Proposition 3.4.4 (Crainic and Moerdijk [CMO1, Theorem 1]). A differentiable stack X is
an étale stack, in the sense of Definition 3.3.4, if and only if for every point x: pt — X the

isotropy group G is a discrete group. m|

A Lie groupoid whose isotropy groups are discrete are called foliation groupoids. By
Proposition 2.3.14, the previous proposition is equivalent to the statement that every foliation
groupoid is Morita equivalent to an étale Lie groupoid, which is the way the result is stated
in [CMO1].

For a separated differentiable stack X, the isotropy groups can detect whether it is a smooth

manifold:

Proposition 3.4.5 (cf. [Met03, Proposition 74]). A separated differentiable stack X is a

smooth manifold if and only if all its isotropy groups are trivial.

Proof. It X = M is a smooth manifold, it is clear that all isotropy groups are trivial as the

pullbacks defining them may be taken in Diff.

Conversely, let X be a separated differentiable stack with trivial isotropy groups, and let
M —» X be a representable atlas for X. Define the smooth manifold R := M xXx M, and
consider the canonical map

R—->MxM.

Since this map is a base change of the diagonal A: X — X XX and X is separated, the
map R — M X M is proper. We claim that it is also injective. Indeed, the fiber over a pair
(x,y) € M x M is only non-empty if x and y are identified in X, and in that case the fiber
is isomorphic to the isotropy group G,, which is assumed to be trivial. Since any proper
injective map of smooth manifolds is a closed embedding, it follows that R <— M xX M

determines a closed equivalence relation on M.

Define N as the quotient space M/R, i.e. the topological space obtained from M by
quotienting out the equivalence relation R. By Proposition C.6, this is again a smooth
manifold, and the quotient map M — N is a surjective smooth submersion. The universal

property of the stack quotient X ~ M //R provides a canonical map X — N making the
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following diagram commute:

<4—=X

|

2<—X%

We claim that this map X — N is an equivalence, finishing the proof. Since the map M — N
is an effective epimorphism by Remark 2.1.6, it will suffice to show that the induced map
C(M - X) — C(M -» N) on Cech nerves is an equivalence. But this is clear: since the
inclusion Diff < Shv(Diff) preserves finite limits, the Cech nerve of M — N is given by
the Lie groupoid (R =3 M), which by definition of R is also the Cech nerve of the map
M- X. O

Corollary 3.4.6. Let f: X — Y be a separated morphism in DiffStk. The following

conditions are equivalent:

(1) The morphism f is representable;

(2) For every point x € X, the induced map on isotropy groups G — G r(y) is injective.

Proof. Assume first that f is representable. Arguing as in Lemma 3.3.3, we see that the
diagonal Ay: X — X Xy X of f is a closed embedding, so in particular a monomorphism.
But the following diagram shows that the map G, — G ¢(y) is a pullback of Ay, and thus

also a monomorphism:

G, —— X

[ B

Grxyy —> AxyX —— Y

[ A
(x,x)

pt%XxX&)yxy.

Conversely, assume that f is injective on isotropy groups. We show that f is representable.
Letting M - Y be a representable atlas for Y/, it will suffice to show that the pullback
N = M Xy X is a smooth manifold. The isotropy groups of N are given by the pullback of
the isotropy groups of M, X and Y. But since M has trivial isotropy groups and the map
X — Y induces injections on isotropy groups, it follows that A also has trivial isotropy
groups. Since the map N — M is separated, being a base change of f, we see that N is a

separated differentiable stack, and thus it is a smooth manifold by Proposition 3.4.5. O

Lemma 3.4.7. Let f: X — Y be a monomorphism of differentiable stacks. Then for every

point x € X, the induced map of Lie groups G, — G (y) is an isomorphism.
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Proof. Since f is a monomorphism, its diagonal X — X Xy X is an equivalence, and thus

we have the following pullback square of differentiable stacks:

Xx—L sy

o

XxXx 2 yxy.

In particular, f induces isomorphisms between the fibers of the two vertical maps. Since

the induced map on fibers is the map G, — G (y), this finishes the proof. O

3.5 Relative tangent bundles and normal bundles

In this section, we introduce the notions of relative tangent bundle and normal bundle for
morphisms of differentiable stacks. We start by defining the tangent groupoid of a Lie
groupoid G.

Definition 3.5.1 (Tangent groupoid). Let G be a Lie groupoid. We define its tangent
groupoid TG as the Lie groupoid

TG := (T@ %& Tgo) ,

whose structure maps are the derivatives of the structure maps of G. It comes with a natural

map of Lie groupoids 7: TG — G.

The morphism n: TG — G is naturally a VB-groupoid, in the sense of Definition 2.5.9.
However, it is not a cartesian morphism in general, in the sense of Definition 2.5.10, and
so does not necessarily define a vector bundle over BG. This problem goes away when
looking at relative versions of the construction: the relative tangent bundles, discussed in

Subsection 3.5.1, and the normal bundles, discussed in Subsection 3.5.2.

3.5.1 Relative tangent bundles

Given a smooth submersion f: M — N between smooth manifolds, its relative tangent
bundle is defined as the kernel of the derivative of f:

Tr:=ker(df: TM » f'TN) € Vect(M).
This has a direct generalization to the setting of Lie groupoids:
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Definition 3.5.2 (Relative tangent groupoid). Let f: H — G be a smooth submersion of
Lie groupoids, meaning that fy: Hy — Go and fi: H; — G are smooth submersions.
Passing to tangent groupoids gives a groupoid morphism df : TH —» TG which is fiberwise
linear. As it lives over f, it corresponds to a morphism df : TH —» f*T'G of VB-groupoids
over H. We define the relative tangent groupoid T f as the fiberwise kernel of this map:

Tf :=ker(df: TH —» f*'TG).

More explicitly, T fy is the relative tangent bundle of the map f: Hy - Go, T f is the relative
tangent bundle of fi: H; - G, and the structure maps of 7 f are obtained by restricting
those from TH. The bundle projections T fy — Hp and T fi — H; define a morphism of
Lie groupoids 7' f — H, which is a VB-groupoid in the sense of Definition 2.5.9.

Lemma 3.5.3. Assume the map f: H — G is a cartesian morphism of Lie groupoids, in
the sense of Definition 2.5.10. Then the VB-groupoid T f — H is also cartesian.

Proof. We have to show that the commutative squares

Tfi —= Tfo Tfi —= Tfo
A
H —— Hy H, —— Ho
are pullback squares, which is a special case of Corollary C.13. O

Combining the previous lemma with Lemma 2.5.11 we see that the relative tangent groupoid
defines a vector bundle B(7 f) — BH. We will now show that this vector bundle is Morita-
invariant, in the sense that it only depends on the underlying map Bf: BH — BG of

differentiable stacks.

Proposition 3.5.4. Consider a pullback diagram of Lie groupoids

H s

f/l . lf (IL3.1)

¢ s g,

and assume that g and h are Morita fibrations, in the sense of Definition 2.3.10, and that f
and ' are smooth submersions. Then the induced map dh: T f" — T f is again a Morita
fibration.
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Proof. As the map T f] — H( is the base change of T fy — Hp along the surjective sub-
mersion ho: Hj — Ho, the map T f; — T fo is also a surjective submersion and thus dh is

strongly surjective. To see that dh is also fully faithful, consider the following commutative

diagram:
Tf| > TfoxTf,
H,| > HyxXH
h, |
Tf1 > Tfo X Tf() hoxho
\l (s,1) \
H, > HoxHy

As h: H’' — H is fully faithful, the front square is a pullback square in Diff. Since the given
square of Lie groupoids is a pullback square, it follows from Corollary C.13 that also the
left and right squares are pullback squares in Diff. By the pasting law for pullback squares,
it follows that the back square is a pullback square in Diff. This finishes the proof. m|

Morita-invariance allows us to define the relative tangent bundle of a morphism of differ-

entiable stacks:

Definition 3.5.5 (Relative tangent bundle). Let f: Y/ — X be a representable submersion

of differentiable stacks. We define its relative tangent bundle Ty — Y as follows:

» Choose a representable atlas p: M —» X and let G denote the associated Lie groupoid

given as the Cech nerve of p. We obtain an equivalence X ~ BG.

* Define an atlas g: N - Y for Y as in Lemma 2.2.3 by pulling back p along f:

N L% m
qu ip

y L5 x
Let H denote the Cech nerve of g, so that Y ~ BH.

* There is a canonical smooth submersion of Lie groupoids f,: H — G, which is
cartesian by Lemma E.16. We let T be the classifying stack of the relative tangent
groupoid 7 f,:

Ty :=BT(f.).
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* The structure map 7 f, — H induces a morphism of stacks 7y — Y, which by

Lemma 3.5.3 and Lemma 2.5.11 admits a canonical structure of a vector bundle.

Lemma 3.5.6. Up to equivalence, the definition of the vector bundle Ty — Y is independent
of the choice of atlas M —» X.

Proof. Let M » X and M’ - X be two representable atlases of X. Going through the
above construction gives two vector bundles B(T f,) — Y and B(T f]) — Y, which we

need to show are isomorphic.

Define M” := M xx M’, so that the map M”” — X is another representable atlas. Letting G,
G’ and G’ denote the Cech nerves of the maps M » X, M’ -» X and M” - X, we obtain

morphisms of Lie groupoids
g — g// N gl

which by Proposition 2.3.14 are Morita fibrations. Applying the above construction we
obtain three relative tangent Lie groupoids 7' f,, T f, and T f;’. They are connected via
morphisms of Lie groupoids

TfheTf —>Tf,,

which by Proposition 3.5.4 are Morita fibrations and thus induce equivalences on differen-
tiable stacks. It follows that B(7 f,) ~ B(T f) finishing the proof. O

Remark 3.5.7. The construction of the relative tangent bundle 7y we have provided is
somewhat unsatisfactory, as it is not defined intrinsically in terms of the differentiable
stacks but requires a (non-coherent) choice of atlas. A more satisfactory definition would
start by giving a fully functorial description of the relative tangent bundle construction
at the level of smooth manifolds, and then use descent to extend this construction to all
representable morphisms of stacks on Diff. We will not spell out the details of such a

construction.

3.5.2 Normal bundles

We will now move to the construction of the normal bundle of an embedding of stacks,
which is to a large extent analogous to that of the relative tangent bundle. Recall that the
normal bundle N; of an embedding i: M < N is defined as the cokernel of the derivative
of i:

N;:=coker(if: TM — f*TN) € Vect(M).

This admits a direct generalization to the setting of Lie groupoids:
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Definition 3.5.8 (Normal groupoid). Let i:  — G be an immersion of Lie groupoids,
meaning thatiy: Hy — Goand i : H; — G are immersions of smooth manifolds. Consider
its derivative di: TH — TG on tangent groupoids, which as before we may regard as a
morphism of VB-groupoids TH — i*TG over H. We define the normal groupoid Ni of i

as the fiberwise cokernel of this map:
Ni:=coker(di: TH — i"TG).

This means that Nij is the normal bundle of the map io: Hy — Go, Ni; is the normal
bundle of the map i;: H; — Gi, and the structure maps of Ni are obtained as a quotient
of the structure maps of i*TG. The structure maps of the normal bundles determine a
VB-groupoid Ni — H.

Lemma 3.5.9. If i: H — G is a cartesian morphism of Lie groupoids, then also the

VB-groupoid Ni — H is cartesian.

Proof. Just like in Lemma 3.5.3, this follows from Corollary C.13. O

Remark 3.5.10 (Linearization of a Lie groupoid). Let G be a Lie groupoid and let S C Gy
be a saturated submanifold, in the sense that S is closed under the G-action, Definition D.12.

Define the Lie groupoid Gg over S as the restriction of G to S:

(G5 ={g€Gils(g)t(g) eSy=5"(S)=17'(),

where the last two equalities use the fact that S is saturated. There is an inclusion of
Lie groupoids i: Gs < G, and the fact that S is saturated guarantees that i is a cartesian
morphism. In this case, the normal groupoid Ni of i is known in the literature as the
linearization of G at S and is denoted NsG. Its space of objects is Ng = coker(T'S — T Gy|s),

the normal bundle of S inside Gy.

Example 3.5.11. Assume that x € Gy is a fixed point of G, and let S = {x}. Then NsG is

the action groupoid G, =< TG of the isotropy group action on the tangent space of Gy at x.

Example 3.5.12. Assume that G = G < M is the action groupoid for some Lie group G
and some smooth G-manifold M. Let S = O, denote the orbit of a point x € M and let
N, :=T:M|T.S. Then NsG is isomorphic to the action groupoid G < (G X, Ny).

Morita equivalent Lie groupoids have Morita equivalent linearizations:

Proposition 3.5.13 ([HF19, Proposition 6.4.1]). Consider a pullback of Lie groupoids as
in (I1.3.1) and assume that g and h are Morita fibrations and that f and f’ are immersions.

Then the induced morphism of Lie groupoids N f’ — N f is a Morita fibration.
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Proof. The proof is entirely analogous to that of Proposition 3.5.4 and we will leave it to

the reader. O

Definition 3.5.14 (Normal bundle). Leti: S < X be an embedding of differentiable stacks.

We define a normal bundle N; — S as follows:

* Choose arepresentable atlas p: M —» X and let G denote the associated Lie groupoid

given as the Cech nerve of p. We obtain an equivalence X ~ BG.

* Define the submanifold S € M via the pullback square

S— M
psi - ip
S 1 X,
This determines a Lie groupoid H = G & G presenting S.

* We define the differentiable stack N; as the classifying stack of the normal groupoid
Nis = NsG. The structure map NsG — Gs is cartesian by Lemma 3.5.9 and thus

induces a vector bundle of differentiable stacks Ni — S by Lemma 2.5.11.

Lemma 3.5.15. Up to equivalence, the definition of N; — S is independent of the choice
of atlas.

Proof. This follows from Proposition 3.5.13. The proof is entirely analogous to that of
Lemma 3.5.6 and will be omitted. m|

3.5.3 Compatibilities

We record various compatibilities between normal bundles and relative tangent bundles.

Lemma 3.5.16 (Normal bundle of composite embedding). Given embeddings i: Z — X

and j: X — Y, there is a canonical short exact sequence of vector bundles over Z :
/Vl- — le‘ — i*Nj.

Proof. When Z, X and Y are smooth manifolds, this is immediate from the definitions
using the second isomorphism theorem for groups. This directly implies the analogous
statement for cartesian morphisms of Lie groupoids, which then gives the desired result by

picking an atlas for Y and choosing the atlases for Z and X via pullback. O
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Lemma 3.5.17 (Normal bundle of pullback). Consider a pullback diagram of differentiable

stacks
7>z
1 1
’ f
X — X,
where i and i’ are embeddings and f and g are representable submersions. Then there is a

preferred isomorphism Ny = g*N; of vector bundles over .

Proof. 1f all four of the stacks are smooth manifolds, this is Corollary C.13. By choosing
a representable atlas for X and choosing the atlases for the other three stacks via pullback,

this directly implies the general claim. O

Lemma 3.5.18 (Normal bundle of isotopic maps). Let i: ZXR — X be a map of stacks
such that the map (i,id): Z XR — X XR is an embedding. Then there is an isomorphism
of vector bundles

Ni, =N, € Vect(Z).

Proof. Let N(;;q) — Z XR denote the normal bundle of (i,id). As the embeddings maps
ig,i1: Z < X are base changes of the map (7,id) along the inclusions X X {0} — X xR
and X x {1} — X xR, Lemma 3.5.17 provides isomorphisms of vector bundles

Niy = Niiiaylo and Ni; = Njglt-

But by Corollary 2.5.8, the vector bundle N; iq) over Z xR is isomorphic to & xR for some
vector bundle & over Z, and thus N, = & = N,,. o

Proposition 3.5.19. Let f: Y — X be a representable submersion of differentiable stacks.
Then there is an isomorphism Ty = Ny, of vector bundles over Y, where Ay: Y — Y Xx Y
is the diagonal of f.

Proof. We prove the lemma at progressing levels of generality.

Step 1: We first prove the claim when X is a point, so that Y = M is a smooth manifold and
Ty =TM is the tangent bundle of M. By Lemma C.12, the derivatives of the two projections
pry,pro: M XM — M induce an isomorphism of vector bundles T(M X M) = TM xTM
over M X M. Under this isomorphism, the differential dAy;: TM — T (M x M) corresponds
to the diagonal A7y : TM — TM xTM. Regarding this as a map of vector bundles over
M given fiberwise by the diagonal Az p: TeM — T,M X T, M, its cokernel in Vect(M)
admits an explicit isomorphism to 7M given by the composite TM Ll—_l)—> TMXTM —»
coker(dAyy). Since this cokernel is N,,,, this finishes the proof.
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Step 2: Next we show the claim when X = N is a smooth manifold, so that f: M — N is a
smooth submersion between smooth manifolds. Observe that the isomorphisms from Step

1 give rise to a commutative square of vector bundles over M:

™M — f*Ty

Np,, — f*NAN.

Since T is defined as the fiber of the top map, it suffices to show that N, is the fiber of the

bottom map. To this end, consider the following diagram:

A
M —Ls MxyM —2—3 N

PN

MxM L2y NxN,

where i is the inclusion. By Lemma 3.5.16, there is the following short exact sequence of
vector bundles over M:
NAf — NAM i A;Nl'.

But by Lemma 3.5.17, the vector bundel N; is isomorphic to g*Na,, and since f = goAy
it follows that A;Ni = f*Na,. This finishes the proof of Step 2.

Step 3: We now show the general statement. By choosing an atlas for X, we may assume
that X = BG is the classifying stack of a Lie groupoid. By pulling back this atlas to Y
we may similarly assume that Y = BH and that f is induced by a cartesian morphism
[+ H — G of Lie groupoids. It will thus suffice to show that the relative tangent groupoid

of f is isomorphic to the normal groupoid of its diagonal. This follows from Step 2. O

Lemma 3.5.20. Consider a commutative diagram of differentiable stacks
N
X,
where f and g are representable submersions and i is an embedding. Then there is a short
exact sequence of vector bundles
T, — i*Tf - N,.

Proof. As in the previous proofs, we may reduce to the case where the three stacks are

smooth manifolds, say S, ¥ and X. In this case the statement follows from the fact that
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forming vertical kernels commutes with forming horizontal cokernels in the following

diagram of vector bundles over S:

T, < > i*Ty » Ni
TS « > *TY » N o
g'TX i*f*TX — 0.

3.6 Tubular neighborhoods

In this section, we introduce the notion of a tubular neighborhood of an embedding of
differentiable stacks. We further show that under separatedness assumptions such tubular

neighborhoods always exist.

Definition 3.6.1 (Tubular neighborhood). Leti: Z < X be an embedding of differentiable

stacks. A tubular neighborhood of Z in X consists of the data of a commutative diagram

/i\

X/ 3(L[( >

where the maps j and j’ are open embeddings of differentiable stacks, and where s is the
zero section of the bundle projection N; — Z of the normal bundle of i.

We might sometimes refer to the data of a tubular neighborhood by just mentioning the

open substack U of X, leaving the rest of the data implicit.

The main input for the existence of tubular neighborhoods is the linearization theorem for
proper Lie groupoids, due to Zung [Zun06] and Weinstein [Wei02] and later refined and
clarified by [CS13; PPT14; HF18].

Definition 3.6.2. Let G be a Lie groupoid and let S € M a saturated submanifold. We say
that G is linearizable around S if there exist open sets S CU C M and § €V € Ny and an
isomorphism of Lie groupoids

Glu = Ns(G)lv

which is the identity on Gs. We say that G is linearizable if it is linearizable around any

saturated submanifold.
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The notation G|y in this definition stands for the restriction of the Lie groupoid to the open

subspace U, see Example D.7.

Theorem 3.6.3 (Linearization theorem for proper Lie groupoids, [Wei02; Zun06; CS13;
PPT14], [HF18, Corollary 5.3.3]). Proper Lie groupoids are linearizable.

We will use the linearization theorem to show the existence of tubular neighborhoods. We

need to following auxiliary lemma:

Lemma 3.6.4. Let G = (G =3 M) be a Lie groupoid, let U C M be an open subspace and
let G|y be the restriction of G to U, as in Example D.7. Then the inclusion G|y — G of

Lie groupoids induces an open embedding

B(Gly) — BG

at the level of classifying stacks.

Proof. Let U’ :=G-U C M be the G-saturation of U, that is, the union of all orbits of G
intersecting U non-trivially. Then U’ defines an open subspace of the coarse moduli space
IBG|mod = coeq(G1 = M) of BG, and hence defines an open substack U C BG, fitting in a

pullback square as follows:

U —M

.

U — BG.
We claim that the composite U < U’ - U is a representable atlas for ¢. By Lemma 2.2.6
it suffices to check this after pulling back along the atlas U’ - U, where this follows from
the fact that every x € U’ is of the form gu for some g € G; and u € U. We conclude that
U is equivalent to the classifying stack of the Cech nerve of the map U —» U, which is
precisely the restricted Lie groupoid G|y. As the resulting open embedding B(G|y) <— BG
agrees with the map induced by the inclusion G|y < G of Lie groupoids, this finishes the

proof. m|

Corollary 3.6.5 (Existence of tubular neighborhoods). Leti: Z < X be an embedding of

separated stacks. Then i admits a tubular neighborhood.

Proof. By choosing a representable atlas for X, we may assume that X = BG is the classi-
fying stack of a Lie groupoid G. As X is separated, G is proper, see Example 3.3.2. The

embedding i determines a saturated embedded submanifold S € Gy. By the linearization
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theorem 3.6.3 there exist open neighborhoods S C U € Gy and S €V € Ny together with an
an isomorphism of Lie groupoids G|y = Ns(G)|yv. We define

U:=B(Gly) >BG=X and V:=B(Ns(G)lv) = BNs(G) =N.

By Lemma 3.6.4 these are open neighborhoods of Z = BGs. There is an equivalence
U =~V which is the identity on Z. This finishes the proof. O

We record two useful corollaries of the existence of tubular neighborhoods.

Corollary 3.6.6. Every embedding i: Z — X of separated differentiable stacks factors as

a composite . ‘
zZSubx
of a closed embedding i’ followed by an open embedding j, where the map i’ admits a

retraction f: U — Z. O

Corollary 3.6.7 (Extension of representable submersions). Leti: Z < X be an embedding
of separated differentiable stacks. For every representable submersion Y — Z, there exists

a pullback square

Yy — Y
Q-J y
Z—>5X
where f’ is also a representable submersion.
Proof. Choosing a factorization of i as in Corollary 3.6.6, we may define V' := U xz Y,

and define f” as the composite U Xz Y 2 x. m]

Remark 3.6.8 (Linearization of representable submersions). It is possible to prove the

following variant of Corollary 3.6.5: for every pullback diagram
7 X
miJ .y
Z X
where i and i are embeddings and f is a representable submersion, one may choose tubular
neighbhorhoods ZCUC X, Z SV Nand Z'CU Cc X', Z' V' C Ny fitting in a

commutative diagram as follows:
Ne €V S U S X

i !

NV = U X
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Just as in the proof of Corollary 3.6.5, this can be deduced from the analogous lineariza-
tion result for proper Lie groupoids, which was proved by Hoyo and Fernandes [HF19,
Theorem 4.2.3].

3.6.1 Relative tubular neighborhoods

The notion of tubular neighborhood admits a relative version, in which the embedding

i: Z — X lives over some base stack S.

Definition 3.6.9 (Relative tubular neighborhood). Consider a commutative diagram of

Z ’ > X
N

where the morphisms f and g are representable submersions and the morphism i is an

differentiable stacks

embedding. A tubular neighborhood of Z in X relative to S is a commutative diagram

/i\

\i/’

where the maps j and j’ are open embeddings of differentiable stacks, and g’ is the composite

of the bundle projection N; — Z followed by the map g: Z — S.

Relative tubular neighborhoods always exist if the stack X is separated: asin Corollary 3.6.5,
one may reduce to the analogous statement in the context of Lie groupoids, where the proof
strategy of [HF18, Corollary 5.3.3] applies. Inthe case that S, Z and X are smooth manifold,
this has been proved by [Matl2]. Unfortunately, we were unable to find a reference for
the general relative statement for differentiable stacks. We will not give a complete proof
either, but we will give a detailed proof sketch indicating the main ingredients of a proof.

We thank Shachar Carmeli, Florian Naef and Maarten Mol for useful discussions.

Proposition 3.6.10 (Existence of relative tubular neighborhoods). Let i: Z < X be an
embedding of differentiable stacks over some base stack S, as in Definition 3.6.9, and

assume that X is separated. Then i admits a tubular neighborhood relative to S.
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Detailed proof sketch. Broadly speaking, the proof proceeds just like the ordinary proof of
the existence of tubular neighborhoods for differentiable manifolds: one chooses a Rieman-
nian metric and shows that the resulting exponential map restricts to a diffeomorphism on
a small open neighborhood inside the normal bundle of the embedding. The subtlety lies
in making precise the notions of ‘Riemannian metric’ and ‘exponential map’ in the context
of differentiable stacks X relative to some base stack S. We will indicate one possible
approach, which follows the usual two-step procedure of reducing to the setting of smooth

manifolds.

Step 1: One first considers the case where the base stack S is a smooth manifold S, so that
also Z = Z and X = X are smooth manifolds. By Lemma 3.5.20, the normal bundle of i fits

in a short exact sequence of vector bundles
T, —i'Ty — N;

over Z. Observe that the Lie bracket on TX restricts to Ty by naturality of the Lie bracket,
so that Ty becomes a Lie algebroid over X with the inclusion Ty < TX serving as the
anchor map. If we choose a Riemannian metric on X, we may restrict it to the relative
tangent bundle T, thus turning 7 into a Riemannian Lie algebroid. Generalizing the
usual notion of connections on smooth manifolds, there is a notion of a connection on a Lie
algebroid, and one can show that every Riemannian Lie algebroid admits a unique connection
which is both metric and torsion-free; this is known as the Levi-Civita-connection, see
[Boull, Section 3.1]. One obtains a corresponding notion of geodesics with respect to
this connection. In the case of the relative tangent bundle 77, it follows from [Boull,
Proposition 3.2] that the geodesics with respect to the Levi-Civita connection on T are
precisely those curves y : [#g,#;] — X such that the composite foy: [tg,71] — S is constant,
say with value s € S, and such that the resulting curve y: [fo,#;] — X, = f~!(s) into the
fiber of f is a geodesic when Xj is equipped with the Riemannian metric inherited from
X. The usual construction of the exponential map carries over to this relative setting and

produces a relative exponential map
exXp: Er— X,

where & C T is the open neighborhood of the zero section on which the relevant geodesics
are defined. From the fact that the relative geodesics live in a single fiber, it follows the map
exp lives over S, in the sense that f(exp(x,v)) = f(x) for every relative tangent vector v

atx € X.

Since i*Ty admits a Riemannian metric, we can embed N; into i*Ty as the orthogonal

complement of 7,. We may restrict the relative exponential map to the intersection N; N
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i*&¢ Ci"Ty, and a calculation of the derivative of this restriction shows that it is a local
diffeomorphism. An adaptation of the standard argument for Riemannian manifolds shows
that this map becomes an actual diffeomorphism when restricted to a sufficiently small open
neighborhood of the zero section in N;, see for example [Lan95, Theorem IV.5.1]. This
finishes Step 1.

Step 2: In the general case, we may choose an atlas for S and equip Z and X with the
atlases obtained by pullback, as in Lemma 2.2.3. This means that we may represent S, Z
and X by Lie groupoids K, H and G, and the maps i, f and g correspond to cartesian
morphisms of Lie groupoidsi: H — G,g: Z —>Kand f: G > K.

Our goal is to reduce the claim to the statement from Step 1. We will use the proof strategy
from [HF18, Theorem 5.3.1]. Since X is separated, the corresponding Lie groupoid G is
proper by Example 3.3.2. It was shown by Hoyo and Fernandes [HF18, Theorem 4.3.4]
that every proper Lie groupoid G admits a simplicial Riemannian metric': a collection
of Riemannian metrics on each of the smooth manifolds G, for [n] € A such that for
every injective map ¢: [n] — [m] in A the induced map G,: G, — G, is a Riemannian
submersion. We may restrict these Riemannian metrics to the relative tangent bundles
T f, = G,. By Lemma 3.5.3, the relative tangent groupoid 7' f, — G is cartesian, so that
for every map [n] — [m] in A we obtain a pullback square

T fn — Gm
L+
Tfy — Gn.

Due to the uniqueness of the geodesics, it follows that the relative exponential maps
expy, : &, — Gy produced in Step 1 are all compatible: for every injection ¢: [n] — [m]

in A, the square
expfn

Sfm 4 gm

dg“’l l@

Xy,
Ef —> Gn

commutes. As in [HF18, Theorem 5.3.1], one can show that there exist compatible open
neighborhood U,, C N;, Ni, &, of the zero section on which the relative exponential map
expy, restricts to a diffeomorphism, where the word ‘compatible’ means that the U, form
a simplicial diagram in Diff constituting a Lie groupoid. Passing to classifying stacks then

produces the desired relative tubular neighborhood. O

In fact, del Hoyo and Fernandes restrict attention to 2-metrics. We will work with simplicial metrics for
ease of exposition.
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3.7 Local structure of separated differentiable stacks

An important consequence of the linearization theorem for proper Lie groupoids mentioned
above is the simple local structure of separated differentiable stacks: locally they look like
a quotient stack V//G for a compact Lie group G and an orthogonal G-representation V.
We shall discuss this result and deduce various consequences. The starting point is the

following theorem on the local structure of proper Lie groupoids:

Theorem 3.7.1 ([CS13, Corollary 3.9], [PPT14, Corollary 3.11]). Let G be a proper Lie
groupoid over M, let x € M and let O = Oy C M be the orbit of x. Then there exists an
open neighborhood O C U C M such that the restriction G|y is Morita equivalent to the
action groupoid G =< Ny, where Ny = T,M |T(O) is the normal tangent space at x of the
orbit O inside M. Under this Morita equivalence, the orbit O C M corresponds to the point

0e N,. i

We deduce from this the local structure theorem for separated differentiable stacks:

Theorem 3.7.2 (Local structure of separated differentiable stacks). Let X be a separated
differentiable stack and let x € X be a point of X. Then there exists an open substack U € X

containing x, a G-representation V, and an equivalence
U==V]]Gy
sending the point x € U to the point 0 € V//G,.

Proof. Chooseanatlas f: M - X, and let G := C(f) denote the associated Cech groupoid.
The point x of X can be lifted to a point x of M. Let O = O, denote the orbit of x in M,
which is an embedded submanifold by Proposition D.11, and let Ny := .M /T,O denote
the normal space x of O inside M. By Theorem 3.7.1, there exist an open neighbhorhood
U of O in M such that the restricted Lie groupoid G|y is Morita equivalent to the action
groupoid G, < N, and such that the orbit O corresponds to the zero-vector 0 € N, under this
Morita equivalence. By Proposition 2.3.14, this Morita equivalence induces an equivalence
of stacks
B(Glu) = B(Gx=<Ny) = Ny//Gx

which sends x € B(G|y) to 0 € N;//G,. By Lemma 3.6.4, the inclusion G|y — G then

induces an open embedding
Nie/[Gx =B(Gly) — BG = X,

finishing the proof. O
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Using the structure theorem, one can generalize various results about the differential ge-
ometry of smooth G-manifolds for a compact Lie group G to the setting of separated

differentiable stacks.

3.7.1 Factorization of proper maps

We will show that every proper map of separated differentiable stacks can locally be factored

as a closed embedding followed by a proper representable submersion.

Proposition 3.7.3. Let p: X — Y be a proper map between separated differentiable stacks.
Around every point y € M there exists an open neighborhood U C Y such that the restriction
pu: Xy — U factors as

X(u '—> 58 - U,

where n: & — U is a vector bundle and where i is a closed embedding factoring through
& — S°¢.

Proof. Let G = G, denote the isotropy group of Y at y. By Theorem 3.7.2, there is an
open neighborhood U’ of y in Y of the form V//G for some orthogonal G-representation
V. The restriction X¢;s of X is then of the form M//G for some G-manifold M, and
the map p is induced by a G-equivariant proper map g: M — V. Let D C V denote the
open unit disk inside V. Since the closure of D inside V is compact and the map g is
proper, it follows that the closure of the preimage p’~!(D) C M is also compact. Hence
by [Bre72, Theorem V1.4.1], there exists a G-representation W and a G-equivariant closed
embedding ¢~!(D) < W. Setting U = D//G < Y, we thus obtain a closed embedding
Xu=q""(D)/|G—W/|G.

Define a vector bundle & — U via the following pullback square:
& — W//G
o0
U=D//G —— BG.

Then we get S€ ~ SV //G xzc U. The maps X¢y — U and Xy — W//G — SV //G then

determine a commutative diagram

Xru‘—>

131

R—%



The map i is an embedding, and it is proper by Lemma 2.4.10, since the map pq, 1s proper.

Since any proper embedding is a closed embedding, this finishes the proof. O

3.7.2 Locally extending sections

As our final result in this chapter, we show that a partial section of a representable submersion
defined on a closed substack can locally be extended to a section defined on an open
neighborhood of the closed substack. Furthermore, this section can be chosen to be the

zero section of a vector bundle. We start with an auxiliary lemma.

Lemma 3.7.4. Let G be a compact Lie group, let f: Y — X be a G-equivariant submersion
between smooth G-manifolds and let s: X — Y be a section of f. For every x € X, there
exist G-invariant open neighborhoods x € N C X and s(x) € E C Y such that:

e We have f(E) € N and s(N) C E;

® The restriction f|g: E — N is isomorphic to a G-equivariant vector bundle with

zero-section s|y: N — E.

Proof. Let H := G, C G denote the isotropy group of x in X, which is also the isotropy group
of s(x) in Y. Consider the closed submanifold S := s(X) C Y. The restriction p|s: S — X
is a diffeomorphism and in particular a smooth submersion. By [PW19, Corollary 2.8],
there exist orthogonal H-representations V, W and W’ and G-equivariant open embeddings
O: GXg(VXWxW)—Yand ¥: G Xy V — X such that:

* We have ©([e,0,0,0]) = s(x) and ¥([e,0]) = x;

* The map
O: Gxg (VW) —->M, [(g,v.,w)]+— P[(g,v,w,0)]

has image in S = s(X) and comprises a G-equivariant diffeomorphism onto an open
neighborhood of the orbit Gx in S.

* The following diagram commutes:

GXg(VXWxW) <2 M

idg X prV\L \Lf

GxyV —2* s N.
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Since p|s: S — X is a diffeomorphism, it follows that W = 0 is the trivial H-representation.
Observe that the left vertical map is a G-equivariant vector bundle. Defining so: G Xy V —
Gxg (VXWxW’)byt([g,v]) =[g,v,0,0], we see that the diagram

Gxy(VXxWxW) <25 M

T

GxyV —* S N
commutes. Since sg is the zero section of the vector bundle, this proves the claim. O
Proposition 3.7.5. Consider a commutative diagram of separated differentiable stacks
Y
e
Z X,

where p is a representable submersion and i is a closed embedding. Then for every point

7z € Z, there is a commutative diagram

8<—>M

/Tl l

z€ZNN ! c

where jg: & — Y is an open neighbhorhood of t(z) inside Y, jn: N — X is an open
neighbhorhood of 7 inside X, and the map n: & — N is a vector bundle with zero section

S0 - N — &.
Proof. We will prove the statement in three steps:

Step 1 We first reduce to the case where X ~ X//G is the quotient stack of a smooth action
of a compact Lie group G on a smooth manifold X, and the point z € X lifts to a
G-fixed point 7’ € X;;

Step 2 We then further reduce to the case where the partial section s: Z — Y of p is the

restriction along i: Z < X of a section s: X — Y of p;

Step 3 In this case, we prove that, locally in Y/, s can be chosen to be the zero-section of a

vector bundle.

Step 1. Let G := G, denote the isotropy group of z in X. By Theorem 3.7.2, we can find
an open neighborhood U of z in X of the form X //G for some smooth G-manifold X such
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that the point z € X lifts to a G-fixed point 7’ € X. The restrictions Zq; and Yq; over U are
of the form Z//G and Y/ /G for smooth G-manifolds Z and Y -respectively. As 7" is G-fixed
in X, it follows that 7’ is also G-fixed in Z and thus 7(z) is G-fixed in Y.

Step 2. By Step 1, it will suffice to prove the analogous statement in the setting of smooth

G-manifolds. So assume given a commutative triangle

Y
.
Z s x
of smooth G-manifolds, and a G-fixed point z € Z. We will show that the partial section ¢

of p extends to a section s: U — Y on some open neighborhood U of Z inside X.

By [PW19, Proposition 2.7], there exist orthogonal G-representations V and W, and G-
equivariant embeddings ®: VX W < Y and ¥: V < X such that ®(0,0) =¢(z), ¥(0) =

i(z), and the following diagram commutes:

VxW <25y
w
VL X
By scaling down the embedding ¥ if needed, we may assume that the sectiont: ZNV — Y
factors through VX W < Y. The second component Z — W can be extended to a small
open neighborhood U of ZNV inside X, which leads to a section s: U — U X W extending
r.

Step 3: From Step 2, we have obtained a commutative diagram

U —Y

/}{Zﬂbm, \y

7€ZNU ——= U < ¢

of smooth G-manifolds. By Lemma 3.7.4, there exist G-invariant open neighborhoods
ze NCUandt(z) € ECU’ suchthat p(E) C N, s(N) C E, and the restriction p|g: E —» N
is isomorphic to a G-equivariant vector bundle with zero-section s|y: N — E. In other

words, we obtain a commutative diagram

E—3U —3Y

S e ]

z€ZNN <3 N —3 U — X,

where 7 is a G-equivariant vector bundle with zero-section sg. Passing to quotient stacks

then gives the claim. O
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I1.4 Genuine sheaves

In this chapter, we will introduce for every separated differentiable stack X the co-category
H(X) of genuine sheaves of animae on X and the co-category SH(X) of genuine sheaves

of spectra on X.

The co-categories H(X) and SH(X) may be thought of as ‘genuine’ refinements of the
oco-categories Shv(X) and Shv(X;Sp) of ordinary sheaves of animae/spectra on X. While
the latter two co-categories are easy to define using descent, they do not fully capture all
of the “stacky” behavior of X. To illustrate this, consider the case of a classifying stack
X =BG of a compact Lie group G. Using descent for the effective epimorphism pt - BG,
one can show that sheaves on BG correspond to animae/spectra with a G-action: there are

equivalences of co-categories
Shv(BG) =~ An®¢ and Shv(BG;Sp) ~ SpZ¢,

see Lemma 4.1.21 below. In equivariant homotopy theory, one frequently wants to work
instead with the more refined co-categories Ang and Sp; of genuine G-animae (a.k.a.
‘G-spaces’) and genuine G-spectra, which retain additional geometric fixed point data for
closed subgroups of G. Forcing descent with respect to the map pt -» BG destroys this
geometric information, since it inverts all G-equivariant maps which are an equivalence

after forgetting the G-action.

The goal of this chapter is to extend the above story to the case of an arbitrary separated
differentiable stack X by introducing a notion of a ‘genuine sheaf” on X, which compared to
an ordinary sheaf on X retains additional isotropy information. The resulting co-categories
H(X) and SH(X) come equipped with forgetful functors to Shv(X) and Shv(X;Sp), respec-
tively, which are simultaneously localizing and colocalizing, inverting precisely those maps
which become equivalences after forgetting all this isotropy information. When X is the
classifying stack BG, these two functors specialize to the forgetful functors Ang — AnB¢
and Sp; — SpB¢ discussed above. In the case of a smooth manifold M, which has trivial

isotropy groups, there is no difference between genuine sheaves and ordinary sheaves.
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The approach we will take for defining genuine sheaves closely resembles the definition of
the motivic categories H(S) and SH(S) for a scheme S, introduced by Morel and Voevodsky
[MV99] in their development of motivic homotopy theory (also referred to as A!-homotopy
theory). The starting point is the observation that there is an equivalence between the
co-category An of animae and the co-category Shv™ (Diff) of homotopy invariant sheaves
of animae on the site of smooth manifolds. An analogue for a separated differentiable
stack X is obtained by replacing the site Diff of smooth manifolds by the site Sub,x of
representable submersions over X, where we think of a representable submersion YV — X
as an ‘X-indexed family of smooth manifolds’. The co-category H(X) of genuine sheaves
of animae on X is then defined as the co-category of homotopy invariant sheaves on Sub .
The oco-category SH(X) of genuine sheaves of spectra on X is defined, at least locally in
X, by monoidally inverting the sphere bundles S€ in H(X)., where & runs over all vector

bundles over X.

The chapter is organized as follows. In Section 4.1, we introduce the site Sub,x for a
differentiable stack X' and study the co-category of sheaves on Sub,x. In Sections 4.2 and
4.3, we introduce the co-categories H(X) and SH(X) of genuine sheaves of animae/spectra,
respectively. In Section 4.4, we establish the connection with equivariant homotopy theory
by producing equivalences of co-categories H(BG) ~ Ang and SH(BG) =~ Sp;. Finally, we
show in Section 4.5 that the assignments X — H(X) and X — SH(X) admit universal prop-
erties, phrased in terms of the notion of a pullback formalism C: DiffStk°®? — CAlg(Pr")
due to Drew and Gallauer [DG22].

4.1 Sheaves on Sub,x

In this section, we study the co-category Shv(Sub,x) of sheaves on the category Sub,x of

representable submersions over X.

Definition 4.1.1. Let X € Diff'Stk be a differentiable stack. We let Sub, x C DiffStk,x denote

the full subcategory spanned by the representable submersions Y — X.

Recall that for a Lie groupoid G, the co-category Sub/gg of representable submersions
into the classifying stack BG is naturally equivalent to the category Diffg of smooth G-
manifolds, see Corollary 2.3.19. In particular, Sub,x is an ordinary category for every
differentiable stack X.

The category Sub,x admits a Grothendieck topology given by the open covers:
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Definition 4.1.2 (Open covers). Given a differentiable stack Y/, a collection of morphisms
Ja: Uy — Y in DiffStk is called an open cover of Y if the following two conditions are

satisfied:

(1) Each morphism j,: U, — Y is an open embedding of differentiable stacks;
(2) The morphism | |, U, — VY is an effective epimorphism in Shv(Diff).

A sieve {fg: Yp — Y} in DiftStk is said to be a covering sieve of Y if it contains an open

cover of V.

Proposition 4.1.3. The covering sieves of Definition 4.1.2 equip DiffStk with the structure
of a Grothendieck topology.

Proof. The identity on Y is an open cover, hence generates a covering sieve of V. If
{fi: ¥Y; = Y} is a covering sieve of Y containing an open cover {i;: U; — Y} and
Y’ — Y is a morphism of differentiable stacks, then the pullback sieve {Y; xy Y’ — Y’}
on Y’ contains the open cover {V; := U; Xy Y’ — Y’}, where we use that | |;V; = Y’
is an effective epimorphism since it is a base change of the map | |; Y; — VY. Finally, let
{ti: U; — Y} be an open cover of Y and let { f;: Y; — Y} be an arbitrary sieve. Assume
that for every i, the pullback sieve {U; Xy Y; — U;} is a covering sieve, so that it contains
an open cover {V; ; < U;}. We claim that the collection of composites {V; ; — U; — Y}
forms an open cover of Y, contained in the original sieve. Indeed, these maps are open

embeddings and the composite map
L= Jua>
i i

is an effective epimorphism. O

The open covers in DiffStk directly induce a Grothendieck topology on Sub x:

Definition 4.1.4. We define a Grothendieck topology on Sub,y in which a collection of
morphisms {f;: Y; — Y} in Sub,x is a cover of Y if and only if it is cover of Y in the
oo-category DiffStk, in the sense of Definition 4.1.2. Given a presentable co-category C, we

let Shv(Sub, x;C) denote the co-category of C-sheaves on the resulting site (Sub,x,open).

The sheaf condition can be made very explicit: a presheaf on Sub,y is a sheaf if and only
if it satisfies a form of excision and turns countable unions of open substacks into limits.

More precisely:
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Proposition 4.1.5 (cf. [BBP19, Theorem 5.1], [ADH21, Theorem 3.6.1]). Let X be a
differentiable stack and let C be a presentable co-category. Then a C-valued presheaf
¥ Sub(/)f\, — C is a sheaf if and only if F satisfies the following conditions:

(1) The object F (0) is terminal in C;

(2) Forevery representable submersion ¥ — X and every pair of open substacks U,V C Y
satisfying ¥ = U UV, the induced square

F(Y) — F(V)

l l

F(U) —— F(UNV)
is a pullback square in C;

(3) For every representable submersion Y — X and every N-indexed sequence of open
substacks
UcU C---CY

such that Y =50 U, = Y, the induced morphism
F(Y) — lim,>o F (Uy)
is an equivalence in C.

Proof. Given arepresentable submersion Y — X, any open substack U of Y is naturally an
object of Sub,x via the composite U < Y — X, and this provides a functor Open(Y) —
Sub,x. Observe that ¥ is a sheaf if and only if for every V' the composite functor

Open(Y)® — Sub(/)f’\, NG

is a sheaf with respect to the open cover topology on Open(Y). Recall from Corollary 3.1.12
that the poset Open(Y) of open substacks of Y is equivalent to the poset Open(|Y |moq) of
open subspaces of the coarse moduli space |Y|moq- Since Y admits a representable atlas by
a smooth manifold, the topological space |Y|moq is the quotient of a smooth manifold, and
thus is in particular hereditarily Lindelof: every open subspace U C |Y|mod is Lindelof,
meaning that every open cover of U admits a countable subcover. It is a general fact that
a presheaf ¥ : Open(X)°? — C on a hereditarily Linfelof topological space X is a sheaf if
and only if it satisfies the conditions analogous to (1), (2) and (3), see for example [ADH21,
Proposition 3.6.6]. Applying this result to X = |Y|noq finishes the proof. O
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Corollary 4.1.6. The subcategory Shv(Sub,x) € PSh(Sub,x) is closed under w1 -filtered

colimits.

Proof. This is immediate from Proposition 4.1.5 and the fact that w-filtered colimits
commute with countable (that is, w;-small) limits in the co-category of animae by [Lur09,

Proposition 5.3.3.3]. O

4.1.1 Pullback and pushforward functors

Let f: X’ — X be a morphism of differentiable stacks. Our goal in this subsection is to

construct the pullback and pushforward functors
f*: Shv(Sub,x) 2 Shv(Sub/x-) : fi,

and prove various basic properties about them.

We start with the construction of f.. Since base changes of representable submersions exist
in Diff Stk and are again representable submersions, there is a functor Sub,x — Sub, x given
by Y — Y xx X’. Precomposition with this functor then defines a pushforward functor at

the level of presheaf categories:

f«: PSh(Sub,x/) — PSh(Sub,x),
LF(Y) =F (Y xx X').

Lemma 4.1.7. The functor f. restricts to sheaves:
f*l ShV(Sub/X/) — ShV(Sub/X).

Proof. Observe that the functor —x x X’: Sub,x — Sub, x- preserves covering sieves. Since
coverings consists of open embeddings, Sub,y admits pullbacks along open embeddings
and the functor — Xy X’ preserves such pullbacks, it follows that this is a continuous functor

in the sense of Definition E.39, and thus the restriction functor f, preserves sheaves. O
The functor f,: Shv(Sub,x/) — Shv(Sub,x) admits a left adjoint
f*: Shv(Sub,x) — Shv(Sub,x-)

LO en
given as the composite Shv(Sub,y) — PSh(Sub,x) — PSh(Suby/) SN Shv(Sub, x-),
where the middle functor is left Kan extension along the functor —xx X’: Sub,x — Sub,x-.

In case f is a representable submersion, f* admits a further left adjoint fi:

139



Lemma 4.1.8. Let f: X’ — X be a representable submersion.

(1) The functor —Xx X’: Sub;x — Sub,x, admits a left adjoint fy: Sub,x» — Sub,x given
by postcomposition with f.

(2) The functor fy: Sub;x, — Sub,x is a continuous functor, so that restriction along it
preserves sheaves.
(3) The functor f*: Shv(Sub,x) — Shv(Sub,x-) admits a left adjoint
f¢: Shv(Sub,x:) — Shv(Sub,x)

which on representables restricts to fy: Sub,x» — Sub ) x.

Proof. Assertion (1) is clear. For assertion (2), note that f; preserves covering sieves
and preserves all pullbacks that exist in Sub,x-. In particular, the functor PSh(Sub,x) —
PSh(Sub/x-) given by restriction along f; preserves sheaves. As f; is left adjoint to — xx
X': Sub;x — Sub,x-, restriction along fy is left adjoint to the functor f.: Shv(Sub/x/) —
Shv(Sub, x), and therefore is equivalent to f*. But this means that f* admits a left adjoint

given by the composite
LO cn
Shv(Sub, x-) < PSh(Sub,x-) — PSh(Sub,x) LGN Shv(Sub, x),

where the middle functor is left Kan extension along fy. Since the left Kan extension
reduces to the functor f; on representable objects, the last claim follows. This finishes the

proof. O

To have more control over the functoriality of the construction X + Shv(Sub,x), we now
provide an alternative description of the pullback functors f* in terms of the oco-topos
Shv(DiftStk) of sheaves on the site DiffStk from Proposition 4.1.3.

Lemma 4.1.9. For a differentiable stack X, the inclusion Sub,x — DiffStk,x induces a
fully faithful functor

Shv(Sub,x) < Shv(DiffStk x) = Shv(DiffStk) .,

given by left Kan extension followed by sheafification. The essential image is the subcategory

of Shv(DiffStk), x generated under colimits by the representable submersions f: Y — X.

For a morphism f: X' — X, the following diagram commutes:

ShV(Sub/X) L} ShV(SUb/X’)

! !

Shy (DffStk) x —— Shv(DiffStk) "
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where the bottom map is given by pullback along f in Shv(DiffStk).

Proof. Given a representable submersion Y — X and an open cover {U; — Y} of VY,
each of the composite morphisms U; — Y — X is again a representable submersion. It
follows that the inclusion Sub,y < DiffStk,x is a cocontinuous functor. It follows from
Corollary E.47 that the right Kan extension functor along Sub,x < DiffStk,x preserves
sheaves and is fully faithful.

Since this inclusion also preserves covering sieves, it is also a continuous functor, so that
restriction along it preserves sheaves. It follows that this restriction functor admits a further
left adjoint given by the functor in the statement. As this is a double left adjoint of a fully
faithful functor, it is itself fully faithful, proving the first claim. The description of the

essential image is immediate.

To see that the claimed commutative diagram exists, observe that all four functors preserve
colimits, and thus it suffices to prove the claim at on representables. But here the claim
is clear: by definition, the functor f* restricts on representables to the functor — Xy
X’: Sub,x — Sub,x-, which in turn is just defined as a restriction of the functor — xx
X': DiffStk,x — DiffStk/x-. m]

By the previous lemma, we can turn the assigment X +— Shv(Sub,x) into a functor
DiffStk°? — Cat,, by regarding it as a subfunctor of the slice functor X — Shv(SepStk) .

Lemma 4.1.10. The functor DiffStk? — Cats, given by X — Shv(Sub,x) is a sheaf of

oo-categories on DiftStk.

Proof. 1t follows directly from Remark 4.5.2 below and Theorem E.3 that the assignment
X +— Shv(SepStk),x is a sheaf of co-categories on SepStk. Since the assignment X +—
Shv(Sub, x) is a subfunctor of this functor, it thus remains to show that the condition for
an object to be contained in this subcategory can be checked locally in X. To this end, let
f: A — X be an object of Shv(SepStk),x satisfying the assumption that each of the base
changes A X x U; can be written as iterated colimits of representable submersion Y; ; — U;.
By descent, it follows that the map A — X can be written as an iterated colimit of the
composites Y ; — U; — X. Since these are again representable submersions, this finishes

the proof of the claim. O

Lemma 4.1.11. The inclusion Shv(Sub,x) < Shv(DiftStk x) preserves finite products.

Proof. In both source and target finite products commute with colimits in each variable.

In particular, the statement may be checked at the level of representables. There it is
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clear as the category Sub,x admits products and these are preserved by the inclusion
Sub,x — DiffStk . ]

Corollary 4.1.12 (Symmetric monoidality). For every morphism f: X' — X of differen-
tiable stacks, the pullback functor f*: Shv(Sub,x) — Shv(Sub,x) preserves finite prod-
ucts. In particular, the assignment X + Shv(Sub,x) defines a limit-preserving functor
DiffStk°? — CAlg(Prb).

Proof. The first statement follows from Lemma 4.1.11 and Lemma 4.1.9. The sec-
ond statement is then a direct consequence from Lemma 4.1.10 as the forgetful functor

CAlg(Pr") — Cat,, preserves limits. O

4.1.2 Sheaves on the coarse moduli space

In Section 3.1 we assigned to every differentiable stack X a topological space |X|mnod, the
coarse moduli space of X. The goal of this section is to relate its sheaf co-topos Shv (| X|mod)
to the co-topos Shv(Sub, x).

Recall from Corollary 3.1.12 that the poset Open(|X|moq) of open subsets of the coarse
moduli space is equivalent to the poset Open(X) of open substacks of X, giving an equiva-
lence

Shv(|X[moda) = Shv(Open(|X|moa)) = Shv(Open(X)).

Henceforth, we will work with the sheaf category Shv(Open (X)) rather than Shv (| X|mnod)-
Since every open embedding U < X is in particular a representable submersion, there is

an inclusion of categories ¢: Open(X) < Sub, x.

Proposition 4.1.13. Let X be a differentiable stack.

(1) The inclusion v: Open(X) < Sub,x is a cocontinuous functor, in the sense of Defini-
tion E.43. In particular, right Kan extension along t preserves sheaves and defines a

fully faithful geometric morphism of co-topoi

t«: Shv(Open(X)) < Shv(Sub/,x).

(2) The inclusion t: Open(X) < Sub,x admits a left adjoint im: Sub,;x — Open(X)
which is also cocontinuous. In particular, the restriction functor —ov: PSh(Sub,x) —

PSh(Open(X)) preserves sheaves, and thus restricts to a functor
¢*: Shv(Sub,y) — Shv(Open(X))

which is left adjoint to ..
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(3) The functor * admits a fully faithful left-exact left adjoint

ty: Shv(Open(X)) < Shv(Sub/x).

(4) The functor (* preserves limits and colimits.

(5) Foreverymorphism f: Y — X of differentiable stacks, there are preferred commutative

diagrams as follows:

Shv(Sub,y) SN Shv(Open(Y)) Shv(Open(X)) L} Shv(Sub,x)
r| lf* f*l %
Shv(Sub, x) L Shv(Open(X)), Shv(Open(Y)) L} Shv(Sub,y).

(6) For every sheaf ¥ € Shv(Open(X)), the sheaf 13% € Shv(Sub,x) is given at a repre-
sentable submersion f: Y — X by

(yF)Y) =Ty (fF),
the anima of global sections of the pullback sheaf f*F € Shv(Open(Y)).

Proof. We start with part (1). The fact that ¢ is cocontinuous is clear as any open cover in
Suby of an open substack U < X consists of smaller open substacks V < U — X. The

‘in particular’ follows from Corollary E.47.

Now we prove part (2). By Lemma 2.4.9, every representable submersion f: Y — X
factors uniquely as a representable surjective submersion Y —» f(Y) followed by an open
embedding f(Y) — X. Since effective epimorphisms and monomorphisms are part of a
factorization system on Shv (Diff), it follows immediately that sending (f: Y — X) € Sub, x
to im(f) := (f(Y) — X) € Open(X) defines a left adjoint im of «.

To see that im is cocontinuous, consider a representable submersion f: Y/ — X and consider
a collection of open substacks U; <— f(Y) covering its image in X. Then the preimages
V; := f~1(U;) € Y form an open cover of Y satisfying f(V;) = U; C f(Y). This proves
that im: Sub,x — Open(X) is cocontinuous.

As in part (1), it follows from Corollary E.47 that right Kan extension along im preserves
sheaves and defines a geometric morphism of co-topoi. Since right Kan extension along im
is equivalent to restriction along ¢, this proves (2).

For (3), we know that ¢* ~ im, admits a left-exact left adjoint ¢4 =~ im"* by part (2). Further-
more, since ¢, is fully faithful, it follows that also ¢y is fully faithful.

Part (4) is immediate, since ¢* admits both a left and a right adjoint.
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For part (5), the right square is obtained from the left square by passing to left adjoints. The

left square is obtained by restriction along the following commutative diagram:

Open(Y) —— Sub,y

/\’Xy—l \L{\’Xy—

Open(X) — Sub/x .

For part (6), observe that the value of (4 at Y/ is the same as the anima of global sections
of the sheaf 4% € Shv(Sub,y), as the functor f*: Shv(Sub,x) — Shv(Sub,y) is given
by precomposition with the functor f o—: Sub,y — Sub,x. By part (5), this is the same as
the global sections of the sheaf ¢y f*F € Shv(Sub,y), which in turn is the same as the global
sections of ¢*ty f*F € Shv(Open(Y)). As u is fully faithful, the latter sheaf is equivalent
to f*F, proving the claim. O

Corollary 4.1.14. Let X be a differentiable stack. For every representable submersion

f: Y — X, consider the composite
"o f*: Shv(Sub,x) AN Shv(Sub,y) =5 Shv(Open(Y)).
Then the functors (" o f* preserve all limits and colimits and are jointly conservative.

Proof. The functor f* preserves limits and colimits by Lemma 4.1.8 and the functor ¢* by
Proposition4.1.13. It thus remains to show these functors are jointly conservative. But this is
clear: for asheaf # € Shv(Sub, x), the value of ¥ at some object (f: Y — X) € Shv(Suby)

is equivalent to the anima of global sections of (¢" o f*)F =" f*F:
F(Y) =Ty f°F). O

The previous result can be used to prove properties of the oco-category Shv(Sub,x) by
reducing them to analogous properties of the co-categories Shv(Open(Y)). The following
result on hypercompleteness of Shv(Sub, x) is an important illustration of this method. We

thank Marc Hoyois for useful discussions concerning the proof of this result.

Proposition 4.1.15. For a separated differentiable stack X, the oco-topos Shv(Sub,x) is
hypercomplete.

Proof. Let ¢: F — ¥’ be an co-connected morphism in Shv(Sub,x). We have to show
that ¢ is an equivalence. By Corollary 4.1.14, we may show that the image of ¢ under the
composite

Shv(Subjx) < Shv(Sub,y) > Shv(Open(Y))
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is an equivalence for every V' € Sub,x. As ("o f* preserves limits and colimits, it preserves
co-connected morphisms, and it follows that the morphism ¢* f*¢ is again co-connected.

Hence it will suffice to show that the co-topos Shv(Open(Y)) is hypercomplete.

As X is separated by assumption and the map f: Y — X is representable and thus separated
by Lemma 3.3.3, it follows that also Y is separated. By Theorem 3.7.2, Y is locally
isomorphic to a quotient stack M //G for a compact Lie group G and a smooth G-manifold
M. As Shv(Open(Y)) satisfies descent for open covers, a morphism in Shv(Open(Y)) is
an equivalence if and only if it is so locally in Y/, and we may thus assume that Y is of the
form M//G.

Observe that pullback along the quotient map M —» M //G defines an inclusion of posets
Open(M//G) < Open(M) whose image consists of the G-invariant open subspaces of M.
This inclusion admits a left adjoint given by sending an open subspace U to the G-saturation
G-U={g-u|geG,ucU}, and this functor preserves open coverings. In particular,
the inclusion Open(M//G) < Open(M) is a morphism of sites by Example E.42, and
the resulting pullback functor Shv(Open(M//G)) < Shv(Open(M)) = Shv(M) preserves
co-connected morphisms by Remark E.51. It will thus suffice to show that Shv(M) is
hypercomplete. This is a special case of [Lur09, Theorem 7.2.3.6, Corollary 7.2.1.12], see
also Example E.54. O

4.1.3 Ordinary sheaves on differentiable stacks

In this subsection, we recall the definition of the co-category Shv(X) of (ordinary) sheaves
on a differentiable stack X, and compare it with the co-topos Shv(Sub,x). The material of
this subsection will not play a significant role in the remainder of the article and may be

skipped on first reading.

Lemma 4.1.16. Let C be a presentable oo-category. Then the functor Shv(—;C) : Diff? —

Caty, if a sheaf of co-categories with respect to the open cover topology on Dift.

Proof. Any open cover of a smooth manifold M consists of objects of Open(M) and hence

it suffices that for every M the composite
f; Shv(=;C
Open(M)® < (Diff ) - Diff? VY, cay,,

is a sheaf of co-categories on M. For every open U C M, the inclusion Shv(U) < Shv(M)

induces an equivalence Shv(U) — Shv(M),y, and thus we obtain an equivalence
Shv(U;C) = Shv(M),y ®C,

145



where the tensor product is Lurie’s tensor product of presentable co-categories. It is clear
that for a smaller open subset V C U C M the restriction functor (—)|y: Shv(U) — Shv(V)
corresponds under this equivalence to the functor Shv(M),;; — Shv(M)y given by pullback
along the inclusion V < U, hence we see that the above composite is equivalent to the

composite

Shv(M),- pR -®C fat

PR Catg,.

Open(M)°P

Since the co-topos Shv (M) satisfies descent, the first functor sends covering sieves to limits.
As the functors —® C: PrR — PrR and fgt: PrR — Cat,, preserves limits, this finishes the
proof. O

Definition 4.1.17 (Sheaves on a stack). Let C be a presentable co-category. By the previ-
ous lemma, the functor Shv(—;C): Diff°®® — Cat,, uniquely extends to a limit-preserving
functor

Shv(—;C): Shv(Diff)°? — Cate,.

For a stack X on Diff, we refer to Shv(X;C) as the co-category of C-valued sheaves on X.

Remark 4.1.18. We will frequently refer to a sheaf on X as an ordinary sheaf, to emphasize

the contrast with the notion of a genuine sheaf which will be introduced in Section 4.2.

There are comparison functors between Shv(Sub,x) and Shv(X) analogous to the ones for
Shv(|X|mod) from Proposition 4.1.13:

Construction 4.1.19. Given X be a differentiable stack, we construct a functor
¥*: Shv(Sub,x) — Shv(X)

which is natural in X. Since the assignment X — Shv(X) is by definition right Kan extended
from the subcategory Diftf C DiffStk, it suffices to define this when X = M is a smooth
manifold, naturally in M. In this case we let y* be the functor *: Shv(Sub,x) — Shv(M)

from Proposition 4.1.13.

Since the oco-category Shv(X) is a limit of Shv(M) where M ranges over all smooth
manifolds M equipped with a map of stacks f: M — X, the functor y* is essentially

determined by the existence of commutative squares

Shv(Sub/x) ———% Shv(X)

| Ir

Shv(Sub)y) —— Shv(M),

naturally in M.
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Proposition 4.1.20. Let X be a differentiable stack.
(1) The functor y*: Shv(Sub,x) — Shv(X) admits a fully faithful right adjoint

¥+t Shv(X) < Shv(Sub,x)).

(2) The functor y* admits a fully faithful left adjoint

¥g: Shv(X) < Shv(Sub,y)).

(3) Foreverymorphismg: Y — X of differentiable stacks, there are preferred commutative

diagrams as follows:

Shv(Suby) ——% Shv(Y) Shv(X) <% Shv(Subjx)
N
Shv(Sub/x) —— Shv(X), Shv(Y) <5 Shv(Sub,y).

(4) For every sheaf ¥ € Shv(X), the sheaf y4¥ € Shv(Sub,x) is given at a representable
submersion f: Y — X by

(nF)Y) =Ty (fF),
the anima of global sections of the pullback sheaf f*F € Shv(Y).

Proof. For parts (1) and (2), we first show that the functor y* preserves limits and colimits.
Let N - X be a representable atlas for X. By descent there is an equivalence Shv(X) ~
lim{;,jea Shv(N ><'21<). Since each map N “x > Xisa representable submersion, it will suffice

to show that for every representable submersion f: M — X, the composite
Shv(Sub,x) 2 Shv(X) 1> Shv(M)
preserves limits and colimits. But by definition of y*, this functor agrees with the composite
Shv(Sub,x) 1> Shv(Subys) > Shv(M),

which preserve limits and colimits by Corollary 4.1.14. It follows in particular that y*

admits both a right adjoint y, and a left adjoint yy.
For part (3) follows directly from part (5) of Proposition 4.1.13, since the both functors g.

commute with the pullback functors f* for representable submersions M — X.
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We may now prove that the functors . and yy are fully faithful, finishing the proof of parts
(1) and (2). It suffices to prove that yy is fully faithful, as then so is its double right adjoint
¥« To show that the unit id — ¥y is an equivalence, it suffices to do so after applying the
pullback functor f*: Shv(X) — Shv(M) for every representable submersion f: M — X.

To this end, consider the following diagram:

Shv(X) —2— Shv(Sub/x) —— Shv(X)

f*l lf* lf*

Shv(M) —— Shv(Sub,s) ——% Shv(M).

The right square commutes by definition of y* while the left square commutes by part (3)
we have just proved. We thus obtain an equivalence f*y*yy ~ "1y f* and the claim thus

follows from fully faithfulness of ¢;.

Finally, part (4) follows from (3) just as in the proof of part (6) of Proposition 4.1.13. O

The following result, which identifies C-valued sheaves on the classifying stack BG with

objects in C with a G-action, was pointed out to the author by Dustin Clausen.

Lemma 4.1.21 (Sheaves on classifying stacks). Let G be a Lie group and let C be a

presentable co-category. Then there is an equivalence
Shv(BG;C) ~ C5¢

between the co-category of C-valued sheaves on the classifying stack BG and the co-category
of C-valued local system on the classifying space BG € An.

Proof. 1t will suffice to show the claim when C is the co-category of animae, as the general
case may be obtained by tensoring both sides with C in Pr™. By definition, the stack BG is
the colimit of the simplicial diagram A°® — Shv(Diff), [n] — G", hence by descent there
is an equivalence

Shv(BG) = limp,jea Shv(G").

For a topological space X, let Loc(X) € Shv(X) denote the subcategory of locally constant
sheaves, as in [Lur17, Definition A.1.12]. By [Lur17, Theorem A.1.15], there is a functorial
equivalence Loc(X) ~ An*™®) | where shp(X) € An denotes the shape of X. Since G is a

smooth manifold, its shape agrees with its homotopy type, and thus we obtain an equivalence

limpujea Loc(G") = limp)ea AnC" ~ Apcolimpjear G" o A[pBG
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To finish the proof, it thus remains to observe that the inclusion
lim[n]eA LOC(G") — lin’l[n]eA ShV(Gn)

is essentially surjective: given an object (F,)[nen of the target, the sheaf F, € Shv(G")
is the pullback along G" — pt of the sheaf ¥y € Shv(pt) = Loc(pt) and thus is a locally
constant sheaf. O

4.2 Genuine sheaves of animae

In this section, we will introduce and study the oco-category H(X) of genuine sheaves of

animae on a differentiable stack X': homotopy invariant sheaves of animae on the site Sub  x.

4.2.1 Homotopy invariant presheaves

We start by defining the notion of a homotopy invariant presheaf and study the homotopy
localization functor Lr. Throughout this subsection, we fix a differentiable stack X and a

presentable co-category C.

Definition 4.2.1 (Homotopy invariance). A C-valued presheaf ¥ € PSh(Sub,x;C) is said
to be homotopy invariant* if for every object Y € Sub,x, the projection map pr: Y xR — Y
induces an equivalence pr*: ¥ (Y) — F (Y XR) in C. We denote by

PSh"P(Sub,x;C) € PSh(Sub,x;C)
the full subcategory spanned by the homotopy invariant presheaves.

Since a presheaf # is homotopy invariant if and only if it is local with respect to the projec-
tions pr: Y xR — Y, the co-category PSh"P(Sub,x;C) is a localization of PSh(Sub,x;C)
at these maps and in particular PSh" (Sub /x:C) is a presentable co-category. We recall an
explicit description of the localization functor, due to Morel and Voevodsky [MV99] and

already known to Suslin. Our discussion takes inspiration from [ADH21, Chapter 5].

Construction 4.2.2 (The Morel-Suslin—Voevodsky construction). We define the algebraic
n-simplex A’;lg as the hyperplane in R™*! defined by

n
A = {(x0,x1,...,x,) € ROV | Z;‘xi ~1).
i=

1This is sometimes also referred to as R-invariance or concordance invariance.
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The algebraic simplices form a cosimplicial smooth manifold A;lg: A — Diff. Given a
presheaf ¥ € PSh(Sub,x;C), we define another presheaf Lr ¥ by

LrF (Y) = colimyjepor F (Y % Aglg),

the geometric realization in C of the simplicial object [n] — F (Y X AZlg). This defines a
functor
Ly : PSh(Sub,x;C) — PSh(Sub,x;C).

As Aglg = pt, there is a canonical map of presheaves ng: F — Lp¥F .

Proposition 4.2.3. For any presheaf F € PSh(Sub,x;C), the presheaf Lg ¥ is homotopy

invariant. Furthermore, the resulting functor
Lg: PSh(Sub,x;C) — PSh™(Sub,x;C)

is left adjoint to the inclusion PShhtp(Sub/X;C) — PSh(Sub, x;C), with unit given by the
map ng: F — LpF.

Proof. The proof is in essence identical to that of [ADH21, Proposition 5.1.2], where the
case X = ptis treated. We spell out the core ingredients of the proof and leave some details

to the reader.

First we show that the presheaf Lr¥ is homotopy invariant. Given a smooth manifold Y,
we have to show that the functor pr*: Lg ¥ (Y) — LrF (Y xR) induced by the projection
pr: Y XR — Y isanequivalence. We claim thatan inverse is given by the mapijj: LrF (Y X
R) = LrF (Y), where ip: Y — Y xR denotes the inclusion of Y x {0}. Since proij =id,
it remains to show that pr*ij =~ id. This is a standard argument which goes back at least to

[MVO99]: the composite map

o DPrxid o loxid .
Y XRXAy, — Y XA, — Y XRXAY,

is simplicially homotopic to the identity of the simplicial object Y xR xA;lg and since sim-
plicially homotopic maps between simplicial objects induce homotopic maps on realizations
this provides the desired homotopy pr*ij ~ id* = id.

In order to show that the map n#: ¥ — Lr¥ is the unit of an adjunction, we apply
[Lur09, Proposition 5.2.7.4]. Note that if ¥ is already homotopy invariant, each of the
maps F(Y) — F(Y X A’;lg) is an equivalence and hence the map n# is an equivalence.
For arbitrary ¥, we showed above that L is homotopy invariant, and thus the map

NL.7: LrF — LrLr¥ is an equivalence for arbitrary #. It follows that also the map
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Lrng: LrF — LrLrF is an equivalence, as this agrees with 7, # up to swapping the two

indices [n] and [m] in the double colimit

Lz Lz F = colim[yjepon colimpjeace F (Y X A, X Al ).

This shows that the conditions of part (3) of [Lur09, Proposition 5.2.7.4] are satisfied,
finishing the proof. O

Corollary 4.2.4 (cf. Hoyois [Hoy17, Proposition 3.4]). Assume that geometric realizations
commute with finite products in C (e.g. C is an oo-topos or C is stable). Then the localization

functor Ly preserves finite products.

Proof. Since the functor ¥ — F (- XAZlg) preserves limits and geometric realizations

commute with finite products in PSh(Sub,x;C), this is clear from the definition of Lg. O

Corollary 4.2.5 (cf. Hoyois [Hoy17, Proposition 3.4]). When C = An is the co-category of
animae, the localization functor Lg: PSh(Sub/x) — PSh"P(Sub )x) is locally cartesian:
for a pair of maps A — B and C — B in PSh(Sub,x) such that A and B are homotopy

invariant, the exchange map
LR(A XB C) — A XB LR(C)
is an equivalence in PSh"®(Sub /X)-

Proof. We have to show that for all ¥/ € Sub,y the square

colimjean (A(y X AL ) Xpan) C(Y X A;‘lg)) S A

| |

colimp,jeaor C(Y X A’glg) > B(Y)

is a pullback square. As A and B are homotopy invariant, the top left corner is equivalent
to the realization of the simplicial object [n] — A(Y) Xpy) C(Y X A;’lg), and thus this is

an instance of universality of colimits in PSh(Sub, x). O

4.2.2 Genuine sheaves of animae

The following is the main definition of this section.
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Definition 4.2.6 (Genuine sheaves). Let X be a differentiable stack. A genuine sheaf on
X is a sheaf ¥ € Shv(Sub,x) which is homotopy invariant as a presheaf, in the sense of
Definition 4.2.1. We denote by

H(X) := Shvhtp(Sub/X) C Shv(Sub,x)

the full subcategory spanned by the genuine sheaves on X. More generally, if C is a

presentable co-category, we let
H(X;C) := Shv™P(Sub,x;C) C Shv(Sub,x;C)

be the subcategory of homotopy invariant C-valued sheaves on Sub,y. Note that there is
an equivalence H(X,C) ~ H(X) ® C.

As in the case of presheaves, H(X) is a localization of Shv(Sub,x) at the projections
Y xR — Y, and the inclusion admits a left adjoint

Ly : Shv(Sub,x) — H(X),

which we will refer to as the homotopy localization functor. We will study this functor in

more detail in Subsection 4.2.3 below.

Unsurprisingly, a consequence of forcing homotopy invariance is that fiberwise homotopic

maps over X become equivalent in H(X).

Definition 4.2.7. Let X be a differentiable stack, let Y, Z € Sub,x be submersions over
X, and let fo, fi: Y — Z be two maps in Sub,x. A homotopy over X is a homotopy
f: Y xR — Z in Sub,x whose restriction to i,: Y x{r} — Y xR is the map f,, for
re{0,1}.

Amap f: Y — Zin Sub,y is a strict homotopy equivalence if there isamap g: Y —
over X such that the maps g f and fg are homotopic over X to the respective identities, in
the sense of Definition 2.5.6.

Lemma 4.2.8. Let X be a differentiable stack and let f: Y XR — Z be a homotopy over
X of maps Y — Z in Sub,x. Then the maps Ly (fo), Lup(f1): Lup(Y) — Lup(Z) are

equivalent as maps in H(X).

Proof. 1t will suffice to prove this in the case that Z = Y xR and f is the identity, so that f;
and f are the inclusions i, : Y x {r} < Y xR. In that case, Ly (ip) and Ly (i1) are both

inverse to the equivalence Ly (pr) : Lygp(Y XR) = Lpp(Y), and are hence equivalent. O
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Corollary 4.2.9. Let f: Y — Z be a strict homotopy equivalence over X. Then the
morphism Ly (f): Lup(Y) — Lnp(Z) is an equivalence in H(X). O

Example 4.2.10. Every vector bundle & — Y over X is a strict homotopy equivalence in

Sub/x.

4.2.3 The homotopy localization functor

The homotopy localization functor Ly, : PSh(Sub/y) — H(X) admits an explicit formula
as a transfinite iteration of the localization functor L and the sheafification functor Lopen.

The goal of this subsection is to make this precise and to deduce some consequences.

Construction 4.2.11. For an ordinal a, let [a] denote the linearly ordered set of ordinals

B < a. We will construct for every ordinal @ a functor
L: [a] — Fun(PSh(Sub,x),PSh(Sub,x)),
which we informally denote by B +— L for 8 < a. We proceed via transfinite induction:
e If =0, weset LO=id.
e If @ = B+1 is a sucessor ordinal, we define
LP*!:= Lopen o L o L# : PSh(Sub,x) — PSh(Sub ).

The units id — Lopen and id — L define a natural transformation LB — LP*! which
thus defines the extension L: [5+1] — Fun(PSh(Sub,x),PSh(Sub,x)).

e If o is a limit ordinal, we define
L® :=colimg., LA

and let L: [a] = a” — Fun(PSh(Sub,x),PSh(Sub,x)) denote the cocone for this

colimit.

We may think of the functor LY as the a-fold power of the functor L' = Lopen © Lr.

Lemma4.2.12. For every ordinal a, the functor L* : PSh(Sub,x) — PSh(Sub, x) preserves

finite products and is locally cartesian.
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Proof. We proceed via transfinite induction. For @ =0 we have L = id and the claim is
obvious. When @ = 8+1 is a successor ordinal, we have LY = Lopen 0 Ly © LB and the claim
follows from a combination of the induction hypothesis, Corollary 4.2.4 and left-exactness
of the sheafification functor Lopen. When « is a limit ordinal, the claim is immediate as

finite limits commute with filtered colimits in PSh(Subx). O

Lemma 4.2.13. For any uncountable limit ordinal a, the functor L*: PSh(Sub,x) —
PSh(Shv,x) lands in the subcategory H(X) of homotopy invariant sheaves. Moreover,
the transformation id = L — L% exhibits the functor L® as a left adjoint to the inclusion
H(X) — PSh(Sub/X).

Proof. We start by showing that L lands in homotopy invariant sheaves. It follows
immediately from Corollary 4.1.6 that L*F is a sheaf for every preheaf # € PSh(Sub,x),
as for every 8 < a the functor LA+ = Lopen © Ly © LB lands in sheaves. Since L]ZR ~ L,
we obtain an equivalent definition of L? if for successor ordinals we had defined LA*! =
Lg o LopenoLgo LB, and since homotopy invariant presheaves are closed under colimits in
PSh(Shv, x) it follows that L* lands in homotopy invariant presheaves. This proves the first
claim.

To prove that L is left adjoint to the inclusion, let ¥,G € PSh(Shv,x) be presheaves and
assume that G is a homotopy invariant sheaf. We will prove by transfinite induction that for

every ordinal 8 < @, the map

Hompsp(shy, ) (LPF,G) — Hompgp(shy, ) (F. G)

given by precomposition with # — LAF is an equivalence. For 8 =0 we have LAF = 7
and there is nothing to show. When 8 =y +1 is a successor ordinal, the claim follows from
the induction hypothesis for vy, the fact that LAF = Lopen(Lr (LYF)) and the fact that G is a
homotopy invariant sheaf. When £ is a limit ordinal, this is immediate from the induction

hypothesis.
Taking 8 = « then finishes the proof. m|

Corollary 4.2.14. The functor Ly : Shv(Sub,x) — H(X) preserves finite products and is
locally cartesian: for every pair of maps A — B and C — B in Shv(Sub,x) such that A

and B are homotopy invariant, the exchange map
Lip(AXpC) — AXp Lyp(C)

is an equivalence in H(X).

Proof. Leta be an uncountable ordinal. By Lemma4.2.13 there is an equivalence Ly ~ LY,

and thus the claim follows from Lemma 4.2.12. O
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4.2.4 Pullback and pushforward functors

The oco-categories H(X) come equipped with pullback and pushforward functors analogous

to those for the co-categories Shv(Sub,x).

Lemma 4.2.15. For a morphism f: X' — X of differentiable stacks, the pushforward
functor f,: Shv(Sub,x) — Shv(Sub,x) preserves homotopy invariant sheaves:

fe: H(X") > H(X).

Proof. The functor f, is given by precomposition with the base change functor — Xy
X’: Sub,x — Sub,x,, which sends the projection map Y xR — Y to the projection (Y X x
X')XR — Y xx X’. The claim follows immediately. i

The pushforward functor f,: H(X”) — H(X) admits a left adjoint

[T H(X) = H(X)
* L ¢
given as the composite H(X) < Shv(Sub, x) f—> Shv(Sub, x) SN H(X’). Here we abuse
notation by writing both f* for the pullback functor both before and after applying homotopy
localization; when potential confusion arises we make the source and target of the functor

f* explicit. In case f is a representable submersion, the two functors in fact agree:

Lemma 4.2.16. For every representable submersion f: Y — X, the pullback functor
f7: Shv(Sub,x) — Shv(Sub,y) preserves homotopy invariant sheaves.

Proof. The functor f* is given by precomposition with the forgetful functor Sub,y — Sub .

Since this preserves the projection maps Z X R — Z, the claim follows. O

Corollary 4.2.17. For every representable submersion f: Y — X, the pullback functor
f*: H(X) = H(Y) admits a left adjoint fy: H(Y) — H(X) given as the composite

Ly
H(Y) < Shv(Subjy) 2> Shv(Subjx) - H(X). o

Again, we abuse notation by writing f for the left adjoint to f* both before and after

applying homotopy localization.

Proposition 4.2.18 (Symmetric monoidality). For a morphism f: X' — X of differentiable
stacks, the pullback functor f*: H(X) — H(X’) preserves finite products.

Proof. By Corollary 4.2.14, this follows directly from Corollary 4.1.12. O
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Proposition 4.2.19 (Smooth base change). Consider a pullback square of differentiable

stacks

y sy
f’l - lf
XI % X’
where f (and thus f’) is a representable submersion. Then the Beck-Chevalley map
BCy: fﬁ’h* =g fy
of functors H(Y) — H(X’) is an equivalence.
Proof. The map is obtained by applying the homotopy localization functor

L : Shv(Sub,x) — H(X")

to the analogous exchange map fﬂ’ h* = g* fy as functors from Shv(Sub,y) to Shv(Sub,x/),
and thus it will suffice to show the latter is an equivalence. As all functors in sight preserve
colimits, it suffices to check this on representables Z € Sub,y. Butin this case, this is simply

the equivalence Z Xy Y’ — Z xx X’ over X’, obtained from the pullback square. O

Corollary 4.2.20. Let j: U — X be an open embedding of differentiable stacks. Then the
functors
Jg: H(U) — H(X) and J«: H(U) — H(X)

are fully faithful.

Proof. Applying Proposition 4.2.19 to the pullback square

U—=U
E
U — X

shows that the unitid — j* jy is an equivalence, showing that jy is fully faithful. The claim

for j, follows immediately. O

Proposition 4.2.21 (Smooth projection formula). Let f: Y — X be a representable sub-
mersion of differentiable stacks. Then for all objects A € H(X) and B € H(Y), the exchange
map

PFy: fﬁ(f*A XB)— A X f4B

is an equivalence in H(X)
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Proof. By Corollary 4.2.14, it suffices to prove the analogous statement for the functor
fy: Shv(Sub,y) — Shv(Sub,x). As both sides preserve colimits in A and B, we may
assume that A € Sub,x and B € Sub,y are representables. In that case, this map is simply
the canonical equivalence

(AxxY)xy B— AxxB. i

Proposition 4.2.22 (Homotopy invariance). Let n: & — X be a vector bundle over a
differentiable stack X. Then the functor n*: H(X) — H(E) is fully faithful.

Proof. We show that for every object A € H(X), the counit map myn*A — A is an equiv-
alence. Since both sides preserve colimits in the variable A, it suffices to prove this when
A is a representable (f: Y — X) € Sub,x. In that case, there is an equivalence mym*A =~
Lnp(E Xx Y), and the counit is given by the map Ly (pry): Lnp(E Xx Y) = Lnp(Y)
induced by the projection onto Y. Since this projection is a strict homotopy equivalence,

the claim thus follows from Corollary 4.2.9. O

We end the section by making precise the functoriality of the assignment X +— H(X) and

showing that it forms a sheaf of co-categories on DiffStk.

Construction 4.2.23. We will turn the assignment X +— H(X) into a functor DiffStk°? —
CAlg(PrY). Consider again the functor Shv(Sub /-): DiffStk°? — CAlg(Pr*) from Corol-
lary 4.1.12. As the value at the terminal object pt € DiffStk is Shv(Diff), this functor
admits a canonical enhancement to a functor Shv(Sub,_): DiffStk®? — CAlggp, pif (Prb).
To obtain H(X) from Shv(Sub,x), we have to invert the morphisms Y xR — Y, but note
that these morphisms are obtained by tensoring Y € Shv(Sub,x) with the map R — pt
in Shv(Diff). As localizing the co-category Shv(Diff) at the map R — pt gives the oco-
category An by Proposition 4.2.27, it follows that for every differentiable stack X there is

an equivalence
H(X) o ShV(Sub/X) ®shv(Diff) An € CA]g(Pl’L).

For every morphism f: X’ — X, the pullback functor f*: H(X) — H(X"’) is obtained by
localizing the pullback functor f*: Shv(Sub,x) — Shv(Sub,x-), and it follows that the
functor

H(-) := Shv(Sub,_) ®spy(pifr) An: DiffStk? — CAlg(Pr-)

is a functorial extension of the assignment X — H(X).

Lemma 4.2.24. The functor X — H(X) is a sheaf of co-categories on DiftStk.
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Proof. 1t suffices to show that for every differentiable stack X, the composition of H with
the forgetful functor Open(X)°P — DiffStk° is a sheaf of oco-categories on Open(X).
As each inclusion j: U — V in Open(X) is a representable submersion, it follows
from Lemma 4.2.16 that the pullback functor j*: Shv(Sub/q) — Shv(Sub,q/) sends the
subcategory H (V) into the subcategory H (U). This determines a unique subdiagram
H(-) € Shv(Sub,_) on Open(X)°P. Since each composite

Ly
H(U) < Shv(Sub,x) —> H(U)

is an equivalence, the functoriality of this subdiagram agrees with the restricted functoriality
from the functor H: DiffStk°? — Cat.,. Since the assignment U — Shv(Sub,q,) is a sheaf
of co-categories by Lemma 4.1.10, it will thus suffice to prove the following statement:
given an open cover {U; — X} of a differentiable stack X, a sheaf F € Shv(Sub,y) is
homotopy invariant if and only if its restriction to every U; is homotopy invariant. But this

is immediate from the definition. O

4.2.5 From ordinary sheaves to genuine sheaves

In this subsection, we will show that the forgetful functor y*: H(X) — Shv(X) from
genuine sheaves to ordinary sheaves, defined in Construction 4.1.19, exhibits Shv(X) as
both a localization as well as a colocalization of H(X). In particular, every ordinary sheaf

on a differentiable stack X naturally gives rise to two distinct genuine sheaves on X.

Notation 4.2.25. For a differentiable stack X, we abuse notation and write y*: H(X) —
Shv(X) for the restriction of the functor y*: Shv(Sub,x) — Shv(X) from Construc-
tion 4.1.19.

Proposition 4.2.26. Let X be a differentiable stack. Then the fully faithful functor
¥4: Shv(X) < Shv(Sub,x) from Proposition 4.1.20 lands in the subcategory of genuine
sheaves:

¥g: Shv(X) — H(X).

In particular, the functor y*: H(X) — Shv(X) admits a fully faithful left adjoint.
Proof. Given an ordinary sheaf ¥ € Shv(X), we show that the associated sheaf y;F €
Shv(Sub, x) is homotopy invariant. Recall from Proposition 4.1.20 that, for a representable

submersion f: Y — X, the co-groupoid (145 )(Y) is obtained by first pulling back ¥ to a
sheaf f*F € Shv(Y) over Y, and then passing to global sections:

(yF)(Y) =Ty (f*F).
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In a similar way, one sees that the restriction map pr*: (¢%)(Y) — (137)(Y xR) induced
by the projection map pr: Y xR — Y is equivalent to the map Iy (f*F) — Lyxr((fo
pr)*F) =Ly (pr,pr* f*F) induced by the unit map id — pr, pr*. It will thus suffice to show

that this unit map is an equivalence, i.e., that the pullback functor
pr*: Shv(Y) — Shv(Y xR)

is fully faithful. Since both sides satisfy descent in the variable Y, it will suffice to prove
this in the case where Y = M is a smooth manifold, which is a special case of [Lurl7,
Lemma A.2.9]. This finishes the proof. m|

As we will see in Section 4.4, the functor y*: H(X) — Shv(X) is not an equivalence in
general: the oo-category H(X) of genuine sheaves captures more geometric fixed point
data than the co-category Shv(X) of ordinary sheaves. The following result shows that this

difference between genuine and ordinary sheaves vanishes when X has trivial isotropy:
Proposition 4.2.27. Let M be a smooth manifold. Then the functor

v*: H(M) — Shv(M)
from Notation 4.2.25 is an equivalence of co-categories.

Proof. Since y* admits a fully faithful left adjoint yy, it will suffice to show that the functor
v* is conservative. To this end, let ¢: ¥ — G be a morphism of genuine sheaves on X,
i.e., a morphism of homotopy invariant sheaves on Sub, x, and assume that the induced map
p(U): F(U) —» G(U) is an equivalence of animae for every open subspace U C M. By
homotopy invariance of ¥ and G, it follows that also the map ¢ (U xXR"): ¥ (U xR") —
G (U xR") is an equivalence for every U € Open(M) and n € N. Consider now an arbitrary
smooth submersion f: Y — M and let U be the poset of open subspaces V of Y for which the
restriction fly: V — f(V) =: U isisomorphic in Sub , to the projection pr: UXR" — U for
some natural number n. By Theorem C.8, U forms a complete open cover of Y, in the sense
of Definition E.58, and thus it follows from Proposition E.60 that ¥ admits a hypercover
consisting of elements of U. Since Shv(Sub,y,) is hypercomplete by Proposition 4.1.15
and since the map ¢(V): F(V) — G(V) is an equivalence for every V € U, we deduce that
also the map ¢(Y): ¥ (V) — G(V) is an equivalence. Since this holds for every Y € Sub, ,
it follows that the map ¢ is an equivalence in H(M), finishing the proof. O

Remark 4.2.28. By taking M = pt in the previous proposition, we recover the well-known
fact that the constant sheaf functor I'*: An — Shv(Diff) induces an equivalence An =~
Shv" (Diff). We refer to [ADH21, Proposition 4.3.1] for a more direct proof of this fact.
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We saw in Proposition 4.2.26 that the functor y*: H(X) — Shv(X) admits a fully faithful
left adjoint y and thus exhibits Shv(X) as a colocalization of H(X). The next lemma shows
that it also admits a full faithful right adjoint:

Lemma 4.2.29. Let X be a differentiable stack. Then the functor y*: H(X) — Shv(X)
admits a fully faithful right adjoint

y.: Shv(X) — H(X).

Proof. To show that y* admits a right adjoint, it suffices to show that it preserves small
colimits. Choosing a representable atlas f: M —» X for X, the functor f*: Shv(X) —
Shv(M) is conservative and preserves colimits, so it suffices to show that the composite

[ oy preserves colimits. By naturality of y*, this composite is equivalent to the composite
[ v
H(X) — H(M) — Shv(M).

The first functor preserves colimits as it admits a right adjoint f, and the second functor
preserves colimits as it is an equivalence by Proposition 4.2.27. This shows that y* preserves
colimits and thus admits a right adjoint y... As y. is a double right adjoint of the fully faithful
functor y4: Shv(X) < H(X), it follows that also y. is fully faithful, finishing the proof. O

We may now make precise the heuristic mentioned in the introduction of this chapter that
a morphism is inverted by the localization functor y*: H(X) — Shv(X) if and only if it

becomes an equivalence after forgetting the isotropy information:

Corollary 4.2.30. Let X be a differentiable stack and let f: M - X be a representable
atlas for X. Then a morphism ¢: ¥ — G of genuine sheaves on X is sent to an equivalence
under the functor y*: H(X) — Shv(X) if and only if the morphism f*y: f*F — f*G in

H(M) is an equivalence.

Proof. By Proposition 4.2.27, the bottom horizontal map in the commutative diagram

H(X) — 5 Shv(X)

AL

H(M) —— Shv(M)

is an equivalence. As the functor f*: Shv(X) — Shv(M) is conservative, the claim

follows. o
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4.3 Genuine sheaves of spectra

In this section, we define for every separated differentiable stack X an co-category SH(X)

of genuine sheaves of spectra on X.

4.3.1 Pointed genuine sheaves

Fix a differentiable stack X.

Definition 4.3.1 (Pointed genuine sheaves). We define the co-category He(X) of pointed

genuine sheaves on X as the oco-category of pointed objects in H(X):
H.(X) := H(X)..

Observe that this is equivalent to the co-category H(X, An,.) of An,-valued genuine sheaves
on X.

A priori, the co-category H,e (X)) contains two kinds of spheres S”: the geometric spheres,
obtained by regarding S” as a smooth manifold, and the homotopical spheres, obtained by

regarding S” as an co-groupoid. We will show that they are in fact equivalent.

Lemma 4.3.2. For any vector bundle p: & — X, there is a cofiber sequence in H(X)
Lip(E\ s(X)) = Lhtp(8) - Lhtp(SS)-

Proof. There are pullback squares

E\s(8) « > & s 58 > X
L A A

(R"\{0})//GL(n) —— R"//GL(n) —— §"//GL(n) —— BGL(n).

By descent, it will suffice to prove the statement for the universal case R"//GL(n) —
BGL(n). Identify the subspace R" C S with the open complement of the point co € §”.
Then R" and S” \ {0} form an open cover of S$” whose intersection is R" \{0}. By passing
to quotient stacks, we obtain an analogous open cover of §”//GL(n). By descent, we thus

obtain a pushout square

Lip(R*\{0}//GL(n)) —— Lnp(R"//GL(n))

l -

Lip(S"\{0}//GL(n)) —— Lup(S"//GL(n))
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in H(BGL(n)). As 8"\ {0} = R" is strictly homotopy equivalent to the point, the lower
left corner is terminal in H(B GL(n)), and hence this pushout square constitutes the desired

cofiber sequence. O

Corollary 4.3.3. For every natural number n > 0, the following two objects in Ho(X) are

equivalent:

(1) The geometric n-sphere, defined as the image of S € Diff under the functor
e KX— L
Diff — Sub,x < Shv(Sub,x) — H(X),
with base point given by the map {oco} — S".

(2) The homotopical n-sphere, defined as the image of S" € An, under the unique symmetric

monoidal colimit-preserving functor An, — He(KX).

Proof. Thisis clear when n=0. For n > 1, this follows by induction: applying Lemma 4.3.2
to the vector bundle X X R” and using the homotopy equivalences R” \ {0} ~ §”~! and R" ~ pt,

we obtain a cofiber sequence
Ligp(X X S™1) — % — Ly (X x ™),

showing that Lpg (X X S™) = Z(Lpgp (X x S™71). o

4.3.2 Genuine sheaves of spectra on global quotient stacks

We will now define the co-category SH(X) in the case where X is a global quotient stack,
i.e. of the form M //G for some compact Lie group G and some smooth G-manifold M.
Equivalently, by Corollary 2.3.21, this means that the stack X comes equipped with a

representable map X — BG for some compact Lie group G.

Definition 4.3.4. Let X be a global quotient stack, and let Sph(X) € He(X) denote the
subcategory spanned by the sphere bundles Lhtp(Sa) for all vector bundles & — X. We

define the co-category SH(X) of genuine sheaves of spectra over X by formally inverting
the objects of Sph(X):

SH(X) :=H.(X)[Sph(X)"!] € CAlg(Ph).

More explicitly, this means that SH(X) comes equipped with a functor £*: He(X) —
SH(X) such that for any presentable co-category & precomposition with £ induces an

inclusion of path components

Home g prt) (SH(X), &) — Homey o pyt (He (X), &)
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hitting those symmetric monoidal left adjoints F: He(X) — & which sends every sphere
bundle Lhtp(SS) € H,(X) to an invertible object in &.

We let £°: H(X) — SH(X) denote the composite
(=)+ >
H(X) — Ho(X) — SH(X).

Remark 4.3.5. We shall show in Proposition 4.4.17 below that for a compact Lie group
G the co-category SH(BG) of genuine sheaves of spectra over the classifying stack BG is

equivalent to the co-category Sp; of genuine G-spectra, explaining the terminology.

Lemma 4.3.6. For every global quotient stack X, the co-category SH(X) is stable.

Proof. As SH(X) is stable if and only if the homotopical 1-sphere S' is invertible, this is
a direct consequence from Corollary 4.3.3, since the object Ly (X X S ) € H,(X) is the
sphere bundle of the vector bundle X X R — X and thus invertible in SH(X). O

Warning 4.3.7. The oco-category SH(X) should not be confused with the oco-category
H(X;Sp) of Sp-valued genuine sheaves on X, which is obtained from H.(X) by only
inverting the object Ly (X XS h.

Lemma 4.3.8. For every vector bundle & — X, the sphere bundle S = Lhtp(SS) € Ho(X)
is a symmetric object, in the sense that the cyclic permutation o123: SASAS =5 SASAS
is homotopic to the identity.

Proof. 1t suffices to prove this in the universal case & = R"//GL(n) — BGL(n). Note

that the twist map 7= (9}): R"XR" — R"xR" is homotopic to the linear map (} %)
—sin(Zt) cos(F1)
cos(§1) sin(F1)
o123 RPXR"XR" — R"xR"xR" is homotopic to the identity. As all of the linear maps

via the rotation homotopy ¢ — ( ) It follows that the cyclic permutation

in the homotopy are invertible, they extend to maps S"***" — §"*"*" giving the claim. O

Proposition 4.3.9. Let f: Y — X be a representable morphism of global quotient stacks.
Then the functor

H(Y) ®H(X) SH(X) — SH(Y),
obtained by the tensoring up the functor £’ : H(Y) — SH(Y) from H(X) to SH(Y), is an

equivalence.

Proof. By assumption we may write X in the form N//G for a compact Lie group G and a
smooth G-manifold N. Since f is representable, it follows that we may write Y as M//G

for some smooth G-manifold M and that f is induced by a G-equivariant map M — N.
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Observe that if we know the statement for both maps M//G — BG and N//G — BG, it
also follows for f. This means we may assume that X =BG and Y = M//G.

Let E — M be a G-equivariant vector bundle over M. By [Seg68, Proposition 2.4] there
exists a finite-dimensional G-representation V and a G-equivariant vector bundle £* — M
such that there is an isomorphism E @ E’ = V X M as vector bundles over M. This implies
that §">M ~ SE @ SE’_ and thus S¥ is a factor of the pullback of S” € H,(BG) along the map
M /]G — BG. Since this holds for all E € Vect® (M), the claim now follows from Lemma
[.2.45 and Lemma 1.2.44 in Part 1. O

Corollary 4.3.10 (Sheaves of spectra on smooth manifolds). When X = M is a smooth

manifold, there is an equivalence
SH(M) ~ Shv(M;Sp)
between the oo-categories of genuine and ordinary sheaves of spectra on M.

Proof. Recall the equivalence H(M) ~ Shv(M) from Proposition 4.2.27. By Proposi-
tion 4.3.9 we thus have SH(M) =~ Shv(M) ®a, Sp = Shv(M;Sp). O

We will now make precise the functoriality of the assignment X — SH(X) and show that

it is a sheaf of co-categories.

Construction 4.3.11. Let QtStk C DiffStk denote the full subcategory of global quotient
stacks. We will turn the assignment X — SH(X) into a functor SH: QtStk°? — CAlg(Pr").
Recall from Definition 2.41 in Chapter 1.2 the co-category CAlg(PrL)aug of augmented pre-
sentably symmetric monoidal co-categories: presentably symmetric monoidal co-categories
C equipped with a fully faithful subcategory S. The assignment X +— H,(X) admits a lift to
a functor H, : QtStk°? — CAlg(PrL)aug by equipping He (X) with the subcategory Sph(X)
of sphere bundles from Definition 4.3.4; this is well-defined as the pullback functor f*
sends sphere bundles to sphere bundles for any morphism of stacks f: Y — X. The
functor SH: QtStk® — CAlg(Pr") is now given as the composite

SH: QIS % CAlg(Pr')qye = CAlg(Prb),
where £ is the formal inversion functor (C,S) — C[S~!] from Lemma 2.42 in Chapter I.2.

More explicitly, given a morphism f: Y — X of global quotient stacks, the functor
f*: SH(X) — SH(Y) is the unique symmetric monoidal colimit-presering left adjoint
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which makes the following diagram commute:

HX) —L 5 HWY)

s s

SH(X) - /-3 SH(Y).
Lemma 4.3.12. The functor SH: QtStk°? — Cat,, is a sheaf of co-categories on QtStk.

Proof. 1t suffices to show that for every compact Lie group G, the functor Diff(c’;p — Cate
sending M to SH(M//G) is a sheaf of co-categories on Diff;. By Proposition 4.3.9, this
functor is equivalent to the functor M +— H.(M//G) ®u,®c) SH(BG). As the objects
Lhtp(SV) € H(BG) are symmetric objects by Lemma 4.3.8, the co-category SH(BG) may

be expressed as a colimit in Pr" of the sequence

®SV3
H.(BG) —— H.(BG) —— H.,(BG) —— ...,
where V1,V>,V3,... is a sequence of irreducible G-representations containing every irre-
ducible G-representation infinitely many times, see [Rob15, Corollary 2.22] and [Hoy17,
Section 6.1]. It follows that for every smooth G-manifold M the co-category SH(M//G) is

expressed as the colimit in Pr" of the sequence

\%

Ho(M//G) =25 ma My )6) =252 mamy o) =252,

which means that the underlying oco-category of SH(M//G) is a limit in Cat,, of the
diagram of right adjoints Hom(S",—): Ho(M//G) — H.(M//G). Since the functor
H.(-//G): DiffOGp — Cat,, is a sheaf of co-categories by Lemma 4.2.24 and limits com-
mute with limits, it follows that also the functor SH(—//G): Diff ; — Cat, is a sheaf of
oo-categories. This finishes the proof. O

4.3.3 Genuine sheaves of spectra on separated stacks

We will now define the co-category SH(X) for an arbitrary separated differentiable stack
X. Observe that every global quotient stack X = M //G is in particular separated, since
we assume that the Lie group G is compact. This provides an inclusion of QtStk into the

(2,1)-category SepStk of separated differentiable stacks.

Lemma 4.3.13. Every sheaf of oo-categories on QtStk extends uniquely to a sheaf of

co-categories on SepStk via right Kan extension.
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Proof. Since every open substack of a global quotient stack is again a global quotient stack,
right Kan extension provides a fully faithful functor from sheaves on QtStk to sheaves on
SepStk, see Corollary E.47. Since every separated differentiable stack is locally a global

quotient stack by Theorem 3.7.2, this functor is an equivalence. m|

Definition 4.3.14 (Genuine sheaves of spectra). We define the functor
SH: SepStk°® — CAlg(Pr")

as the unique extension of the functor SH: QtStk°? — CAlg(Pr") from Construction 4.3.11.
For a separated differentiable stack X we refer to the co-category SH(X) as the co-category
of genuine sheaves of spectra on X. We similarly define a functor £3°: H(X) — SH(X) by

extension from QtStk.

The co-category SH(X) admits the following explicit description:
SH(X) = limg, ooy SH(U) € CAlg(Pr™).

Here the limit runs over the poset Open®*(X) of open substacks U C X of X which are

global quotient stacks.

Proposition 4.3.15. Let f: Y — X be a representable morphism of separated differentiable
stacks. Then the functor
H(Y) ®n(x) SH(X) — SH(Y),

obtained by the tensoring up the functor £ : H(Y) — SH(Y) from H(X) to SH(Y), is an

equivalence.

Proof. By Proposition 4.3.9 this holds after pulling back along any inclusion U <— X of a
global quotient stack U. The general statement then follows by descent. O

Proposition 4.3.16. Let f: Y — X be a representable submersion of separated differen-

tiable stacks.

(1) (Left adjoint) The pullback functor f*: SH(Y) — SH(X) admits a left adjoint, denoted
by fi: SH(X) — SH(Y);

(2) (Smooth base change) These left adjoints satisfy smooth base change, as in Proposi-
tion 4.2.19;

(3) (Smooth projection formula) These left adjoints satisfy the smooth projection formula,
as in Proposition 4.2.21.
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Proof. By Proposition 4.3.15, the functor f*: SH(Y) — SH(X) is given by tensoring
the functor f*: H(Y) — H(X) with SH(X) over H(X). By Corollary 4.2.17 the latter
functor admits a left adjoint f; : H(X) — H(Y) which is H(X)-linear by Proposition 4.2.21,
and thus we may tensor it with SH(X) over H(X) to obtain a SH(X)-linear left adjoint
fi: H(X) — H(Y), proving parts (1) and (3). For part (2), consider a pullback square of
separated differentiable stacks

y sy

f,l ] \L f

X —— X.
By Proposition 4.2.19, the induced square

HX) —L HY)

b

H(X') —— H(X)
is horizontally left adjointable. By tensoring with SH(X') over H(X) and using the equiva-
lence H(Y) ®u(x) SH(X) — SH(Y) from Proposition 4.3.15, we see that the top square in
the following diagram is horizontally left adjointable:

SH(X) I s SH(Y)

g*l n*
% v

H(X") @) SH(X) —— SH(X) ®yx) SH(X)

l l

H(X") ®31x) SH(X") —1— SH(X) ®y1(x) SH(X')

H v

SH(X") I~ s SH(Y").

The middle square is also clearly horizontally left adjointable, and the equivalence on the
bottom right is another instance of Proposition 4.3.15. It follows that the outer square is
horizontally left adjointable, which is what we needed to prove. O

4.4 Comparison with genuine equivariant spectra

Recall from the introduction of this chapter that our main motivation for introducing the

oo-categories H(X) and SH(X) of genuine sheaves of animae/spectra on a differentiable
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stack X is its relation to equivariant homotopy theory. For a compact Lie group G, there
are oo-categories Ang and Sp of genuine G-animae (a.k.a. ‘G-spaces’) and genuine G-
spectra, respectively. The goal of this section is to show that there are equivalences of
co-categories

H(BG) ~ Ang and SH(BG) = Spg,

explaining the terminology ‘genuine sheaves’. We thank Marc Hoyois and Sil Linskens for

useful discussions and valuable input concerning the results of this section.

We start by analyzing the oco-category H(BG). Recall from Corollary 2.3.20 that the
category Sub g of representable submersions over the classifying stack BG is equivalent

to the category Diff; of smooth G-manifolds. As a consequence, we get an equivalence
H(BG) = Shv"?(Sub/5¢) = Shv"P(Diff)

between the oco-category of genuine sheaves on BG and the oco-category of homotopy
invariant sheaves on the site Diffg, where the Grothendieck topology is given by G-

equivariant open covers. We shall show that the latter is equivalent to Ang in two steps:

(a) We first show that the co-category Shv™P(Diff;) is equivalent to a presheaf category, in-
dexed by the full subcategory Orby, C Shv"P(Diff ;) spanned by the objects Ly (G/H);

(b) We then produce a comparison functor R: Ang — Shv™®(Diff;) and show that it

preserves colimits and restricts to an equivalence Orbg — Orby;.

By combining (a) and (b), and using ElImendorf’s theorem, it follows that R is an equivalence,
leading to the desired equivalence H(BG) ~ Ang. The equivalence SH(BG) ~ Sp; is then
immediate an immediate consequence. We shall now spell out these steps in more detail.
4.4.1 Genuine sheaves form a presheaf category

We start by showing that the co-category ShvP(Diff;) is equivalent to a presheaf category.

Proposition 4.4.1. The evaluation functors
eVG/H: Shv" (Diff;) — An
for closed subgroups H < G are jointly conservative.

Proof. Let¢: ¥ — ¥’ be a morphism of homotopy invariant sheaves on Diff; and assume
that o(G/H): ¥(G/H) — ¥'(G/H) is an equivalence for every closed subgroup H < G.
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We have to show that ¢(M): F (M) — F'(M) is an equivalence for every smooth G-
manifold. To this end, recall that M is locally of the form G xy R" for some closed
subgroup H C G and some H-action on R", and thus it follows from Proposition E.60 that
M admits a hypercover by G-manifolds of this form. Since the co-topos Shv(Diffs) is
hypercomplete by Proposition 4.1.15, it follows that M is a colimit of objects of the form
G xg R". Consequently, it will suffice to show that the map

(p(G XH Rn) T(G XH Rn) - 7:/(G XH Rn)

is an equivalence for all H < G and all n € N. But since ¥ and ¥’ are homotopy invariant
and G xg R" is G-equivariantly homotopy equivalent to G/H, this follows directly from

the assumption on ¢. m|

Corollary 4.4.2. The co-category Shv™P(Dift) is generated under colimits by the objects
Lvp(G/H) for all closed subgroups H < G.

Proof. By adjunction and the Yoneda lemma, there is a natural equivalence

evG/H = HomSthp(Diffc)(Lhtp(G/H), -)

of functors Shv™®(Diffs) — An. By Proposition 4.4.1, these functors are conservative. It
follows that the objects Ly, (G/H) generate Shv"?(Diff ;) under colimits, see for example
[Yan22, Corollary 2.5]. i

Definition 4.4.3 (Fixed point functor). For a closed subgroup H < G, consider the functor
G/H x —: Diff — Diff; from smooth manifolds to smooth G-manifolds. We suggestively
denote by

(-)" . PSh(Diff;) — PSh(Diff)

the functor given by precomposition with this functor, and refer to it as the H-fixed point

functor.

Remark 4.4.4. For a smooth G-manifold M, the sheaf M : Diff°® — An is a subsheaf of
the representable sheaf on M, given at a smooth manifold N by those smooth maps N — M
which factor through the subset of H-fixed points M# C M. This justifies the notation and

terminology for the functor (—)*.

The functor (—)* is fully compatible with sheafification and homotopy localization:

Proposition 4.4.5. Let H < G be a closed subgroup.
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(1) The functor (=)™ : PSh(Diffg) — PSh(Diff) preserves sheaves.

(2) The functor (=) commutes with sheafification:

\H
PSh(Diffg) ——— PSh(Diff)

Lopen\L \LLopen

\H
Shv(Diffg) -~ Shv(Diff).

(3) The functor (=) : PSh(Diffg) — PSh(Diff) preserves homotopy invariant presheaves.

(4) The functor (=) commutes with homotopy localization:

\H
PSh(Diffg) ———3 PSh(Diff)

| e

_\H
PShM(Diff ;) ~——s PShM(Diff).

(5) The functor (=)™ : PSh(Diffg) — PSh(Diff) restricts to a functor
(=) Shv™(Diff;) — Shv"P(Diff)
which preserves limits and colimits.

Proof. Part (1) is clear from the fact that the functor G/H x —: Diff — Diffs preserves
pullbacks along open embeddings and that it sends open covers to G-equivariant open

COVErS.

For part (2), it suffices by Corollary E.45 to show that the functor G/H x —: Diff — Diffs
is a cocontinuous functor of sites, in the sense of Definition E.43. This is immediate from
the fact that for a smooth manifold M, the G-equivariant subsets of G/H X M are precisely
those of the form G/H x U for open subsets U € M.

Part (3) is obvious from the definition of homotopy invariance. Part (4) is immediate from

the formula for the homotopy localization functor provided in Construction 4.2.2.

For part (5), the H-fixed point functor restricts to homotopy invariant sheaves by parts (1) and
(3). At the level of presheaves, the H-fixed point functor (=) : PSh(Diffg) — PSh(Diff)
preserves limits and colimits as these are computed pointwise. It follows at once that also
the functor (=)¥: Shv?(Diff;) — Shv"?(Diff) preserves limits as these are computed in
presheaves. Since colimits in homotopy invariant sheaves are computed by first computing
the colimit in presheaves and then reflecting back into homotopy invariant sheaves, it then
follows from parts (2) and (4) that the functor (=)”: Shv" (Diff;) — Shv"®(Diff) also

preserves colimits, finishing the proof. O
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Corollary 4.4.6. For every closed subgroup H < G, the evaluation functor
evg/u: Shv"(Diffg) — An
preserves colimits.
Proof. This evaluation functor is given by the composite
Shv™ (Diff ) -~ Shv™(Diff) 2> An,

where I, denotes the global section functor. The first functor preserves colimits by part (5)
of Proposition 4.4.5. The second functor preserves colimits because it is an equivalence:
it is the right adjoint of the equivalence yy: An — Shv"P(Diff) of Proposition 4.2.27, cf.
Remark 4.2.28. |

Corollary 4.4.7. Let Orby, C Shv"™ (Diff;) denote the full subcategory spanned by the

objects Ly (G /H). Then the unique colimit-preserving extension
PSh(Orb},) — Shv"(Diff)
of the inclusion Orbj; — Shv"™ (Diff;) is an equivalence.

Proof. The objects Lpy(G/H) are completely compact (or tiny) by Corollary 4.4.6: by

adjunction and representability there is an equivalence of functors
Homgy, o pigr (Lhip (G/H), =) = evgu: Shv?(Diff;) — An.

Furthermore, the objects Lpp(G/H) generate Shv"(Diffs) under colimits by Corol-
lary 4.4.2. The statement is now an instance of [Lur(09, Corollary 5.1.6.11]. O

4.4.2 Comparison with genuine equivariant animae

Having established that Shv™P(Diff) is a presheaf category, we will now move to the
construction of a comparison functor R: Ang — Shv"®(Diffg) and prove that it is an

equivalence.
Definition 4.4.8 (Equivariant homotopy type). Consider the composite functor
. fgt
Il : Diff¢ — Top; — Ang,

where the first functor is the forgetful functor from smooth G-manifolds to topological

G-spaces and where the second is the Dwyer-Kan localization at the weak G-homotopy
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equivalences defining the co-category Ang of genuine G-animae (a.k.a ‘G-spaces’). Ob-
serve that [1; sends open covers of smooth G-manifolds to colimit-diagrams, and hence it

uniquely extends to a colimit-preserving functor
I1;: Shv(Diffg) — Ang.
We refer to the functor Il as the G-equivariant homotopy type functor.

Definition 4.4.9. As Il is colimit-preserving, it admits a right adjoint, which we will
denote by R: Ang — Shv(Diffs). It follows immediately from the adjunction that for a
genuine G-anima X, the sheaf R(X): Diff((’;p — An is given by

R(X)(M) = Hompn (Tlg (M), X).

Observation 4.4.10. The functor Il : Diff¢ — Ang is homotopy invariant: for a smooth
G-manifold M we have I1g(M XR) = Ilg(M). It follows that the functor R: Ang —

Shv(Diff) lands in homotopy invariant sheaves, so that R defines a functor
R: Ang — Shv"®(Diff).
Lemma 4.4.11. The functor R: Ang — Shv"®(Diff) preserves colimits.

Proof. Since the evaluation functors evg g : Shv"™ (Diff;) — An are jointly conservative
by Proposition 4.4.1 and preserve colimits by Corollary 4.4.6, it will suffice to show that
each of the composites evg g oR preserves colimits. Observe that this composite is given
by sending X to

R(X)(G/H) = Homang (TG (G/H), X) = Homan, (G/H, X) = X",
the anima of H-fixed points of X. This functor is well-known to preserve colimits. O

To show that R is an equivalence, it will suffice to show that R restricts to an equivalence
between Orbg € Ang and Orby, C Shv"?(Diff ;). The main ingredient for this will be the

comparison between the simplicial enrichments of Diff ¢ and Top,;.

Construction 4.4.12. Recall from Construction 4.2.2 the cosimplicial object Aalg: A—
Diff, sending [n] to the algebraic n-simplex A’;lg equipped with the trivial G-action. It
gives rise to a simplicial enrichment of Diff given by

HoméiﬁG(M, N), = Homp;g, (M xAZlg,N).
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In a similar way, we obtain a simplicial enrichment of Top;:

Hom%opc (X,Y), := Homrpop,, (X X A;’lg, Y).

The forgetful functor Diff ;6 — Top; induces a morphism of simplicial sets
@: Hom%iffG(M, N) — Hom%opG(M,N),
natural in M and N.

Our next goal is to show that the map ¢ is a simplicial homotopy equivalence of Kan

simplicial sets.

Lemma 4.4.13. For every n,k > 0, every simplicial subset A C A" x Ak and every solid

commutative diagram of simplicial sets

A —L— Homl}, (M.N)

~ //7
[ 2}

A"XA* —— Homg (M,N),

there exists a diagonal filler H which makes the top triangle commute strictly and which

makes the bottom triangle commute up to a homotopy which is constant on A.

Proof. The map H corresponds to a G-equivariant continuous map H: M xA" xAf — N,
alg alg

and the map f expresses that H is a smooth map when restricted to the (closed) subset of
M x Aglg X A{;lg corresponding to A C A" x A¥. By [Bre72, Theorem VI1.4.2], H is G-
equivariantly homotopic to a smooth map H: M X AZlg X A{:lg — N which agrees with H
on the subset of M X Aglg X Aflg corresponding to A C A” x A¥, and the homotopy can be

chosen to be constant on this subset. O
Proposition 4.4.14. For every two smooth G-manifolds M and N, the map

@: HomIA)ilcPG (M,N) —> Hom%opG (M,N)
is a simplicial homotopy equivalence of Kan simplicial sets.

Proof. We first show that the source and target are Kan simplicial sets. This is clear for
Hom%opc (M,N). For HomﬁiﬂcG (M,N), this follows immediately from Lemma 4.4.13 by
taking k = 0 and letting A = A} C A" be a horn.

To show that the map ¢ is a simplicial homotopy equivalence, it will thus suffice to show
that ¢ induces a bijection on path components and isomorphisms on all simplicial homotopy
groups. Surjectivity follows from Lemma 4.4.13 using A = A" C A". Injectivity follows
from Lemma 4.4.13 using A = A" x 0A! C A" x Al O
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The above comparsion map leads to an equivalence between Ly, (G/H) and R(G/H).

Construction 4.4.15. We produce an equivalence ¢ : Ly (G/H) — R(G/H) of homotopy
invariant sheaves on Diff . Let M be a smooth G-manifold. By Proposition 4.2.3, there is

an equivalence
Lup(G/H)(M) ~ Homp,e (M,G/H)| € An.

Furthermore, since the co-category Ang is the homotopy coherent nerve of the simplicially
enriched category CWg of G-CW-complexes, which is a full sipmlicial subcategory of
Top, we have by [HK20] a natural equivalence

R(G/H)(M) = Homan, (Tlg(M),G/H) = [Hom§,, (M,G/H)| € An,

The map ¢: HomﬁiﬂcG (M,G/H) — Hom%opc (M,G/H) from Construction 4.4.12 thus
produces the desired map ¢ : Ly, (G/H) — R(G/H), which is an equivalence by Proposi-
tion 4.4.14.

Theorem 4.4.16. Let G be a Lie group. Then the functor R: Ang — Shv™(Diffg) =

H(BG) is an equivalence of oo-categories.

Proof. Consider the full subcategory Orbg C Ang spanned by the orbits G/H and the full
subcategory Orby; C Shv"?(Diff;) spanned by the objects Lyp(G/H). The equivalence
R(G/H) = Ly (G/H) of Construction 4.4.15 shows that the functor R restricts to a functor

R|: Orbg — Orby,. Consider now the following diagram:

PSh(Orbg) ——— PSh(Orby;)

zl l:

Ang —=2—3 Shv™(Diff;).

The top horizontal functor is the colimit-extension of R|. The vertical functors are the
colimit-extensions of the respective inclusions; the left vertical functor is an equivalence
by Elmendorf’s theorem [EIm8&83] while the right vertical functor is an equivalence by
Corollary 4.4.7. It thus remains to show that the restriction R|: Orbg — Orb[; is an
equivalence of co-categories. The equivalence R(G/H) ~ Ly (G /H) shows it is essentially
surjective. For fully faithfulness, let H < G be a closed subgroup and X a genuine G-anima,

and consider the following diagram:

Homan, (G/H,X) —X— Homgpy(pim (R(G/H), R(X))

L

Homgpy (pifrg) (Lhp(G/H), R(X)).
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We have to show that the horizontal map is an equivalence. Since ¢ is an equivalence,
we may equivalently show that the diagonal composite is an equivalence. We may further

compose this diagonal with the following chain of equivalences:
Homgpy(pifrg) (Lhp(G/H), R(X)) = R(X)(G/H) ~ Homay; (G/H, X).

The resulting map Hom(G /H, X) — Hom(G/H, X) is natural in X and thus by the Yoneda-
lemma it is given by precomposition with some endomorphism G/H — G /H. Since every

such endomorphism is an equivalence, this finishes the proof. O

4.4.3 Comparison with genuine equivariant spectra

Having established the equivalence between H(BG) and Ang in Theorem 4.4.16, we
will now move to its stable analogue. The equivalence R: Ang — H(BG) induces an
equivalence R..: Ang . — H(BG). =H.(BG). This functor sends the representation sphere
SV of a G-representation V to the sphere bundle S¥//¢ of the vector bundle V//G — BG

associated to V, and thus induces a functor
Spg = Ang.[{(S")™'}] - H.(BG) [{(5°)"'}] = SH(BG).

Proposition 4.4.17. Let G be a compact Lie group. Then the functor Sp; — SH(BG) is

an equivalence of oo-categories.

Proof. This is immediate as every vector bundle & — BG is of the form V//G — BG for

some G-representation V. O

4.5 Pullback formalisms and universal properties

In this section, we study the assignments X +— H(X) and X +— SH(X) and show that they
can be characterized by universal properties. The universal properties will be phrased within
the setting of pullback formalisms on SepStk, a concept we will introduce momentarily. We

will show:

(1) The assignment X + Shv(Sub/x) is the initial pullback formalism on SepStk, see
Proposition 4.5.12;

(2) The assignment X — H(X) is the initial pullback formalism on SepStk satisfying

homotopy invariance, see Proposition 4.5.21;
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(3) The assignment X — SH(X) is the initial pullback formalism on SepStk satisfying both

homotopy invariance and genuinely stability, see Proposition 4.5.27.

These results will not be used later in this paper and thus may be skipped on first reading.

4.5.1 Sheaves of co-categories on SepStk
We start by making explicit the notion of a sheaf of co-categories on SepStk.

Definition 4.5.1. A sheaf of co-categories on SepStk is a functor C: SepStk°? — Cat,,
which satisfies the sheaf condition with respect to the open cover topology: for every open

cover {U;};c; of a separated differentiable stack X, the map

Cw%ﬂmH@a%ﬁ:3fmda%xﬂmEE§-~)

is an equivalence. Similarly, a sheaf of presentably symmetric monoidal oo-categories
is a functor C: SepStk°? — CAlg(Pr") satisfying the sheaf condition. Since the forgetful

functor CAlg(Pr) — Cat,, preserves limits, this may be tested on underlying co-categories.

Remark 4.5.2. A sheaf of co-categories on SepStk may equivalently be encoded by a limit-
preserving functor Shv(SepStk)°? — Cat,,. In other words, letting B denote the co-topos
Shv(SepStk), this is the same data as a B-category in the sense of [Mar21; MW21], see
also Chapter 1.2.

Example 4.5.3. The three assignments X — Shv(Sub,x), X — H(X) and X — SH(X)
form sheaves of presentably symmetric monoidal co-categories on SepStk. For the first two,
see Corollary 4.1.12 and Lemma 4.2.24. For the third, we showed in Lemma 4.3.12 that
the assignment X — SH(X) is a sheaf of co-categories on QtStk, and this then uniquely

extends to a sheaf of co-categories on all of SepStk.

Lemma 4.5.4 (Disjoint union). Let C be a sheaf of co-categories on SepStk.

(1) The co-category C(0) is equivalent to the terminal co-category;

(2) Forevery collection of differentiable stacks {X;}icy, the pullback functors C (| ;c; X;) —

C (X)) induced by the inclusions X; — | _|;c; X; constitute an equivalence of co-categories

c(| Jx) - Jewx.

iel iel
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Proof. Part (1) follows from applying the sheaf condition to the empty cover of the empty
stack. For part (2), note that the disjoint union | |;c; X; is covered by the collection of open
substacks X; < | |;c; X;, which have empty intersection. By part (1), the sheaf condition

for this cover thus provides the claimed equivalence. m|

4.5.2 Pullback formalisms on differentiable stacks

We now introduce the notion of a pullback formalism on the site SepStk. Our definition is
essentially a specialization of that of Drew and Gallauer [DG22], except for some differences

in conventions explained in Remark 4.5.6 below.

Definition 4.5.5 (Pullback formalism, cf. [DG22, Definition 2.11]). Let C: SepStk°? —
CAlg(Pr") be a sheaf of presentably symmetric monoidal co-categories on SepStk. We will

say that C is a pullback formalism on SepStk if the following conditions are satisfied:

(1) For every representable submersion f: Y — X of differentiable stacks, the pullback
functor f*: C(X) — C(Y) admits a left adjoint f: C(Y) — C(X);

(2) (Smooth base change) For every pullback square

y sy
f’l - lf
X —5 X
of differentiable stacks, where f (and thus f’) is a representable submersion, the Beck-

Chevalley transformation
BCﬁ: fﬁh* — g*iéi CY)—-CX)
is an equivalence;

(3) (Smooth projection formula) For every representable submersion f: Y — X of differ-
entiable stacks, every A € C(X) and every B € C(Y), the projection formula map

PFﬁZ fﬁ(f*A®B)—>A®fﬁB e C(X)
is an equivalence.

Let D be another pullback formalism on SepStk. A natural transformation F: C — D of
functors SepStk®® — CAlg(Pr") is called a morphism of pullback formalisms if for every
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representable submersion f: Y — X of differentiable stacks, the naturality square

CW) —L DY)

r Ir

C(X) X5 D(X)

is vertically left adjointable, in the sense that the Beck-Chevalley transformation fyo Fx =
Fyo fy: C(X) — D(Y) is an equivalence. We let

PB(SepStk) C Fun(SepStk®, CAlg(Prh))

denote the (non-full) subcategory spanned by the pullback formalisms on SepStk and the

morphisms of pullback formalisms.

Remark 4.5.6. In contrast to [DG22], we include both the presentability condition as well
as the descent condition with respect to the Grothendieck topology on SepStk into the
definition of a pullback formalism. Hence the co-category PB(SepStk) would be written
as PBg;en(SepStk) in [DG22]. Closely related is also the notion of a (x,,®)-formalism by
Khan and Ravi [KR21, Definition 5.5].

Remark 4.5.7. By Drew and Gallauer [DG22, Proposition 2.12, Proposition 4.4, Propo-
sition 5.6], the (very large) co-category PB(SepStk) is presentable and the inclusion
PB(SepStk) < Fun(SepStk°?, CAlg(Cat,,)) admits a left adjoint.

Example 4.5.8. Each of the three functors X — Shv(Sub, ), X — H(X) and X — SH(X)
is a pullback formalism, see Corollary 4.2.17, Proposition 4.2.19, Proposition 4.2.21 and
Proposition 4.3.16.

The condition for a sheaf of co-categories on SepStk to be a pullback formalism may be

neatly formulated in the language of parametrized category theory.

Construction 4.5.9. Let 8 denote the co-topos Shv(SepStk). By Remark 4.5.2, a sheaf C
of presentably symmetric monoidal co-categories on SepStk may equivalently be encoded
by a fiberwise presentably symmetric monoidal B-category. In particular, the sheaf X —
Shv(Sub,x) from Example 4.5.3 corresponds to a B-category U. By Lemma 4.1.9 this
defines a parametrized subcategory of X +— Shv(SepStk),x, and thus it defines a class of
B-groupoids in the sense of [MW21, Remark 2.7.5]. We say that a morphism f: Y — X in
Shv(SepStk) is a morphism in U if it is an object of the subcategory U(X) C Shv(SepStk) x.
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Lemma 4.5.10. With the above notations, let C: Shv(SepStk)°P = B — CAlg(Prl) be
a fiberwise presentably symmetric monoidal B-category. Then its restriction to SepStk°P
is a pullback formalism if and only if the B-category C admits U-colimits and the tensor
product B-functor —® —: C X C — C preserves U-colimits in both variables.

Proof. We refer to [MW21, Definition 4.1.3] for the definition of parametrized colimits,
and to [MW21, Example 4.1.9] for the characterization of parametrized colimits along
B-groupoids. It follows from this characterization that C admits U-colimits if and only if

the following two conditions hold:

(1’) For every morphism f: %) — X in U, the pullback functor /*: C(¥X) — C(9)) admits
a left adjoint fy: C(9) — C(X);

(2°) For every pullback square
Y — 9
f'l - lf
¥ =X
in Shv(SepStk) where f (and thus f”) is in U, the Beck-Chevalley transformation

fuh™ — g*i;t is an equivalence.

Similarly, the condition that the 8-functor —® —: C X C — C to preserve U-colimits in both

variables is characterized by the following condition:

(3’) Forevery f: 9 — XinU, every A € C(X) and every B € C(9)), the projection formula
map f4(f*A®B) — A® f3B is an equivalence.

Since U is generated under fiberwise colimits by the representable submersions f: Y — X,
Lemma 4.1.9, and since B = Shv(SepStk) is the localization of a presheaf category, it
follows from [MW?22, Proposition A.2.1] and [MW21, Corollary 3.2.10] that it suffices to
check the conditions (1’)-(3”) in the case where f: Y — X is a representable submersion
between differentiable stacks. But these are precisely conditions (1)-(3) in the definition of

a pullback formalism, finishing the proof. O

Given an oco-topos B and a class of B-groupoids U, Martini and Wolf [MW22, Section 8]
defined a tensor product of U-cocomplete B-categories, giving rise to a symmetric monoidal
co-category CatV=(8) of U-cocomplete B-categories. The above characterization of

pullback formalisms can then be reformulated as follows:
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Corollary 4.5.11. Let B = Shv(SepStk) and let U’ be the class of B-categories containing
both U and the locally constant B-categories. There is a fully faithful inclusion

PB(SepStk) — CAlg(CatV —¢(8))

whose essential image consists of those C such that C(X) is presentable for every X €
SepStk.

Proof. Recall that a B8-category K : B°P — Cat,, is called locally constant if it is equivalent
to the sheafification of a constant functor with value some co-category K. A B-category
C admits K-indexed parametrized colimits if and only if each co-category C(X) admits
K-indexed colimits and each pullback functo f* preserves K-indexed colimits, see [MW21,
Example 4.2.6]. In particular, a commutative algebra in CatV'~°(8) consists of symmetric
monoidal B-category C: B°? — CAlg(Cat,) which, in addition to satisfying the conditions
(1)-(3) from Definition 4.5.5, also factors through the subcategory CAlg(Cat:) of symmet-
ric monoidal co-categories admitting small colimits and whose tensor product preserves
small colimits in each variable. Since the condition on a transformation F': C — D of
functors SepStk°® — CAlg(Pr") to satisfy the Beck-Chevalley condition in Definition 4.5.5
corresponds to the condition for the associated B-functor to preserve U-indexed colimits, it
follows that co-category PB(SepStk) is equivalent to the subcategory of CAlg(CatV ~*¢(8))
spanned by those functors 8°° — CAlg(Cats,) which in fact factor through the full subcat-
egory CAlg(Prl) € CAlg(Cat). This finishes the proof. ]

4.5.3 The initial pullback formalism

Proposition 4.5.12. The assignment X — Shv(Sub,x) is the initial pullback formalism on
SepStk.

Proof. Let B = Shv(SepStk) and recall from the previous subsection that we defined the B-
category U as the B-category corresponding to the pullback formalism X + Shv(Sub /).
By Corollary 4.5.11, it will now suffice to prove that U is an initial object of the co-category
CAlg(CatV"~¢(8)), or equivalently that U is the monoidal unit of the symmetric monoidal
co-category CatV ~¢(8). But since U is already closed under fiberwise colimits, we see that
U is the smallest B-subcategory of Qg containing the point and closed under U’-colimits,

and thus the theorem is a consequence of [MW21, Theorem 7.1.11]. O

Notation 4.5.13. Let C be a pullback formalism on SepStk. By the previous proposition,

there exists a unique morphism A€ : Shv(Sub /-) = C of pullback formalisms. In particular,
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for every differentiable stack X, there is a symmetric monoidal left adjoint
K : Shv(Sub,x) — C(X).

Because these functors are required to commute with the functors fy for all representable
submersions f, it follows that hf( is given at a representable object (f: Y — X) € Subx
by

h((’\:(y):fﬁ]ly e C(X).

We will often just write hx(Y) for this object when C is clear from context.

Definition 4.5.14. A pullback formalism C on SepStk is called pointed if the co-category
C(X) is pointed for every differentiable stack X. We say that C is stable if C(X) is stable
for every differentiable stack X.

Remark 4.5.15. For a morphism f: X — Y of differentiable stacks, the pullback functor
f*: C(X) - C(Y) preserves all colimits. Hence if C is pointed, f* is a pointed functor.

Similarly, if C is stable the pullback functors are exact.

Corollary 4.5.16. The assignment X — Shv(Sub,x;An,) is the initial pointed pullback
formalism on SepStk. The assignment X +— Shv(Sub,x;Sp) is the initial stable pullback

formalism on SepStk.

Proof. These pullback functors are obtained from X + Shv(Sub,x) by pointwise tensoring
with An, and Sp, respectively, and hence the result follows from Proposition 4.5.12 and
the fact that the functors — ® An,: CAlg(Pr*) — CAlg(Prl) and —® Sp: CAlg(Prt) —

CAlg(PrSLt) are left adjoint to the respective inclusions. O

4.5.4 Homotopy invariance

We introduce the notion of homotopy invariance for a pullback formalism, and show that
the assignment X — H(X) is the initial pullback formalism on SepStk satisfying homotopy

invariance.

Definition 4.5.17 (Homotopy invariance). We say that a pullback formalism C on SepStk
satisfies homotopy invariance if for every differentiable stack X the pullback functor
pr*: C(X) — C(X xR) associated to the projection pr: X xR — X is fully faithful.

Warning 4.5.18. We emphasize that homotopy invariance does not imply that the oo-
category C(X) is a homotopy invariant of the stack X.
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The condition of homotopy invariance is in essence the condition that the real line becomes

contractible in C:

Lemma 4.5.19. A pullback formalism C on SepStk satisfies homotopy invariance if and
only if the object hy (R) € C(pt) is terminal.

Proof. Note that C satisfies homotopy invariance if and only if for every object A € C(X)
the counit map prypr*A — A is an equivalence. By the smooth projection formula and
smooth base change, one sees that there is an equivalence prypr*A = hx(X XR) ® A, and
the counit map is obtained by tensoring A with the projection hx (X XR) — hx(X). Since
this map is the pullback along X — pt of the map of s, (R) — Ay (pt) = * in C(pt), we get
the claim. O

For a separated differentiable stack X, consider the symmetric monoidal functor
* h
Shv(Diff) 5 Shv(Sub,x) =5 C(X).

where p: X — pt is the map to the point. Homotopy invariance of C demands that this
functor inverts the map R — pt, or in other words, that it factors through the homotopy
localization functor Lpg: Shv(Diff) — Shv"(Diff) ~ An. Conversely, this means that we

can enforce homotopy invariance by tensoring with An over Shv(Diff):

Lemma 4.5.20. The inclusion PBM (SepStk) < PB(SepStk) of homotopy invariant pull-

back formalisms into all pullback formalisms admits a left adjoint C — C"P given by
CM"(X) 1= C(X) ®@shy(piff) An.

Proof. As argued above, C satisfies homotopy invariance if and only if the Shv(Diff)-
algebra C(X) in Pr" is the restriction of an Shv™P(Diff)-algebra in Pr", and a left adjoint
to the inclusion Pr = CAlgg, ity > CAlZshy(pifr) (Prl) is given by — ®spy(pifry An. It
thus remains to show that C™™ is in fact a pullback formalism.

The fact that C™P is a sheaf of co-categories can be proved just like in Lemma 4.2.24. The
left adjoints fy for CMP are inherited from C, as are smooth base change and the smooth
projection formula, where for the latter we invoke Corollary 4.2.14. It follows that CMP is a

pullback formalism, which satisfies homotopy invariance by Lemma 4.5.19. i

Proposition 4.5.21. The assignment X +— H(X) is the initial homotopy invariant pullback
formalism on SepStk.

Proof. As the functor H(-) was defined in Construction 4.2.23 as CM"P for C(X) =
Shv(Sub, x), this is immediate from Lemma 4.5.20 and Proposition 4.5.12. |
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It follows that for every homotopy invariant pullback formalism C on SepStk there is a
unique morphism H — C of pullback formalisms. We will abuse notation and denote this
morphism again by h€, just like in Notation 4.5.13. So for every X € SepStk, there is a

symmetric monoidal left adjoint
1St H(X) = C(X);

it sends the object Lyp(Y) to hf’\: =gyly for every (g: Y — X) € Sub,x. We will often
write hx (Y) for h)c( (Y) when C is clear from context.

Corollary 4.5.22. Let X be a differentiable stack and let C be a pullback formalism on
SepStk satisfying homotopy invariance.

(1) If f: Y xR — Z is a homotopy over X of maps Y — Z in Subx, then the maps
hx(f0),hx(f1): hx(Y) — hx(Z) are equivalent as maps in C(X);

(2) Let f: Y — Z be a strict homotopy equivalence over X. Then the morphism
hx(f): hx(Y) — hx(Z)
is an equivalence in C(X).
Proof. This is immediate from Lemma 4.2.8 Corollary 4.2.9. O

Corollary 4.5.23. Assume that C is a homotopy invariant pullback formalism on SepStk.
Then for every vector bundle n: & — X, the functor n*: C(X) — C(E) is fully faithful.

Proof. We need to show that the counit map myn* — id is a homotopy equivalence. By
the smooth projection formula, this map is given by tensoring with hx (&) — hx(X).
As the map & — X is a strict homotopy equivalence, this map is an equivalence by
Corollary 4.5.22. m|

Corollary 4.5.24. The assignment X +— Hq(X) is the initial pointed homotopy invariant
pullback formalism on SepStk.

Proof. This is immediate from Proposition 4.5.21. |

4.5.5 Genuine stability

We introduce the notion of genuine stability for a pullback formalism C, and show that
the assignment X — SH(X) of genuine sheaves of spectra form the universal example of a

pullback formalism which satisfies both homotopy invariance and genuinely stability.
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Notation 4.5.25 (Sphere bundles in a pullback formalism). Let C be a pointed pullback
formalism on SepStk satisfying homotopy invariance. Let & — X be a vector bundle of
separated differentiable stacks. Then we define the sphere bundle of & in C as the cofiber

§% = cofib(hy(X) — hx(S%)) € C(X),
where the map is induced from the canonical section X — S€ at co.

Definition 4.5.26 (Genuine stability). A pullback formalism C on SepStk is called genuinely
stable if it is pointed and for every vector bundle 7: & — X its sphere bundle S€ € C(X)

is monoidally invertible. In this case, we let S~—€ denote a monoidal inverse of S€.

Note that every morphism F: C — D of pullback formalisms preserves the sphere bundles

S&. In particular, if C is genuinely stable, then so is D.

Proposition 4.5.27. The assignment X — SH(KX) is the initial homotopy invariant genuinely
stable pullback formalism on SepStk.

Proof. Observe that a pullback formalism C on SepStk is homotopy invariant or genuinely
stable if and only if its restriction to the subcategory QtStk of global quotient stacks is
homotopy invariant or genuinely stable, hence we may as well restrict to pullback formalisms
on QtStk. In that case, SH is obtained from H, by inverting the sphere bundles, hence the

statement is a consequence of Corollary 4.5.24. O
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I1.5 Localization sequences

Our goal in this chapter is to prove a version of the localization theorem for genuine sheaves
on differentiable stacks. This roughly states that, for a closed embedding i: Z < X with

open complement j: U — X, the inclusions

SH(Z) < SH(X) <X SH(U)

form a recollement in the sense of [Lurl7, Definition A.8.1]. Our proof strategy will closely
follow that of [Hoy17, Section 4.3] and [Khal9], which in turn are based on the original
reference [MV99, Theorem 3.2.21]. Other sources are [CD19, Section 2.3] and [Vol21,

Section 4].

5.1 The localization axiom

In the spirit of [CD19, Section 2.3], we start by introducing the localization axiom for an
arbitrary pullback formalism C: SepStk®® — CAlg(Pr") on SepStk (see Definition 4.5.5).

Lemma 5.1.1. Let C be a pointed pullback formalism on SepStk and leti: Z — X be a
closed embedding of differentiable stacks with complementary open embedding j: U — X.
Then the following properties are satisfied:

(al) The unitid = j*jy is an equivalence;

(a2) The counit j*j, = id is an equivalence;

(a3) The functor jy: C(U) — C(X) is fully faithful;

(a4) The functor j.: C(U) — C(X) is fully faithful;

(b1) The composite functor i* jy: C(U) — C(Z) is zero;
(b2) The composite functor j*i.: C(Z) — C(U) is zero;
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, :
(c) The composite map jyj* 2 d = i.i" admits a preferred null-homotopy.

Proof. Note that (al)-(a4) are all equivalent, and also (b1) and (b2) are equivalent. Proper-
ties (al) and (bl) follow from smooth base change, applied to the following two pullback

squares:
U—U 0 —— U
I L2 b
ULy x Z <y x.

For (c), note that by naturality the counit jj* — id and the unit id — i.i* give rise to a

commutative square
Jgt — id
et —— @i,
By (b2) the lower left corner is the zero functor, hence this square produces the required

null-homotopy. O

Definition 5.1.2 (Localization axiom, cf. [CD19, Section 2.3]). Let C be a pointed pullback
formalism on SepStk. Leti: Z < X be a closed embedding of differentiable stacks with
complementary open embedding j : U — X. We say that C satisfies the localization axiom

for i, (Loc;), if the following two conditions are satisfied:

(1) The functor i,: C(Z) — C(X) is conservative;

(2) The sequence

. .4 Counit - unit
Jﬁ] :}ld:l*l s

equipped with the null-homotopy from (c) above, is a cofiber sequence of natural
transformations C(X) — C(X).

We say that C satisfies the localization axiom if C satisfies (Loc;) for every closed embedding

i: Z — X of separated differentiable stacks.

The localization property implies that the functor i, is well-behaved: it is fully faithful,
satisfies base change, satisfies the projection formula and commutes with the pushforward

functors fy for representable submersions f:

IThis is sometimes referred to as the gluing axiom.
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Proposition 5.1.3 (Properties closed pushforwards). Let C be a pointed pullback formalism
on SepStk which satisfies property (Loc;) for a closed embedding i: Z — X. Then the

following conditions are satisfied:
(1) (Fully faithfulness) The functor i.: C(Z) — C(X) is fully faithful.
(2) (Closed projection formula) For objects A € C(Z) and B € C(X), the exchange map
PF.:i.(A)®B — i,(AQi"B)
is an equivalence in C(X).

(3) (Closed base change) For every pullback square of differentiable stacks

Z/( i’;X’

f’l JA lf

Z — X,

the exchange map

BC.: ffi.=if": C(Z) = C(X)

is an equivalence.

(4) (Smooth-closed base change) Consider a pullback square of differentiable stacks

Z sy
f’l - lf
Z X,
where f is a representable submersion. Assume that C satisfies property (Loc;). Then

the exchange map

BC;.: full, = i*fﬁ’: C(Z) - C(X)

is an equivalence.

Proof. To see that i, is fully faithful, we need to show that the counit map i*i.Z — Z is an
equivalence for all Z € C(ZZ). Since i, is conservative, it suffices to show thati,i*i.Z — i.Z
is an equivalence, and by the triangle identities it will suffice to show that the unit map

i.Z — i.i"i.Z is an equivalence. By (Loc;), there is a cofiber sequence

Jei 2 =i Z — 0712
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in C(X). But by (b2), the object jyj*i.Z is zero, and thus the map i.Z — i.i*i.Z is an
equivalence. This proves part (1).

We now show part (2). As i, is fully faithful, the unit map A — i*i. A is an equivalence and
thus it suffices to prove the claim when A =i*A’ for some object A’ € C(X). In this case,

consider the following diagram:

Jjij*(A)®B —— A’® B — i.i"(A")®B

:TPFﬁ lPF*

Jy(J*(A") ® j*B) i.(i*A®i*B)

zl l:

JgJ*(A®B) — A’® B —— i.i*(A’®B).

The diagram is commutative by Lemma F.18. By assumption, the top and bottom sequences
are cofiber sequences. The left vertical composite is an equivalence by the smooth projection
formula, and thus also the right vertical composite is an equivalence. It follows that the
map i.i*(A") ® B — i.(i*A’ ® " B) is an equivalence, proving part (2).

The proofs of parts (3) and (4) are similar to that of part (2), and hence we will be
more brief. For (3), it suffices by fully faithfulness of i, to show that the composite
frLa =L ~ i’ f* is an equivalence. This follows from the following diagram of

cofiber sequences:

Pt —— [ i’

SRR

G T

where the left equivalence is obtained from smooth base change. The diagram commutes
%
equivalence. This follows from the following diagram of cofiber sequences:

by Lemma F.5. For (4), it suffices to show that the composite fyi}i"”" = i. ~ i, fy is an

fﬁjéj’* > fy > faili”™

| l

JaJ " fy > fy > L s

where the left equivalence is obtained from smooth base change. Again the diagram

commutes by Lemma F.5. O

The proof strategy from the previous lemma also applies to the following very general

statement:
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Lemma 5.1.4. Let C and D be pointed pullback formalisms on SepStk which satisfy
property (Loc;) for a closed embedding i: Z — X. Let F: C — D be a morphism of

pullback formalisms. Then the Beck-Chevalley transformation
Fxoi,=i,oFz € Fun(C(Z),D(X))
is an equivalence.

Proof. Asi.: C(Z) < C(KX) is fully faithful, it suffices to show that the map Fyxi.i* —
i.Fzi* is an equivalence. As F is a morphism of pullback formalisms, the latter functor is

equivalent to i.i* Fx. We may now contemplate the following two cofiber sequences:

F(\fjﬁj* > Fx > Fxii*

AR

JeJ Fx > Fx S i 0" Fx.

The vertical equivalence on the left is given by the equivalences Fyx jy ~ jyFz and Fzj* ~
J*Fz. As the diagram commutes by Lemma F.5, it follows that also the right vertical map

on cofibers is an equivalence, finishing the proof. O

Corollary 5.1.5 (Closed exceptional pullback). For a closed embedding i: Z — X, the
functori,: C(Z) < C(X) preserves colimits, and thus admits a right adjoint

i': C(X) = C(2),
called the exceptional pullback functor.

Proof. Given an indexing co-category, we have to show that i, preserves /-indexed colimits.
This is a special case of Lemma 5.1.4 applied to the morphism of pullback formalisms

colim;: C! — C. o

In the stable setting, we obtain the following alternative characterization of the localization

axiom:

Lemma 5.1.6. Let C be a stable pullback formalism on SepStk and let i: Z — X be a
closed embedding with open complement j: U — X. Then C satisfies (Loc;) if and only if
the following two conditions hold:

(d) The functori.: C(Z) — C(X) is fully faithful;
(e) The functors j*: C(X) — C(U) and i*: C(X) — C(Z) are jointly conservative.
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Proof. First assume that C satisfies the localization axiom (Loc;) for i. We have seen in
Proposition 5.1.3 that i, is fully faithful, proving (d). To see that the functors j* and i*
are jointly conservative, let f: X — Y be a morphism in C(X) such that i* f and j*f are
equivalences. It follows that JeJ *f and i,i* f are equivalences, and hence so is f by the
bifiber sequence jyj *f — f — i f. This proves (e).

Conversely, assume that conditions (d) and (e) are satisfied. We will show that C satisfies
(Loc;). As every fully faithful functor is conservative, it remains to show that for every
X € C(X), the sequence

Jpi' X = X = ii'X

is a cofiber sequence in C(X). By (e), we may test this after pulling back along i and j.
Using (al), (bl), (b2) and (d), the pulled back sequences are equivalent to

JX—> X -0 and 0—-i"X ->i"X,

which are clearly cofiber sequences. O

Remark 5.1.7 (Stable recollement). If C is a stable pullback formalism on SepStk which
satisfies the localization axiom for i: Z — X, then Lemma 5.1.6 shows that the full
subcategories i,: C(Z) — C(X) and j.: C(U) — C(Z) of C(X) are part of a stable
recollement, in the sense of [Cal+20, Definition A.2.9]:
it Jg
C(Z) —— C(X) —— Cc(U).
<~ K _~

.l

i Jx

5.2 The localization theorem for genuine sheaves

In the previous section, we introduced the localization axiom for a pointed pullback for-
malism C on SepStk. The goal of this section is to verify this axiom in the case C = H, of
pointed genuine sheaves.

5.2.1 Exactness of the closed pushforward functor

Leti: Z — X be a closed embedding of differentiable stacks. In this subsection, we will

show that the pushforward functor i,.: H(ZZ) — H(X) preserves all weakly contractible
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colimits, meaning those colimits indexed by weakly contractible? co-categories. This
exactness property of i, follows from a general criterion on a morphism of sites. We follow
Khan [Khal9, Section 3.1].

Definition 5.2.1 ([Khal9, Definition 3.1.5]). Let C and D be essentially small co-categories
equipped with Grothendieck topologies 7¢ and 1p. Assume that D admits an initial object
Op. A functor u: C — D is called topologically quasi-cocontinuous if the following

condition holds:

For every ¢ € C and every tp-covering sieve R’ < y(u(c)) in D, the sieve
R — y(c), generated by morphisms ¢’ — ¢ such that either u(c’) is initial or

y(u(c’)) — y(u(c)) factors through R’ — y(u(c)), is a covering in C.

Lemma 5.2.2 ([Khal9, Lemma 3.1.6]). Consider a topologically quasi-cocontinuous func-
tor u: C — D, as in Definition 5.2.1. Assume further that the following two conditions on
D are satisfied:

(1) The initial object Oy is strict: given an object d € D, any morphism d — (y is invertible.

(2) For any object d € D, the sieve Opsyp) — y(d) is a covering in D if and only if d is
initial (where Opsn(p) denotes the initial object of PSh(D)).

Then the functor Shvy, (D) — Shv,.(C) given by the assignment ¥ +— L..(u*(F)) com-

mutes with contractible colimits. O

We apply this to the situation of differentiable stacks.

Proposition 5.2.3. Leti: Z — X be a closed embedding of differentiable stacks. Then the
functor i, : Shv(Sub,z) — Shv(Sub,x) commutes with contractible colimits.

Proof. We apply Lemma 5.2.2 to the morphism of sites i*: Sub,x — Sub,z. It is clear
that the initial object ) — Z of Sub, 7 is strict and that the only object of Sub,z covered
by the empty sieve is the empty stack. It thus remains to show that i* is topologically

quasi-cocontinuous.

Let f: Y — X be arepresentable submersion of differentiable stacks and consider an open
cover {V; < i*Y };e; of the pullback i*Y — Z. We have to show that the sieve

T={W S Y|i"W=0ori"W — YV, forsomei € I}

2Recall that an co-category [ is called weakly contractible if the co-groupoid |/| formed by inverting all
morphisms in / is contractible
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covers Y. For every i € I, let ‘W; < Y be an open substack such that V; =i*W; C i*V,
this exists by Corollary 3.2.3. Further, let j: U — X denote the open complement of Z.
It is clear that the inclusion Y7; < Y and the inclusions ‘W; < VY are all in T and that they

cover Y, proving the claim. m|

Corollary 5.2.4. Let PShy(Sub,;z) € PSh(Sub,z) and PShy(Sub,x) € PSh(Sub, x) denote
the full subcategories spanned by those presheaves sending 0 to . Then the following

diagram commutes:
PShy(Sub,z) —— PShy(Sub,x)

Lopenl/ iLopen

Shv(Sub,z) —=—% Shv(Sub,yx).

Proof. By Proposition 5.2.3 both composites preserve contractible colimits. Since they
agree on Sub,z, the claim is an immediate consequence of the fact that PShy(Sub,z) is
freely generated under weakly contractible colimits by Sub,z: a presheaf on Sub,z is in

PShy(Sub,7) if and only if its category of elements is weakly contractible. O

Lemma 5.2.5. Let f: Z — X be a morphism of differentiable stacks. Then the functor
f«: PSh(Sub,z) — PSh(Sub,x) preserves Lg-local morphisms.

Proof. As f. preserves colimits, it suffices to show that it sends morphisms of the form
pr: Y xR — Y to Lg-local morphisms, where Y € Sub,z. The projection map admits
a section given by the map ip: Y — Y XR, and the composite ipopr: Y xR — Y xR is
homotopic to the identity map. It will thus suffice to show that f, sends homotopic maps
to homotopic maps. But this is clear: if H: Y’ XR — X’ is a homotopy between two
maps Hy and H{, then a homotopy between f.(Hy) and f.(H) is given by the composite
f(Y)XR - fi(Y' xXR) LH)> f+(X’), where the first map is the projection formula

map. ]

Corollary 5.2.6. Leti: Z — X be a closed embedding of differentiable stacks. Then the

functor i,.: H(Z) — H(X) preserves weakly contractible colimits.

Proof. Colimits in H(X) may be computed by first forming them in PShy(Sub,x) and
then applying the homotopy localization functor Lpg: PShg(Sub,x) — H(X). Since the
functor i.: PShg(Sub,;z) — PShy(Sub,x) preserves weakly contractible colimits, it will
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thus suffice to show that the followimg diagram commutes:

PShy(Sub)z) —— PShy(Sub,x)

Lopenl \LLopen

H(Z) — 2 H(X).

This follows from Corollary 5.2.4 and Lemma 5.2.5, using the fact from Lemma 4.2.13 that

Ly 1s an wi-indexed colimit of iterations of Lopen and L. O

Corollary 5.2.7 (Exceptional pushforward). Let i: Z — X be a closed embedding of
differentiable stacks. Then the functor i.: He(Z) — He(X) preserves all small colimits,
and thus admits a right adjoint i': He(X) — He(2).

Proof. Since Ho(Z) and H,(X) are pointed, it is clear that i, preserves the initial object.
By Corollary 5.2.6 it preserves all contractible colimits. The claim follows: given any small
co-category I and a diagram F: I — H(Z)., we may lift F to a functor F: I" > H(2D).
which sends the cone point to the zero object. Note that F has the same colimit as F, but
has a weakly contractible indexing diagram. As i, preserves the initial object, we have

i,oF*=(i,oF)" and it follows that i, preserves the colimit of F. O

5.2.2 Presheaves of Z-trivialized morphisms

To streamline the proof of the localization theorem for C = H,, we introduce some auxiliary
notation regarding certain presheaves of Z-trivialized morphisms. Our definitions, state-
ments and proofs are direct analogues of those of Khan [Khal9, Section 4.1] and go back
to Morel and Voevodsky [MV99].

In the following, we denote for every differentiable stack X the Yoneda embedding of Sub, x
by hx: Sub,x < PSh(Sub,x).

Definition 5.2.8. Leti: Z < X be a closed embedding with open complement j: U — X.
For any Y € Sub,x, we define the presheaf h):/(: (Y) € PSh(Sub, x) as the following pushout:

hx(Yy) — hx(Y)

o

hx(U) —— h5 ().

Note that for ‘W € Sub, x, the anima I'(‘W, hx (U)) is either empty or contractible depending
on whether ‘W is empty or not. It follows that the anima of sections I'(‘W, h2z( (Y)) is
contractible when ‘W7 is empty, and otherwise is given by the set Hom/x (W, Y).
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Since i* commutes with colimits, we have i* (hf\; (M) ~hz(Yz).

Construction 5.2.9 (Presheaf of Z-trivialized morphisms). Let Y € Sub,x andlett: Z —
Y be a morphism over X, i.e., a partially defined section of Y — X. We define the presheaf
h{% (Y,t) € PSh(Sub,x), referred to as the presheaf of Z-trivialized morphisms, as the
following pullback:

W (Y,1) —— h3(Y)
\L - \Lu“?
pty —— ii*hE (V).
Here the right vertical map is the unit map and the bottom horizontal map is given by

Ply = ivhz(Z) 5 ivhz (Yz) ~ ii*hE (V).

In other words, the anima I"(“W, h{% (Y, 1)) is contractible when W7 is empty, and otherwise

is given by the fiber of the restriction map
Hom/x(W,Y) — Hom,z(Wz,Y7)
at the point defined by the composite Wz — Z 5X z.
Remark 5.2.10. For a representable submersion p: X’ — X, there is a natural equivalence
PG =W (0", p),

where p*t: p*Z — p*Y is the base change of 7 along p. This is immediate from the fact

that p* preserves limits and colimits.

Our goal in this subsection will be to show that the presheaf h§ (Y, 1) is weakly contractible,

see Proposition 5.2.13 below.

Lemma 5.2.11. Let n: & — X be a vector bundle with zero section so: X — &. Let
t: Z — & denote the composite t = syoi. Then the presheaf hf/\; (&,1) is weakly contractible.

Proof. The map n induces a map n: h§(8,t) - h§ (X,i), and conversely so induces a
map so: h/% (X,i) — hf(&,t). We have 7o sy =1id, and sg o 7 =~ id via the homotopy

Rxh%(&,1) > h5(&,1), (a.f)—af.

We thus have a weak equivalence h(% (&,1) ~ h2z( (X,i). The claim now follows since the
presheaf h)z( (X,i) is the terminal presheaf. O
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Lemma 5.2.12. Let j': V < Y be an open embedding in Sub,x. Let ty: Z — YV be a
partial section of the map V — X and let ty = j’' otqy. Then the induced map

J g (Vity) > h§ (Y. ty)

in PSh(Sub,x) is inverted by the sheafification functor Lopen: PSh(Sub,x) — Shv(Sub,x).

Proof. We will show the map Lopen(j’) is both a monomorphism as well as an effective
epimorphism in Shv(Sub, x).

Step 1: We first show that Lopen(j’) is @ monomorphism. Since the sheafification preserves
pullbacks, we may show that the map j”: h{% (V,ty) — h{% (Y,ty) is a monomorphism.
Given ‘W € Sub, x, we will show that the map

T(W,h%(V, 1)) — T(W,hS (Y, 1y))

of animae is a monomorphism. This is clear if ‘W is empty, so assume it is not. Then this

map is the map induced on fibers in the following diagram:

D(W, hg (V.19)) — Map;x(W,V) —— Map,z(Wz,Vz)

! | |

T(W.h5(Y.ty)) — Map x(W.Y) — Map,,(Wz.Yz).

Since the middle and right vertical morphisms are monomorphisms of animae, so is the
induced map on fibers.

Step 2: We show that the map Lopen(j’) is an effective epimorphism in Shv(Sub,x). It
suffices to show that for every ‘W € Sub,x, any ‘W -section of h)z( (Y,t) can locally be lifted
along j’. We may again assume that ‘W is non-empty, since the claim is clear otherwise.
In that case, let f be a ‘W-section of h(% (Y,1), i.e., a Z-trivialized morphism f: W — Y.
We claim that the substacks

(Wru;)(W, (va‘—>(W

cover ‘W. Indeed, ‘Wq, is the open complement of the closed substack ‘Wz, and the map
fz: Wz — Yz factors through Z by assumption, and thus in particular through V.

It will thus suffice to show that both f¢; as well as fq, admit lifts along j’. For fq, this is
true by construction, as Y = V. For fy; this is automatic as Uz = 0. O

Proposition 5.2.13. Leti: Z <— X be a closed embedding of separated differentiable stacks
with open complement j: U — X. Let p: Y — X be a representable submersion, and let
t: Z — Y be asection of p over Z. Then the presheaf h(% (Y,t) is weakly contractible, in

the sense that its image in H(X) is the terminal object.
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Proof. The question is local in X, in light of Remark 5.2.10. Around points in U = X\ Z
the statement is trivially true, so it suffices to prove the claim locally around points z € Z.

By Proposition 3.7.5, we can therefore reduce to the case where there is a commutative

diagram
&1y y
Sk
Z s X =1,

where j is an open embedding and the map 7: & — X is a vector bundle with zero section

so: X — &. By Lemma 5.2.12, the map j induces a weak equivalence
JihE(E.0) = G (Y. 0).

But by Lemma 5.2.11, the presheaf h)z< (&,1) is weakly contractible, finishing the proof. O

5.2.3 Proof of the localization theorem

We are now ready for the proof of the localization theorem for genuine sheaves. Let
i: Z — X be a closed embedding with open complement j: U — X. For any sheaf

¥ € Shv(Sub, x), consider the functorial commutative square

M
i (F) ———— F
lu? 4 lui
Jui L (F) ——— ii*(F),
.

IX
By smooth base change, j*i. is the constant functor with value the terminal object U €

where ¢”: jyj* — id is the adjunction counit and u;: id — i.i" is the adjunction unit.

Shv(Sub,q/). Hence the lower left corner jyj*i.i*(F) of the diagram is simply jyU €
Shv(Sub, x).

Theorem 5.2.14 (Localization theorem for genuine sheaves). Let i: Z — X be a closed
embedding of separated differentiable stacks with open complement j: U — X. Then for
every F € H(X) the square

ot
Jiit(F) —— F

L b

Jg(U) —— 00 (F)

is cocartesian in H(X).
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Proof. Given an object ¥ € H(X), we have to show that the square is weakly cocartesian
in PSh(Sub, x), in the sense of ??. Observe that # can be written as a weakly contractible

colimit of representables, indexed by the co-category

(Sub, x) /7 = Shv(Sub,x) /7 Xshv(sub,x) Sub/x,

which is weakly contractible as it has an initial object ) — . By Corollary 5.2.6, all four
functors in the square commute with contractible colimits, and thus it suffices to prove the
claim when # = Ly (Y) for some representable submersion f: Y — X. In other words,

we have to show that canonical map
g (V) = ha(Y) Upy( hae(U) — ihz (Yz)

is a weak equivalence of presheaves on Sub,x. By universality of colimits in PSh(Sub, x), it
will suffice to prove that for any other (p: W — X) € Sub,x and any morphism hyx (W) —
i-hz(Yz), the base change

WS (V) Xi g (yz) hx (W) = hx (W)

is a weak equivalence. Note that we have hx (W) =~ pyhqy (W), and thus by the smooth

projection formula we may identify this morphism with

Pi(P*hE(Y) Xpeionz(p) hw (W) = prhx(W).

Consider the pullback square
(WZ <kﬁ W
|2 )
Z =X
By smooth base change we have p*i, =~ k.g", and under this equivalence, the above mor-

phism is the image of py of the morphism
W
oy (Y XX W) Xieohay (IxxW) 2) hw (W) = hay (W),

But the source of this morphism is precisely the presheaf h%z (Y xx W,tqy), where
tw: ZXx W — Y xx W is the base change of 1: Z — VY along p: W — X. We
conclude by Proposition 5.2.13. O

Remark. During the revision process of this dissertation, it was pointed out to the author
by Marc Hoyois that the above proof contains a a subtle mistake that goes back to the
proof of Morel and Voevodsky: the smooth projection formula for pullbacks (as opposed to
products) of presheaves on Sub,x does not a priori hold, because Sub,x does not have all

pullbacks. We will provide a fix of this proof in future work.
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Corollary 5.2.15. For every closed embedding i: Z — X of separated differentiable
stacks with open complement j: U — X and every pointed genuine sheaf ¥ € Hqe(X),
the sequence

JI'F > F = idF

is a cofiber sequence in He (X).

Proof. For the purpose of this proof, let us make a distinction in notation between the
functors jﬁH: H(U) — H(X) and j;{’: He(U) — Ho(X). We may express jﬂH° in terms of
jﬁH as follows: for a pointed object G € Ho (U) = H(U)., regarded as a morphism U — G

in H(U), we have a pushout square
) — jHG)

|-

y(X) — i 9).

In particular, the object jﬁH *j*F is given by the top left pushout square in the following

commutative diagram:

JU) —— y(X)

l r ~

T —— J T —— F

Il

Ji(U) —— y(X) —— Li"F.

It follows by the pasting rule for pushout squares that the bottom left square is also a
pushout. As the outer bottom rectangle is a pushout by Theorem 5.2.14, it follows from
another application of the pasting rule that also the bottom right square is a pushout square.
This square is precisely the underlying null-homotopy of the sequence j;{ F=F =idF
in the statement, so since the forgetful functor H,(X) — H(X) preserves pushouts this

finishes the proof. O

Theorem 5.2.16 (Localization theorem for pointed genuine sheaves). The pullback formal-

ism C = H, satisfies the localization axiom.

Proof. In light of Corollary 5.2.15, it remains to show that for every closed embedding
i: Z — X, the pushforward functor i.: He(Z) < He(X) is conservative. This may be
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tested after forgetting the base point. So let ¢: 1 — %, be a morphism in H(ZZ) such
that the induced map i..(¢) is invertible in H(X). We need to show that ¢ itself is already
an equivalence, i.e., that for every Y € Sub,z the map ¢(¥): F1(Y) — F2(Y) is an
equivalence. By Corollary 3.6.7, there exists an object Y’ € Sub,x such that Y =~ Zxx Y’.
It thus then follows that F (V) =~ F(Z xx V') = i*Fr(Y’) and similarly ¢(Y) ~i.o(Y').
This proves the claim. O

Corollary 5.2.17. The functors i.: He(Z) — He(X) for closed embeddings between sepa-
rated differentiable stacks are fully faithful and satisfy the closed projection formula, closed

base change and smooth-closed base change.

Proof. This is a special case of Proposition 5.1.3. O

Corollary 5.2.18 (Localization theorem for genuine sheaves of spectra). The pullback

formalism C = SH satisfies the localization axiom.

Proof. In light of Lemma 5.1.4, this is an immediate consequence of Theorem 5.2.16. O
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I1.6 Relative Poincaré duality for differ-

entiable stacks

The goal of this chapter is to establish a relative version of Poincaré duality for separated
differentiable stacks: for every proper representable submersion f: Y — X of separated

differentiable stacks, we will establish an equivalence

fi(=) = fi(-®wy)

of functors SH(Y) — SH(X), where w; € SH(Y) is the relative dualizing sheaf of f.
Our treatment is similar to that of Hoyois [Hoy17], who proves the analogous result in the

context of equivariant motivic homotopy theory.

6.1 Statement of Main Theorem

The proof of relative Poincaré duality only relies on three crucial properties satisfied by
the co-categories SH(X): homotopy invariance, the localization axiom, and the stability
axiom. We have chosen to write all constructions and proofs of this chapter in this level
of generality, as we feel that removing the specifics of the construction of SH(X) from the
discussion clarifies the nature of the argument. Following [KR21, Definition 5.5], we will
refer to these three properties as the Voevodsky conditions, as they were first singled out by

Voevodsky in the case of schemes.

Definition 6.1.1 (Voevodsky conditions). Consider a pullback formalism C: SepStk°? —
CAlg(Pr") on SepStk, in the sense of Definition 4.5.5. We say that C satisfies the Voevodsky

conditions if it satisfies homotopy invariance, genuine stability and the localization axiom:

(1) (Homotopy invariance, Definition 4.5.17) For every separated differentiable stack X, the
pullback functor pr*: C(X) — C(X xR) associated to the projection map pr: X xR —
X is fully faithful;
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(2) (Genuine stability, Definition 4.5.26) The pullback formalism C is pointed and for every
vector bundle 7: & — X over a separated differentiable stack X, the associated sphere
bundle S€ € C(X) is monoidally invertible.

(3) (Localization axiom, Definition 5.1.2) For every closed embedding i: Z — X with
open complement j : U — Y, the functorsi,: C(Z) — C(X)and j.: C(U) — C(X)
are fully faithful, and there is a cofiber sequence jyj* — id — i.i" in Fun(C(X),C(X)).
Equivalently, C(X) is a recollement of the full subcategories C(U) and C(Z).

Example 6.1.2. The pullback formalism C = SH satisfies the Voevodsky conditions: ho-
motopy invariance and genuine stability hold by definition, while the localization axiom
holds by Corollary 5.2.18.

For the remainder of the section, we fix a pullback formalism C satisfying the Voevodsky
conditions. We will now give the statement of relative Poincaré duality in this level of

generality.

Definition 6.1.3 (Dualizing object). Let f: Y — X be a representable submersion. We
define its dualizing object wy € C(Y) as

wr=prAdy € C\Y),

where pr,: Y Xx Y — Y is the projection to the first factor and A: Y — Y Xy Y is the
diagonal of f.

We will see below in Corollary 6.2.11 that the object w is the incarnation in C(Y) of the
tangent sphere bundle S/ of f over Y, i.e. the fiberwise one-point compactification of the

relative tangent bundle Ty — Y of f.

Remark 6.1.4 (Twist functor). We refer to the functor —®ws: C(Y) — C(Y) as a ‘twist
functor’. By the smooth and closed projection formulas, it is equivalent to the composite

prigAs: C(Y) — C(Y):
X@ws=X®prjyA Ly =priy(pri X ® A ly) = pryA.(A'pr; X ® Ly) =~ priA.X.

Construction 6.1.5 (Poincaré duality map, cf. [CD19, Section 2.4.b]). Given a repre-
sentable submersion f: Y — X, we construct a natural transformation ps: fy(-) —

f«(=®wy), called the Poincaré duality map. Consider the following pullback square:

YxyY 223 y

prll - lf

vy —L s x
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There is a double Beck-Chevalley transformation BCy ,.: fypr,, — f.pr;y associated to this
diagram, see Appendix F.2 for details. We then define p ¢ as the following composite:

BCy.,
pf: fﬂ = fﬁprZ*A* — f*prlﬁA* = f*(_ ®(l)f),
where the last equivalence holds by Remark 6.1.4.

Remark 6.1.6. There seems to be no standard terminology for the transformation py.
Cisinski and Déglise use the term ‘purity equivalence’. Bachmann and Hoyois [BH21,
Section 5.4] use the term ‘ambidexterity equivalence’. Although we certainly think this
map as a geometric form of ambidexterity, we prefer to reserve the term ‘ambidexterity’ for
the homotopical notion introduced in Part I. As explained in the introduction, we prefer the
terminology ‘relative Poincaré duality’: we want to think of the representable submersion
f: Y — X asan X-indexed family of smooth manifolds over X, and we think of the functors

Jfy and f. as the X-indexed homology and cohomology, respectively, of this family.

The following is our main theorem, which is a refined version of Theorem A stated in the

introduction:

Theorem 6.1.7 (Relative Poincaré duality). Let C be a pullback formalism on SepStk
satisfying the Voevodsky conditions. Let f: Y — X be a proper representable submersion

between separated differentiable stacks. Then the transformation
pr: fy(-) = fi(-®wy)
is an equivalence of functors C(Y) — C(X).

The proof strategy for Theorem 6.1.7 is a generalization of the usual proof of Atiyah duality
for a compact smooth manifold M. A crucial ingredient in the proof is the construction
of a Pontryagin-Thom collapse map associated to a closed embedding of differentiable
stacks, discussed in Section 6.2. To simplify the required bookkeeping in the proof of
Theorem 6.1.7, we introduce in Section 6.3 the notion of a kernel operator, which is
closely related to the notion of Fourier-Mukai transforms in algebraic geometry. Using
these ingredients, we give a proof of Theorem 6.1.7 in Section 6.4. Finally, we discuss
various important consequences of relative Poincaré duality in Section 6.5, like relative

Atiyah duality, proper base change and smooth-proper base change.
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6.2 Relative Thom spaces and the Pontryagin-Thom con-

struction

Fixing a pullback formalism C satisfying the Voevodsky conditions, we start by introducing
the analogues of Thom spaces and the Pontryagin-Thom construction in C. Throughout,
we fix a base stack S, and all other stacks are assumed to live in the category Sub,s: every
differentiable stack X comes equipped with a representable submersion gx: X — S and

every morphism f: Y — X is assumed to commute with the structure maps to S.

6.2.1 Relative Thom spaces

We start by defining relative Thom spaces.

Definition 6.2.1 (Relative Thom space). Consider a commutative diagram

Z " y X
S,

where gz and gx are representable submersions and i is a closed embedding. We define

the (relative) Thom space of Z in X over S as
Ths(X,ZZ) = (g,\f)ﬁl'>k 1z € C(S).
We might sometimes write Thg(X ,Z) to emphasize the dependence on C.

Remark 6.2.2 (Change of base stack). If #: S — &’ is a representable submersion of dif-
ferentiable stacks, then every differentiable stack over § may be regarded as a differentiable

stack over 8’ by composing with A. It is clear from the definitions that we have
Ths(X,Z) = hyThs(X,Z) € C(§).
Example 6.2.3. If Z =X and i =idy, we get Thg(X,X) = hs(X).

Example 6.2.4. Given a representable submersion f: Y — X, the dualizing object wy €

C(Y) is an example of a relative Thom space: we have
wr=priyAdly =Thy(Yxx Y. Y) € C(Y),

where the diagonal A: Y — Y xx Y of f is a closed embedding which we regard as a
morphism in Sub,x via the first projection map pr;: Y xx Y — V.

203



The relative Thom space Ths (X, Z) may be thought of as a homotopy quotient of the stack
X by the open substack X \ Z, taken fiberwise over S. This is made precise by the following

lemma:

Lemma 6.2.5. For a closed embedding i: Z < X in Subx, there is a preferred cofiber

sequence

hs(X\Z) = hs(X) > Ths(X,Z) € C(S).

Proof. Let j: X\ Z — X denote the open complement of i. By the localization axiom,

there is a preferred cofiber sequence
jﬁ]l)(\z—)]lx—)i*]lz € C(X)
Applying the colimit-preserving functor (gx)y: C(X) — C(Z), we get a cofiber sequence

(ex\2plxz — (gx)ylx — (gx)yi-1z =Ths(X,Z) € C(2).
Since hs(X\ Z) = (gx\z)s 1x\z and hs(X) = (gx)y 1 x, this finishes the proof. O

We will frequently be interested in the case where S = Z, so thati: S < X is the section of
a representable submersion g: X — S. In the case g is a vector bundle, the relative Thom

space is given by the associated sphere bundle:

Corollary 6.2.6. Let m: & — S be a vector bundle and let s: S — & be its zero section.
Then the Thom space of s over S is the sphere bundle associated to &:

Ths(E8,8) =S¢ € C(8).

Proof. Consider the unique morphism A: H — C of pullback formalisms. The induced
functor hg: H(S) — C(S) preserves colimits and sends the object Ly (Y) to hs(Y) for
every Y € Sub,s. By Lemma 4.3.2 we thus obtain for every vector bundle 7: & — S a

pushout square
hs(E\S) —— hs(8E)

L
hs(S) —— hs(S?)

in C(8), which gives rise to an equivalence between the cofibers in C(S) of the two
horizontal maps. As the object ¢ was defined in Notation 4.5.25 to be the cofiber of the
bottom map and the relative Thom space Ths(E,S) is by Lemma 6.2.5 the cofiber of the
top map, this finishes the proof. O
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We prove various basic properties of the relative Thom space construction. We start by
showing that the relative Thom space Ths (X, Z) only depends on an arbitrarily small open
neighborhood of Z in X.

Lemma 6.2.7 (Invariance under open neighborhoods). Leti: Z <— X be a closed embed-
ding over S, and let j: U — X be an open embedding over S such that i factors through

amapi’': Z — U. Then there is a preferred equivalence
Ths(U,Z) — Ths(X,Z) € C(S).
Proof. Applying smooth-closed base change to the pullback square

zZ ‘s

|- )

Z%X,

we obtain an equivalence jyi, — i.. We thus obtain the desired equivalence as the following

composite:
Ths(U,2Z) = (gw)siz 1z = (gx)yjsi 1z = (gx)4i« 1z = Ths(X, Z). O

Due to the existence of relative tubular neighborhoods from Proposition 3.6.10, the previous
lemma implies that the relative Thom space of a closed embedding i: Z < X in fact only

depends on its normal bundle:

Corollary 6.2.8. Let i: Z — X be a closed embedding over S and let N; — Z be its

normal bundle. There is an equivalence
Ths(X,Z) ~Ths(N;,Z) € C(S).

Proof. By Proposition 3.6.10, the substack Z admits a tubular neighborhood U inside X

relative to S, meaning that there exists a commutative diagram

/i\

X/ )7/{( >

in Sub, s, where N, lives over S by composing the bundle projection N; — Z with the map
g7z: Z — S and where the maps j and j’ are open embeddings of differentiable stacks.

The claim thus follows from two instances of Lemma 6.2.7: equivalences
Ths(X,Z) «— Ths(U,Z) — Ths(N;, Z). O
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Corollary 6.2.9 (Invertibility of Thom spaces). Let p: X — S be a representable submer-
sion and assume p admits a sectioni: S — X, which is automatically a closed embedding.

Then there is an equivalence
Ths(X,S) =N e C(9).
In particular, the relative Thom space Ths(X,S) is an invertible object of C(S).

Proof. The first statement is immediate from Corollary 6.2.8 and Corollary 6.2.6. The

second statement follows from the genuine stability assumption on C. O

Warning 6.2.10. In Corollary 6.2.9, it is crucial that Z = S: the relative Thom space
Ths(X, ) is generally not invertible when Z # S.

Corollary 6.2.11 (Dualizing object is tangent sphere bundle). Let f: Y — X be a repre-

sentable submersion. Then there is an equivalence w r ~ STr e C(Y).

Proof. By Corollary 6.2.9, there is an equivalence w s = Thy (Y Xx Y, Y) = SNain C(Y).
Since Proposition 3.5.19 provides an isomorphism of vector bundles Ny = T over Y, this

finishes the proof. O

Lemma 6.2.12 (Multiplicativity of Thom spaces). Consider representable submersions
gi: X; = 8 for i =1,2,3, equipped with sections s;: S — X;. Assume there exists a

pullback square
Xi —— X,

gul - \Lb
S 25 X3

over S, where b is a representable submersion and such that aosy =sy: S — X,. Then

there is an equivalence
Ths(X>) = Ths(X1) ® Ths(X3) €  C(S).
In particular, taking X, = X Xs X3 gives Thg(X| Xs X3) =~ Thg(X]) ® Ths(X3).

Proof. Since g, =g3zob and s, =ao sy, we have
BCn’*
Ths(X2) = g2y52+ = g3ybyass1. — g3453.81351. = Ths(X;) ® Thg(X3).

Here the double Beck-Chevalley map BCy , associated to the pullback square is an equiva-
lence by smooth-closed base change and the last equivalence follows from the smooth and

closed porjection formulas. O
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Remark 6.2.13. One can in fact prove more generally that for closed embeddingsi: Z — X

andi’: Z’ — X’ over S there is an equivalence
Ths(X,Z)(X)Ths(X,,Z’) ~Thg(X xs X', Z st’) e C(S).

We will not need this and leave the verification to the reader.

6.2.2 Pontryagin-Thom construction

Given a closed embedding of smooth manifolds i: Z < M, one can define a Pontryagin-
Thom collapse map PT(i): M — Thz(N;), where N; denotes the normal bundle of Z in M,
and Thz(NV;) is the Thom space of this normal bundle. This map is usually constructed at the
point-set level by collapsing the complement of a tubular neighborhood U of Z inside M to
a point, and identifying the resulting quotient with the Thom space Thz(N;). From a more
homotopical perspective, we may also think of this map as a composite of the homotopy

quotient map M — M /(M \ Z) with the string of identifications
M[/(M\Z)~U/[(U\Z) ~N;/(N;\ Z) =~ Thz(N;);

here we abuse notation by writing X /A for the homotopy quotient of a topological space
X by a subspace A, that is, the cofiber of the map A < X in the oco-category An of
animae. The advantage of the latter formulation is that it admits a simple generalization
to the general context of a pullback formalism C over differentiable stacks satisfying the
Voevodsky conditions.

Remark 6.2.14. Another approach to a generalization of the Pontryagin-Thom construction
to differentiable stacks can be found in [EG11, Section 3].

Construction 6.2.15 (Quotient map). Let i: Z <— Z’ and i": Z’ — X be two closed

embeddings over S. Then the unit map 17, — i,i* 1z ~i. 17 gives rise to a map
u;: Ths(X,Z') = (gx)4it 1z — (gx)yitix 1z = Ths(X, Z).

Construction 6.2.16 (Pontryagin-Thom construction). Leti: Z < X be a closed embed-
ding, and let U be a relative tubular neighborhood of Z in X relative to § in the sense of

Definition 3.6.9: a choice of a commutative diagram

/i\

J
XU < N
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of stacks over S, where the maps j and j’ are open embeddings. We define the Pontryagin-
Thom collapse map PTg(i): hs(X) — Ths(N;, Z) (with respect to U) as the following
composite:

PTs(): hs(X) °2 Ths(X,X) 5 Ths(X. Z) *F" Ths(U, Z) *2 Ths (N, 2).

Here the map u is the quotient map from Construction 6.2.135.

Informally speaking, this map may be thought of as the composite
X = X[(X\Z) =U/(U\Z) = N;/(N;\Z) =Th(N;, Z),
where the first map is the homotopy quotient map X — X/(X \ Z).

Example 6.2.17. Let 7: & — S be a vector bundle and let s: S — & be its zero section.
Let i be the composite inclusion S < & < S€, and pick the open neighborhood & as a
tubular neighborhood of S inside S®. Then by Corollary 6.2.6 there is an equivalence
Ths(&,S) ~ S€, and unwinding that equivalence we see that Pontryagin-Thom map PTg (i)
fits in a cofiber sequence

PTs (i)

hs(S) — hs(5%) —— Ths(E,S).

We will in fact need a slight generalization of the above construction where X is allowed to

be embedded in some larger ambient stack X”:

Construction 6.2.18 (Generalized Pontryagin-Thom construction). Let i: Z <— X and
i": X — X’ be closed embeddings. Choose a tubular neighborhood

/l\

J
X — U — N;

of i’ relative to S, and choose another tubular neighborhood

T

/< > Y < /N]’OL—NI/OI

of the composite j oi: Z < U’ relative to S. We define the map PTs(7,i’) as the following

composite:
PTs(i,#'): Ths(Nir,X) — Ths(Nir,Z) = Ths(U’, Z) =~ Ths(U, Z) ~ Ths(Niroi, Z).
Here the last three equivalences are instances of Lemma 6.2.7.
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It is clear that Construction 6.2.18 specializes to Construction 6.2.16 when X’ = X and

i’ =idy.

Lemma 6.2.19 (Compatibility with composition). In the situation of Construction 6.2.18,

the following diagram commutes up to preferred homotopy:

PTs (i’

hs(X) —2D s Thg (N, X)

PTS(i’oz')\L lPTs(i,m

ThS (Ni’oi9 Z) e ThS (Ni’0i9 Z) .
Proof. This follows from the following commutative diagram:

hs(X) =

u*l \PTS(/i’) PLs(¢'cl)

oo | Thg(X',X) —— Thg(Ny,X)

. . PTs (il
Mi I/ti

Ths(X’,Z) —— Ths(Ny,Z) —— Ths(Nivoi, Z)
Note that the bottom composite is given by the composite of the equivalences
Ths (X', Z) «— Ths(U,Z) = Ths(Nivor, ).

from Lemma 6.2.7. The two small triangles and the outer triangle then commute by

definition and the lower left square commutes by naturality. O

Lemma 6.2.20 (Compatibility with base change). Let i: Z < X be a closed embedding
overS. Let f: 8" — 8 be a morphism of differentiable stacks and write f*: Subg — Subg:
for the pullback functor.

(1) If U is a tubular neighborhood of i: Z — X relative to S, then f*U is a tubular
neighborhood of f*i: f*Z — f*X relative to S’.

(2) There are preferred equivalences

hs (f*X) = f*hs(X) and Ths (Ny-i, f*Z) = " Ths(N;, Z)

(3) With respect to the choice of tubular neighborhood from (1), there is a preferred

homotopy making the following diagram commute:

hs (f*X) ——— f*hs(X)

PTe (f* (i))l \Lf* PTs (i)

Ths: (N1, f*Z) —— f*Ths(N;, 2).
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Proof. This is immediate from spelling out the definitions and using that by smooth and

closed base change the functor f* commutes with all the constructions that appear. O

Lemma 6.2.21 (Invariance under homotopy). Leti: Z XR < X XR be closed embedding
over S XR, and let ZXR — U — X XR be a tubular neighborhood. Then:

(1) Foreveryr €R, the restriction Z — U, — X is a tubular neighborhood of the closed
embedding i, Z — X;

(2) Foreveryr € R, there is an isomorphism a: N; = N;, of vector bundles over Z making

the following diagram commute up to homotopy:

hs(X)
Ths(N;,,Z) < > Ths (N, 2).

Proof. Part (1) is an instance of part (1) of Lemma 6.2.20. The first part of (2) is a
special case of Lemma 3.5.18. For the convenience of the reader, we shall recall how
the isomorphism « is constructed. Considering the normal bundle N; - Z xR of i, it
follows from Corollary 2.5.8 that A is of the form 7 XR: N XR — Z X R for some vector
bundle n: N — Z over Z. As N, is obtained by pulling back N; along the inclusion
I x{r} — Z xR, we obtain an isomorphism N; = N for every r € R, and thus we may
define « as the composite N; = N = Nj,.

Next consider the Pontryagin-Thom collapse map for the embedding i relative to S XR,

which takes the form
PTsxr(7): hsxr(X XR) — Theur (N;, ZXxR) € C(SXR).

Letting pr: S xR — 8§ denote the projection, observe that both source and target of this
map lie in the image of the fully faithful functor pr*: C(S) — C(S xR), so that the map
PTs«r (i) is of the form pr*(¢) for some morphism ¢: hs(X) — Ths(N,Z) in C(S).
Applying Lemma 6.2.20 to the inclusion S =8 X {r} < S X R and using that this map is a

section of the projection map pr, we obtain for every r € R a commutative square as follows:

hs(X) =—— hs(X)

PTS(ir)\L i‘p

Ths(N;,.Z) — Ths(N,2).
Combining this square with the analogous square for » = 0 then proves the claim. O
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6.3 Kernel operators

We continue fixing a pullback formalism C satisfying the Voevodsky conditions. In this
section, we will study the behavior of functors C(X) — C(Y) of a specific form, which we
will call kernel operators. As in the previous section, we fix a base stack S over which all

other stacks live.

Definition 6.3.1 (Kernel operator). Let X,Y € Sub,s and let D € C(X xsY). We define
the kernel operator Fp of D (relative to S) as the functor Fp: C(X) — C(Y) given as the

following composite:

(pry)” - (pry)
Fp: C(X) 225 C(X xs Y) =225 C(X x5 Y) —5 C(Y).
A functor F: C(X) — C(Y) is called a kernel operator (relative to S) if it comes equipped
with an equivalence F' ~ Fp for some D € C(X XsY). The object D is called the kernel of
F.

If D’ € C(X Xg Y) is another kernel, then every morphism «: D — D’ induces a natural

transformation F,, : Fp — Fps on kernel operators.

Warning 6.3.2. It is not necessarily true that the functor F, uniquely determines the object

D. For this reason, the kernel D is required as data.

The notion of a kernel operator is formally analogous to the notion of a Fourier-Mukai
transform in algebraic geometry, where one would instead consider functors of the form
(pry)«((pry)* (=) ®D): C(X) — C(Y), using the right adjoint (pry,). rather than the left
adjoint (pry)y. All the results below on kernel operators are straightforward adaptations of
well-known results for Fourier-Mukai transforms. A similar discussion appears in [FS21,
p.263].

The following are the main examples of kernel operators that we will use.
Example 6.3.3 (Pullback). Let f: X — S be a representable submersion and let Y = S.

Then the functor f*: C(S) — C(X) is a kernel operator relative to S, with kernel 1y €
C(X).

Example 6.3.4 (Pushforward). Let g: Y — S be arepresentable submersion and let X = S.
Then the functor g4: C(Y) — C(S) is a kernel operator relative to S, with kernel 1y €
C\Y).
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Example 6.3.5. Let f: X — S be a representable submersion. Then the composite
[ fy: C(X) — C(X) is equivalent to pryzpr;: C(X) — C(X) by smooth base change
and thus is a kernel operator with kernel 1xx.x € C(X Xs X). Given the previous two

examples, this may also be deduced from Lemma 6.3.9 below.

Example 6.3.6 (Tensor product). Letting X =Y =8, every object D € C(S) gives rise to
a kernel operator Fp =—®D: C(S) — C(S).

Example 6.3.7 (Suspension by a vector bundle). Let 7: & — S be a vector bundle and let

s: S — & be its zero section. We define the suspension functor & as
8 .= mys: C(S) — C(S).

Note that ©€ 1 = Thg(&E,S), which by Corollary 6.2.6 is equivalent to the sphere bundle
S&. By the smooth and closed projection formulas, it then follows that there is a natural
equivalence

¥~ -®5%,

so that € is a kernel functor relative to S.

Example 6.3.8 (Twist functor). Let f: Y/ — S be a representable submersion and consider

its dualizing object wy € C(Y) from Definition 6.1.3. We claim that the twist functor
-Quwys: C(Y) - CY)

is a kernel operator over S with kernel A, 1y € C(Y XsY). Indeed, by the smooth and

closed projection formulas we obtain natural equivalences

ARwy=A®priyA: Ly ~pr(pr;A®A.Ly)
~priA(A'priA®ly)
= priyA.(A"pr; A® Ly)
= priy(pr,A®A: Ly) = Fa, 1, (A),

where we use that pr; oA = pr, oA as both are the identity on Y.

Kernel operators behave well under composition:

Lemma 6.3.9. Consider objects X,Y,Z € Sub,s and consider kernels D € C(X xsY)
and D’ € C(Y Xs Z). Then the composite Fp o Fp: C(X) — C(Z) is again a kernel

operator, with kernel given by
D’ oD = (prj3)s(pr, D®pry; D) € C(Xxs2),
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where priy: X Xs Y Xs Z — X Xs Y denotes the projection on the first two factors, and
similarly for pry3 and pr 5.

Proof. This is a straightforward computation using smooth base change and the smooth
projection formula, which we will leave to the reader. See Lemma 1.3.24 in Part I for an

analogous computation. O

Lemma 6.3.10. Let X,Y,Z, W € Sub,s and consider a kernel D € C(X XsY) with
associated kernel operator Fp: C(X) — C(Y).

(1) For a representable submersion f: Y — Z, the composite fyo Fp: C(X) — C(Z) is
again a kernel operator with kernel (X x f)yD € C(X x5 Z).

(2) For a representable submersion g: Z — Y, the composite g* o Fp: C(X) — C(Z) is
again a kernel operator with kernel (X X g)*D € C(X Xs 2Z).

(3) For a representable submersion h: ‘W — X, the composite Fp o hy: C(W) — C(Y)
is again a kernel operator with kernel (hxY)*D € C(W xs Y).

(4) For a representable submersion k: X — W, the composite Fpok™: C(W) — C(Y)
is again a kernel operator with kernel (k xY)yD € C(W X5 Y).

Proof. This is a straightforward computation using smooth base change and the smooth

projection formula, which we will leave to the reader. m|

Warning 6.3.11. We warn the reader that the identity id¢(x): C(X) — C(X) is not neces-
sarily a kernel operator relative to S, unlike in the situation for Fourier-Mukai transforms.
The problem is that the diagonal A: X — X Xg X of X over § is usually not a repre-
sentable submersion. If it is, then the identity is a kernel operator with kernel given by
Agly € C(X xs X).

As a consequence, it is not necessarily true that for a representable submersion f: X —» Y
over S, the functors fy: C(X) — C(¥) and f*: C(Y) — C(X) are kernel functors relative
to S.

6.4 Proof of Main Theorem

In this section, we will prove relative Poicaré duality for separated differentiable stacks,

Theorem 6.1.7. Recall the setup: we are given a pullback formalism C satisfying the
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Voevodsky conditions and a proper representable submersion f: Y — X of separated

differentiable stacks. Our goal is to show that the natural transformation

pr: fi(-) = fi(-®wy),

constructed in Construction 6.1.5, is an equivalence. The proof will consist of two steps:
in Subsection 6.4.1 we prove the theorem in the special case where Y is a closed substack
of a vector bundle over X, and in Section 6.4.2 we argue how to reduce the general case to

this special case.

6.4.1 A special case

We will start by proving relative Poincaré duality under the following additional assumption

on the proper submersion f:

(A) The stack VY is a closed substack of a vector bundle over X: there is a commutative
diagram

Y &

iy
f\/lﬂ
X,

where i is a closed embedding and  is a vector bundle.

Our proof strategy in this case will be as follows: we will use the embedding i to construct
explicit unit and counit transformations that exhibit the functor f;(-® a)}l) as aright adjoint
of f*, and then show that the resulting equivalence f. ~ f;(-® w}l) is compatible with the

Poincaré duality map p .

Let m;: N; = Y denote the normal bundle of the embedding i and let 75 : Na — VY denote
the normal bundle of the diagonal map A=Ar: Y — Y xx Y. Via Example 6.3.7, these
bundles give rise to suspension functors V4, ¥Ni: C(Y) — C(Y). The following lemma
shows that their composite is given by suspension along the pullback bundle f*7: f*E - Y.
We thank Marc Hoyois for suggesting an argument which greatly simplified our original

proof.

Lemma 6.4.1. There is a short exact sequence of vector bundles over M of the form
Na — f*& = Ni. In particular, there is an equivalence S/ € ~ SNo @ SNi in C(VY), giving

rise to natural equivalences of functors
sNigha o 378 ~ sNasNi: () - C(Y).
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Proof. Observe that the second statement follows from the first using Lemma 6.2.12 and
Corollary 6.2.6, while the final statement then follows from the fact that 2¢: C(X) — C(X)
is given by tensoring with S€ € C(X) for a vector bundle & over X, see Example 6.3.7. It

thus remains to prove the first statement.

Consider the embedding i’: Y < S&, given as the composite of i: Y — & with the
inclusion & < S€. Since the map f is proper and S€ — X is representable, it follows from
Lemma 2.4.10 that the map ¢’ is proper, and thus it is a closed embedding. Consider now

the composite
A i'xxY
(id): Y S Yy Y <25 $8 5y Y

Observe that the normal bundle of the map i’ Xx Y is N; Xx Y, and the pullback of this
bundle along the diagonal A is simply the map ;: N; —» Y. By Lemma 3.5.16, we thus
obtain a short exact sequence

Na = N ig)y = N

of vector bundles over Y. It thus remains to show that the normal bundle of the map (i’,id)
is isomorphic to f*&.

Letting so: X — & denote the zero-section of m: & — X, observe that the embedding
i: Y — & is homotopic to the zero map 0: Y ER X 2 & <> S€ via the straight-line
homotopy Y xR — S&, (y,r) — r-i(y). It follows that the map (i,id) is isotopic to the
closed embedding (0,id) : Y < S€ xx Y. Lemma 3.5.18 thus provides an isomorphism of

normal bundles
N(i’,id) = N(O,id) € Vect(M).

Since (0,id) is the zero-section of the vector bundle f*n: f*& — VY, its normal bundle is
simply given by the map f*&E — Y, finishing the proof. O

We now move to the construction of the aforementioned unit and counit transformations.

Construction 6.4.2. We define a natural transformations &: f* fy — M and n: 2 —

SyZNf:

* For &, recall from Example 6.3.5 and Example 6.3.8 that the functors f~f; and
SN ~ prlﬁA* are kernel functors relative to X, in the sense of Definition 6.3.1, with
kernels given by with kernels given by 1y, y and A, 1y, respectively. We define &
as the transformation induced by the unit map u} : Tyx,y — AA" Tyx,y =Asly
in C(Y xx Y). More explicitly, € is given by the following composite:

u*
F*fy = priyprs = priyA A pry = priyA, = 5N e Fun(C(Y).C(Y)).
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* For n, its source and target are also kernel functors relative to X, as they are given
by tensoring with the objects S€ and fﬁSN", respectively. We define 7 as the trans-
formation induced by the Pontryagin-Thom map PT(i") of the closed embedding
i Y — SE:

PT(i'): $° > Thx(Ni, ) = Thy (N, Y) = fiS™.

The following result is the main ingredient for relative Poincaré duality in the special case.

Proposition 6.4.3 (cf. [Hoyl7, Theorem 5.22]). The composites

: N at g
28 fy = fENf fy s fEMEM 0L 8 S wE (IL6.2)

are homotopic to the identity.

Proof. As € and ny are defined as transformations between kernel functors induced by a map
on kernels, it follows from Lemma 6.3.9 that also each of the functors appearing in (I1.6.1)
and (I1.6.2) are kernel functors relative to X and that each of the transformations is induced
by a morphism on kernels. It will thus suffice to show that the composites at the level of the

kernels are homotopic to the respective identities.

It follows from Lemma 6.3.10 that the transformations f*n and n fy are both induced at the
level of kernels by the morphism f*PT(i"): f*S® — f*Thx(N;,Y). Similarly, it follows
from Lemma 6.3.9 that the transformation eX™/" is induced at the level of kernels by the

composite
u*
[ fuSN = Py prs SN 5, priA.A"pr, SN~ s @ §N:
and the transformation fﬁZNia is induced by the analogous map f* fﬁSN i — SNa @ SNi where
the roles of the two projection maps pr; and pr, are swapped. By symmetry, it will thus

suffice to prove the statement for the composite (I1.6.1). To this end, consider the following

diagram:
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S PTx (")

fose > [ Thy (N Y) ——— [ 5N — sMhesh

zl (1) :l @ lz

PTy (f*i’) PT(A,f*i")

§ExxY ———= Thy(Nixx Y, Y xx Y) s SN
| g H
SExx Y PT((i",id)) s NG i)
| -
§¥xxY PT((0,id)) > §17.

Note that by Example 6.2.17 the bottom map is the canonical equivalence, as the map
(0,id): Y — E xx VY is the zero-section of the vector bundle f*&E over Y. Also note that the
right vertical composite SN ® SN ~ S/7€ is precisely the equivalence from Lemma 6.4.1.
It follows that the composite around the top, right and bottom is the map on kernels
inducing the composite (II.6.1). Since the left side of the diagram is the identity, it thus
remains to show that the diagram commutes up to homotopy. The square (1) commutes
by Lemma 6.2.20. Square (3) commutes by Lemma 6.2.19. Square (4) commutes by

Lemma 6.2.21. It thus remains to show that square (2) commutes.
From the description for the map & obtained before, we see that we may write the square

(2) as follows:

hy (Y xx V) @ Thy (N V) 2289y (N, ) © Thy (N, ) —=3 sM @ 5N

:l @ lz

PTy (A, f*i'
Thy (Nixx Y, Y xx Y) y(A&ST) N SN(i,id)’

where the left equivalence is the equivalence from Lemma 6.2.12 using the identification
of N;xxY with N; Xy (Y Xx Y). Both of the Pontryagin-Thom maps PTy(A) and
PTy (A, f*i’) start with the quotient map u}. On the top, we use a choice of tubular
neighborhood U, for the diagonal embedding A, while on the bottom we use a choice of
tubular neighborhood U(;;q) for the embedding (i,id): Y — E xx Y. We thus need to

show the commutativity of the following diagram:

Thy (Y xx Y. Y) ® Thy (N, ¥) Y Thy (1s, ¥) @ Thy (N, Y) S Thy (Na,¥) ® Thy (N, Y)

(5)\L= =i(6)

3 4
Thy (N; xx Y, Y) —— 2% Thy (UgiapY) ——2— Thy (N V).
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Each of the six equivalences appearing in the above square are specific instances of double
Beck-Chevalley maps. The equivalences labeled (1)-(4) are obtained from Lemma 6.2.7,
and are thus given by the double Beck-Chevalley maps BCy , associated to the following

four pullback squares:

Y Yy Y Yy Yy Y
AJi M L ) \J:S() and (i’,id)\[ 3) l (4) £
YxxY <— Uy — Na Nixx¥Y «— Ui i) — N ig)-

The two vertical equivalences are both instances of the multiplicativity of Thom spaces,
Lemma 6.2.12, which in turn are obtained from the double Beck-Chevalley equivalences

BC; . associated to the following two pullback squares:

YxxY ‘M Nixx Y Na —— Ng
prll (5) \Lprl and ﬂA\L (6) \L
Y <s—o> N; Y CT N;.

The trick now is to observe that the tubular neighborhood U, of A can be chosen as
a pullback along so: Y < N; of a tubular neighborhood U(;iq) of (i,id). To see this,

consider the following pullback square:

Y Ly YxyY

SO\L - \LSOXid

N; CA—’> N:Xx V;

here the map A" = (id, ;) is the identity in the first component and is the bundle projection
7. N; = Y in the second component. By Lemma 6.2.20, may obtain a tubular neighbor-
hood Uy of A relative to Y by pulling back a tubular neighborhood Uy, of A’ along the
inclusion so: Y — N;. We claim that the composite Ny — N; iR Y is isomorphic to the
normal bundle of the map (7,id). Indeed, note that the normal bundle of (7,id) is the same
as that of (so,id): Y — N; Xy Y, which is the diagonal composite in the previous pullback
square. In turn, the normal bundle of (s, id) is isomorphic to the normal bundle of the com-
posite Y SN N; 2, N, which is the zero-section of the composite bundle Ny — N; I, Y,
thus showing the claim. It follows that U also serves as a tubular neighborhood U(; ;q) for
(i,id).
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All in all, we see that the six pullback squares (1)-(6) above all fitin a large pullback diagram

of the following form:

Y Y Y
50
A
YxxY < > Uy < > Na
S0
Jfk ‘ \ A

pry NixxY < > Ui g > Niiid)
pr; J/ J/
Y Y Y

N Ni N

The result now follows from the pasting law for double Beck-Chevalley transformations,

Lemma F.13. O

We are now ready to prove the special case of relative Poincaré duality, Theorem 6.1.7.

Proposition 6.4.4 (Special case of relative Poincaré duality). Consider a commutative

diagram of separated differentiable stacks

Y —lsg

D

where f is a proper representable submersion, i is a closed embedding and r is a vector

bundle. Then the Poincaré duality map py: fy — f.(=®wy) is an equivalence.

Proof. We first show that the transformation &: f*fy — YN adjoins over to an equiva-
lence fy ~ fio >N Equivalently, since M is invertible, we may show that the induced
map &: f*fyZ~ N — id exhibits the functor ;=M : C(Y) — C(X) as a right adjoint to
7 C(X) = C(Y). Indeed, it is a direct consequence of the triangle identities from Propo-
sition 6.4.3 that a compatible unit transformation id — fﬁZ‘NA f* 1s given by whiskering
the transformation n: =€ — fﬁZNif* with27¢: C(¥) = C(¥).

It thus remains to show that the transformation ps is obtained under adjunction from the
transformation &: f* fy — prjyA. ~ —®wy. It follows from the explicit description of &

from Construction 6.4.2 that the mate transformation arising in this way is given by the
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following composite:

u*f * ES u* * E3
fo = fof “fi = fupriyprs —> fipr A prs = fiprp A, = f(-@wy).

To unwind the definition of p 7, recall that the double Beck-Chevalley transformation BCy ,
is given by the composite

5

u’} . . Cpr
fiPry, = fuf " fipry, = fuDr1yPr3 Yy, — fipryy.

Plugging this into the definition of p 7, we thus see that it unwinds to the composite

u} * >k E3 C;r
fy = fof *fy = fupriyPrs = £upryy prypry, Ay — £ipripAs = fu(- @ wy).

The claim thus follows from the commutativity of the following square:

pr*2 u% A WA prz

:l lz

chr
pripry, A, ——— A,,
which holds by the triangle identity and the fact that the equivalence id =~ (pr, A), = pr, A,

can be taken to be the following composite:

unit

id — pr,, pr; LS pry, ALA" pry = pry, A.(pry oA)” = pry A,. m

6.4.2 The general case

We will now prove relative Poincaré duality for an arbitrary proper representable submersion
f: Y — X of separated differentiable stacks. The key ingredient is the fact that the property
of the Poincaré map p to be an equivalence can be tested locally in the base stack X, see
Corollary 6.4.6 below, which lets us reduce to the special case treated in the previous
subsection. This in turn is a consequence of the following compatibility between the

Poincaré duality transformations and pullbacks of stacks:

Lemma 6.4.5 (Poincaré map commutes with base change). Consider a pullback square of
differentiable stacks
y sy
fi - lf
X —= X

such that the morphisms f and f’ are representable submersions.
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(1) There is an equivalence
a:wp=h'wy € CI).
(2) There is a commutative diagram

i =L fih () @ wy)

Ta

BC, Fh (@ w)).

Toc.

§h —5— & f(=®wy)

Proof. Consider the following commutative diagram, in which all faces are pullback

squares:

Y'xx Y’ £ Xx Y
h

f M
/

Part (1) follows from the following sequence of equivalences:

’

1)

yl

X/

Wwp= h*PflﬁAf* Ly =~ prlﬁk*Af* Ly~ PflgA*h* Ly =priyAily =wp,

where we used smooth and closed base change associated to the above pullback squares.
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For part (2), we consider the following large diagram:

fﬁ'h* Py > fi(h*(-)®wy)
\= :/ A
! BC;..
faph N — fép'lﬁA;h*
e, Tse, o

(D (3

’ 7 * Bcﬁ’* 7 7 *
fﬁpz*k Ay —> f*plﬂk A,

BC. BCy

~

fﬁ’h* —= fﬁ'h*pz*A* @ filpigAs <—=— fii*(-®w))

BC, Tse.
BCy g" f4p2. A Wﬁ*) g fuD 1A BC,
~ ﬂ ’ K ~
e ~_
g fi - > & f(—Bw)).

Apart from the faces labeled (1), (2) and (3), all faces either by naturality or by definition.
Commutativity of (1) holds by Lemma F.6. Commutativity of (2) holds by Proposition F.14.
Commutativity of (3) is immediate from unwinding the constructions of the equivalences

from part (1) and Remark 6.1.4. |

Corollary 6.4.6. Let f: Y — X be a representable submersion between separated dif-
ferentiable stacks. Then the property that the Poincaré duality transformation py: fz —

f«(=®wy) is an equivalence can be checked locally in X.

Proof. Let{j;: U; — X};c; be an open cover of X and foreveryi € I and let f;: Y xXx U; —
U; denote the base change of f along the inclusion j;: U; — X. Assume that for every
i € I, the transformation py, : fiy(—) = fi.(—®wy) is an equivalence. Our goal is to show

that also the transformation ps: f3(—) = fi.(-®wy) is an equivalence.

Since C is a sheaf of co-categories with respect to the open cover topology on SepStk, the
collection of pullback functors j: C(X) — C(U;) is jontly conservative. It will thus suffice
to show that the transformation j*ps: j’ fy = jI fi(—=®wy) is an equivalence foreveryi € /.
By Lemma 6.4.5, this follows directly from the condition that p , is an equivalence for every

i € I, finishing the proof. O

We may now finish the proof of Theorem 6.1.7: for every proper representable submersion

f: Y — X, the Poincaré duality map ps: fy(-) — f.(-®wy) is an equivalence.
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Proof of Theorem 6.1.7. By Proposition 3.7.3, we may find an open cover {j,: U, —
X}qer of X such that for every a € [ the restriction f, : X¢y, — U, factors as

I Ta
X(L{w _; Saa —Y) (L{(l7

where 7,: &, — U, is a vector bundle and where i, is a closed embedding factoring
through & < S€. By Proposition 6.4.4 we get that the transformation p f. 18 an equivalence
for every a. It then follows from Corollary 6.4.6 that also the transformation py is an

equivalence, finishing the proof. O

6.5 Consequences of relative Poincaré duality

This section will discuss several important consequences of relative Poincaré duality. We
continue working in the setting of a pullback formalism C on SepStk satisfying the Voevod-

sky conditions.

6.5.1 Relative Atiyah duality

Given a proper representable submersion Y — X, it follows from relative Poincaré duality
that the image of Y in C(KX) is dualizable, with dual given by the Thom object of the inverse

tangent sphere bundle:

Proposition 6.5.1 (Relative Atiyah duality). Let f: Y — X be a proper representable
submersion of separated differentiable stacks. Then the object hx(Y) € C(X) is dualizable
with dual given by fﬁ(S_Tf).

Proof. The functor hx(Y)®—: C(X) — C(X) is equivalent to f; f*, regarded as a C(X)-
linear functor. Its right adjoint is equivalent to f, f*, which is given by tensoring with f; 1y
by the projection formula for f. It follows that hx(Y) is dualizable with dual f. 1y. But
by relative Poincaré duality there is an equivalence f, 1y ~ fﬁ(S‘Tf ) in C(X), finishing the
proof. m|

6.5.2 Proper base change

As another consequence of relative Poincaré duality, we obtain good properties of the
pushforward functors p.: C(Y) — C(X) for proper morphisms p: Y — X of separated
differentiable stacks: proper base change, the proper projection formula and smooth-proper

base change.
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Proposition 6.5.2 (Proper base change). Let p: Y — X be a proper morphism of separated
differentiable stacks. For every pullback square of differentiable stacks

y sy
oo l
p p
L
X — X,
the right Beck-Chevalley map
BC.: g"p. = p.h"

is an equivalence in Fun(C(Y),C(X)).

Proof. Observe that the statement is local in X, hence we may assume by Proposition 3.7.3
that the map p factors as a closed embedding followed by a proper representable submersion.
By Lemma F.6 it thus suffices to prove the claim in these two cases separately. For closed
embeddings this is closed base change, see Proposition 5.1.3. So assume that p is a proper
representable submersion. Since the functor —® w,: C(Y) — C(Y) is an equivalence
by Corollary 6.2.11, it will suffice to show that the transformation BC,: g"p.(-®w,) —
p.h*(—=®w)) is an equivalence. This follows from Lemma 6.4.5, since the map BCy is an
equivalence by smooth base change and the transformations p s and p s are equivalences by

relative Poincaré duality, Theorem 6.1.7. This finishes the proof. m]

Proposition 6.5.3 (Proper projection formula). For every proper map p: X — Y of sepa-
rated differentiable stacks and objects A € C(X), B € C(Y), the exchange map

PE,: p.(A)®B — p.(A® p*B)
is an equivalence in C (V).

Proof. The proof is analogous to Proposition 6.5.2. Using smooth base change and
Lemma F.19(2), we see that the claim is local in the target. By Proposition 3.7.3, we
may thus assume that the map p factors as a closed embedding followed by a proper repre-
sentable submersion, and hence by Lemma F.17 it suffices to prove the claim in these two
cases. For closed embeddings this is the closed projection formula, see Proposition 5.1.3.
So assume that p is a proper representable submersions. By relative Poincaré duality and

the smooth projection formula, it suffices to show that the following diagram commutes:

py(A)®B — s p.(A®w,)®B

PFﬁT \LPF*

ps(A®p*B) . P«(A®p*BRw)).
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This is a consequence of the following large commutative diagram:

pyA®B b > p.(AQw,)®B
\ - - /
\\ BCﬁ,* /
PF, | PF,

~ ~

py(A®p*B) -=> py(p1, AA®P*B) (2 p.(p1yAA®p*B) -=» p.(A®w,®p*B)

AN

PF, PFy
b %% Bcﬂ* %%
piP1.(AA® pip*B) — p.p13(ALA®pip*B)
PF. PF.

(1 3)

piP1A(A®A PIP*B)  pup1yA(AQA*PIp*B) =
|

2 ~

% Bcﬁ’* %
PiP1A(A®P*B) —— p.p1yA.(A®p*B)
:/ \:
/ Py \ ~

py(A®p*B) > p«(A®p"BRw,).

The unlabeled faces of the diagram commute either by naturality or by definition. Face (1)
commutes by Lemma F.17. Face (2) commutes by Lemma F.20. The commutativity of face

(3) follows from unwinding the definition of the equivalence from Remark 6.1.4. O

Proposition 6.5.4 (Smooth-proper base change). For every pullback square of separated
differentiable stacks
y Loy
pi - lp
;S
X — X
where p is a proper morphism and f is a representable submersion, the double Beck-

Chevalley map
BCy.: fyp. = pufy
is an equivalence in Fun(C(Y),C(X)).
Proof. The proof is analogous to Proposition 6.5.2. Using smooth base change and Propo-
sition F.14, we see that the claim is local in the target. By Proposition 3.7.3, we may

thus assume the map p factors as a closed embedding followed by a proper representable

submersion, and hence by Lemma F.13 it suffices to prove the claim in these two cases. For
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closed embeddings this holds by smooth-closed base change, see Proposition 5.1.3, so as-

sume that p is a proper representable submersions. Since the functor — ® w,- is invertible, it

will suffice to show that the map BCy ,.: fipl(-®w),) — p*fﬁ’(— ® w)) is an equivalence.

By relative Poincaré duality and smooth base change, this follows from the following large

commutative diagram:

fi} i
oL T
et —
~ fapyp5 A ey Sipip A
! chﬁ,*
3
pify === ppfip3 A @ pufip Al — == pafi(
Bcﬂ,*l i
A wpr O
pyp2. Sy A 2 p*plﬁf Al
S BCy . BCy .
4 b
Pip1ghefy ——> PeP1gASy
e ~_
- T
Pty o > P+ (fi(

> fipi(=®wy)

BCy

PFy

~

-)Qw,).

The unlabeled faces of the diagram commute either by naturality or by definition. Faces (1)

and (2) commute by Lemma F.13. The commutativity of face (3) is somewhat involved and

we will only give the core idea of the proof. Spelling out the definitions of the equivalences

from Remark 6.1.4 and Lemma 6.4.5, the claim will follow from the following commutative
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diagram:

! 7 ’ X ! 7 ’ 7% k) K P * ! 7 ’ 1% ,* PFﬁ 4 ’ ’ 1%
fﬁplﬁA* = fﬁplﬁA*(f T®A P (_)) g fﬁplﬁ(A*f 1®p1 (_)) - fﬁ(plﬁA*f ]l®_)

~

g

piafy A,

BCy. .

~

-

A

BC;.,
A

-

1

1A 1% Pk 7k p * 44 ’ 7% , *
= PN TN () prf (K Ten ()|

BC.
C.

-

g * PF 4 4 l:*
PrbF(F 1N P (2) [ Fp (A Lo (5) 3 £, 7 AT @)
BC.

PF,

~

A

PrgAufy -=» puyA(AIQF AP () @ pigfy (AT ®p|™(5)

(1

BCﬁ

~

PFy

~

* LI E PF, VA
plﬁA*(]l@)A fﬁ P (_)) — plﬁ(A*]l(g) ﬁl?l (_))

BCy

~

BCy

~

BCy
3)

5" prgh.1@-)

PF,

~

Pighefy —=> PryA(I®A"PTf(=)) < py(Ac1@pifi(-)) W Py 1 f ().

Except for the labeled faces, all faces commute by naturality. Face (1) commutes by

Lemma F.6. Faces (2) and (3) are formal properties of mate transformations, whose

verification we will leave to the reader.

O

Proposition 6.5.5 (Proper exceptional pullback). Let p: Y — X be a proper map of sep-
arated differentiable stacks. Then the functor p.: C(Y) — C(X) admits a right adjoint
Pl C(X) = CY).

Proof. Combining smooth base change with the fact that a limit of a diagram of left adjoint

functors is again left adjoint, we see that the claim is local in X. Using Proposition 3.7.3

we may thus assume that the map p factors as a closed embedding followed by a proper

representable submersion. If p is a closed embedding, the claim holds by Corollary 5.1.5.

If p is a proper representable submersion, there is an equivalence p.(—) = py(-® w}l) and

the latter functor admits a right adjoint w s ® f*(-).

6.5.3 Relative Poincaré duality for stacks on SepStk

O

Thus far, our discussion of the categorical properties for the pullback functors f*: C(X) —

C(Y) has been restricted to morphisms f: Y — X between differentiable stacks. As we

will see now, these properties formally extend to more general morphisms in Shv(SepStk).
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This generalization will be used in Section III.4 to deduce relative Poincaré duality for

proper genuine sheaves of spectra.

Recall that, since C is a sheaf of co-categories on SepStk, it admits a unique extension
to a limit-preserving functor C: Shv(SepStk)°P — CAlg(Pr"). We will refer to objects
X € Shv(SepStk) as stacks on SepStk. We will identify a differentiable stack X with its

image under the Yoneda embedding.

Definition 6.5.6 (Representable submersions and proper maps of stacks on SepStk). Let

f:9 — X be a morphism of stacks on SepStk.

(1) We say that f is a representable submersion if for every separated differentiable stack
X and every pullback square
Y —9

f,l 2 lf
X — X
in Shv(SepStk), the object Y is also a separated differentiable stack and the base change

morphism f’: Y — X is a representable submersion;

(2) We say that f is an open embedding if it is a representable submersion and the base

change morphism f”: Y — X in part (1) is even an open embedding for all X — X;

(3) We say that f is representable if for every separated differentiable stack X and every
pullback square
Yy —>9

f,l _| Lf
X — X
in Shv(SepStk) in which the bottom map X — X is a representable submersion, the

object Y is also a separated differentiable stack;

(4) We say that f is proper if it is representable and the base change morphism f": Y — X

in the previous point is proper for every X — X.

Remark 6.5.7. By definition, the condition that the base change morphism f": Y — X is a
representable submersion or a proper morphism can be tested by further pulling back along
amap M — X from a smooth manifold M, hence the same could be done in Definition 6.5.6.

We have chosen this formulation to enhance the analogy with Definition 2.1.4.

Proposition 6.5.8. Let C: Shv(SepStk)°? — CAlg(Pr") be a pullback formalism on SepStk
satisfying the Voevodsky conditions. Then the following hold:
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(1) Forevery representable submersion f: Y — X of stacks on SepStk, the pullback functor
f*: C(X) = C(9) admits a left adjoint fy: C(Y) — C(X). Furthermore, these left

adjoints satisfy smooth base change and the smooth projection formula.

(2) For every proper morphism p: ) — X of stacks on SepStk, the pullback functor
p*: C(X) —> C(Y) admits a right adjoint p.: C(Y) — C(X). Furthermore, these

right adjoints satisfy proper base change and the proper projection formula.

(3) The left adjoints fy and right adjoints p. from parts (1) and (2) satisfy smooth-proper

base change.

(4) For every proper representable submersion f: Y — X of stacks on SepStk the Poincaré
duality map py: fy(=) — fu(=®wy) is an equivalence of functor C(Y) — C(X).

Proof. Each of these properties are local in the morphism f: Y — X, in the sense that they
may be tested after pulling back along an effective epimorphism X’ - X in Shv(SepStk).
They then follow immediately from the analogous properties for morphisms of differentiable

stacks:

(1) Smooth base change and the smooth projection formula hold by assumption on C;

(2) Proper base change and the proper projection formula hold by Proposition 6.5.2 and

Proposition 6.5.3, respectively;
(3) Smooth-proper base change holds by Proposition 6.5.4;

(4) Relative Poincaré duality holds by Theorem 6.1.7.

This finishes the proof. O
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II1.1 Introduction

In the final part of this dissertation, we indicate several potential directions for future
research following up on the results from parts I and II. In Section III.2, we explain in some
detail the expected close relation between twisted ambidexterity from Part I and relative
Poincaré duality from Part II. In Section I11.3, we discuss six-functor formalisms on the site
SepStk and formulate a conjecture concerning a six-functor formalism of genuine sheaves of
spectra. In Section II1.4, we discuss the notion of proper genuine sheaves on a differentiable

stack.

We emphasize that the contents of this final part are much more speculative in nature than

the contents of parts I and II.

II1.2 From Poincaré duality to twisted ambidexterity

The goal of this section is to explain the close connection between twisted ambidexterity
for orbispectra, the main topic of Part I of this dissertation, and relative Poincaré duality for

differentiable stacks, the main topic of Part II of this dissertation.

We start in Subsection 2.1 by discussing the underlying orbispace of a differentiable stack.
In Subsection 2.2 we propose a notion of locally constant genuine sheaves on a stack and
indicate why the category of such should only depend on the underlying orbispace of the
stack. In Subsection 2.3 we come to the comparison of twisted ambidexterity and Poincaré

duality.

2.1 From differentiable stacks to orbispaces

Given a differentiable stack X and a compact Lie group G, the space of G-fixed points of
X is the homotopy type of the internal mapping stack Hom(BG, X) in Shv(Diff). These
fixed point spaces can be assembled into a presheaf on the global indexing category Glo
from Definition 1.4.12, thus forming a global space. It was recognized by Gepner and
Henriques [GHO7], who worked in the topological rather than the differentiable setting,
that this passage from stacks to global spaces is precisely capturing the homotopy theory of

stacks.!

The philosophy that global spaces constitute the homotopy theory of stacks admits a per-

spective using the notion of homotopy invariant sheaves, introduced in Section I1.4.2.

1Both orbispaces and global spaces are called ‘orbispaces’ by Gepner and Henriques
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Consider the co-category Shv(SepStk) of sheaves of spaces on the site SepStk of separated
differentiable stacks, equipped with the open covering topology from Definition I1.4.1.2. By
inverting the projection maps X X R — X for all separated differentiable stacks, we obtain

a homotopy localization functor
Lig: Shv(SepStk) — Shv™(SepStk).

The target of this map can be shown to be equivalent to a presheaf category, whose
indexing category is the full subcategory Glo’ € Shv"®(SepStk) spanned by the homotopy
localizations Ly, (BG) of the classifying stacks BG for all compact Lie groups G:

Proposition 2.1. There is a unique equivalence PSh(Glo’) > Shv"™ (SepStk) extending the
inclusion Glo’ < Shv"™ (SepStk).

The proof is entirely analogous to that of Corollary I1.4.4.7 in the G-equivariant situation,
the only subtle point being the use of Theorem I1.3.7.2 to deduce that every separated

differentiable stack is locally homotopy equivalent to a stack of the form BG.

The oco-categories Glo” and Glo are very similar to each other: both have one object for
every compact Lie group G, and the space of morphisms from H to G can in both cases
be computed to be 1., (Hom(BH,BG)), the homotopy type of the internal mapping object
Hom(BH,BG) in Shv(Diff). It seems likely that the two co-categories are in fact equivalent:

Conjecture 2.2. There is an equivalence of oo-categories Glo ~ Glo'. In particular, there
exists a functor
Iglo: Shv(SepStk) — GloSpc

which exhibs the co-category GloSpc as the Bousfield localization of Shv(SepStk) at the

homotopy equivalences.

Given a separated differentiable stack X, we refer to the global space Igj, (X) as the global
homotopy type of X.

Remark 2.3. A variant of this conjecture has previously been considered by Adrian Clough

in personal writings.

From the characterization of representable maps between separated differentiable stacks
from Corollary I1.3.4.6, one may deduce that for any representable map f: Y/ — X between
separated differentiable stacks, the induced map g ( f) : Tgo(Y) — TG (X) is a faithful
map of global spaces. Since every separated differentiable stack is a colimit of global

quotient stacks along representable maps, it follows that the global homotopy type I1go(X)
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of a separated stack X is in fact an orbispace, meaning that it is contained in the essential
image of the left Kan extension functor OrbSpc = PSh(Orb) < PSh(Glo) = GloSpc.

2.2 Locally constant genuine sheaves

Given an co-topos B, one may consider sheaves of co-categories on 8, i.e. limit-preserving
functors B°? — Cat,,. In Part I of this dissertation, our focus was on examples of ho-
motopical nature, like the co-topoi OrbSpc and GloSpc of orbispaces and global spaces,
respectively. In Part II of this dissertation, our focus was instead on examples of geomet-
ric nature, in particular the co-topos Shv(SepStk). In light of Conjecture 2.2, these two

situations are closely related:

Definition 2.4 (Strong homotopy invariance). A sheaf of co-categories C on Shv(SepStk)
is said to be strongly homotopy invariant if for every separated differentiable stack X the

pullback functor pr*: C(X) — C(X X R) is an equivalence.

Corollary 2.5. Assuming that Conjecture 2.2 holds, precomposition with the global homo-
topy type functor Il : Shv(SepStk) — GloSpc induces an equivalence

Cat(GloSpc) — Cat™™(Shv(SepStk))

between the co-category of global co-categories, i.e. sheaves of co-categories on GloSpc,

and the co-category of strongly homotopy invariant sheaves of co-categories on SepStk.

The main examples of sheaves of co-categories on SepStk studied in Part II are the assign-
ments X — H(X) and X — SH(X) of genuine sheaves of spaces/spectra. However, just like
the co-category Shv(M) of sheaves on a smooth manifold M does not solely depend on the
homotopy type of M, also the co-categories H(X) and SH(X) depend on more than just the
underlying global homotopy type of the differentiable stack X, and thus these assignments
are not strongly homotopy invariant. Nevertheless, we expect that, just like in the situation

for smooth manifolds, one can define subcategories
HY°(X) C H(X) and SHM¢(X) C SH(X)

of locally constant genuine sheaves which do satisfy strong homotopy invariance. The

following definition is an attempt of defining such notion of locally constant genuine sheaves:

Predefinition 2.6 (Locally constant objects). Let C: SepStk°®® — Cat,, be a sheaf of co-
categories on SepStk which is homotopy invariant, in the sense of Definition I1.4.5.17. Let

X be a separated differentiable stack.
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* Assume X comes equipped with a map of stacks p: X — BG for some compact Lie
group G. An object A € C(X) is called G-constant if it is in the essential image of
the functor p*: C(BG) — C(X).

* Anobject A € C(X) is called locally constant if for every point x € X admits an open
neighborhood U C X equipped with a map U — BG for some compact Lie group G
such that A|¢; is G-constant.

We let C1¢(X) € C(X) denote the full subcategory spanned by the locally constant objects.

The reason for calling this a ‘predefinition’ is to emphasize that we view this as a suggestion
for a definition, but that more work should be done to see whether this definition is actually
well-behaved. The idea is that every separated stack X is locally of the form V//G for
some representation V of a compact Lie group G, and the locally constant objects over
V//G should all be pulled back from BG. Informally speaking: “locally constant objects
are locally captured by their isotropy”.

Example 2.7. Vector bundles are locally constant and thus so are their associated sphere
bundles. It thus follows from Corollary 11.6.2.11 that the dualizing sheaf w; € SH(Y) of a

representable submersion f: Y — X is locally constant.

We leave to the reader the proof that the pullback functors f*: C(X) — C(Y) preserves
locally constant objects for every morphism f: Y — X of separated differentiable stacks,

so that C°¢ defines a subfunctor
C°: SepStk® — Cate,

of C. Since being a locally constant object is clearly a local condition, this subfunctor C°¢
is again a sheaf of co-categories on SepStk. We conjecture this sheaf is strongly homotopy

invariant;

Conjecture 2.8. Let C be a homotopy invariant sheaf of co-categories on SepStk. Then the

subsheaf C°° is strongly homotopy invariant.

This conjecture seems plausible: as the pullback functor pr*: C°¢(X) — C°°(X xR) is
fully faithful by assumption, it will suffice to show that any locally constant object in C (X X
R) is pulled back from X. Using a technique like the one from [Lurl7, Proposition A.2.1],
one should be able to reduce to the case where the object is in fact constant, i.e. obtained
via pullback along a map X xR — BG for some G. But this map must factor through X by

strong homotopy invariance of principal G-bundles, giving the claim.
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Assuming both Conjecture 2.2 and Conjecture 2.8 are true, the locally constant objects in
C give rise to a global co-category C°°: GloSpc® — Cat,,. In particular, taking C = SH
would provide a global co-category SH- of genuine sheaves of spectra. At the level of
objects, SH*° agrees with the global co-category Sp. of genuine spectra, in light of the
equivalences SH(BG) =~ Sp; from Proposition 4.4.17. One can similarly check that they

agree at the level of morphism. This leads to the following conjecture:

Conjecture 2.9. There is an equivalence of global co-categories SH*¢ ~ Spe between
the global oo-category of locally constant genuine sheaves and the global co-category

BG +— Spg of genuine equivariant spectra.

In fact, we expect this equivalence to hold as presentably symmetric monoidal global co-

categories.

2.3 From Poincaré duality to twisted ambidexterity

We will now explain the conjectural connection between the (homotopical) twisted am-
bidexterity equivalences obtained in Part I and the (geometric) Poincaré duality equivalences

obtained in Part II.

Recall from Theorem I1.6.1.7 that for every proper representable submersion f: Y — X,
there is a relative Poincaré duality equivalence fy(-) ~ f.(-®wy) of functors SH(Y) —
SH(X). For an arbitrary representable submersion f, the functors fy and f. do not in
general restrict to locally constant genuine sheaves. However, they do if we assume that f

1s locally trivial, in the following sense:

Predefinition 2.10 (Locally trivial submersions). Let f: Y — X be a morphism of sepa-

rated differentiable stacks.

* Assume X = N//G is a global quotient stack of some smooth G-manifold N, where G
is a compact Lie group. We say that f is G-trivial if there exists another G-manifold
M such that Y — X is equivalent to the projection map (M XN)//G — N//G.

* For general X, we say that f is locally trivial if around every point x € X there exists
an open neighborhood U C X of x of the form U = N//G for some compact Lie
group G and a smooth G-manifold N such that the restriction f|q: Y|y — U is

G-trivial.

Since every G-trivial morphism is a representable submersion, it follows that every locally

trivial morphism is a representable submersion.
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Conjecture 2.11. Let f: Y — X be a locally trivial submersion. Then the functor
fi: SH(Y) — SH(X) preserves locally constant objects. If f is proper, then also the
functor f.: SH(Y) — SH(X) preserves locally constant objects.

Proof sketch. By smooth/proper base change, the statement can be checked locally in X, so
that we may assume that f is given as the projection map (M XN)//G — N//G for some
compact Lie group G and smooth G-manifolds M and N. By [Die87, Theorem 5.6] we
may further assume N = G Xy V for a closed subgroup H < G and an H-representation V.
Replacing G by H we may in fact assume that N =V is a G-representation. It follows from
Conjecture 2.8 that every locally constant object A in SH((M xV)//G) is pulled back from
SH(M //G) and it thus follows from smooth and proper base change that the objects f3 A and
f:Ain C(V//G) are pulled back from C(BG), showing that they are locally constant. O

A stacky version of the classical Ehresmann’s theorem says that any proper representable

submersion is locally trivial:

Proposition 2.12 (Ehresmann’s theorem for differentiable stacks, Hoyo and Fernandes
[HF19, Corollary 6.4.5]). Any proper representable submersion f: Y — X is locally

trivial. O

In particular, given a proper representable submersion f: Y — X the relative Poincaré
duality equivalence f;(—) ~ f.(-®wy) restricts to an equivalence of functors SHM¢(Y) —
SH¢(X). This equivalence only depends on the under lying map Igi,(f) : Hgio(Y) —
g1 (X) of orbispaces. We expect that the resulting equivalence is essentially the twisted

ambidexterity equivalence for orbispectra from 1.4.21:

Conjecture 2.13. Let f: Y — X be a proper representable submersion between separated
differentiable stacks.

(1) Under the conjectured equivalence SH-*° () ~ OrbSp(Igio (Y)) from Conjecture 2.9,
the dualizing sheaf wy € SH™(Y) from Definition 11.6.1.3 is inverse to the dualizing
object D y € OrbSp(Ilgio(Y)) from Definition 1.3.1:

Df=~w;' € SH™(Y).

(2) Under the conjectured equivalences from Conjecture 2.9, the relative Poincaré duality

equivalence
pri fi(~@w;') = fu(=): SH*(Y) - SH**(X)
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agrees with the twisted ambidexterity equivalence
Nmy: fi(=®Dy) = f.(-): OrbSp(Ilgio (¥)) — OrbSp(Ilgio (X)).

Proof sketch. In the proof of relative Poincaré duality, we have produced a map n: 1y —
fuS ~Ts which induced the unit transformation idexy = fil(f (=) ®S ~Tr) of an adjunction
ffAfE=9 S~Tr). Considering the global co-category C = SH™°, it then follows from
Lemma 3.27 that the map 7 exhibits S~7/ as a left Costenoble-Waner dual, in the sense of
Definition 3.25. Due to the formulation of twisted ambidexterity in terms of Costenoble-
Waner duality from Proposition 3.29, it follows that the dualizing object D ; is equivalent
to S~Tr, which is the inverse of the dualizing sheaf w ¢, and the resulting twisted norm map

Nm;: fi(-® S7Tr) — f, agrees with the relative Poincaré duality equivalence p - O

II1.3 A six-functor formalism of genuine sheaves on differ-

entiable stacks

In this section, we discuss the notion of a six-functor formalism on the site SepStk of
separated differentiable stacks. We speculate that the assignment X — SH(X) should
enhance to such a six-functor formalism, assigning an exceptional pushforward functor
fi: SH(Y) — SH(X) to every representable morphism f: Y — X of separated differen-

tiable stacks. We illustrate this by giving some partial results in this direction.

3.1 Six-functor formalisms

We start by recalling Mann’s definition of a six-functor formalism.

Definition 3.1 ([Man22, Definition A.5.1]). A geometric setup is a pair (B, E) where B is

an co-category and E C 8 is a subcategory satisfying the following conditions:
(1) The subcategory E contains all equivalences;

(1) Pullbacks of morphisms in E exist in B and are again in E.

Recall that for any geometric setup (8, E), there exists an co-category Span(8, E), called
the span category of (8B, E) or the co-category of correspondences in (8, E), which may

informally be described as follows:
* The objects of Span(8B, E) are the objects of B;
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* A morphism from X to Y in Span(8, E) is a triple (U, f,e), where U € B and f and

e are maps
U
YN
X Y

such that e € E. We refer to such triple as a span from X to Y.
* The identity span on X is given by the triple (X,idy,idx).

* Composition of spans is given by pullback in 8, as indicated by the following diagram:

Remark 3.2. If the oco-category 8B is modeled by a quasicategory, the span category
Span(8, E) may be modeled by the quasicategory whose n-simplices are those maps of
quasicategories C(A") — B which send vertical morphisms to morphisms in £ and send
exact squares in C'(A") to pullback squares in 8. Here C(A") C A" X (A™)°P is the full sub-
category spanned by the pairs ([i],[j]) with i < j, a morphism in C(A") is called vertical
if its projection to the second component is an equivalence, and a square in C(A") is called

exact if it is both a pullback and a pushout square.

The span-category Span(8B,E) is symmetric monoidal, where the symmetric monoidal

structure 1s inherited from the cartesian product in 8.

Definition 3.3 ([Man22, Definition A.5.6]). Let (B, E) be a geometric setup. A pre-six-

functor formalism on (B, E) is a lax symmetric monoidal functor
PD: Span(B,E) — Cate,
where Cat,, is equipped with the cartesian symmetric monoidal structure.

Let us unpack some of the information contained in a pre-six-functor formalism 9 on
(B.E):

(a) (Symmetric monoidality) By restricting 9 along the symmetric monoidal inclusion

BP — Span(B, E), we obtain a lax symmetric monoidal functor D*: B°P — Cat,,.
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Since B°P carries the cocartesian symmetric monoidal structure, this corresponds
to a functor B°? — CAlg(Cats) by [Lurl7, Theorem 2.4.3.18]. In particular, the
oo-category D(X) = D*(X) comes equipped with a symmetric monoidal structure
(D(X),®x,1x) for every object X € B;

(b) (Pullback functors) For every morphism f: Y — X in B, we obtain a symmetric
monoidal functor

[f=D"(f): D(X) - DY),

which we will call the pullback functor.

(c) (Exceptional pushforward functors) Restricting D to the subcategory E C Span(8B, E)

produces a functor D, : E — Cats. For a morphism f: Y — X in E, we will write
fii=D(f): DY) — D(X)
for the resulting functor, and refer to f as the exceptional pushforward functor.

(d) (Base change) By unwinding the functoriality of ) on compositions of spans, it follows

that the exceptional pushforward functors satisfy base change: for every pullback square
y sy
fl - lf
X —— X
in B, there is a natural equivalence
of functors D(Y) — D(X’).

(e) (Projection formula) By unwinding the lax symmetric monoidality of D, one observes
that for every morphism f: Y — X in E and every pair of objects A € D(Y) and

B € D(KX), there is a natural equivalence
AR f*B)~ fA®B € C(X).

Definition 3.4 (Six-functor formalism, [Man22, Definition A.5.6]). Let (B, E) be a geo-
metric setup. A pre-six-functor formalism 9 : Span(8,E) — Cat, on (B, E) is called a

six-functor formalism if it satisfies the following three conditions:

(1) Forevery object X € B, the symmetric monoidal co-category D (X) is closed monoidal:
there exists an internal hom functor Hom(—,—): D(X)? x D(X) — D(X).
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(2) For every morphism f: Y — X in 8B, the pullback functor f* admits a right adjoint
fi: DY) — D(X), called the pushforward functor.

(3) For every morphism f: Y — X in E, the exceptional pushforward functor f; admits a
right adjoint f': D(X) — D(Y), called the exceptional pullback functor.

Definition 3.5. Let (8B, E) be a geometric setup. A presentable six-functor formalism is a
lax symmetric monoidal functor D: Span(B,E) — Pr", where Pr" is equipped with the

Lurie tensor product.

Remark 3.6. Every presentable six-functor formalism gives rise to a pre-six-functor for-
malism by postcomposing with the lax symmetric monoidal forgetful functor Pr* — Cat.,,
and it follows from the adjoint functor theorem that this pre-six-functor formalism is in
fact a six-functor formalism. A six-functor formalism 9 : Span(8, E) — Cat,, is obtained
in this way if and only if the co-category D (X) is presentable for all X € B, see [Lurl7,
Remark 4.8.1.9].

3.2 A six-functor formalism of genuine sheaves of spectra

We expect that the functor SH: Shv(SepStk)°P — CAlg(Pr") of genuine sheaves of spectra
should extend to a six-functor formalism on the co-category Shv(SepStk), where E consists

of the representable morphisms from Definition 11.6.5.6:

Conjecture 3.7. Set B := Shv(SepStk), and let C: B — CAlg(PrY) be a pullback for-
malism on SepStk satisfying the Voevodsky conditions: homotopy invariance, genuine
stability and the localization axiom. Let E C B denote the wide subcategory spanned
by the representable morphisms. Then C extends to a presentable six-functor formalism
C.: Span(B,E) — Pr", satisfying the following conditions:

(1) For every open embedding j: U — X of separated differentiable stacks, there is an

equivalence j = jy,

(2) For every proper morphism p: Y — X of separated differentiable stacks, there is an

equivalence p) ~ p..

Remark. As was pointed out to the author by Marc Hoyois during the revision process of
this dissertation, the above conjecture implicitly assumes that representable morphisms are

closed under base change, which is not true.
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We currently do not have the technology to prove this conjecture in the stated generality.
Nevertheless, we can obtain some partial results using a general existence result for six-
functor formalisms due to Mann [Man22, Proposition A.5.10]. The idea of this result is that
one starts off with a functor D : B8°° — CAlg(Cat.,) such that D satisfies the analogues
of smooth base change, smooth projection formula, proper base change, proper projection
formula and smooth-proper base change. These conditions are formulated with respect to
two classes of morphisms 7 and P of 8, thought of as the ‘open immersions’2 and the ‘proper
morphisms’ respectively; I and P need to satisfy various compatibility conditions, among
which is the condition that every morphism of E factors as an open immersion followed
by a proper morphism. Under these assumptions, Mann’s result says that 9 extends to
a pre-six-functor formalism D: Span(8,E) — Cat,. The condition that this an actual

six-functor formalism translates to conditions on the original functor D.

While Mann’s result does not immediately seem to apply in the case of Conjecture 3.7,
it can be used to prove a weaker result where we obtain exceptional pushforwards f, for
compactifiable morphisms. In the remainder of this section, we fix a separated differentiable

stack S which serves as our base stack.

Definition 3.8 (Separated S-stacks). We let SepStkg be the full subcategory of DiffStk,s
spanned by the separated morphisms X — S of differentiable stacks. We will refer to such
morphism as a separated S-stack. We will often drop the structure map to § from the

notation.

The oo-category SepStk g inherits a Grothendieck topology from SepStk given by the open

coverings.

Definition 3.9 (Compactifiable morphisms). A morphism f: ¥ — X in Shv(SepStkyg) is
called S-compactifiable if there exists a proper morphism $ — S of separated differentiable
stacks and a morphism j: ¥ — P in Shv(SepStks) such that the map (f,j): P — XXsP
is an open embedding. In particular, f factors as an open embedding ( f, j) followed by a
proper morphism pr;: XxsP — X.

We say that f is source-locally S-compactifiable if there exists an open cover {j,: U, —
D}aer in Shv(SepStkg) such that the composite U, — Y — X is S-compactifiable for

every a.

It is clear from the definition that both the S-compactifiable and the source-locally S-

compactifiable morphisms define geometric setups on Shv(SepStkg).

2Mann refers to them as the ‘local isomorphisms’
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Proposition 3.10. For a separated differentiable stack S, consider the oco-category B =
Shv(SepStkg). LetC: B — CAlg(PrY) be a pullback formalism satisfying the Voevodsky
conditions: homotopy invariance, genuine stability and the localization axiom. Let E C B
denote the wide subcategory spanned by all the source-locally S-compactifiable morphisms.
Then C extends to a presentable six-functor formalism C): Span(8B,E) — Pr&, satisfying

the following conditions:

(1) For every open embedding j: U — X of separated S-stacks, there is an equivalence
Jr=Jy
(2) For every proper morphism p: Y — X of separated S-stacks, there is an equivalence

P! = PDx

Proof. We first show the weaker claim that C extends to a presentable six-functor formalism
Span(8B,E’) — Pr", where E’ is the wide subcategory of 8 = Shv(SepStkg) spanned by
the S-compactifiable morphisms. For this, we apply [Man22, Proposition A.5.10]. Let /
denote the collection of open embeddings in Shv(SepStk) and let P denote the collection
of proper morphisms in Shv(SepStkg). These two collections of morphisms satisfy the
conditions of [Man22, Definition A.5.9]:

(a) By definition, every morphism in E’ is of the form f = poi for somei €/ and p € P;
(b) The morphisms in / and P are O-truncated;

(c) The collections of morphisms / and P contain all equivalences and are closed under

composition and base change in Shv(SepStkg).

(d) The collections of morphisms 7 and P are left-cancellable: given morphisms f: Y — X
and g: Z — Y in Shv(SepStkg) such that f € [ and fg €I (resp. f € P and fg € P)
then also g € I (resp. g € P).

It then remains to check the conditions of [Man22, Proposition A.5.10]. This is precisely
the content of Proposition 6.5.8.

This gives the extension of C to Span(8B, E’) — Prt. The further extension to the source-
locally compactifiable morphisms is then an immediate consequence of [Man22, Propo-
sition A.5.14], since by assumption C satisfies descent with respect to open covers of
differentiable stacks. O
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II1.4 Proper genuine sheaves

When defining genuine sheaves of spectra on differentiable stacks in Chapter 1.4, we
restricted our attention to the separated differentiable stacks. Every such stack is locally
equivalent to a quotient stack M //G of a compact Lie group G and a smooth G-manifold
M, and on such stacks there is a good supply of vector bundles whose associated sphere
bundles can be inverted. In stable equivariant homotopy theory one usually restricts to

compact Lie groups G rather than arbitrary Lie groups for essentially the same reason.

If the Lie group G is non-compact, one can still obtain a well-behaved notion of G-spectra by
restricting attention only to the compact subgroups of G. This leads to the notion of proper
genuine G-spectra, introduced and studied by Degrijse et al. [Deg+23]. As made precise
in Section 1.4.4, one can rephrase this definition in terms of parametrized orbispectra: one
associates to G an orbispace BG described informally by ‘probing’ G by all compact Lie
groups K, and the co-category of proper genuine G-spectra is equivalent to the co-category
of orbispectra parametrized over the orbispace BG.

The goal of this section is to indicate how one probing an arbitrary differentiable stack X
by separated differentiable stacks similarly similarly leads to an co-category SHP' (X) of

proper genuine sheaves of spectra.

Definition 4.1. We define a functor (—)P": Shv(Diff) — Shv(SepStk) as follows: for a
stack X on Diff, we define XP': SepStk°® — Spc by XP"(Y) := Homgpy(pisr) (Y, X) for
Y € SepStk C Shv(Diff). Since every open cover | |, U, — Y in SepStk is in particular an

effective epimorphism in Shv(Diff), X" is indeed a sheaf.

It is immediate that the functor (—)P" preserves limits and that composing (—)P" with the
inclusion SepStk < Shv(Diff) results in the Yoneda embedding for SepStk.

Predefinition 4.2 (Proper genuine sheaves of spectra). We define the functor
SHP": Shv(Diff)°? — CAlg(Pr")

by SHP'(X) := SH(XP"). Given a sheaf X € Shv(Diff), we refer to SHP'(X) as the oco-

category of proper genuine sheaves of spectra on X.

Warning 4.3. The functor SH" is nor a sheaf of co-categories on Shv(Diff).

Note that if f: X’ — X is a morphism in Shv(Diff) which is a representable submersion,

an open/closed embedding or a a proper morphism, in the sense of Definition 2.4.2, then
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the map fP": X’P" — XP' in Shv(SepStk) has the analogous property, now interpreted in
the sense of Definition 6.5.6. It thus follows from Proposition 6.5.8 that the co-categories
SHP'(X) inherit all of the functoriality properties from SH(Y): left adjoints f; for repre-
sentable submersions satisfying smooth base change and the smooth projection formula,
right adjoints p. for proper morphisms satisfying proper base change, the proper projection

formula and smooth-proper base change. In particular:

Proposition 4.4 (Relative Poincaré duality for proper genuine sheaves). For every proper

representable submersion f: Y — X of stacks on Dift, there is an equivalence
pri fi(-) = ful-®wy)
of functors SH? (M) — SHP'(X).

We expect that the aforementioned functorial properties of the co-categories SHP' (X)) should

be part of a six-functor formalism:

Conjecture 4.5. The functor SH”: Shv(Diff)°P — CAlg(Pr") extends to a six-functor
formalism Span(Shv(Diff), E) — PrY, where E consists of the representable morphisms in
Shv (Diff).

Just like genuine sheaves of spectra on the classifying stack BG of a compact Lie group
G recover genuine G-spectra, we expect the proper genuine sheaves of spectra on the

classifying stack of an arbitrary Lie group to recover proper genuine G-spectra:

Conjecture 4.6. For a Lie group G, there is an equivalence of co-categories SHP' (BG) =~
Sp%r.

The idea is that both co-categories are a limit of the co-categories SH(BK) as K ranges
over all compact subgroups of G. For Spgr this holds by [LNP22, Theorem 12.11], using
the equivalences SH(BK) =~ Spy from Proposition 4.4.17. For SH”(BG) one would a
priori need to take the limit of the co-categories SH(X) over the larger indexing diagram of
separated differentiable stacks X equipped with a morphism X — BG of stacks. However,
since any separated stack is locally a quotient stack M //G for some compact Lie group K
and some smooth K-manifold M, and since every map M //K — BG factors through BK,
we may instead form the limit over maps BK — BG. Since every group homomorphism
K — G factors as a surjection followed by an injection, it will suffice to take the limit over

those maps BK — BG corresponding to compact subgroups K < G.
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A Symmetric monoidal unstraightening

Let B be an co-topos and let O® be an co-operad. In this appendix, we recall unstraightening
techniques from Lurie [Lurl7] and Drew and Gallauer [DG22, Appendix A] to describe
O-algebras in the oo-category Cat($B) of B-categories in terms of suitable cocartesian

fibrations.

We start by recalling the situation for O = Comm® from [DG22, Appendix A].

Definition A.1. Let D® be a symmetric monoidal co-category. A D®-monoidal oo-category
is a symmetric monoidal co-category C® equipped with a symmetric monoidal cocartesian
fibration p®: C® — D®. A D®-monoidal functor is a symmetric monoidal functor over
D® which preserves D®-cocartesian edges. We let Cat? °c CAlg(Cats),;p denote the

(non-full) subcategory of D®-monoidal co-categories.

Remark A.2. By [DG22, Remark A.3], a functor p®: C® — D® is a D®-monoidal co-
category Definition A.1 if and only if it is a D®-monoidal co-category in the sense of
[Lurl7, p. 2.1.2.13].

Proposition A.3 ([DG22, Corollary A.12]). Assume D® is a cocartesian monoidal struc-

ture. Straightening /unstraightening induces an equivalence

Cat2” ~ Fun(D, CAlg(Cats,)).

Let B be an co-topos, and consider the symmetric monoidal co-category 8°P-, the opposite
of B equipped with the cocartesian monoidal structure. In this case, the equivalence of
Proposition A.3 may informally be described as follows. Given a functor C: 8% — B°PH,

the resulting 8°P“-monoidal co-category
p® . CIX N Bop,l_l

which may informally be described as follows:
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* The objects of C¥ are pairs (B,X) where B is an object in 8B, and X is an object
in C(B).

e A morphism (B, X) — (B’,X’) in C¥ consists of a morphism f : B — B in 8, and a
morphism f*X — X" in C(B’).
* The tensor product of (B, X) and (B’, X’) is the “external product”
XRX :=pryXQ®pxppry X' € C(BXB),
where prg : BX B’ — B and prg : BX B’ — B’ are the canonical projections in 5.
Conversely, if p® : C®¥ — B°PH is a B°P"-monoidal co-category, we may straighten the
underlying cocartesian fibration p : (C¥); — B°P to a functor C : 8°? — Cat,,, sending
B € B to the fiber of p over B. The symmetric monoidal structure on this fiber C(B) may

be described as follows: given X, X’ € C(B), their tensor product is the object A* (X ® X")
where A denotes the diagonal map B — BX B in 8.

As there is an equivalence Fun(8°P,CAlg(Caty)) ~ CAlg(Fun(8°,Cat)), it follows
from Proposition A.3 that we may regard every symmetric monoidal B-category C €
CAlg(Cat(8B)) as a cocartesian fibration C®* — B°P2. We will now discuss how one may

describe O-algebras in Cat(B) for an arbitrary co-operad O® in a similar fashion.
Definition A.4. We define the co-category B8°P© via the following pullback diagram:

Bop,O — $op.U

!

0® —— Fin..

Being the pullback of a cocartesian fibration, the map ¢: 8°%9 — O® is a cocartesian

fibration.
Proposition A.5. There is an equivalence
Alg, (Fun(8, Caty,)) = Cat?:p’o,
natural in O®, which for O® = Comm® reduces to the equivalence of Proposition A.3.

Proof. This follows from the following equivalences:

Alg, (Fun(8B°, Cats)) ~ Fun(B, Alg, (Cats))
~ Alggop,0 (Cate) [Lurl7, Theorem 2.4.3.18]
~ Cat3™°. [Lurl7, Remark 2.4.2.6]
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For O® = Comm®, this reduces to the equivalence of Proposition A.3 given in [DG22,
Corollary A.12]. O

We are mainly interested in the case O® = LM?® in order to describe left C-modules in
Cat(8).

Corollary A.6. Consider C € CAlg(Cat(8B)) and let C* € Catﬁ”"’” denote the associated

BPY-monoidal oo-category. The equivalence of Proposition A.5 restricts to an equivalence
op RBop- LM x4
LMod¢ (Fun(8°,Cat,,)) ~ Cat_, Xz {C™ )

The full subcategory LMod¢ (Cat(B)) of the left-hand side is equivalent to a full subcategory
of the right-hand side spanned by those BPLM monoidal co-categories M® — BPLM
whose pullback along the inclusion B°P — BPLM is corresponds to a B-category (i.e.,

its straightening B°P — Caty, preserves limits).

From this description of C-modules in Cat(8) in terms of cocartesian fibrations, we can
deduce a non-parametrized criterion for a C-linear 8-functor F': D — & to have a C-linear

right adjoint.!

Proposition A.7. Let C be a symmetric monoidal B-category, let D and & be B-categories
tensored over C, and let F: D — & be a C-linear functor. Assume that F admits a
parametrized right adjoint G: & — D satisfying the following projection formula: for
every B € B, every C € C(B) and every E € E(B), the map C @ G(E) —» G(C QpE)

adjoint to the composite

Comuni
F(C®G(E)) ~C®p F(G(E)) =2, C oz E
is an equivalence in D(B). Then the right adjoint G admits canonical C-linear structure

and the adjunction enhances to an adjunction in Mod¢ (Cat(8B)).

Proof. By Corollary A.6, we may identify the C-module structures on O and & with
cocartesian fibrations over B8°PLM whose restriction to B8°PY is C®. The map F thus

corresponds to a map

D= i &e

N

Bop,.CM

In this appendix, contrary to the convention used in the body of the text, C-linear B-functors are not
assumed to preserve colimits.
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of cocartesian fibrations. If F': ) — & has a parametrized right adjoint, then in particular
F™ has fiberwise right adjoints, and by [Lurl7, Proposition 7.3.2.1] these assemble into a
relative right adjoint G®: E® — D® over B°PLM which moreover is a map of co-operads.
In particular G preserves inert maps. Our goal is to show that G in fact preserves all
cocartesian edges. By the product description of the mapping spaces in an co-operad, we
may restrict attention to cocartesian morphism in E® whose target lies over (1) € Fin,.
Given such morphism, let (Bj,...,B,) — B be the image in B°P£M 2 This map is a
composite of two maps (By,...,B,) — B X---X B, — B, so we may assume without loss
of generality that either n = 1 or that the map is cocartesian for the cocartesian fibration
BPLM _; Fin,. When n = 1, this is just the condition that G: & — D is a parametrized
functor, by assumption on F. So assume the map (Bj,...,B,) — B is cocartesian for
BoP-LM _, Fin,. When B lies over a € LM, the claim is clear since F is the identity over
Assoc € LM. So we may assume without loss of generality that B lies over m € LM,
and moreover that B, lies over m while all the other B; lie over a. By induction, we may
assume that n = 2, so that the map in BoPLM takes the form (B, B;) — B x B, and lies
over the map (a,m) — m in LM. A cocartesian edge in E® over this map has the form
(C,E) » CRE. The condition that the induced map G(C,E) = (C,G(E)) » G(CRE)
is again cocartesian is equivalent to the condition that the map CRG(E) - G(CRE)
is an equivalence in D (A x B). Since for C € C(A), E € &(B) and E’ € &(A) there are

equivalences

CRE ~ HZC‘X’AXB”ZE
CQRuE ~ AA*(CIZIE/),

and since G commutes with base change, it follows that this condition is equivalent to the

assumption on G. O

2This notation is abusive: the £M®-component is hidden in the notation.

251



B Duality in equivariant stable homo-

topy theory

Let G be a compact Lie group. In his PhD dissertation, Campion [Cam?23] proved a
universal property of the co-category Sp® of genuine G-spectra: the suspension spectrum
functor £%: Spc¥ — SpY in CAlg(Pr") is initial among symmetric monoidal left adjoints
F: Spc® — D into a stable presentably symmetric monoidal co-category 9 such that
F(X) is dualizable for every compact pointed G-space X. Since we know from [GM?20,
Corollary C.7] that X% is initial among functors F' that invert representation spheres, the

crux of Campion’s result is that these two conditions on F': Spc? — D are in fact equivalent:

Theorem B.1 (cf. Campion [Cam23, Section 5]). Let G be a compact Lie group, let D €
CAlg(Prﬁ‘t) be a stable presentably symmetric monoidal co-category, and let F: SpcS — D

be a symmetric monoidal left adjoint. Then the following are equivalent:

(1) Forevery orthogonal G-representationV, the functor F sends the representation sphere

SV to an invertible object of D;
(2) For every compact pointed G-space X € Spc8, the object F(X) is dualizable in D;

(3) Forevery orthogonal G-representationV, the functor F sends the representation sphere
SV to a dualizable object of D.

For completeness, we will include a proof of this theorem. While we present both the
statement and the proof slightly differently, the core ideas are taken from Campion’s thesis
[Cam23]. The first core idea is that certain dualizable objects are already close to being

invertible:

Definition B.2 (Campion [Cam23, Definition 2.1.2]). Let D be a presentably symmetric
monoidal co-category, let 7 € D be an object and let #: T — T be an endomorphism of 7'.
We say that T has t-twisted trivial braiding if the twist morphism o7 7: T®T - T QT is
homotopic to the map 1 ®¢: TQT - T®T.
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Proposition B.3 (cf. Campion [Cam23, Proposition 2.3.1]). Let T € D be a dualizable
object. Assume that T has t-twisted trivial braiding for some endomorphism t: T — T.

Then the morphism

1
TRT' &@T —5 T

is an equivalence.

Proof. Since 1 ®evy always admits a right-inverse given by coevy ®1: T ->TQT" T, it
remains to show that 1 ® evy also admits a left-inverse. We claim that in fact already the

evaluation map evy itself admits a left-inverse, given by the following composite:

T o
1p 25 7o E 1o L TV T,

Indeed, this follows from the following string diagram:

TVh T TV 4T VL 3T T T
19 o i
t O_T,T
t 7 N (D N
oV ar,Tv or,Tv
T wﬂ \&/ v T N T T T

Here we have abbreviated & = evy and 1 = coevy. Each of the five diagrams represents
a composite of morphisms in ), where each downward pointing arrow denotes a tensor
factor of T while an upward pointing arrow denotes a tensor factor of 7. For example, the

third diagram is to be read as the following composite:

0T, 1®

1 1 1 1®0 v 1
TV QT LTV @TRTRT' — -, TV @TRTRT — TV @TT' T 25TV & T

The equivalence labelled (1) holds because of the assumption that 7" has a ¢-twisted trivial
braiding. The other equivalences are easy manipulations of string diagrams. This finishes

the proof. O

Lemma B.4 (Campion [Cam23, Example 2.1.6]). For every G-representation V, the repre-

sentation sphere SV € SpcS has (—1)-twisted trivial braiding, where =1: SV — 8V : v —v.
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Proof. Consider the family of linear G-equivariant maps H: [0,1] — Endg (V xV) sending

t to the matrix

(— sin(5t) cos(51)

) VXV > VXV,
cos(5t) sin(51)

We have Hy(vy,v2) = (va,vy) and Hy(vy,v2) = (—v1,v2). Since H, is invertible at all times,
it induces a pointed map S : §VXV — §VXV_ As SV*V = SV A SV, it follows that the twist

map of SV in Spc? is homotopic to the map (—1) Aid as desired. O

To continue, we need the notion of G-spaces concentrated at a single conjugacy class. We

fix a compact Lie group G and a conjugacy class (H) of subgroups of G.

Definition B.5. We say that a pointed G-space X € Spc¥ is concentrated at H if we have
XX = x for any subgroup K C G that is not in the conjugacy class of H.

Let W =Wg(H) = Ng(H)/H denote the Weyl group of H in G. Observe that the full
subcategory of the orbit category Orbg spanned by G/H is equivalent to the classifying
space BW of W, as W is equivalent to the endomorphism space of G/H in Orbg. It follows
that the H-fixed point functor (=) : Spc? = Fun(Orbg, Spc,) — Fun(BW, Spc,) becomes

an equivalence when restricted to the pointed G-spaces concentrated at H.

We let St} denote a copy of S° concentrated at H corresponding:

0 . ‘
(STHK = S K conjugate to H;

%  otherwise.

Note that the functor — A S{#}: SpcG — Spc? is a localization onto the pointed G-spaces

concentrated at H.

Lemma B.6. Let V be a G-representation and let n = dim(V). Then there is an equiva-
lence of pointed G-spaces SV NS NG /H, ~ 2" (S AG/H,).

Proof. Since both sides are concentrated at H, the equivalence can be checked after forget-
ting to Fun(BW, Spc,) after passing to H-fixed points. As the H-fixed points of G/H, are

W, this follows from the sequence of equivalences
(SV)H AN W+ = SVH A W+ = Sn AN W+ = En(W+).

Here the second equivalence uses the shear isomorphism for W-spaces, using that the

underlying pointed space of S Vs s, O
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We are now ready for the proof of Theorem B.1.

Proof of Theorem B.1. Let F: Spc® — D be a symmetric monoidal left adjoint as in the
statement of the theorem. We prove that 1), 2) and 3) are equivalent. The implication (2)
= (3) is obvious. For the implication (1) = (2), note that (1) implies by the universal
property of Sp® = (Spc%)[{SY}~!] that F uniquely extends to a symmetric monoidal left
adjoint F: Sp® — D. Since the suspension functor X Spc? — SpY sends compact
G-spaces to dualizable objects, the same follows for F.

It remains to show that 3) implies 1). Let V be a G-representation and assume that F(SY)
is dualizable. To prove that F(S") is invertible, we need to show that the evaluation map

evrsvy: F(SY)®D(F(SY)) — 1y is an equivalence, or equivalently that the cofiber

evF(SV)

Q :=cofib(F(SV)®D(F(SY)) —— 1p)

is zero in . We will inductively show that Q ® F(X) is zero for a large family of G-spaces
X.

Step 1: We have seen in Lemma B.4 that X = SV has twisted trivial braiding, and since
the functor F is symmetric monoidal it follows that F(S") also has twisted-trivial braiding.
Proposition B.3 then gives us that the map evy(gvy: F(S")® D(F(S")) — 1 becomes an
equivalence after tensoring with F(SV). In particular, Q ® F(S") =0.

Step 2: We will show that Q ® F(S1H}) = 0 for every subgroup H of G. By step 1, we know
that 0@ F(SVASUYAG/H,) ~ Q@ F(SV)® F(S"} AG/H,) = 0. From the equivalence
of Lemma B.6 and exactness of Q ® F(—), it follows that

0=0F(S"ASYIAG/H,) =" (0o F(SY AG/H,)),

so that also Q ® F(SU} A G/H,) = 0 by stability of D. Since Q ® F(-) commutes with

homotopy orbits, we get

0 F(sH=0eF ((S{H} A G/H+)hw) ~ (Q ® F(SU A G/H+))/W - 0.

Step 3: We show that Q = 0. For a family # of subgroups of G we let E# denote the
universal G-space with F -isotropy, characterized by the property that
x KeF;

(Er)¥ = ‘
0 otherwise.

We let E¢ 4 := (E¢);. Consider U be the poset of all families ¥ of subgroups of G for
which Q ® F(E# ;) = 0. Our goal is to show that the family of all subgroups is contained
in U, as in that case we have E¢ . =S sothat Q® F(Ex ) =Q®F(S°) ~Q®1p ~ Q.
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Note that U contains F = @ since E# = 0 and Q ® F(—) preserves the initial object.
Furthermore, for a chain 1 C ¥, C 3 C ... of nested families in U/ with union ¥, we have
E¢ = colim; E#, as is easily checked on K-fixed points for every K < G. As Q® F(-)
preserves colimits, it follows that also # € U. Thus U satisfies the conditions of Zorn’s

lemma and thus contains a maximal element 7,.

We claim that ¥, must contain all subgroups of G. Assume that a subgroup H is not
contained in %,. Since the poset of subgroups of G is well-founded, we may assume that
H is minimal with this property, i.e. every strict subgroup of H is in ¥,,. We now define
¥ as the family of subgroups either contained in 7, or conjugate to H. This is indeed a

family by assumption on H. We then have a cofiber sequence
Eg,+— Eg o — SUD.
in SpcC. Since Q ® F(—) preserves cofiber sequences, the sequence
Q®F(Eg,.) = Q®F(Er,) — Q@ F (S

is again a cofiber sequence in D. Since 7, € U, the left term is zero, and by step 2) also the
right term is zero. It follows that the middle term is zero and thus ¥’ € U. This contradicts
the maximality of F,,. We conclude that H must have already be contained in %, and thus
that 7, contains all subgroups of G. This finishes the proof of the implication (3) = (1),
thus finishing the proof of the theorem. m|
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C Smooth manifolds

We collect some basic results on smooth manifolds. Let Diff denote the category of smooth
manifolds and smooth maps. It will be convenient for us to allow impure smooth manifolds,

meaning that different path components might have distinct dimensions.

Definition C.1. Let f: M — N be a smooth map between smooth manifolds.

e The map f is called a submersion if for every x € M the map T, f : TxM — Ty, N on

tangent spaces is surjective.

e The map f is called an immersion if for every x € M the map T, f: M — Ty N

on tangent spaces is injective.

* The map f is called an embedding if it is an injective immersion such that f restricts

to a homeomorphism M =N f(M).

« The map f is called proper if the preimage f~'(K) C M of a compact subspace
K C N is compact.

Definition C.2 (Embedded submanifold). A subset N C M of an n-dimensional smooth
manifold M is called an embedded k-submanifold for k < n if around every point x € N
there exists a chart ¢: U — V C R” such that

O(UNN) ={(X1,.. s Xks Xkt1s--+5Xn) € VNXpy) =+ =x, =0}

This definition is local in M and hence gives a notion of an embedded submanifold also for

impure smooth manifolds.

Proposition C.3 ([Lee02, Proposition 5.5]). Let N C M be an embedded submanifold,
equipped with the subspace topology. Then N admits a unique structure of a smooth

manifold such that the inclusion N — M is a smooth embedding. |
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Proposition C.4 ([Mic08, Theorem 1.15]). The category Diff is idempotent complete:
given a smooth manifold M and a smooth endomorphism f: M — M satisfying fo f = f,
the image f(M) C M is an embedded submanifold of M. O

Corollary C.5. The image of the Yoneda embedding y: Diff < PSh(Diff) is closed under

retracts. O

Smooth manifolds are closed under closed equivalence relations.

Proposition C.6 (Godement, [Ser92, Section III.12, Theorem 2], [Bou67, Section 5.9.5]).
Let M be a smooth manifold and let R € M X M be a closed smooth submanifold defining
an equivalence relation on M. Assume that the first projection pry: R — M is a smooth
submersion. Then the quotient space M | R admits a unique structure of a smooth manifold

making the quotient map M — M /R a smooth submersion. |

The following lemma discusses various cancellation properties of smooth maps between

smooth manifolds:

Lemma C.7. Consider a commutative triangle of smooth maps between smooth manifolds:

M
2N
N g s 0.

(1) If g f is an embedding, then f is an embedding;

(2) If g f is proper, then f is proper;
(3) If g f is a closed embedding, then f is a closed embedding.

(4) If f is a surjective submersion, then g f is a surjective submersion if and only if g is a

surjective submersion.

Proof. For (1), assume that g f is an embedding. As g f is injective, also f is injective. As

the composite

Ty f Trx)g
I'M — Ty(y)N —— T4 (1) O

is injective, so is Ty f. So f is an injective immersion. If 4: g f(M) — M is a continuous

inverse to the homeomorphism gf: M — gf (M), then the composite

Fny S gromy S m
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will be a continuous inverse to f: M — f(M).

For (2), assume that g f is proper. Let K C N be a compact subspace. Since g f is proper,
the subspace (gf)~'(g(K)) C N is compact. The preimage f~!(K) is a closed subspace of
(gf)"'(g(K)), hence it is also compact.

For (3), it suffices to observe that a smooth map is a closed embedding if and only if it is a
proper embedding.

For (4), it is clear that if f and g are surjective submersions then so is g f, so assume that
f and g f are surjective submersions. For any y € N, take x € M such that f(x) =y. Then
both 75 f: TuM — Ty ()N as well as the composite

Txf Tyg
TM — TyN — T,,0

are surjective, and thus so is 7y g as desired. O

Every smooth submersion locally admits a simple ‘normal form’:

Theorem C.8 (Local submersion theorem). Let f: M — N be a smooth submersion between
smooth manifolds. Then for every point x € M there exists an open neighborhoodx € U C M
equipped with an isomorphism U = f(U) XR" for some natural number n such that the

following diagram commutes:

fU)XR" ——— U « s M
prfw)\) lflu lf (.1
f(U) —> N.

Proof. This is a special case of the Constant Rank Theorem of [Lee02, Theorem 5.13]: as
f has constant rank k£ = dim(/N), one may choose local coordinates on M and N such that f
is of the form f(x1,...,X%, Xg41»---»Xk+n) = (X1,...,xx). Choosing small open balls around
x and f(x) thus shows that f is locally given by a projection R¥** — R¥ onto the first k

coordinates. O

It is a folklore theorem that base changes of smooth submersions exist in Diff and are again

smooth immersions. More precisely:

Proposition C.9. Let M, N and N’ be smooth manifolds, let f: M — N be a smooth
submersion, and let g: N' — N be a smooth map. Then the pullback space M Xy N’ admits
a unique smooth structure such that a map h: X — M Xy N’ is smooth if and only if both
composites pry,oh: X — M and pry;, oh: X — N’ are smooth. Furthermore, the projection

M Xy N — N’ is a smooth submersion.

259



Proof. This is a special case of the fact that pullbacks in Diff of transversal maps exist.
Although this result is widely known, we were not able to find a proof in the literature,
hence we will provide one for the special case f is a smooth submersion.

Observe that the statement is local in M, in the sense that if {U,} is an open cover of M
such that the statement holds for the composite f, = U, — M i> N, then it also holds
for f. By Theorem C.8, it will thus suffice to prove the claim when f is either an open
embedding, where the statement is clear, or a projection N X R" — N, where the pullback

is the projection N’ XR" — N’. O

Lemma C.10. Let f: M — N be a submersion between smooth manifolds. Then it is

surjective if and only if it admits local sections.

Proof. 1If f admits local sections, it is clear that f is surjective. Conversely, consider a
point y € N. We have to find an open neighborhood around y on which f admits a section.
By surjectivity of f, we may pick x € f~'({y}). Using Theorem C.8, we may find an
open neighborhood x € U C M equipped with an isomorphism U = f(U) xR" for some
natural number n such that the diagram (C.1) commutes. Since the left diagonal map
f(U)xXR" — f(U) admits a section y’ — (y’,0), it follows that f admits a partial section
defined on the open neighborhood f(U) around y, proving that f admits local sections. O

We finish the chapter by discussing relative tangent bundles and normal bundles.

Definition C.11. Let f: M — N be a smooth map between smooth manifolds. We define
its relative tangent bundle Ty as the kernel of the derivative df of f:

Ty :=ker(df: TM — f*'TN) € Vect(M).
We define its normal bundle as the cokernel of df:
Ny :=coker(df: TM — f*TN) € Vect(M).
Relative tangent bundles and normal bundles behave well under pullback:
Lemma C.12. Consider a pullback square of smooth manifolds
M L M

f’l—' lf

N —f2 s N
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such that g is a smooth submersion. Then the induced square on tangent bundles

™ s M

ol

d
TN' =3 TN
is again a pullback square.

Proof. The statement is clear when g is an open embedding. Theorem C.8 then allows us
to reduce to the case where N’ = N XR" and g = pry: N XR" — N is the projection. In this
case we have M’ = M xR", and the statement now follows as T (N X R") = TN x R™*" and
similarly for 7(M xR"). O

Corollary C.13. Fora pullback square of smooth manifolds as in Lemma C.12, the following

square is also a pullback square:

Tfri>Tf
[
M s M.

If f and (thus) " are immersions, than also the following square is a pullback square:

d
Ny — Ny
L2l
M —" M.

Proof. For every x € M’, the induced square of vector bundles

dh
M —2 TyoM

df/l 1 l i

, 48
Ty yN" —— Tr(n)N

is a pullback square by Lemma C.12. Passing to vertical kernels shows that the map
dh: Ty — Ty induces isomorphisms on fibers, proving that the first square is a pullback
square. If f and f’ are immersions, then df and df’ are injections. Passing to vertical
cokernels in the above square shows that the map dg: Ny — Ny induces isomorphisms on

fibers, proving that the second square is a pullback square. O
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D Lie groupoids

In this appendix, we recall some background material on Lie groupoids freely used in the
body of the text.

D.1 Definition and examples

We recall the definition and some basic examples of Lie groupoids.

Definition D.1 (Lie groupoid). A Lie groupoid G is a groupoid (G; =3 Go) in which G
and Gy are smooth manifolds, the structure maps s,¢: G1 — Go, m: G1 Xs.6,: G1 — G1 and
u: Go — G are all smooth, and the source and target maps s,¢ are smooth submersions.
A morphism of Lie groupoids f: G — H is a smooth functor, i.e. a pair of smooth maps
Jfo: Go — Hopand f1: Gi — H; commuting with the structuer maps. We denote by LieGrpd

the category of Lie groupoids and morphisms of Lie groupoids.

Given a smooth manifold M, we say that G is a Lie groupoid over M if Gy =M.

Warning D.2. While one sometimes reads that ‘Lie groupoids are groupoid objects internal
to the category Diff of smooth manifolds’, this statement needs to be taken with care, as the
category Diff does not admit all pullbacks. The assumption that source and target maps are

smooth submersions is needed to get a well-behaved theory.

Example D.3 (Classifying groupoid). Let G be a Lie group. We let G =< pt be the Lie
groupoid given by (G = pt)g = pt and (G =< pt); = G, with composition and inversion given
by multiplication and inversion in G. We call G  pt the classifying groupoid of G.

Example D.4 (Action groupoid). More generally, let M be a smooth G-manifold, i.e., a
smooth manifold equipped with a smooth G-action. We let G =< M be the Lie groupoid
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given by (G=<M)o=M and (G < M); =G X M. The structure maps are given by
S(g,X) =X, t(g,X) =8 €(X) = (e,x),
i(g,%) = (g gx) m((g',8x),(8,x)) = (g'8,%).
We call G < M the action groupoid of M. It defines a functor G =< —: Diffg — LieGrpd,

where Diff ¢ denotes the category of smooth G-manifolds.

Example D.5 (Cech groupoid). Let p: M — N be a smooth submersion between smooth
manifolds. Then its Cech groupoid C(p) is defined as the Lie groupoid with C(p)o = M,
C(p)1 = M xy M, and structure maps
s(x,x") =x, t(x,x") =x", e(x) = (x,x),
i(x,x")=(x',x), m((x,x"), (x",x")) = (x,x7).

When N = pt is a point, the resulting Lie groupoid M X M = M is known as the pair
groupoid of M.

Example D.6 (Gauge groupoid). Let P — M be a principal G-bundle. The gauge groupoid
is the Lie groupoid (P X P)/G =3 M, where G acts diagonally on P X P. The composition
is defined as in the pair groupoid.

Example D.7 (Pullback groupoid). Let G be a Lie groupoid over M, let N be a smooth
manifold and let f : N — M be a smooth submersion. We define the pullback groupoid
f*G by letting (f*G)o = N and defining

("G =NxuGixuN={(x,8,y) e NXGI XN |s(g) = f(x),1(g) = f(»)},

with structure maps inherited from G. As a special case, we get for every open subspace
U C M a groupoid G|y, called the restriction of G to U:

Glu=|{s€Gils(e).1(g) €Uy =3 U|.

More generally, we may define a topological groupoid G|y for any subspace X C M.

However, it is not always true that G|x is a Lie groupoid.

We recall the definition of the orbits and isotropy groups of a Lie groupoid.

Definition D.8 (Orbits). Let G be a Lie groupoid over M. Two points x,y € M are said to
lie in the same orbit of G if there exists an arrow g: x — y, i.e., apoint g € G| with s(g) =x
and 7(g) = y. This gives rise to a partition of M into the orbits of G: every point x € M is

contained in a unique orbit:
Or:={t(g) eM|geGis(g)=x} M.
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Definition D.9 (Isotropy group). Let G be a Lie groupoid over M and let x,y € M. We
define

G(x,-) =5 () ={geGi|s(g) =x}

G(—y)=t"'(y)={g€Gi1(g) =y}

G(x,y)=G(x,-)NG(-,y) ={g € Gi | s(g) =x.1(g) =y}
G, :=G(x,x).

The composition in G restricts to a group structure on G, and we call G, the isotropy group

of G at x.

Example D.10. The isotropy group of the action groupoid G < M at a point x € M 1is the
usual isotropy group G, = {g € G | gx = x} of the G-action on M.

As s and r are smooth submersions, the fibers G(x,—) and G(—, y) are closed submanifolds
of G1. One can prove that also the subspaces G(x,y) C G; and Oy C M are smooth

manifolds, implying in particular that the isotropy group G is a Lie group:

Proposition D.11 (Moerdijk and Mréun [MMO3, Theorem 5.4]). Let G be a Lie groupoid
over M and let x,y € M.

(1) The subspace G(x,y) is a closed submanifold of G,

(2) The isotropy group G is a Lie group;

(3) The orbit G - x is an immersed submanifold of M;

(4) The target map t: G(x,—) — O, is a principal G y-bundle.

Definition D.12. Let G be a Lie groupoid over M and let S C M be a subspace. We say
that X is saturated if it contains all orbits that intersect S: if x € S, then also gx € § for all
g € Gy with s(g) = x. For an arbitrary subspace S C M, we define the G-saturation G - S of

S as the union in M of all orbits of G intersecting S non-trivially:
G-8:=|JOr=(sxeM|geGis(g)=xeX).
xes
Definition D.13 (Proper Lie groupoids). A Lie groupoid G is called proper if the map
(s,1): G1 — Go X Go is a proper map.

An action groupoid G =< M is proper if and only if the action of the Lie group G on the
smooth manifold M is proper. Note that the isotropy groups G, of a proper Lie groups are

compact, being given as the fibers of the map (s,7): G| — Go X Gy at (x,x).
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D.2 Principal bundles

We recall the notions left actions of Lie groupoids and of smooth principal bundles for Lie

groupoids.

Definition D.14 (Left G-action). Let G be a Lie groupoid, let M be a smooth manifold and
let M — G( be a smooth submersion. A left G-action on M — Gy consists of a smooth map

a: Gy Xs,g, M — M over Gy which is associative and unital in the sense that the diagrams

1 .
G1Xg, G1 Xg, M —== G1Xg, M Goxg,M =5 Gy xg, M
\lea iﬂ and \L; \La
gl Xg()M % M M ——— M

commute. A smooth G-manifold is a smooth manifold M — Gj over Gy equipped with a
left G-action.

Given another map M’ — Gy equipped with a left G-action, a morphism of smooth G-
manifolds ¢: M — M’ is a map ¢: M — M’ which commutes with the action maps

a: GixXg,M — M and a’: G Xg, M’ — M’. We denote the resulting category of smooth
G-manifolds by Diffg.

Note that for a Lie group G, a smooth (G = pt)-manifold is simply a smooth G-manifold, i.e.
a smooth manifold M equipped with a smooth G-action. We let Diff ; denote the category

of smooth G-manifolds.

Definition D.15 (Smooth principal G-bundle). Let G be a Lie groupoid and let N be a
smooth manifold. A smooth principal G-bundle is a smooth manifold P equipped with
smooth maps P — Gp and p: P — N and equipped with a left G-action a: G| Xg, P — P

on P satisfying the following conditions:
(1) The map p: P — N is a surjective smooth submersion.

(2) The action lives over N, in that the following diagram commutes:

G1%g, P =

> P
I’% /
N.

(3) The map
Ql XGo P m) PXxyP

is a diffeomorphism.
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If P — N is another smooth principal G-bundle over N, a morphism P — P’ of smooth
principal G-bundles over N consists of amap ¢: P — P’ of smooth G-manifolds which lies
over N. We let PrnBdlg (N) denote the resulting category of smooth principal G-bundles

over N.

Construction D.16. Let p: P » N be a smooth principal G-bundle and consider a point
x € N. As p is a surjective smooth submersion, it admits local sections, and thus there exists

an open neighborhood x € U C N and a smooth map s: U < P such that the following

o

N.

diagram commutes:

U
Now, pulling back the diffeomorphism

G xg, P L) b P

along the map s: U — P, we obtain a diffeomorphism
Ql Xgo U i) P |U

over U, where the map U — Gy is the composite of s: U < P and the structure map
P — Gy. In particular, for a point x € U C N the fiber P, of p over x is given by G(x', ),

where x” is the image of x under the map U — Gj.

We may think of the diffeomorphisms G| Xg, U Ny |y as analogue to the classical local

triviality condition on principal bundles.

Corollary D.17. Every morphism ¢: P — P’ of smooth principal G-bundles over N is
invertible. In other words, the category PrnBdlg(N) is a groupoid.

Proof. 1t suffices to check this locally on N. Choosing a point x € N and proceeding as in

Construction D.16, we find an open neighborhood x € U C N and a commutative diagram

Gixg U
Ply A > Py,
proving that the restriction of ¢ to U is a diffeomorphism. The claim follows. O
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D.3 Morita equivalence

We recall the notion of Morita equivalence of Lie groupoids. The relevance of this notion
of equivalence is that it corresponds to an equivalence between the underlying differentiable

stacks of the two Lie groupoids, see Proposition 11.2.3.14.

Definition D.18 (Morita equivalence). Let G be a Lie groupoid over M and let H be a Lie

groupoid over N. A Morita equivalence between G and H consists of:

(1) Surjective smooth submersions @: P — M and 8: P — N,

(2) A left G-action ag: G1 Xy P — P on P over M making §: P — N into a principal
G-bundle;

(3) A left H-action aqs: Hy Xy P — P on P over N making a: P — M into a principal
HH-bundle;

(4) We require that the actions ag and a4y commute with each other.

We say that G and H are Morita equivalent if there exists a Morita equivalence between G
and H.

We mention some standard examples of Morita equivalences, whose proofs we leave to the

reader.

Example D.19. Let G and H be Lie groups. Then the Lie groupoids G < pt and H < pt are

Morita equivalent if and only if G and H are isomorphic.

Example D.20. Let G be a Lie groupoid over M with a single orbit. Then there is a Morita

equivalence between G and G, = pt for any x € M.

Example D.21. Let p: M — N be a smooth submersion. Then the Cech groupoid C(p)
from Example D.5 is Morita equivalent to the submanifold p(M) C N, regarded as a Lie

groupoid with only identity arrows.

Example D.22. Given a smooth, free and proper action of a Lie group G on a smooth

manifold M, the action groupoid G =< M is equivalent to the quotient N = M /G.

Example D.23. Let G be a Lie groupoid over M and let U C M be an open subset. Let
U :=G-U C M be the G-saturation of U. Then the restriction G|y of G to U is Morita

equivalent to the restriction G|y of G to U’.
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E Recollections on co-topoi

Throughout this dissertation, we make extensive use of the theory of co-topoi, due to Rezk,
Toén-Vezzosi and Lurie. For the convenience of the reader, we will provide in this appendix
a thorough treatment of this theory, covering all the foundations that we will need in this

dissertation.

The appendix is organized as follows. We start in Appendix E.1 by recalling the definition
and most important characterizations of co-topoi. The correspondence between groupoid
objects and effective epimorphisms is discussed in Appendix E.2. In Appendix E.3 we
define groupoid actions and principal bundles in co-topoi and show how they can be
classified using the classifying stack of the groupoid, following the treatment of [NSS15]
and [SS21, Section 3.2] for group actions. We discuss sheaf topoi in Appendix E.4 and
hypercompleteness and hyperdescent in Appendix E.5.

E.1 Definition and characterizations of co-topoi

Recall the definition of an co-topos and of a geometric morphism between co-topoi.

Definition E.1 (co-topos). An co-category B is called an co-fopos if it is equivalent to an
accessible left exact Bousfield localization of a presheaf category PSh(C), for some small

oco-category C.

Definition E.2 (Geometric morphism). A functor i,.: 8 — B’ between oco-topoi is called

a geometric morphism if it admits a left exact left adjoint ™ : B’ — B.

The following theorem provides criteria for testing whether an co-category is an co-topos:

Theorem E.3 (Lurie [Lur09, Proposition 6.1.3.9, Proposition 6.1.0.6]). Let B be an oo-

category. The following conditions are equivalent:
(1) The co-category B is an co-topos;
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(2) The oo-category B satisfies the following oo-categorical analogues of the Giraud’s

axioms.:

(i) The co-category B is presentable;
(ii) Colimits in B are universal, see Definition E.4;
(iii) Coproducts in B are disjoint, see Definition E.6;

(iv) Every groupoid object of B is effective, see Definition E.7.

(3) The co-category B is presentable and the cartesian fibrationt: Ar(B) — B is classified

by a limit preserving functor
B/_: BP — Pt X > B/x.

Condition (3) is often referred to as descent for co-topoi.

We will now explain the meaning of some of the conditions in the above theorem.

Universal colimits

Let f: T — S be a morphism in a presentable co-category $. Since B has all limits, the

functor fi: B/r — B/s given by composition with f admits a right adjoint

f*Z B/S %B/T
(X—> 8> (XxsT—>T).

Definition E.4. Let 8 be a presentable co-category. We say that colimits in B are universal

if, for any morphism f: 7' — S in B, the associated pullback functor
f* B /S i B/T
preserves colimits.

By the adjoint functor theorem, f* preserves all colimits if and only if it admits a right

adjoint fi: B/7 — Bs.

Proposition E.S (Lurie [Lur09, Proposition 6.1.1.4]). Let 8 be an co-category which admits

finite limits. The following conditions are equivalent:

(1) The co-category B is presentable, and colimits in B are universal;

(2) The cartesian fibration t: Ar(8) — B is classified by a functor 8,_: B — Prt into

the oo-category of presentable co-categories and colimit preserving functors.
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Disjoint coproducts

Definition E.6. If C is an co-category that admits finite coproducts, then we will say that

coproducts in C are disjoint if every cocartesian diagram

0 ——Y

L]

X — XuY

is also cartesian, provided that 0 is an initial object of C. More informally this says that the

intersection of X and Y inside the union X LY is empty.

Effective groupoid objects

We refer to Appendix E.2 for the definition of a groupoid object in an co-category and for

the definition of the Cech nerve of a morphism in an co-category.

Definition E.7. Let G: A°® — C be a groupoid object in a presentable co-category C.

We say that G is effective if it is equivalent to the Cech nerve of the canonical map

Go— |G| = COlim[n]eA Gn.

E.2 Groupoids and effective epimorphisms

We recall from [Lur09, Section 6.2.3] the correspondence between groupoid objects and

effective epimorphisms in an co-topos 8. Throughout this section, 8 will stay fixed.

Definition E.8 (Groupoid object, [Lur09, Definition 6.1.2.7]). Let C be an co-category. A
simplicial object G : A°? — C is called a groupoid object if for every n € N and every (not

necessarily order-preserving) partition

[n] = {io,....ik} Ugiy {iks - - - ints

the induced diagram

is a pullback in C. We let Grpd(C) € Fun(A°P,C) denote the full subcategory spanned by
the groupoid objects in C.
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Definition E.9. Let C be an co-category admitting simplicial colimits and let U: A°? — C

be a simplicial object. We define is geometric realization |U| of U as its colimit in C:
|U| = COlim[n]erp Un
It comes equipped with a structure map Uy — |U]|.

Construction E.10 (Cech nerve). Let C be a presentable co-topos and let f: X — Y be
a morphism C. We will construct a groupoid object C(f) called the Cech nerve of f,

informally given by
C(f)n =X Xy X Xy -+ Xy X,

the n-fold fiber product of X over Y. More formally, we let A, denote the augmented
simplex category and let AT? C A, the full subcategory on the objects [—1] and [0]. As
AZ0 has a single non-identity morphism [-1] — [0], we may regard f as as a functor
f: (A9 — C, sending [0] to X, [—1] to ¥ and the morphism [~1] — [0] to f: X — Y.
Let 1, (f): A — C denote the right Kan extension of f along the inclusion t: A0 < A,
Then the Cech nerve C(f) of f is defined as the restriction of ¢, ( f) to AP,

Lemma E.11. For every morphism f: X — Y in a presentable co-category C, the Cech
nerve C(f) is a groupoid object in C.

Proof. This follows immediately from [Lur09, Proposition 6.1.2.11]. i

Definition E.12 (Effective epimorphism, cf. [Lur09, Corollary 6.2.3.5]). Consider a mor-
phism f: X — Y in 8. The diagram c.(f): A’ — B from Construction E.10 defines a

cocone from the Cech nerve C(f) to the object Y, giving rise to a comparison map
|é(f)| = COlim[n]erp XX; —> Y.

We call f an effective epimorphism if this comparison map is an equivalence. In this case,

we will also refer to f as exhibiting X as an atlas for Y. We write
Atl(8) C Fun(Al, B)
for the full subcategory spanned by the effective epimorphisms f: X - Y in 8.

The above constructions of geometric realization and Cech nerve are inverse to each other:
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Proposition E.13 (cf. [Lur09, Discussion below Corollary 6.2.3.5]). Let B be a co-topos.

Then the Cech nerve construction restricts to an equivalence of co-categories
C: Atl(B) = Grpd(B), [+ C(f).
The inverse is given by sending a groupoid object G to the map Gy — |G|.

Proof. By definition, the effective epimorphisms are precisely those morphisms f: X — Y

for which the canonical comparison map

C(fo X
Lok
IC(H) —

in Fun(A!, B) is an equivalence. Conversely, given a groupoid object G in B, the colimit
cone defining |G| corresponds to an extension of G to AF, which in turn gives rise to a
comparison map G — C(Go — |G|) of groupoid objects. A groupoid object G is called
effective if this comparison map is an equivalence. But in an co-topos, every groupoid object
is effective, see [Lur09, Theorem 6.1.0.6(3)]. It follows in particular that the morphism

Go — |G| is an effective epimorphism. O

Definition E.14. If G is a groupoid object in an co-topos, we denote its geometric realization

alternatively by BG and refer to it as the classifying stack of G:
BG =G| = COlim[n]EAOP G-
Corollary E.15. The structure map Go — BG of the colimit is an effective epimorphism.

Proof. This is immediate from Proposition E.13. O

We finish this subsection by showing that the equivalence Atl(8B) ~ Grpd(8) of Propo-
sition E.13 sends cartesian squares on the left to cartesian natural transformations on the

right, and vice versa.

Lemma E.16. Let a: G — H be a morphism of groupoid objects in B, and let
Go —— Ho

i i (E.1)

Gl —2Ls ||

be the map in Atl(8B) induced by the equivalence of Proposition E.13. Then « is cartesian
as a natural transformation of simplicial objects in B if and only if the diagram (E.1) is a

cartesian square.
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Proof. If « is cartesian, then the square (E.1) is cartesian by [Lur09, Theorem 6.1.3.9(4)].

For the converse, it suffices by the pasting law of pullback squares to show that the diagram

gnl>7_(n

Lol

Go — H,

is a pullback square for each n > 0. For n = 0 this is clear. For n = 1, this follows by applying

the pasting law of pullback squares to the following diagram:

|

Gi > H
Go l > Ho
Go —— > Ho

||

1G] /

The general case then follows by induction by applying the pasting law of pullback squares

> |H].

to the diagram

Gn ~ > H,
e %
Gn-1 s Hyog
|
Gi 4 > H,
e e
Go X0 S Ho.
This finishes the proof. O

E.3 Groupoid actions and principal bundles

In this subsection we discuss G-actions for a groupoid object G in an co-topos B and prove
that the co-category of G-actions is equivalent to the slice of B over the classifying stack
BG of G. We further recall the notion of a principal G-bundle over an object B € B, and
show that these are classified by morphisms B — BG. Our treatment is based on [NSS15]

and [SS21, Section 3.2], where the analogous situation for group actions is discussed.

273



Actions by groupoid objects

We introduce the notion of an action of a groupoid object in an co-topos B, generalizing

the treatment of Sati and Schreiber [SS21] of group actions in co-topoi.

Definition E.17. Let G be a groupoid object in an co-topos 8B, and consider an object X € 8.

Then an action of G on X consists of the following data:
* a groupoid object G =< X in B;
 an equivalence (G< X))o = X;
* a cartesian natural transformation c: G =< X — G of simplicial objects in B.

We let Actg (8B) € Grpd(8),g denote the full subcategory of G-actions in B.

Remark E.18. Let G < X be an actionof G on X. Since (G<X)p~ X,themapc: GxX —> G
induces a structure map co: X — Go. Since c is a cartesian natural transformation, there

are cartesian squares

3 (G X 2 (GeX) 2 x

\ch 4 lcl 4 lCo

do t=d,
> G

0
> G > G0,

and in particular we obtain equivalences

(G=X)1 — GiXg, X;
(G<X)2 = GrXg, X = G1 Xg, G1 Xg, X

Under these equivalences, the map s =d;: (G= X); — (G < X)o corresponds to a map
a: Gy Xg, X — X, thought of as the action map. The rest of the simplicial diagram G =< X
should be thought of the data witnessing that this action is unital and associative up to

coherent homotopy.

Definition E.19. If G < X is an action of a groupoid object G on an object X € B, we define
the quotient X //G as the geometric realization of G = X:

X/]G =G = X| = colim,jear G Xg, X.

The map G < X — G of groupoids induces a map X//G = |G < X| — |G| =BG, and this
defines a functor —//G: Actg(8B) — B/pg.
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Proposition E.20 (Classification of groupoid-actions, cf. [SS21, Proposition 3.2.63]). The

quotient functor —/ |G is an equivalence of co-categories:
—//G: Actg(8) = Byrg.

Proof. By definition, Actg(8) is a full subcategory of the slice Grpd(8),s spanned by
those morphisms into G which are cartesian. Similarly, the slice 85 embeds as a full

subcategory of the slice Atl(8)/(g,—Bg) by sending a morphism B — BG to the square

Bxpg Go — Go
L2
B— 3 BG.
The essential image of this embedding B/pg — Atl(8),(g,—5g) precisely consists of the
pullback squares. Under these identifications, the functor —//G : Actg(8B) — B/pg is given
by the restriction of the equivalence Grpd(G) g~ Atl(8B)/(g,—Bg) of Proposition E.13. By

Lemma E.16, the subcategory Actg (8) on the left precisely corresponds to the subcategory
B/pg on the right, finishing the proof O

Free and transitive actions

Given a G-action in B, one can define when the action is free or transitive. Actions which
are both free and transitive will correspond to principal G-bundles over the terminal object
of B.

Definition E.21 (Higher shear maps, cf. [SS21, Definition 3.2.73]). Let G =< X be an action
of a groupoid object G on an object X in the fixed co-topos B. We define the shear map of
G =< X as the map

shear| = (a,pry): Gi1 Xg, X — X x X,

where a: G| Xg, X — X is the action map and pry is the projection onto X. More generally,

we define the higher shear maps of G = X as follows. Consider the following commutative

square in B:
X | me— X
X/|G — pt.

Regarding this as a morphism from X - X//G to X — pt in Fun(A', 8) and passing to

Cech nerves, we obtain a morphism of groupoid objects

shear: (GxX) — C(X — pt).

275



Under the identifications of Remark E.18, it may be displayed as follows:

Gx X = ...§62XQOXSQ1XQOX?X
X
lshear \Lshearz \Lshearl shear
v pr
C(X — pt) = §XxXxX§XxX — X
prz

Definition E.22 (Free, transitive and regular co-actions, cf. [SS21, Definition 3.2.75]). Let
G < X be an action of a groupoid object G on an object X € 8. We say that this action is

* free if its shear map shear; is a monomorphism:
. shear
GxXisfree & GiXg X — XXX;
* transitive if its shear map shear; is an effective epimorphism:
. .. shear;
Gx X istransitive & G Xg X —» XX X;
* regular if its shear map shear; is an equivalence:

shear;

GxXisregular & G Xg X ——— XxX.
Note that G =< X is regular if and only if it is free and transitive.

In case the morphism X — pt is an effective epimorphism in B, regularity of G < X can be

expressed as the triviality of the quotient X//G:

Lemma E.23 (cf. [SS21, Proposition 3.2.77]). Let X € B be an object such that the terminal
morphism X — pt is an effective epimorphism in 8. Let G =< X be an action of a groupoid
object on X. Then the action G < X is regular if and only if the quotient X | | G is the terminal
object of B.

Proof. First assume that the map X//G — pt is an equivalence. Then the map X » X//G
is equivalent to the map X — pt. It follows that the shear map shear: (G=X) — C(X — pt)

is an equivalence, being defined by applying Cech nerves to these two morphisms.

Conversely, assume that G X X is regular and that X — pt is an effective epimorphism. Then
the map X//G — pt is obtained from the higher shear map shear: (G~ X) — C(X — pt)
by passing to colimits. It will thus suffice to show that each of the higher shear maps

shear,: G, Xg, X — X" is an equivalence. We proceed by induction. The case n =1 is
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assumed, so assume that shear,_; is an equivalence. Consider the following diagram:

/ shear,,_

Gn-1%g, X l =
G1Xg, X

4
shear; J/
/ . v /

Since the left and right squares are pullback squares, it follows that shear,, is an equivalence

shear,,

> Xn+1

s X?

Gn XQOX

\Xn

X

as well, finishing the proof. O

Principal bundles

Given a groupoid object G in 8 and an object B € 8, we obtain a notion of principal
G-bundles over B by applying the above definition of regular actions to the slice topos 8.
Observe that G gives rise to a groupoid G X B in the slice 8,5 by applying the pullback-

preserving functor BX —: 8 — B,. For every object X € B3, there is an equivalence

(GuXB) Xgyxp X =~ GuXg, X € Byp,

and thus a (G X B)-action on X is nothing but a G-action G~ X: A°? — B of G on the
underlying object of X together with a lift of G < X along the forgetful functor 8,5 — 8.

For this reason, we will refer to a (G x B)-action in the slice B, simply as a G-action over
B.

Definition E.24 (Principal bundles, cf. [SS21, Definition 3.2.79]). Consider an object B € B8
and let G € Grpd(8) be a groupoid in 5.

(1) Let p: P — B be an object of 8,5 equipped with a G-action over B. We say that the
map p is a formally principal G-bundle over B if this action corresponds to a regular
(G x B)-action in the slice 8Bp:

shear)

GiXg, P ——— PXpP.

(2) A formally principal B-bundle p: P — B is called a principal G-bundle if it is an

effective epimorphism.
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(3) We write
PI‘anlg(B)B — ACtQ(B/B)

for the full subcategory of principal G-bundles over B.

Remark E.25. One observes that for a morphism f: B — B in 8B, the pullback functor
f*: B,p — B,p sends principal G-bundles to principal G-bundles.

We end this section with a classification of principal G-bundles over B in terms of morphisms
B — BG in 8.

Lemma E.26. Let p: P - B be an effective epimorphism in 8 which comes equipped
with a G-action over B. Let P||G € B,p denote the quotient of the G-action. Then the
map p: P — B is a principal G-bundle if and only if the canonical map P//G — B is an

equivalence.
Proof. This is an instance of Lemma E.23. m|

It follows from Lemma E.26 that the forgetful functor from principal G-bundles over B to
G-actions in B lands in the fiber over B € 8B of the quotient functor —//G: Actg(B) — B.

Proposition E.27. The functor
PrnBdlg(8)p — Actg(B) Xg {B}
is an equivalence of co-categories.

Proof. We will construct an explicit inverse of this functor. Consider a G-action G =< P
in B equipped with an equivalence B ~ P//G. The cocone (A°P)> — B which exhibits
B ~ P//G as a colimit of G P then adjoints over to provide a lift of the simplicial object
G P: A®® — B along the forgetful functor 8,5 — B; we will abuse notation and again
denote this lift by G < P. By adjunction, this lift comes equipped with a groupoid map
to G X B, and since the forgetful functor 8,5 — B preserves pullbacks this is a cartesian
morphism of groupoids, thus defining a (G X B)-action in G,g. This construction thus
defines a functor
ACtg(B) Xg{B} — ACtg(B/B).

It follows directly from Lemma E.26 that this functor factors through the subcategory
PrnBdlg (8)p of principal G-bundles over B. It is clear that the two functors we have

constructed are inverse to each other, finishing the proof. O
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Theorem E.28 (Classification of principal G-bundles, cf. [SS21, Theorem 3.2.82]). Given
a groupoid object G € Grpd(B) and an object B € B, there is an equivalence of co-categories

Homg(B,BG) — PrnBdlg (8)s,

given on objects by sending a morphism c: B — BG to the principal G-bundle P — B

defined by the pullback square
P —— Go

L2
B —<3 BG.

Proof. Recall from Proposition E.20 the equivalence —//G: Actg(8B) — B/pg, which

induces an equivalence on fibers over 8:
ACtg(B) Xg {B} ~ B/Bg Xg {B} ~Homg(B,BG).

Its inverse sends a morphism ¢: B — BG to the base change P = B Xgg Gy — B along ¢ of
the map Gy -» BG. Combining this equivalence with the equivalence from Proposition E.27

then finishes the proof. O

Corollary E.29. For every groupoid object G in B and every object B € B, the co-category
PrnBdlg (8B)p is an co-groupoid. O

E.4 Sheaf topoi

We recall the definition of a Grothendieck topology 7 on an co-category C and the definition

of the associated co-topos Shv,(C) of T-sheaves on C.

Definition E.30 (Sieve, [Lur09, Definition 6.2.2.1]). Let C be an co-category. A sieve on
C is a full subcategory C©) C C having the property that if f: X — Y is a morphism in C
and Y belongs to C¥), then X also belongs to C?). If X € C is an object, then a sieve on X
is a sieve on the co-category C;x. Given a morphism f: X — Y and a sieve C/(g) onY, we
let f *C/(;)) C C/x denote subcategory spanned by those morphisms (g: Z — X) € C/x such
that fog € C/(g).

Remark E.31. By [Lur09, Lemma 6.2.2.5], the data of a sieve C(0) on C is equivalenc to
the data of a subterminal object R of PSh(C): C? defines the presheaf

pt XeC )
R(X) =
0 otherwise.
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Because of the equivalence PSh(C/x) ~ PSh(C),y(x). it follows that the data of a sieve
on X is the same as the data of a monomorphism R — y(X) of presheaves on C, where

y(X) :=Homg¢ (-, X): C°° — Spc is the presheaf represented by X.

Definition E.32 (Grothendieck topology, [Lur09, Definition 6.2.2.1]). Let C be an oo-
category. A Grothendieck topology on C consists of a specification, for each object X of C,
of a collection of sieves on C which we will refer to as covering sieves. The collections of

covering sieves are required to satisfy the following properties:

(1) For every object X of C, the sieve C/x € C/x on X is a covering sieve;

(2) For every morphism f: X — Y in C and every covering sieve c9ony , the sieve
y P y g /Y

0) . . .
f *C/(Y) is a covering sieve on X;

(3) Let X be an object of C, C/(?() a covering sieve on X, and C/(}l() an arbitrary sieve on X.

Suppose that, for every morphism f: ¥ — X belonging to the sieve CY the pullback

/X
. 1) . . . 1) . . .
sieve f *C/(X) is a covering sieve on Y. Then C/(X) 1s a covering sieve on X.

A site 1s an co-category C equipped with a Grothendieck topology.

Definition E.33 (Sheaf category, [Lur(9, Definition 6.2.2.6]). Let C be an co-category
equipped with a Grothendieck topology 7 and let S denote the collections of monomorphisms
{R — y(X)} which corresponds to covering sieves on X. An object ¥ € PSh(C) is called
a 7-sheaf, or simply a sheaf if 7 is clear from context, if it is S-local: for every covering

sieve R — y(X), the induced map of spaces

¥ (X) = Hompgp(c) (y(X), F) — Hompgpc) (R, F)

is an equivalence. We let Shv.(C) € PSh(C) denote the full subcategory of sheaves with

respect to 7.

Proposition E.34 ([Lur09, Proposition 6.2.2.7]). The inclusion Shv,(C) C PSh(C) admits
a left exact accessible left adjoint L. : PSh(C) — Shv,(C). In particular, Shv.(C) is an

00-10pOS. O

The functor L, is known as the sheafification functor.

An equivalent description of the co-category Shv, (C) is in terms of Cech descent.

Definition E.35 (Cech descent). Let C be an oco-category and let U = {U; — X}ics be a

collection of morphisms. We will denote by C () the Cech nerve of the morphism

| |y —y(x)

iel
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in PSh(C). A presheaf & € PSh(QC) is said to satisfy Cech descent with respect to U if the
map
F(X) = Hompsp(c) (¥ (X), F) — limp,jear Hompsp(c) (C (W), F)

is an equivalence. More concretely, # satisfies Cech descent with respect to U if the

diagram

F(X) — [ier F W) == Myer FWixx Uy) =5 ...

is a limit diagram.

Proposition E.36 (cf. [Lur09, Lemma 6.2.3.18]). Let U = {U; — X}ics be a collection of
morphisms in an co-category C and let R — X be the covering sieve generated by U. Then
a presheaf F on C satisfies Cech descent with respect to U if and only if it is local with

respectto R — X.

Proof. The morphism | |;c; y(U;) — y(X) factors as an effective epimorphism followed by

a monomorphism:
| |y » R = y(x).

i€l
By [Lur09, Lemma 6.2.3.18], the map R — y(X) is precisely the monomorphism corre-
sponding to the covering sheaf generated by U. It follows that R is equivalent to the colimit

of the Cech nerve C(U) of U, and we obtain for every ¥ € PSh(C) an equivalence
Hompgpc) (R, F) = Hompshc) (colimpyea C(U), F) = limpujeas Hompgpc) (C(U)n, F).
As this map is compatible with the map from ¥ (X), the claim follows. O

The effective epimorphisms in a sheaf topos Shv,(C) can be characterized as those mor-

phisms which admit local sections, in the following sense:

Definition E.37. Let C be an co-category equipped with a Grothendieck topology 7. Let
f: X — Y be a morphism in Shv;(C) and assume that ¥ = y(C) lies in the image of the
sheafified Yoneda functor y: C — Shv.(C). We say that f admits local sections if there
exists a covering family {U; — C};<; of C such that the base change f/: X Xy y(U;) — y(Uj;)

of f along the map y(U;) — Y admits a section for every i € I.

If f: X — Y is an arbitrary morphism in Shv.(C), we say that f admits local sections if its

base change along any map y(C) — Y from a representable admits local sections.

Lemma E.38. A morphism f: X — Y in Shv,(C) is an effective epimorphism if and only

if it admits local sections.
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Proof. By [Lur09, Proposition 6.2.3.15], amorphism f: X — Y is an effective epimorphism
if and only if its base change along any map y(C) — Y is an effective epimorphism. We
may thus assume that Y = y(C) is a representable object.

Consider the sieve C’/(g) C Cyc on C generated by the map f: X — C:
C/(g) ={g: C" > C|y(g): y(C') — y(C) factors through f: X — y(C)}.

Notice that a morphism g: C’ — C factors through f if and only if the base change
Y(C’) Xy(c) X — y(C’) admits a section. Hence we have to prove that f is an effective
epimorphism if and only if C/(g) contains an covering family of C, i.e., if C/(g) 1s a covering
sieve. Under the equivalence of sieves over C and monomorphisms Z < y(C) from
Remark E.31, the sieve C/(g) corresponds to a monomorphism 7<_(f) < y(C) which by
(a slight generalization of ) [Lur09, Lemma 6.2.3.18] is equivalent to the (—1)-truncation of
f inside the slice PSh(C),c. By [Lur09, Lemma 6.2.2.16] the sieve C/(g) 1S a covering sieve
if and only if the sheafification of this map 7<_;(f) < C is an equivalence in Shv,(C). By
[Lur09, Proposition 6.2.3.4], the (—1)-truncation 7<_;(f) of f is computed by the colimit
of its Cech nerve inside PSh(C). Since colimits in Shv.(C) are computed by sheafifying
the colimit in PSh(C), it follows that C/(g) is a covering sieve if and only if the colimit of the
Cech nerve C(f) inside Shv,(C) is equivalent to ¢, which is by definition what it means

for f: X — y(C) to be an effective epimorphism. This finishes the proof. O

Morphisms of sites

We discuss continuous and cocontinuous functors between Grothendieck sites.

Definition E.39 (Continuous functor between sites). Let (C, 1) and (D, 7’) be co-categories
equipped with Grothendieck topologies. A functor u: C — D is called continuous if the

functor PSh(D) — PSh(C) given by precomposition with u restricts to a functor
uy: Shvy (D) — Shv,(C),

i.e., sends 7’-sheaves on D to 7-sheaves on C. In this case, u. admits a left adjoint
u*: Shv,(C) — Shv (D)

" Ly
given by the composite Shv.(C) < PSh(C) X, PSh(D) — Shv (D), where LKE,

denotes left Kan extension along u.

Remark E.40. Assume that C and © admit pullbacks and that u preserves pullbacks. Then

u: C — D is continuous if and only if u sends T-covering sieves to 7’-covering sieves.
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Definition E.41 (Morphism of sites). Let (C,7) and (D, 7’) be co-categories equipped with
Grothendieck topologies. A functor u: C — D is called a morphism of sites O — C if it is

a continuous functor and the pullback functor
u*: Shv,(C) — Shv (D)

preserves finite limits. In other words, the functor u, : Shv, (D) — Shv,(C) is a geometric

morphism of co-topoi.

Example E.42. Let u: C — D be a continuous functor and assume that # admits a left
adjoint u’: D — C. Then the functor LKE,: PSh(C) — PSh(D) given by left Kan
extension along u is equivalent to the restriction functor along «’. In particular, the functor
u™ is a composite of three left exact functors and thus is itself left exact. It follows that u is

a morphism of sites.

Definition E.43 (Cocontinuous functor between sites). Let (C,7) and (D,7’) be oo-
categories equipped with Grothendieck topologies. A functor v: C — D is called cocon-

tinuous if for every object X € C and every covering sieve DY D/yx) on v(X) € D,

/v(X)
the pullback sieve

v*l)/(?() ={W: Y =>X)eCix | (v(y): v(Y) - v(X)) € D/(SEX)} C Crx

is a covering sieve on X.

Lemma E.d4. Letv: (C,7) — (D, 7’) be a functor between sites. Then v is cocontinuous

if and only if the right Kan extension functor PSh(C) — PSh(D) restricts to a functor
vi: Shv.(C) — Shv (D),

i.e., sends T-sheaves on C to v’-sheaves on D. In this case, v, admits a left exact left adjoint

V¥, so that v, is a geometric morphism of co-topoi.

Proof. The right Kan extension functor sends 7-sheaves on C to 7’-sheaves on D if and
only if the composite
—o L,
PSh(D) — PSh(C) = Shv,(C)

sends every covering sieve R < y(X) to an equivalence. Since this composite preserves
finite limits, it preserves monomorphisms, and thus the image of R — y(X) is again a
monomorphism. It follows that the map R < y(X) is sent to an equivalence in Shv.(C) if

and only if it is sent to an effective epimorphism. By Lemma E.38, this is in turn equivalent
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to the statement that this map admits local sections. Spelling out the definition, this is

precisely the condition that f is cocontinuous.

The last statement holds because the left adjoint v* of v, is given by the composite
Shv, (D) < PSh(D) - PSh(C) <5 Shv,(C),
and each of these three functors is left-exact. O

Corollary EA45. Let v: (C,7) — (D, 7’) be a cocontinuous functor between sites. Then

the following diagram commutes:

PSh(D) —> PSh(C)

Lo| =

Shvy (D) —2— Shv.(C).

Proof. This diagram is obtained by passing to left adjoints from the fact that right Kan

extension along v preserves sheaves by Lemma E.44. O

Warning E.46. Letu: (C,7) — (D, 1’) is a functor between sites which is both continuous
and cocontinuous, then the notation u.. is overloaded: it could both stand for restriction along
u as well as for right Kan extension along u. In such cases, we will explicitly state what the

intended meaning of u. is.

Corollary E.47. Letv: (C,7) — (D, 1) be a functor between sites. Assume that v is fully

faithful and cocontinuous. Then the geometric morphism
of Lemma E.44 is fully faithful.

Proof. This is immediate from the fact that the right Kan extension functor along a fully

faithful functor is again fully faithful. O

Corollary EA48. Let v: (C,7) — (D, 71’) be a functor between sites and assume that v
admits a right adjoint u: D — C. Then v is cocontinuous if and only if u is a morphism of

sites. In this case, we have v, ~u, and v* ~ u"*.

Proof. Observe that right Kan extension along v is equivalent to restriction along u, and thus
the former preserves sheaves if and only if the latter does. This shows that v is cocontinuous
if and only if u is continuous, and that in this case we have v, = u, and thus v* =u*. It
follows from Example E.42 that u is continuous if and only if it is a morphism of sites. This

finishes the proof. o
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E.5 Hypercompleteness

We discuss the notion of hypercomplete co-topoi. Throughout, we work in a fixed co-topos
8B.

Definition E.49 (n-truncated morphisms). A morphism f: X — Y in 8B is called (-2)-
truncated if it is an equivalence. It is called n-truncated, for n > —1, if its diagonal
Ar: X — X Xy X is (n—1)-truncated. An object X of B is n-truncated if the map X — pt

to the terminal object is n-truncated.

Definition E.50 (n-connective morphisms, cf. [Lur09, Proposition 6.5.1.18]). A morphism
f: X — Y iscalled O-connective if it is an effective epimorphism. It is called n-connective,
for n > 1, if it is an effective epimorphism and its diagonal Ag: X — X Xy X is (n—1)-

connective.

Remark E.51. Lety,.: 8 — B’ be a geometric morphism of co-topoi. Then both the functor
V. as well as its left adjoint ¥* are left-exact and thus preserve n-truncated morphisms
for every n. The left adjoint " further preserves effective epimorphisms by [Lur09,

Remark 6.2.3.6], and thus also preserves n-connected morphisms for every n.

Definition E.52 (Hypercomplete co-topoi, [Lur09, Section 6.5.2]). A morphism f: X —»Y
in an oco-topos B is called co-connected if it is n-connective for every n > 0. The oco-topos

B is called hypercomplete if every co-connected morphism in 8 is an equivalence.

Example E.53 ([Lur09, Theorem 7.2.3.6, Corollary 7.2.1.12]). Let X be a paracompact
topological space of covering dimension < n. Then the co-topos Shv(X) of sheaves on X

is hypercomplete.

Example E.54. Let M be a smooth manifold. Then M has finite covering dimension, and

thus by the previous example the co-topos Shv(M) of sheaves on M is hypercomplete.

Hypercovers

Given an effective epimorphism f: X — Y in an co-topos 8, we may think of X as a cover
of Y. The Cech nerve C(f) f encodes all the iterated self-intersections X*¥ of X over
Y, and since f is an effective epimorphism this expresses Y as a colimit of these iterated

self-intersections.

In certain situations, it is convenient to work with a more general notion of cover, known

as a hypercover. A hypercover of Y also comes with an effective epimorphism X — Y, but
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rather than simply using the iterated self-intersections X*¥ one is allowed to further refine
this: there is some object X covering the intersection X Xy X, some object X, covering the
double intersections of X; and X, and so forth. The colimit of a hypercover of Y admits
a map to Y which one can show is always co-connected. In particular, if the co-topos is
hypercomplete then the hypercover expresses Y as a colimit of the objects X;. We will now

recall the precise definitions and statements.

Notation E.55. For each natural number n > 0, let A<" denote the full subcategory of A
spanned by the set of objects {[0],[1],...,[n]}. If C is a presentable oo-category, the
restriction functor

sk, : Fun(A°,C) — Fun((A<")P,C)

admits a right adjoint given by right Kan extension along the inclusion functor (A=")°P —
A°P. We let
cosk, : Fun(A°?,C) — Fun(A®?,C)

denote the composition of sk, with its right adjoint and refer to cosk,, as the n-coskeleton

functor.

Definition E.56 (Hypercover, [Lur09, Definition 6.5.3.2]). Let B be an co-topos. A sim-
plicial object U, € Fun(A°P, B) is called a hypercover of 8 if, for each n > 0, the unit
map

U, — (cosk,—1 Us)p

is an effective epimorphism. We will say that U, is an effective hypercover of B if the colimit
of U, is a terminal object of B. For an object B € B, a hypercover of B is a hypercover of

the slice topos 8.

For n =0, the map U,, — (cosk,_; U,), is simply the map Uy — 15 to the terminal object of
B. For n =1, itis the map (d;,dy) : U — Uyx Uy. For general n, the object (cosk,—; U.),

is known as the n-th matching object.

As mentioned above, one can show that every hypercover is effective in a hypercomplete

oo-topos. In fact, this property completely characterizes the hypercomplete co-topoi:

Theorem E.57 ([Lur09, Theorem 6.5.3.12]). Let B be an oco-topos. Then the following

conditions are equivalent:

(1) The co-topos B is hypercomplete;

(2) For every object B € B, every hypercover U, of B is effective. |
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Complete covers

An important example of a family of hypercovers comes from the notion of a complete

cover of a topological space. We follow the discussion of [DI04, Subsection 4.4].

Definition E.58 (DI04, Definition 4.5]). Let X be a topological space and let U = {U, };¢;
be an open cover of X. We say that U is a complete cover if for every finite collection

o ={i1,...,i} of indices, the intersection
Us =U;Nn---NU;,

is covered by elements of U. It is called a Cech cover if each of the intersections U, is

again in U.

In what follows, we identify an open cover of X with the associated subposet of the poset

Open(X) of open subsets of X.

Construction E.59 (Dugger-Isaksen). Given a cover U of a topological space X, we define
a simplicial topological space Q(U).. For any n > 0, let P,, denote the poset of nonempty
subsets of {0, ...,n} and inclusions. The assignment [n] — P, defines a cosimplicial poset

in the obvious way. We then define Q(U), to be the simplicial topological space

- | | F{0,....n}),

F: PP>U
where the coproduct runs over all maps of posets F: P,> — U. The face and degeneracy

maps are induced by those in P, in the expected way.

To illustrate the definition, observe that a point in Q(Z{)3 is given by the following data:
(1) A sequence of open subsets Uy, ...,Us of X which are in U,

(2) Six open subsets Uy, Upy, ...,Uz3 in U such that U;; CU;NU; for all i < j;

(3) Four open subsets Upy2,...,Uj23 in U such that U;jx C U;; NUj NUy foralli < j < k;
(4) An open subset Ugj23 in U which is contained in all the U;j;

(5) A point in Up;23.

It is usually helpful to think of these open sets as indexed by the faces of a 3-simplex.

Proposition E.60 ([DI04, Proposition 4.6]). Let U be a complete cover of a topological
space X. Then the simplicial topological space Q(U)e is a hypercover of X, in the sense
that for every n > 0 the matching morphism Q(U), — (cosk,—1 Q(U)s), is an open cover.
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F The calculus of mates

Throughout this thesis, we often make use of various kinds of ‘exchange maps’, also known
as ‘Beck-Chevalley maps’ or ‘mate transformations’. In this appendix, we clarify some of
the terminology and prove some of the basic properties of these exchange maps. A standard
reference for the calculus of mates is [KS74, Section 2.2]. Some aspects of our treatment
are inspired by [CSY22, Section 2.2] and [CD19, Section 1.1]. We thank Tobias Lenz for

various useful conversations concerning the contents of this appendix.

F.1 Beck-Chevalley transformations

We recall the definition of Beck-Chevalley transformations.

Convention F.1. Units and counits of adjunctions are denoted by u and c, respectively. We
will often use indices to indicate to which adjunction the units and counits belong, but will

sometimes drop the indices when the context is clear.

Definition F.2 (Beck-Chevalley transformation). Let @: HF = F’G be a natural transfor-
mation of functors as displayed in the following diagram:
c——t-o
Gl /f/ lH
C’ T) D'

(1) If the functors F' and F” have left adjoints Fy: D — C and F, é : D' — C’, we define the

left Beck-Chevalley transformation BCy: F, éH = G Fy as the composite

BCy(a): FjH == F;HFFy = F|F'GF,== GF,.

(2) If the functors G and H have right adjoints G.: C’ — C and H,: D’ — D, we define
the right Beck-Chevalley transformation BC,.: FG, = H,.F’ as the composite

BC.(a): FG, = H.HFG, = H.F GG, = H.F’.
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Diagrammatically, the two Beck-Chevalley transformations may be displayed as follows:

D

@;///

C —Fr— C'-G6.>C—F—> D

C’ C'"—-F>9D —-H> D

We will often employ these diagrammatic ways of displaying Beck-Chevalley transforma-
tions in proofs, as it is often easier to parse than the more symbolic way of writing these
transformations.

Warning F.3. The notation of Definition F.2 is somewhat abusive: if G and H have
left adjoints Gy and Hy we may flip the diagram and obtain another transformation
BCy(@): HyF’ = FGy. Analogously if F and F” have right adjoints F; and F; one obtains
a transformation BC.(@): GF, = F.H. It will always be clear from the source and target

of the maps BCy(a) and BC.(a) which version we mean to use.

Lemma F.4. The assignment a — BCy(a) defines an equivalence of spaces
BC;: Nat(HF,F'G) = Nat(FéH,GFﬁ),
whose inverse is given by BC,: Nat(FéH, GFy) — Nat(HF,F'G).

Proof. Tt follows directly from the triangle identities that one may recover a from BCy(a)

by forming the right Beck-Chevalley transformation:

C—F->9D
yZan
\k\c/ﬂix
v ¥ F
C—F—=>9D C—9D
BC.(BCy(a)) = ! oZ I o~ o7 = a
(BCy(a)) G L7 n ol . H
C —F> 9D C’T>Z)’
2N
7 b
C'—F> 9

One may similarly prove that BCy(BC.(B)) =~ 8 for a transformation 3: FéH = GF;. O

Lemma FE.5. Consider the situation of Definition F.2.
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(1) If the functors F and F’ have left adjoints Fy: D — C and Fé: D" — C', then the

following diagrams commute:

FyHF o F;F'G H F'F;H
uFl \LBCﬁ(a’)

BCu (a)\L \LCF/ and
GF,F —— G HFFy — F'GF}.

(2) If the functors G and H have right adjoints G.: C' — C and H.: D’ — D, then the

Jollowing diagrams commute:

HFG, —%% F'GG, F —" \ FG.G
BC*(a)\L \LCG and qu ch*(a)
HH.,FF —2 s H.HF —* H.F'G.

Proof. Justlike the proof of Lemma F.4, this follows directly from the triangle identities. O

Lemma F.6 (Pasting laws for Beck-Chevalley transformations). Consider natural transfor-

mations «, B and 'y as in the following diagram:

C
o o
C —F

L

} z)ll

FH

™

\\\/

B!

Ne N\

e Re=0
o

(1) If the functors F, F', E and E’ have left adjoints Fy, Fé, y and E, then the composite

) BCy(B) BCy(a)
(E'F')4K ~ FﬁEﬁK — FﬁHEﬁ —— GFyEy =~ G(EF)y
is homotopic to BCy(ap).
(2) If the functors G, H and K admit right adjoints G ., H. and K, then the composite

C.(B) BC.(a)
EFG, —)EH F' ——> K.E'F’

is homotopic to BC,(ap).

(3) If the functors F, F" and F" have left adjoints Fy, Fé and Fg’, then the composite

o, BG(Y) BCy(a)
FﬁHH—>GFﬁH—>GGFﬁ

is homotopic to BCy(ay).
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(4) If the functors G, G’, H and H' admit right adjoints G., G, H. and H, then the

composite

BC. BC.
F(G'G). = FG.G. 25 b r 6 25 jb B = (1 H)F

is homotopic to the BC.(avy).

Proof. This follows directly from the definitions and the triangle identities. m|

Total mates

We may specialize the definition of Beck-Chevalley transformation to the case where some
of the functors are the identity. In this case, the resulting transformation is known as the

total mate:

Definition F.7 (Total mate transformation). Consider two functors L, L’ : C — D that admit
right adjoints R,R": D — C.

(1) Given a transformation a: L — L’, we obtain a (right) total mate @ = BC,(a): R’ — R;

(2) Given a transformation 8: R’ — R, we obtain a (left) total mate 8 = BCy(B): L — L.

It follows from Lemma F.4 that @ ~ g if and only if 8 =~ @, in which case we will say that a

and g are fotal mates of each other.

Lemma F.8 (Total mates of composites). Consider three functors L,L’,L": C — D with
right adjoints R, R' and R"”. Then for all transformations a: L — L' and o': L — L”,

there is an equivalence

@’oa=~a’oad € Nat(R”,R).
Proof. This is a special case of Lemma F.6. O

Corollary F.9 (Total mates of inverses). Consider functors L,L": C — D with right adjoints
R and R’. Then a transformation «: L — L’ is an equivalence if and only if its total mate
@: R" — R is an equivalence. In this case, the inverse of @: R’ — R is the total mate of

al: L' > L.

Proof. This is immediate from Lemma F.8. |
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F.2 Double Beck-Chevalley transformations

Given a transformation « as in Definition F.2, if both BCy () and BC,(a) are defined, then
these transformations are the total mates of each other. This will lead to the definition of a
double Beck-Chevalley transformation BCy ,, Definition F.12.

Lemma F.10. Consider again a natural transformation «: HF — F’G as in Definition F.2,

and assume that the following conditions are satisfied:

(1) The functors F and F' have left adjoints Fy: D — C and Fé: D' —C';

(2) The functors G and H have right adjoints G.: C' - C and H,: D" — D.

Then the left Beck-Chevalley transformation BCy(a): Fﬁ'H = GFy is the total mate of
the right Beck-Chevalley transformation BC,.(«): FG. = H.F’. In particular the former

transformation is an equivalence if and only if the latter is.

Proof. The total mate of BCy(a): F, gH = GFy is defined as the image of BCy(a) under
the equivalence
BC.: Nat(F;H,GFy) <> Nat(FG., H,F").

Since FQH and G Fy are composites of adjoints, this map factors as two equivalences

Nat(F{H,GF;) ~ Nat(HF., F'G) ~— Nat(FG... H.F").
Since the first map sends BCy () to @ by Lemma F.4, the claim follows. O

Lemma F.11 (Double Beck-Chevalley transformation). In the situation of Lemma F.10,
assume that the left Beck-Chevalley transformation BCy(a) : F, ﬁ’H = GFyis an equivalence,
or equivalently that its total mate BC.(«@): FG. = H.F’ is an equivalence. Then the

following two transformations are homotopic:

1 UG Bcﬁ(a)_l , CH ,
BC.(BC;()™): F,H. =5 G.GF;H. === G.F,HH. =5 G.F};
-1 Ur ’ o BC.(a)”! y CF ’
BCy(BC.(a)™): F,H. =5 FyH.F'F) ==== F,FG.F; < G.F,.

Proof. By Lemma F.4, we may equivalently show that the image of BC, (BCﬁ(a)_l) under
the equivalence
BC.: Nat(F;H., G*Fg) — Nat(H,.F',FG.,)

is homotopic to BC.()™': H,F’ = FG,. Since this image is the total mate of BCﬁ(cx)_l,

this follows from a combination of Lemma F.10 and Corollary F.9. O
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Definition F.12 (Double Beck-Chevalley transformation). We will write BCy (@) : FyH. —
G.F é for the transformation from Lemma F.11, and refer to it as the double Beck-Chevalley
transformation.

Lemma F.13 (Pasting laws for double Beck-Chevalley transformations). Consider natural
transformations «, 8 and y as in the following diagram:

L

&

’ } 8/

C/ ; Z)//

Then the following diagrams commute whenever they are defined:

(EF)K. —— FE4K. F/(G'G). — F/G.G,
\LBCM(/?) \LBCﬁ,*(Y)
BCy..(apf) FyH.E é and BC,.(7) H, FI;(;;
lBCu,*(a) chﬁ,*(a)
G.(E'F')y — G.FE] Fy(H'H), —— FyH.H..
Proof. This follows from a double application of Lemma F.6. O

The following proposition describes an intricate interaction between the transformations
BCﬁ, BC* and BCﬁ,*.

Proposition F.14. Consider twelve functors as displayed in the following (non-commutative)

cubical diagram:

F
Co : > Do
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Given are further six natural transformations on each of the six faces of the cube such that

the two total transformations are homotopic:

F{
C()#Z)o;)@l Co L Dy L > D
'B/ GO ao/ HO y/ H]
S & | &
o —*—o —"— 0 ~ C) — Fy— D) —1'— D
G ! / G| @ / H i /
0 Y 1 1 1
7 1 Z /
C} ya— C r > D] G, - C| — Dy.

1

Assume that the functors Fy, F(’), Fiand F { have left adjoints and that G, Hy, G| and H,
have right adjoints. Further assume that the transformations BCy(ao) and BCy(ay) are
equivalences, so that the double Beck-Chevalley transformations BCy ,(ao) and BCy . (a1)

are defined. Then there exists a commutative diagram of natural transformations as follows:

BCy .(a1)

FlﬁHl*L' — Gl*FllﬁL,

BC*(% &:ﬁ’)

Fi3LHo. G1.K'F},

Bcﬂx BCy . (ao) AY’)

KVF()ﬁH()>x< _— KGO*F(,)ﬁ.

Proof. Applying the pasting law for the right Beck-Chevalley transformations BC, to the

two given diagrams of natural transformations, we obtain

L Fo

Go.

Co fo > Do > Dy Co > Do > Dy
\ AN T AN
B Go. BC.(aop) Hy. BC.(y) H
N > N
Co K > C1 Fi > Dy = C(’) £y > D(/) L > Di
N\ T N N\
BC.(y)) G,  BC.(ay) H. Jid
G —% C —— D G —%— C —— D},
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Reorganizing the diagrams somewhat, we get

DO%DI

Dy

A

AN \ T

Fy B F Hi,
N

Co——k——> C1  BC(a) Dj o

\\ T \ N
Go. BC.(y") G, Fl'
\ |

Do Dy —LE— D,
T
Fo Hy. BC.(y) H

Co  BC.(a) D v — D
T T -
Go F} N i F

| A
Cf=—=C,——C]

Since BC. (@) and BC,(a ) are assumed to be invertible, we can bring them to the other

side to obtain

Dy — Dy — L3 D
Hy., Fo \ﬁ\ Fi
N |
Z)(’) BC.(ap)”! Cop —K—— =
N \ T \\
F; Go.  BC.(Y) Gi.
‘ Xt
C(’) _ C’é %K, C

Dy —L v D —— D,
AN \\ /]\ A
Hy. BC.(y) Hy, Fi

X
NG
Z)(’) — v —> D] BG@)!' C
A \ /I\ N
F} g F] Gi.
N

Again rewriting the diagrams somewhat and applying the pasting-law for the left Beck-

Chevalley transformations BCy, we obtain the following equivalence:

H,
D} S Dy —— Dy
7 | y
Fiy BCy.(ag)  Foy BCy(B) Fiy
174 i 174
C(,) Go. > CO K > Cl =
BC.(y")
C; — Cj G Ci

Hy.,
D s Dy ——— Dy
BC.(y)
D} L — D] Hi..— Dy
7 | 7
Fj, BCy(B') Fly  BCy.(a1) Fiy
174 1 74
G} - Cj G Ci,

where we use that the transformation BCy , (a;) is defined as BCy(BC. (a;)7") fori e {0,1}.
This produces the desired equivalence of natural transformations in the statement. O
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F.3 Projection formulas

We recall the definition of the projection formula map and record its interaction with

Beck-Chevalley transformations.

Definition F.15 (Projection formula). Let F*: C — D be a symmetric monoidal functor

between symmetric monoidal co-categories.
(1) If F admits a left adjoint Fy: D — C, we say that F* satisfies the left projection formula
if for all objects X € O and Y € C the exchange map
F * ui * * * Ci?
PFﬁ FR(X®FY) > Fy(FFRXQFY) =~ FyF (FyX®Y) — FyX®Y
is an equivalence.

(2) If F admits a right adjoint F,: D — C, we say that F”* satisfies the left projection
Jormula if for all objects X € O and Y € C the exchange map

u’ cs
PEf: FX®Y - F.F* (F.X®Y) ~ F,(F'F,X®FY) - F,(X® F*Y)

is an equivalence.

Remark F.16. By symmetric monoidality of F*: C — O, we may consider the following

commutative diagram:
c——t> o
—®CY\L i—@F*Y
c 1> o.
The map PFy is precisely the left Beck-Chevalley transformation BCy associated to this

diagram.

Lemma F.17. Let F: C — D and G: D — & be symmetric monoidal functors.

(1) If F and G have left adjoints Fy and Gy, then for all X € & and Y € C, the composite

map
PE/ PEY
GﬁFﬁ(X@F*G*Y) — Gﬁ(FﬁX@G*Y) — GﬁFﬁX@Y

is homotopic to PF?F: (GF)y(X®(GF)'Y) - (GF)yX®Y.
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(2) If F and G have right adjoints F, and G, then for all X € & and Y € C, the composite

map
PFC

PFS
G.F.X®Y — G.(F.X®GY) — G,.F.(X®F*G"Y)
is homotopic to PFT: (GF),X®Y — (GF).(X® (GF)*Y).
Proof. By Remark F.16, this is a special case of Lemma F.6. O

Lemma F.18. Let F*: C — D be a symmetric monoidal functor.

(1) Assume that F admits a left adjoint Fy. Then for all objects X € D, Y € C and Z € C,

the diagrams

#
X®FY —~—5 F*Fy(X®F*Y) Fy(F*Z®F*Y) —= FyF*(Z®Y)
ﬁ@ll iPFﬁ and PFﬁl icﬁp
- # ol
F'RX®FY —— F*(RX®Y) RF'Z8Y —'— ZoY
commute.

(2) Assume that F admits a right adjoint F,. Then for all objects X € D,Y € Cand Z € C,

the diagrams

~ =81
FYFX®Y) —=% F*F.X®F*Y ZeY — I 3 F,F*Z®Y
PF*\L lC*F®1 and M*Fl lPF*
FE(X®FY) —X % X®F'Y F.F*(Z®Y) —— F.(F*Z®F*Y)
commute.
Proof. By Remark F.16, this is a special case of Lemma E.5. O

We finish this chapter by recording the interaction between Beck-Chevalley transformations

and the projection formula.

Lemma F.19. Consider a commutative square of symmetric monoidal functors

c—tsop

o| |

c s 9.
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(1) Assume that F and F' admit left adjoints Fy and Fé. Then the following diagram
commutes for all X € D and Y € C:

F;H(X ® FY) — F,(HX® F'GY)

BC/ &

GFy(X®FY) F;HX ® GY

PFy BCﬁ
G(F;X®Y) — GF;X®GY.

(2) Assume that G and H admit right adjoints G, and H.. Then the following diagram
commutes for all X € D and Y € C:

G*(FyX®Y) ——— GFX®GY

PF, x

GFy(X®FY) F.HX ® GY

i

F{H(X®FY) — F{(HX® F'GY).

Proof. For (1), it follows from Lemma F.6 that the composites on the left and right are

given by left Beck-Chevalley transformations associated to the following two commutative

diagrams:
F F
C— 9D C—9D
G(—®CY)\L \LH(—@FY) G(—)®CGY\L iH(—)@GF’Y
c 5o c 5 o

The claim follows, since these diagrams are equivalent to each other. The proof of (2) is

similar. O

Lemma F.20. Consider a commutative diagram of symmetric monoidal functors

c—tsop

o| |

c s 9

Assume that F and F’ admit left adjoints Fy and F, é, that H and G admit right adjoints G ..
and H., and that the double Beck-Chevalley map BCH, * exists. Then for all X € D’ and
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Y € C, the following diagram commutes:

BCy .
FyH.X®Y ——— G.F;X8Y

PF} PF.

PF.
BC PFy

FyH. (X ® HFB) —5 G.Fj(X®F'GY).

Proof. This is a special case of Proposition F.14. O
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List of Symbols

< A monomorphism or an embedding

- An effective epimorphism in an co-topos

©) The composition product, Definition 1.3.23

0 The empty space or empty stack

1 The monoidal unit of a symmetric monoidal co-category C

[1]  The poset {0 < 1}, regarded either as a category or as an object of A

[n]  The poset {0 < 1 < --- < n}, regarded either as a category or as an object of A
[@]  The poset of ordinals 8 < « for an ordinal «

Actg(8B) The oco-category of objects of an co-category B equipped with the action of a
groupoid object G in B, Definition E.17

An  The co-category of animae/co-groupoids

Ang The co-category of genuine G-animae/G-spaces

Atl(8B) The oo-category of effective epimorphisms in an co-topos 8, Definition E.12
At"™P(Shv(Diff)) The co-category of representable atlases M — X, Definition I1.2.3.6
B A generic co-topos, Definition E.1

BG  Classifying stack of a Lie group G, Example 11.2.3.4

BG  Classifying stack of a Lie groupoid G, Definition 11.2.3.2

BCy  Left Beck-Chevalley transformation, Definition F.2

BC. Right Beck-Chevalley transformation, Definition F.2
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BCy . Double Beck-Chevalley transformation, Definition F.12
CAlg(C) The oo-category of commutative algebras in a symm. mon. co-category C

CAlg(PrL)aug The (very large) co-category of augmented presentably symmetric monoidal

oo-categories, Definition 1.2.41
Cat,, The (very large) co-category of large co-categories
Cat(8) The (very large) co-category of large B-categories, Definition 1.2.2
Catg The (very large) B-category of large B-categories, see page 23
C°  The opposite of an co-category C
C=  The core, or underlying co-groupoid, of an co-category C
C#*  The C-linear B-category given by C*(B) = C(A x B), Definition 1.2.23
C[A] The free C-linear B-category on A € B, Definition 1.2.23

C[S~™'] The formal inversion of objects S in a presentably symmetric monoidal B-category
C, Definition 1.2.35

C(f) The Cech nerve of a morphism f: X — Y in an co-category, Construction E.10
coev A coevaluation map

cofib(f) The cofiber of a map f

G

coindg Coinduction, right adjoint to res},

const A constant functor
cosk, The n-coskeleton of a simplicial object

D4  The dualizing object of an object A € B (with respect to a presentably symmetric
monoidal B-category C), Definition 1.3.1

Dy  The relative dualizing object of morphism f: A — B in 8, Definition 1.3.5
DSV (X) The weak Costenoble-Waner dual of an object X € C(B), Definition 1.3.32
A The simplex category

A" The full subcategory of A spanned by the set of objects {[0],[1],...,[n]}
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A}’l

.  The algebraic n-simplex, Construction 11.4.2.2
alg

Ay The diagonal of a morphism f

AK(f) The k-fold iterated diagonal of a morphism f, Definition I.3.15
Diff The site of smooth manifolds and open covers, Definition 11.2.1.1
DiffStk The (2,1)-category of differentiable stacks, Definition 11.2.2.1
ev An evaluation map

& A generic vector bundle over a stack

[ The pullback functor along a morphism f

I« The pushforward functor, right adjoint to f*

fi In Part I: the left adjoint to f*. In Part III: the exceptional pushforward functor in a

six-functor formalism
Sy In parts II and III: the left adjoint to f*
fgt A forgetful functor
fib(f) The fiber of a map f
Fp  The B-functor C* — C2 classified by an object D € C(A x B), Definition 1.2.33
Fun(C,D) The oo-category of functors C — D
Fun™(C, D) The co-category of colimit-presering functors C — D
FunR(C, D) The co-category of limit-presering functors C — D
Fung(C, D) The parametrized functor category, Example 1.2.7
F A generic sheaf
I'(C) The underlying co-category of a parametrized oo-category C, Definition 1.2.2
I'(F) The global sections of a sheaf F

*

Yy Comparison functor between genuine and ordinary sheaves on a differentiable stack
X, Construction 11.4.2.25

gx The structure map gy : X — S of a stack X over a base stack S

302



G,  The isotropy group of a differentiable stack at a point x, Definition 11.3.4.1
G =< M The action groupoid of a smooth G-manifold M, Example D.4

Glo The global indexing category, Definition 1.4.12

Grpd The ordinary category of groupoids

Grpd(C) The oo-category of groupoid objects in an co-category C, Definition E.8

G A generic Lie groupoid, Definition D.1, or a generic groupoid object in an oo-

category, Definition E.8

G The manifold of n-tuples of composable morphisms in a Lie groupoid G, Defini-

tion 2.3.1, or the n-th level of a groupoid object in an co-category
Gu  The restriction of a Lie groupoid, Example D.7
hx(Y) The image of Y € Sub,y in C(X), Notation 11.4.5.13
h(% (Y,t) The presheaf of Z-trivialized morphisms, Construction 11.5.2.9
H(X) The co-category of genuine sheaves on a differentiable stack X, Definition 11.4.2.6
Homg (—,—) The space of morphisms in an co-category C
Homé(—, —) The simplicial hom-set of a simplicially enriched category C
Hom, The internal hom object in a symmetric monoidal co-category C
i A generic closed embedding of differentiable stacks
id An identity map
indg Induction from H-equivariant objects to G-equivariant objects, left adjoint to resg
J A generic open embedding of differentiable stacks
l.b.c. Abbreviation of ‘left base change, Definition 1.2.9

L.p.f. Abbreviation of ‘left projection formula, see (2) on page 24

Lopen The sheafification functor Lopen : PSh(Diff) — Shv(Diff) with respect to the open

cover topology
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Lr  The homotopy localization functor at the level of presheaves inverting R — pt,
Construction 11.4.2.2

Lihp  The homotopy localization functor at the level of sheaves inverting R — pt, Definition
11.4.2.6

LY The «-th iteration of the functor L' = Lopen © Ly for an ordinal @, Construction
11.4.2.11

LConst(&E) The locally constant B-category associated to an co-category &, Example 1.2.5
LieGrpd The ordinary category of Lie groupoids

LModz(C) The oco-category of left modules over an associative algebra R in a monoidal

oo-category C
L The formal inversion functor, Lemma 1.2.42
M//G The quotient stack of a smooth G-manifold M, Example 11.2.3.5

Modg(C) The oo-category of modules over a commutative algebra R in a symmetric

monoidal co-category C
Nat(F,G) The space of natural transformations F = G between two functors F,G: C — D

Natc (F,G) The space of C-linear natural transformations F = G between two C-linear
functors F,G: D — &,

NPT The continuous diffeology functor, Definition I1.3.1.1

Nmy The twisted norm map of an object A € B, Definition 1.3.3

Nm, The adjoint twisted norm map of an object A € B, Definition 1.3.3
Nm; The twisted norm map of a morphism f in 8, Definition I.3.5

N; The normal bundle of an embedding of stacks i, Definition 11.3.5.14

Open(X) The poset of open substacks of a stack X

Orb The global orbit category, the wide subcategory of Glo spanned by the injective

group homomorphisms, Definition 1.4.13

Orbg The orbit category of a Lie group G
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Orbl();r The proper orbit category of a Lie group G, Definition 1.4.22
OrbSp The orbicategory of orbispectra, Definition 1.4.16

OrbSpc The orbicategory of orbispaces, Definition 1.4.15

wy  The dualizing object of a morphism of stacks f, Definition I1.6.1.3
Qg  The B-category of B-groupoids, Definition 1.2.11

PB(SepStk) The (very large) oco-category of pullback formalisms on SepStk, Defini-
tion 4.5.5

PF;  The left projection formula map, Definition F.15

PF.  The right projection formula map, Definition F.15

Pr The Poincaré duality map fy — f.(—®wy), Construction 11.6.1.5
pr A projection map

Prl  The (very large) co-category of presentable co-categories and colimit-preserving

functors

PR The (very large) co-category of presentable co-categories and accessible limit-

preserving functors
Pri‘t The oco-category of stable presentable co-categories and colimit-preserving functors

Pr'(B) The oco-category of presentable B-categories and colimit-preserving B-functors,
Definition [.2.12

Pr]é The B-category of presentable B-categories and colimit-preserving B-functors, see

page 23
Pr](“; The co-category Pr“(Spc;) of presentable G-categories

PrnBdlg(8)p The co-category of principal G-bundles over an object B in an co-topos B,
Definition E.24

PrnBdlg(N) The co-category of smooth principal G-bundles over a smooth manifold N,
Definition D.15

PSh(C) The oco-category of presheaves on a small co-category C
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PSh™P(—) The co-category of homotopy invariant presheaves, Definition I1.4.2.1
pt The one-point space

PTs(i) The Pontryagin-Thom collapse map of a closed embedding i: Z <— X over S,
Construction 11.6.2.16

nzC  The pullback B, g-category of a B-category C, Example 1.2.6

(78)«C The pushforward B-category of a B,-category C, Example 1.2.6

I (X) The fundamental co-groupoid of a topological space X

IIg (M) The G-equivariant homotopy type of a smooth G-manifold M, Definition 11.4.4.8
g0 (X) The global homotopy type of a differentiable stack, Section III.2.1

QtStk The (2,1)-category of global quotient stacks M //G, Example 11.2.3.5

Rep; The category of G-representations

G

I'CSH

Restriction from G-equivariant objects to H-equivariant objects

RModz(C) The co-category of right modules over an associative algebra R in a monoidal

oco-category C

s¢ Sphere bundle of a vector bundle & — X of stacks, Definition 11.2.5.2, Notation
11.4.5.25

S¢  The G-equivariant sphere spectrum
SepStk The (2,1)-category of separated differentiable stacks, Definition I1.3.3.1

SH(X) The co-category of genuine sheaves of spectra on a separated differentiable stack
X, Definition 11.4.3.14

shear The shear map, Definition E.21

Shv(C) The oo-category of sheaves on a Grothendieck site C, Definition E.33

Shv(X) The co-category of ordinary sheaves on a differentiable stack X, Definition I1.4.1.17
sk,  The n-skeleton of a simplicial object

Span(8B, E) The span category of a geometric setup (85, E), Definition I11.3.1
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Sp The co-category of spectra

Spc  The oco-category of spaces/co-groupoids

The co-category of genuine G-spectra for a compact Lie group G, Definition 1.4.1
The co-category of G-spaces for a compact Lie group G

Spcgr The oco-category of proper G-spaces for a Lie group G, Definition 1.4.22

Spc  The G-category of genuine G-spectra, Definition 1.4.2

Spcg  The G-category of G-spaces, Definition 1.4.2

Sub,x The category of representable submersions Y — X, Definition 11.4.1.1

Ths(X,Z) The relative Thom space of a closed embedding i: Z < X relative to a base
stack S, Definition I1.6.2.1

TG  The tangent groupoid of a Lie groupoid G, Definition 11.3.5.1

Ty The relative tangent bundle of a morphism f of stacks, Definition 11.3.5.5
Top The ordinary category of topological spaces

TopGrpd; The ordinary category of topological groupoids, Definition 1.4.11
TopGrpd The co-category of topological groupoids, Definition 1.4.11

Uy Unit for the composition product, Definition 1.3.23

U A generic open substack of some stack

Vect(X) The ordinary category of vector bundles over a differentiable stack X, Definition
11.2.5.3

Vect;, The ordinary category of vector spaces over a field k

X'\ Z The open complement of a closed substack Z C X, Definition I1.3.2.2
|X|mod The coarse moduli space of a stack X, Definition I1.3.1.1

X A generic sheaf on SepStk

y The Yoneda embedding y: C < PSh(C)

Z A generic closed substack of some stack
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